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Example Let ¢: R? — R? be the function defined such that
x '\ [ e*cosy
S0(3;)_(69351113;)
for all (z,y) € R%. Then
z+h\ [ e cos(y+ k)
P\ y+k N et sin(y + k)

_ ( e® el cosy cosk — e®esiny sink, )

e” e siny cosk + e%e’ cosy sin k

= e" cosk < € cosy ) + e sink ( ¢ smy)

e’ siny e’ cosy
- e* cosy —e*siny e cosk
- e® siny e®cosy el sink
- e* cosy n e’ cosy —esiny h
a e® siny e’ siny e cosy k
+E(2,y,h, k),

where

T P e h 1
E(x,y,h,k)z(e cosy esmy)(e cosk —1 h)

e’ siny e"cosy el sink — k
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Now
e"cosk—1—h=(e"—1—h)—e"(1—cosk).

Moreover, using methods of one variable calculus, such as I’'Hopital’s Rule,
one can verify that
i eh—l—h_l PRt l—cosk 1
heo b2 T M T e T
It follows easily from these results that there exist positive real numbers K,
and d; such that
le" cosk — 1 — h| < Ky (R* + k%)

whenever v h2 + k2 < §;. Next we note that
e"sink —k = (" —1)sink +sink — k,

Moreover, using methods of one variable calculus, such as 'Hopital’s Rule,
one can verify that
e —1 . sink . sink — k

}ng(l) h =1L ook =L kli%T:O'

Moreover |hk| < 1(h* + k?). Tt follows casily from these results that there
exist positive real numbers K5 and §, such that

le"sink — k| < Ky(h? + k?)

whenever vh? + k? < 0. And also there exists a positive constant L, de-
pending on z and y, but not on h and k, such that

|E(z,, h, k)| < L\/(eh cosk — 1 — h)2 + (e sink — k)2

for all real numbers h and k. It follows that there exist positive constant K
and 0, depending on x and y but not on A and k, such that

[E(z,y,h k)| < K(h* + k)

whenever vVh? + k2 < §. It follows from this that

W\E(m Ly, ho k)| < KVh2? + k2

whenever v h? + k? < 0, and consequently

1
R W’E(%y, h,k)| = 0.
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Thus
. 1 ( (x+h)_ (x)
(000 VIZ T RZ\" \ y+k "y
(ex cos Yy —e’”siny) ( h ))
— o . =0.
e’ siny e"cosy k

This establishes that the function ¢ is differentiable at (x,y) and that the
derivative (D)) is the linear transformation from R? to R? represented

by the matrix
e’ cosy —e’siny
e’ siny e"cosy /)



