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We recall the basic definitions of the Darboux lower and upper sums and
the upper and lower Riemann integrals associated with bounded real-valued
functions that are defined over closed bounded intervals of the real line.

Definition A partition P of an interval [a, b] is a set {ug, u1,us, ..., un} of
real numbers satisfying a = ug < u; < us < --- < uny_1 < uy = b.

Given any bounded real-valued function f on [a,b], the upper sum (or
upper Darbouz sum) U(P, f) of f for the partition P of [a,b] is defined so

that
N

U(P, f) = ZMz<uz — Uji—q),

i=1
where M; = sup{f(z) : u;i—1 <z < w;}.
Similarly the lower sum (or lower Darbouz sum) L(P, f) of f for the
partition P of [a,b] is defined so that

N
L(P, f) =Y mi(ui — u; ),

where m; = inf{f(z) : u;i—; <z <w;}.
N
Now L(P, f) < U(P, f). Moreover Y (u; —u;—1) = b — a, and therefore
i=1

for any real numbers m and M satisfying m < f(z) < M for all z € [a, b].
Accordingly, given any bounded real-valued function f defined over a
closed bounded interval [a,b] in the real line, the set consisting of all the
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values of all the upper sums determined by the partitions of that interval is a
non-empty set of real numbers that is bounded above and below, as is the set
consisting of the values of all the lower sums determined by the partitions of
the closed bounded interval over which the function is defined. Accordingly
there are well defined real numbers U f; f(z)dx and L f; f(z) dx, referred
to as the upper Riemann integral and lower Riemann integral respectively of
the function f on the interval [a, b], where

b

L{/ f(x)dz = inf{U(P, f): P is a partition of [a,b]},
b

E/ f(z)dx = sup{L(P, f): P is a partition of [a,b]} .

A bounded function f:[a,b] — R on a closed bounded interval [a,b] is
said to be Riemann-integrable (or Darbouz-integrable) on [a, b] if

Ll/abf(x)dxzﬁ/abf(x)dx,

in which case the Riemann integral f; f(z)dx (or Darboux integral) of f on

[a,b] is defined to be the common value of U fab f(x)dr and L fab f(z)dz.

Now if f and g are bounded Riemann-integrable functions on the interval
[a,b], and if f(x) < g(x) for all x € [a,b], then fabf(x) dr < ffg(x) dx, since
L(P, f) < L(P,g) and U(P, f) < U(P,g) for all partitions P of [a, b].

Definition Let P and R be partitions of [a, b], given by P = {ug, u1,...,un}
and R = {vg,v1,...,v}. We say that the partition R is a refinement of P
it P C R, so that, for each u; in P, there is some v; in R with u; = v,.

Lemma A. Let R be a refinement of some partition P of [a,b]. Then
L(R, f) > L(P, f) and U(R,[f) <U(P,[)
for any bounded function f:[a,b] — R.

Proof Let P = {ug,uy,...,uny} and R = {vg,vq,...,vp}, where a = ug <
U < - < uy =band a = vy < vy < --- < vy, = b. Now for each
integer i between 0 and N there exists some integer j(i) between 0 and L
such that w; = v;q) for each 4, since R is a refinement of P. Moreover
0=40) <j(1) <--- < j(N) = L. For each i, let R; be the partition of



N

[wi—1,u;) given by R; = {v; : j(i—1) < j < j(i)}. Then L(R, f) = > L(R;, f)

=1

N
and U(R, f) = > U(R;, f). Moreover
i=1

mi(u; — ui—1) < L(Ry, f) S U(Ry, f) < Mi(u; — ui—q),

since m; < f(x) < M; for all x € [u;_1,u;]. On summing these inequal-
ities over i, we deduce that L(P, f) < L(R,f) < U(R,f) < U(P,f), as
required. |

Given any two partitions P and @ of [a, b] there exists a partition R of
[a,b] which is a refinement of both P and ). For example, we can take
R = PUQ. Such a partition is said to be a common refinement of the
partitions P and Q).

Lemma B. Let f be a bounded real-valued function on the interval [a,b].
Then

E/abf(x)dxgu/abf(x)dx.

