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7 Differentiation of Functions of a Single Real

Variable

7.1 Interior Points and Open Sets in the Real Line

Definition Let D be a subset of the set R of real numbers, and let s be a
real number belonging to D. We say that s is an interior point of D if there
exists some strictly positive number δ such that x ∈ D for all real numbers x
satisfying s − δ < x < s + δ. The interior of D is then the subset of D
consisting of all real numbers belonging to D that are interior points of D.

It follows from the definition of open sets in the real line that a subset D
of the set R of real numbers is an open set in R if and only if every point of
D is an interior point of D.

Let s be a real number. We say that a function f :D → R is defined
around s if the real number s is an interior point of the domain D of the
function f . It follows that the function f is defined around s if and only if
there exists some strictly positive real number δ such that f(x) is defined for
all real numbers x satisfying s− δ < x < s+ δ.

7.2 Differentiable Functions of a Single Real Variable

We recall some basic results of the theory of differentiable functions of a
single real variable.

Definition Let s be some real number, and let f be a real-valued function
defined around s. The function f is said to be differentiable at s, with
derivative f ′(s), if and only if the limit

f ′(s) = lim
h→0

f(s+ h)− f(s)

h

is well-defined. We denote by f ′, or by
df

dx
the function whose value at s is

the derivative f ′(s) of f at s.

Let s be some real number, and let f and g be real-valued functions
defined around s that are differentiable at s. The basic rules of differential
calculus then ensure that the sum f + g and the difference f − g of the
functions f and g are differentiable at s, and

(f + g)′(s) = f ′(s) + g′(s), (f − g)′(s) = f ′(s)− g′(s).
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The product f · g of the differentiable functions f and g is also differentiable
at s, and its derivative satisfies the identity

(f · g)′(s) = f ′(s)g(s) + f(s)g′(s) (Product Rule).

If moreover g(s) 6= 0 then the function f/g is differentiable at s (where
(f/g)(x) = f(x)/g(x) where both f(x) and g(x) are defined), and

(f/g)′(s) =
f ′(s)g(s)− f(s)g′(s)

g(s)2
(Quotient Rule).

Also if h is a real-valued function defined around f(s) which is differentiable
at f(s) then the composition function h ◦ f is differentiable at f(s) and

(h ◦ f)′(s) = h′(f(s))f ′(s) (Chain Rule).

Derivatives of some standard functions are as follows:—

d

dx
(xm) = mxm−1,

d

dx
(sinx) = cos x,

d

dx
(cosx) = − sinx,

d

dx
(expx) = exp x,

d

dx
(log x) =

1

x
(x > 0).

7.3 The Product Rule

Proposition 7.1 (Product Rule) Let s be some real number, and let f
and g be differentiable real-valued functions defined around s. Let f · g de-
note the product function, defined so that (f · g)(x) = f(x)g(x) for all real
numbers x for which both f(x) and g(x) are defined. Then the product func-
tion f · g is also differentiable at s, and

(f · g)′(s) = f ′(s)g(s) + f(s)g′(s).

Proof Let h be a real number close enough to zero to ensure that the func-
tions f and g are defined at s+ h. Then

f(s+ h)g(s+ h)− f(s)g(s)

h

=
f(s+ h)− f(s)

h
g(s+ h) + f(s)

g(s+ h)− g(s)

h
.

Now lim
h→0

g(s + h) = g(s) because the differentiable function g is necessarily

continuous at s. Also limits of sums and products of functions are the sums
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and products of the respective limits where those limits are defined. It follows
that

lim
h→0

f(s+ h)g(s+ h)− f(s)g(s)

h

= lim
h→0

f(s+ h)− f(s)

h
lim
h→0

g(s+ h) + f(s) lim
h→0

g(s+ h)− g(s)

h
= f ′(s)g(s) + f(s)g′(s).

Thus the function f · g is differentiable at s, and

(f · g)′(s) = f ′(s)g(s) + f(s)g′(s),

as required.

7.4 The Quotient Rule

Proposition 7.2 (Quotient Rule) Let s be some real number, and let f
and g be differentiable real-valued functions defined around s, where g(s) 6= 0.
Let f/g denote the product function, defined so that (f/g)(x) = f(x)/g(x)
for all real numbers x for which f(x) and g(x) are defined and g(x) 6= 0.
Then the quotient function f/g is differentiable at s, and

(f/g)′(s) =
f ′(s)g(s)− f(s)g′(s)

g(s)2
.

Proof Let h be a non-zero real number that is close enough to zero to ensure
that both f(s+ h) and g(s+ h) are defined and that g(s+ h) 6= 0. Then

f(s+ h)

g(s+ h)
− f(s)

g(s)
=

f(s+ h)g(s)− f(s)g(s+ h)

g(s+ h)g(s)

=
(f(s+ h)− f(s)) g(s)− f(s) (g(s+ h)− g(s))

g(s)g(s+ h)
.

