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Definition A function of a single real variable is said to be smooth if it can
be differentiated any number of times.

The class of smooth functions of a single real variable includes many
familiar functions, such as polynomial functions, the exponential and loga-
rithm functions, and trigonometrical functions such as the sine and cosines
functions, and inverse trigonometrical functions.

Example Let f:R — R be the function mapping the set R of real numbers
to itself defined such that

< 1) ifz>0
exp|(——| ifx ;
flz) = P\

0 if x <0.

We show below that the function f:R — R is smooth on R. In particular
f®)(0) = 0 for all positive integers k.




First we show by induction on k that the function f is k times differen-
tiable on R and f%*)(0) = 0 for all positive integers k. Now it follows from
standard rules for differentiating functions that

T

for all strictly positive real numbers z, where p;(z) = 1 and

pres1(x) = 220 (2) + (1 — 2kx)pp(x)

for all k. A straightforward proof by induction shows that py(z) is a poly-
nomial in x of degree k — 1 for all positive integers k£ with leading term
(—1)F1klah—t,

Now

% (t”e’t) =t""(n—t)e"

for all positive real numbers ¢. It follows that function sending each positive
real number ¢ to t"e~" is increasing when 0 < ¢ < n and decreasing when
t > n, and therefore t"e™* < M, for all positive real numbers ¢, where
M, = n"e . It follows that

1 1
0< —aht1 P (_E) < Mg yox
for all positive real numbers x, and therefore

lim L) _y
W g o7y =0

It then follows that

_ f®(h . pr(h 1
0~y (e (1)
= lim pg(h) x lim (L exp (—l))
h—0t h—0+ \ h2k+1 h
— pe(0) x0=0

for all positive integers k. Now

LT = £(0)

h—0t h h—0t+ h h—0— h

It follows that the function f is differentiable at zero, and f’(0) = 0.
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Suppose that the function f(z) is k-times differentiable at zero for some
positive integer k, and that f*)(0) = 0. Then

o SO0 = OO ) 10 - 190)
h—0t h h—0+ h h—0— h

It then follows that the function f*) is differentiable at zero, and moreover
the derivative f**1(0) of this function at zero is equal to zero. The func-
tion f is thus (k + 1)-times differentiable at zero.

It now follows by induction on k that f*)(z) exists for all positive inte-
gers k and real numbers x, and moreover

1
Pr(2) exp (——) if x > 0;

f(k) ($) — 22k T
0 if x <0.

The function f:R — R is thus a smooth function. Note however that the
Taylor expansion of this function f about zero is the zero function. Conse-
quently the function f discussed in this example provides an example of a
smooth function that is not the sum of the Taylor series for that function
about some particular point of its domain.

Example Let g: R — R be the function mapping the set R of real numbers
to itself defined such that

X .
o(z) = 1—exp(—1_x> if v <1;
1 if x> 1.

We claim that the function g: R — R is smooth on R. Moreover the function g
is a strictly increasing function on {x € R: z < 1}, and ¢(0) = 0.




Let f:R — R be the real-valued function defined on the set R of real

numbers so that .
exp| —— | ifx>0;
fa)y=q 7P ( w)

0 if ¢ <0.

Now
T 1

l—2x 1—x

for all real numbers z. It follows from the definition of the functions f and
g that g(x) =1 — ef(1 — z) for all real numbers z, where e = exp(1). Now
we have already shown that the function f is smooth on the real line R. It
follows that the function g is also smooth on R. Also ¢(0) = 0. Now f(1—x)
is a strictly decreasing function of x on {z € R : z < 1}. It follows that
the function g is strictly increasing on that set, and thus has all the stated
properties.

Example Let h:R — R be defined such that h(x) = g(f(x)/f(1)) for all

real numbers x, where

! if x>0
fl@) = exp | —— | ifz :
0 if z <0,
xz .
o(z) = 1—exp(—1_m) if x <0;
1 ifx > 1.

We claim that the function hA:R — R is smooth, h(z) = 0 whenever z < 0,
h(1) = 1 whenever x > 1, and h(x) is a strictly increasing function of x when
restricted to the interval {x e R: 0 <z < 1}.
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Now the function h is a composition of smooth functions. Consequently
applications of the Chain and Product Rules enable one to differentiate the
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function any number of times. The function A is therefore smooth. If z <0
then h(z) = g(f(0)) = g(0) = 0. If x > 1 then f(x)/f(1) > 1 and therefore
h(z) = 1. The function sending a real number z satisfying 0 < z < 1 to
f(x)/f(1) is strictly increasing on the interval (0,1) and maps that interval
into itself. Also the function g is strictly increasing on the interval (0,1).
Thus the function h restricted to the interval (0, 1) is a composition of two
strictly increasing functions, and is thus itself strictly increasing.