Proof Let P and @ be partitions of [a, b], and let R be a common refinement
of P and Q. Tt follows from Lemma A that L(P, f) < L(R, f) < U(R, f) <
U(Q, f). Thus, on taking the supremum of the left hand side of the inequality
L(P, f) <U(Q, f) as P ranges over all possible partitions of the interval [a, b],
we see that £fabf(a:) dxr < U(Q, f) for all partitions @ of [a,b]. But then,
taking the infimum of the right hand side of this inequality as () ranges over
all possible partitions of [a, b], we see that Lfabf(x) dr < Z/lfff(m) dx, as
required. ||

Example Let f(z) = cx+d, where ¢ > 0. We shall show that f is Riemann-
integrable on [0, 1] and evaluate fol f(z) dz from first principles.

For each positive integer N, let Py denote the partition of [0, 1] into N
subintervals of equal length. Thus Py = {ug,u,...,uy}, where u; = i/N.
Now the function f takes values between (i — 1)c/N +d and ic/N + d on the
interval [u;_1,w;], and therefore

(1—1)c ic

d,  Mi=—+d
+d, ~ +

where m; = inf{f(z) : ;1 <z <w;} and M; = sup{f(z) : u;i_1 <z < w;}.
Thus



P ) = D milus = iot) = %Z (% e %)

(N +1) c ¢ c

= oy T yTatiTaw
al 1 <. (e

U(Py,f) = ZMi(Ui_ui—l):NZ N+d

i=1 i=1

(N +1) c

= 5N —I—d—§+d—l—ﬁ.

It follows that ‘

Nl—lglooL(PN’f) "2 d

and c
lim U(Pn,f)==+d

N—+oo 2
Now L(Py, f) < L [* f(z)dz <U [* f(z)dx < U(Py, f) for all positive
integers N. It follows that Efabf(:v) de =ic+d= Ufabf(:v) dr. Thus f is
Riemann-integrable on the interval [0, 1], and fol f(z)dz = c+d.
Example Let f:[0,1] — R be the function defined by

1 if z is rational;
)= {

0 if z is irrational.

Let P be a partition of the interval [0, 1] given by P = {ug, uy, ug,...,un},
where 0 = ug < uy; < ug < --- <uy = 1. Then

inf{f(z) 1wy <z <w} =0, sup{f(z) : ui-1 <@ <wf =1,

fori=1,2,...,N, and thus L(P, f) = 0 and U(P, f) = 1 for all partitions P
of the interval [0,1]. Tt follows that £ [ f(z)dz = 0 and U [, f(x)dz = 1,
and therefore the function f is not Riemann-integrable on the interval [0, 1].

0.1 Basic Properties of the Riemann Integral

Lemma C. Let f:[a,b] — R be a bounded function on a closed bounded
interval [a,b], where a and b are real numbers satisfying a < b. Then the
lower and upper Riemann integrals of f and —f are related by the identities

u | Cfayde = £ / () d.
E/ab(—f(x))da: _ —L{/abf(a:)d:):.



Proof Let P be a partition of [a,b], and let P = {ug, uy, us, ..., uy}, where

a=Uy < U <Uy <---<uy=>=.

Also let
m;[f] = inf{f(z): w1 <z <},
M;[f] = sup{f(x): w1 <2 <,
mi[—f] = inf{—f(z): w1 <z <uwu},
M;[—f] sup{—f(z) : w1 < < g}
for i = 1,2,...,N. Then m;|—f] = —M;[f] and M;[—f] = —m;[f], and
therefore
N N
L(P,—f) = Zmi[—f](ui — 1) = — ZMi[f](Ui — Uj-1)
= —U(Pf).

Thus L(P, —f) = —U(P, f) for all partitions P of the interval [a, b]. Similarly
U(P,—f) = —L(P, f) for all partitions P of that interval. It follows from
the definition of the upper and lower integrals that
b
LI/ (—f(z))dz = inf{U(P,—f): P is a partition of [a,b]}

= inf{—L(P, f): P is a partition of [a,b]}
= —sup{L(P, f): P is a partition of [a, ]}

b
= —L / f(z)dx
Similarly

b
E/ (—f(x))dx = sup{L(P,—f): P is a partition of [a,b]}

= sup{—U(P, f): P is a partition of [a, b]}
= —inf{U(P, f): P is a partition of [a, ]}

= —L{/ab f(z)da.

This completes the proof. |}



Proposition D. Let f:|a,b] — R and g:[a,b] — R be bounded Riemann-
integrable functions on a closed bounded interval [a,b], where a and b are
real numbers satisfying a < b. Then the functions f + g and f — g are
Riemann-integrable on |a, b, and moreover

/ab(ﬂx) +g(z))do = /abf(x) dx + /abg(x) de,
/ab(f(x) —g(x)) dx = /ab f(x)dr — /abg(x) de.

Proof Let some strictly positive real number ¢ be given. The definition
of Riemann-integrability and the Riemann integral ensures that there exist
partitions Py, Py, P3 and P, of [a,b] for which

wrn > [ 1o

PQ, /f dx+ 5

and

UPyo) > [ gwde—be
and ,
U(P4,g)</ g(z) dz + Le.

Let P be a common refinement of P, P», P; and P,. Applying Lemma A,
we see that

L(P.f) > L(P., f) /f
U(P, f) < U(P, f) /f )d + Le,

L(P,g) > L(Py g) > / gla)do - 1c
and ,
U(P.9) <UPg) < [ gla)da+ e
Let P = {ug,uy,...,uy}, where

a=1u <u <---<uy=2b,
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and let

Milfl = sup{f(z) 1 ui1 <z <yt

mi[f] = inf{f(z): w1 <z <},

Mgl = sup{g(®) : w1 <o < ugl,

milg] = inf{g(z) 1w <2 <wl,
Mi[f+g] = sup{f(z)+g(z): w1 <z <u},
mi[f+g] = inf{f(z)+g(z): w1 <z <u}.

Now the inequalities
milf]+malg] < f(x) + g(x) < Mi[f] + Mi[g]

are satisfied for i = 1,2,..., N and for all z € [u;_1,u;]. It follows from the
definitions of M;[f + g] and m;[f + g] as the least upper bound and greatest
lower bound respectively of the values of f(z)+ g(x) on the interval [u; 1, u;]
that
milf] +milg] < milf + g] < Mi[f + g] < Mi[f] + Mi[g]

for i« = 1,2,..., N. Multiplying these inequalities by the lengths u; — u;_1
of the subintervals determined by the partition P, and then summing over
1=1,2,..., N, we deduce that

L(P, f) + L(P,g) < L(P, f + g) <U(P, f+9) SU(P, ) + U(P, g).

Now inequalities satisfied by the Darboux upper and lower sums for the
partition P guaranteed by the choice of P (as described above) then ensure
that

b b
LP )+ LR > [ faydet [ gle)ds -
and , ,
UP f)+U(P,g) < / f(:r)dx—i—/ g(x)dr +e.
It follows that
b b
[ r@ins [gis-c < LPsrg) <UPS 4
b

< /abf(x)dx+/g(x)dx+6.



But

LP f+g) < L[ (f(z)+g(x))de

a

< Z/{/(f(x)+g(x))dx§U(P,f+g).

It follows therefore that

/abf(:c)dwr/abg(a:)d:c—a < £/ab(f(x)+g(x))da;

< /<ﬂ>+g<»d

< /f dx+/ g(x)dr +e.

These latter inequalities must hold for all positive real numbers €, no matter
how small. It follows that

/abf(x)der/abg(:E)dm < ﬁ/ab(f(w)+g(x>>dx

< /(ﬂ)+ﬂ(nd

s/f d:c+/ g() da.

The extreme left hand and extreme right hand sides of the above chain of
inequalities are equal. Therefore

ﬁ/cﬂm+gm»m:= /<ﬂ>+g<»d

:/f d:c+/ g(z) de.

We conclude therefore that the function f+ g is Riemann-integrable and that
the value of the Riemann integral of this function is the sum of the integrals
of the functions f and g on the interval [a, b].

On replacing g by —g, we may deduce the corresponding result for the
function f — g, thereby completing the proof. |}

Proposition E. Let f:[a,b] — R be a bounded function on a closed bounded
interval [a,b], where a and b are real numbers satisfying a < b. Then the
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function f is Riemann-integrable on [a,b] if and only if, given any positive
real number e, there exists a partition P of [a,b] with the property that

UP, f)—L(P f) <e.

Proof First suppose that f:[a,b] — R is Riemann-integrable on [a,b]. Let
some positive real number € be given. Then

/ ) d

is equal to the common value of the lower and upper integrals of the func-
tion f on [a,b], and therefore there exist partitions @) and R of [a,b] for
which

b

LQ.0) > [ fw)de- ke
and ,

U(R, f) < / f(z)dz + 3e.
Let P be a common refinement of the partitions ) and R. Now

L(Q.f) < L(P,f) <U(P,f) < U(R, f).
(see Lemma A). It follows that
UL, f)—L(P, f) SUR, ) — L(Q, f) <e.

Now suppose that f:[a,b] — R is a bounded function on [a,b] with the
property that, given any positive real number €, there exists a partition P of
[a, b] for which U(P, f) — L(P, f) < e. Let € > 0 be given. Then there exists
a partition P of [a,b] for which U(P, f) — L(P, f) < . Now it follows from
the definitions of the upper and lower integrals that

b b
LPp<L [ fwde<U [ fa)de<UEg),
and therefore
b b
Z/{/ f(x)dx—ﬁ/ flz)de <U(P, f)— L(P, f) <e.

Thus the difference between the values of the upper and lower integrals of f
on [a, b] must be less than every strictly positive real number ¢, and therefore

L{/abf(x)daszﬁ/abf(x)da:.

This completes the proof. |}



Lemma F. Let fi, fo,..., fs and h be bounded real-valued functions on a
closed bounded interval [a,b], where a and b are real numbers satisfying a < b.
Suppose that there exists a positive constant K with the property that

[h(v) = h(w)] < KZ |£3(v) = f3(w)]

for all v,w € [a,b]. Then the upper and lower Darbouzr sums of these real-
valued functions satisfy the inequality

U(P,h) — L(P,h) <KZ (P, f;) — L(P, f;))

for all partitions P of the interval [a,b].

Proof Let P be a partition of [a,b], and let P = {ug, uy,...,un}, where
a=uy<u <---<uy=>o,

and let

M;(f;] = sup{fj(®) :ui1 <@ <y,
m;lf;] = If{f;(z) :uimr <2 <)
forj=1,2,...,sandt=1,2,..., N, and

M;[h] = sup{h(z): w1 <z < wf,
m;lh] = inf{h(x):u;q <z <wu}

fori=1,2,..., N.
Let i be an integer between 1 and N. The definitions of M;[h] and m;[h]

ensure that, given any positive real number 0, there exist v;, w; € [u;_1, u;
such that h(v;) > M;[h] — 6 and h(w;) < m;[h] 4+ 6. But then

M;[h) —mi[h] — 26 < h(v;) — h(w;) < KZ |fi(vi) = f(w;)]

Z — my[f;]).

=1

The inequality

M;[h] —m —25<KZ —mi[f;])
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therefore holds for all positive values of the real number ¢, no matter how
small, and therefore

M;[h] — ] < KZ — milf;]).

Multiplying both sides of this inequality by the length u; — u;_; of the ith
subinterval of [a,b] determined by the partition P, and summing for i =
1,2,..., N, we find that

U(P,h) = L(P,h) = Z(Mi[h] — m[h])(u; — ui-1)

We conclude therefore that

U(P,h) — L(P,h) <KZ (P, f;) — L(P, )

for all partitions P of the interval [a, ], as required. |
Proposition G. Let fi, fo, ..., fs be bounded Riemann-integrable real-valued
functions on a closed bounded interval [a,b], where a and b are real numbers

satisfying a < b, and let h be a bounded real-valued function on |a,b]. Suppose
that there exists a positive constant K with the property that

[h(v) = h(w)] < KZ |£3(v) = f3(w)]

for all u,v € [a,b]. Then the function h is Riemann-integrable on |a,b)].

Proof Given any positive real number ¢, there exist partitions Py, Ps, ..., P
of [a,b] with the property that

g
U(Pjaf]) - L(Pj7fj) < ﬁ
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for j =1,2,...,s (see Proposition E). Let P be a common refinement of the
partitions P, PQ, ..., P;. Then

UPf;) = L(P.£3) S U(Py, ;) = L(Py, f;) < —

for j =1,2,...,s (see Lemma A). It then follows from Lemma F that
U(P,h) — L(P,h) < KZ (P, f;)) = L(P, f;)) <¢e

On applying Proposition E, we therefore conclude that the function h is
Riemann-integrable on [a, b], as required. |}

Proposition H. Let f:]a,b] — R and g:[a,b] — R be bounded Riemann-
integrable functions on a closed bounded interval [a,b], where a and b are real
numbers satisfying a < b. Then the function f - g is Riemann-integrable on

[a,b], where (f - g)(x) = f(x)g(x) for all x € [a,b].

Proof The functions f and ¢ are bounded on [a,b], and therefore there
exists some positive real number K with the property that |f(z)| < K and
lg(x)| < K for all x € [a,b]. But then

[f(0)g(v) = fw)g(w)] = |f(v)(g(v) = g(w)) + (f(v) = f(w))g(w)]
< |f()(g(v) = glw)[ + [(f(v) = f(w))g(w)]
< K(lgv) = gw)| +|f(v) = f(w)])

for all v,w € [a,b]. The result therefore follows directly on applying Propo-
sition G. |

Proposition I. Let f:[a,b] — R be a bounded Riemann-integrable function
on a closed interval [a,b], where a and b are real numbers satisfying a < b,

and let | f|:[a,b] — R be the function defined such that | f|(z) = |f(z)| for all
x € [a,b]. Then the function |f| is Riemann-integrable on [a,b], and

< [ wia

Proof Let some positive real number € be given. It follows from Proposi-
tion E that there exists a partition P of [a, b] such that

UP f)—L(P f)<e

12
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[f)] = [fw)]] < [f(v) = f(w)]
for all v,w € [a,b]. Applying Lemma F, we conclude that

UP,|f]) = L(P|f]) SU(P, f) = L(P, f) <e.

Proposition E then ensures that the function |f| is Riemann-integrable on
[a, ],
Now —|f(z)| < f(z) < |f(x)| for all z € [a,b]. It follows that

@i s [was [

/abf(:v)dx

Proposition J. Let f be a bounded real-valued function on the interval [a, c].
Suppose that f is Riemann-integrable on the intervals [a,b] and [b,c], where
a <b<c. Then f is Riemann-integrable on [a,c|, and

/acf(a:) iz — /abf(a:)d:ch/bcf(x)dx.

Proof Let some positive real number € be given. The function f is Riemann-
integrable on the interval [a, b] and therefore there exists a partition @ of [a, b]
such that the lower Darboux sum L(Q), f) of f on [a,b] with respect to the
partition @ of [a, b] satisfies

It follows that

< [ wia

as required. Jj

L(Q, f) > / f(z)dx — %6.

Similarly there exists a partition R of [b, ¢| of [a,b] such that the lower Dar-
boux sum L(Q, f) of f on [b, ] with respect to the partition R of [b, ¢] satisfies

L(R, f) > /bC f(z)dz — 3e.

Now the partitions () and R combine to give a partition P of the interval
[a, c], where P = QU R. Indeed Q = {vg,vq,...,vp}, where vg, vy, ..., v are
real numbers satisfying

a=1vy<v <vy<---vp_1<v=>b,
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and R = {wg, wy,...,wy}, where wy, wy,...,wy are real numbers satisfying
b=wy < w; <wy <---wy_1 < WyN = C.

Then
P ={a,v1,v,...,vp-1,b,wy, Wy, ..., WN_1,C}.

It follows directly from the definition of Darboux lower sums that

L(P, f) = L(Q., f) + L(R, [).
The choice of the partitions () and R then ensures that

L(P, f) > /abf(x)dx—f—/bcf(x)dx—s.

The lower Riemann integral £ / f(z)dx is by definition the least upper

bound of the lower Darboux sums of f on the interval [a, ¢|. It follows that

£/acf(:c)da:>/abf(x)d:c+/bcf(x)da;—g.

Moreover this inequality holds for all values of the positive real number . It

follows that . ) .
L d d dx.
Lﬂmxz[ﬂmx+lﬂmx

Applying this result with the function f replaced by —f yields the in-

equality . . .
£ [ ez - [ fwde- [ e

£ [ r@)de=u [ j@da

(see Lemma C). It follows that

/f dx</f dmﬁ/f dx<£/f

E/ f(x)dacﬁbl/ f(z)dx
It follows that

/l/acf(x)dle/l/acf(x)dac:/abf(x)dx—i—/bcf(x)dx

The result follows. |}

But

But
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0.2 Integrability of Monotonic Functions

Let a and b be real numbers satisfying a < b. A real-valued function
f:]a,b] = R defined on the closed bounded interval [a,b] is said to be non-
decreasing if f(v) < f(w) for all real numbers v and w satisfying a < v <
w < b. Similarly f:[a,b] — R is said to be non-increasing if f(v) > f(w) for
all real numbers v and w satisfying a < v < w < b. The function f: [a,b] - R
is said to be monotonic on [a, b] if either it is non-decreasing on [a, b] or else
it is non-increasing on [a, b].

Proposition K. Let a and b be real numbers satisfying a < b. Then every
monotonic function on the interval [a,b] is Riemann-integrable on [a,b].

To T T T3 Ty 5 T T7 g

Proof Let f:[a,b] — R be a non-decreasing function on the closed bounded
interval [a,b]. Then f(a) < f(z) < f(b) for all x € [a,b], and therefore the
function f is bounded on [a,b]. Let some positive real number ¢ be given.
Let 0 be some strictly positive real number for which (f(b) — f(a))d < e, and
let P be a partition of [a, b] of the form P = {ug, uy, us, ..., uy}, where

a=U < U <U < - <un_1<uy==»b

and u; —u;_1 < 0 for : = 1,2,..., N. The maximum and minimum values
of f(x) on the interval [u; 1, u;] are attained at u; and u;_; respectively, and
therefore the upper sum U(P, f) and L(P, f) of f for the partition P satisfy

U(P, f) = Zf(ui)(ui — Uj-1)
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and
L(P, f) = Zf(ui—l)(ui — Uj1).

Now f(u;) — f(u;—1) >0 fori=1,2,...,N. It follows that

Y

=

We have thus shown that

Ll/abf(x)dx—ﬁ/abf(x)dx<5

for all strictly positive numbers €. But

Z/l/bf(x)dx zﬁ/bf(x)dx.
It follows that ) )
Ll/ f(:v)d:czﬁ/ f(z)dz,

and thus the function f is Riemann-integrable on [a, b].

Now let f:[a,b] — R be a non-increasing function on [a,b]. Then —f is a
non-decreasing function on [a, b] and it follows from what we have just shown
that —f is Riemann-integrable on [a, b]. It follows that the function f itself
must be Riemann-integrable on [a, b], as required. |}

16



Corollary L. Let f:|a,b] — R be a real-valued function on the interval [a, b],
where a and b are real numbers satisfying a < b. Suppose that there exist real
numbers ug, uq, ..., uy, where

CL:U0<U1<U2<"'<UN_1<UN:b,

such that the function f restricted to the interval [u;_q1,u;] is monotonic on
[wi—1,u;) fori=1,2,...,N. Then f is Riemann-integrable on |a,b].

Proof The result follows immediately on applying the results of Proposi-
tion J and Proposition K. |

Remark The result and proof-strategy of Proposition K are to be found in
their essentials in Isaac Newton, Philosophiae naturalis principia mathemat-
ica (1686), Book 1, Section 1, Lemmas 2 and 3.
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