Now lim
h→0

g(s + h) = g(s) because the differentiable function g is necessarily

continuous at s. Also limits of sums, products and quotients of functions are
the sums, products and quotients of the respective limits where those limits
and quotients are defined. It follows that

(f/g)′(s)

= lim
h→0

1

h

(
f(s+ h)

g(s+ h)
− f(s)

g(s)

)
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= lim
h→0

(
1

g(s+ h)g(s)

)
×
(

lim
h→0

f(s+ h)− f(s)

h
g(s)− f(s) lim

h→0

g(s+ h)− g(s)

h

)
=

f ′(s)g(s)− f(s)g′(s)

g(s)2
,

as required.

7.5 The Chain Rule

Proposition 7.3 (Chain Rule) Let s be some real number, let f be a real-
valued function defined around s, and let g be a real-valued function defined
around f(s). Suppose that the function f is differentiable at s, and the func-
tion g is differentiable at f(s). Then the composition function g ◦ f is differ-
entiable at s, and

(g ◦ f)′(s) = g′(f(s))f ′(s).

Proof Let r = f(s), and let

Q(y) =


g(y)− g(r)

y − r
if y 6= r;

g′(r) if y = r.

for values of y around r. By considering separately the cases when f(s+h) 6=
f(s) and f(s+ h) = f(s), we see that

g(f(s+ h))− g(f(s)) = Q(f(s+ h))(f(s+ h)− f(s)).

Now the function Q is continuous at r, where r = f(s), because

lim
y→r

Q(y) = lim
y→r

g(y)− g(r)

y − r
= g′(r) = Q(r).

Also the function f is continuous at s, because it is differentiable at s. It
follows that the composition function Q ◦ f is continuous at s, and thus

lim
h→0

Q(f(s+ h)) = Q(f(s)) = g′(f(s)).

The limit of a product of functions is the product of the respective limits.
Applying this result, we see that

(g ◦ f)′(s) = lim
h→0

g(f(s+ h))− g(f(s))

h

= lim
h→0

Q(f(s+ h)) lim
h→0

f(s+ h)− f(s)

h
= g′(f(s))f ′(s).
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The result follows.

7.6 Rolle’s Theorem

Theorem 7.4 (Rolle’s Theorem) Let f : [a, b] → R be a real-valued func-
tion defined on some interval [a, b], where a < b. Suppose that f is continuous
on [a, b] and is differentiable on (a, b). Suppose also that f(a) = f(b). Then
there exists some real number s satisfying a < s < b which has the property
that f ′(s) = 0.

Proof First we show that if the function f attains its minimum value at u,
and if a < u < b, then f ′(u) = 0. Now the difference quotient

f(u+ h)− f(u)

h

is non-negative for all sufficiently small positive values of h; therefore f ′(u) ≥
0. On the other hand, this difference quotient is non-positive for all suffi-
ciently small negative values of h; therefore f ′(u) ≤ 0. We deduce therefore
that f ′(u) = 0.

Similarly if the function f attains its maximum value at v, and if a < v <
b, then f ′(v) = 0. (Indeed the result for local maxima can be deduced from
the corresponding result for local minima simply by replacing the function f
by −f .)

Now the function f is continuous on the closed bounded interval [a, b]. It
therefore follows from the Extreme Value Theorem that there must exist real
numbers u and v in the interval [a, b] with the property that f(u) ≤ f(x) ≤
f(v) for all real numbers x satisfying a ≤ x ≤ b. If a < u < b then f ′(u) = 0
and we can take s = u. Similarly if a < v < b then f ′(v) = 0 and we can
take s = v.

The only remaining case to consider is when both u and v are endpoints
of the interval [a, b]. In that case the function f is constant on [a, b], since
f(a) = f(b), and we can choose s to be any real number satisfying a < s <
b.

7.7 The Mean Value Theorem

Rolle’s Theorem can be generalized to yield the following important theorem.

Theorem 7.5 (The Mean Value Theorem) Let f : [a, b] → R be a real-
valued function defined on some interval [a, b]. Suppose that f is continuous
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on [a, b] and is differentiable on (a, b). Then there exists some real number s
satisfying a < s < b which has the property that

f(b)− f(a) = f ′(s)(b− a).

Proof Let g: [a, b] → R be the real-valued function on the closed inter-
val [a, b] defined by

g(x) = f(x)− b− x
b− a

f(a)− x− a
b− a

f(b).

Then the function g is continuous on [a, b] and differentiable on (a, b). More-
over g(a) = 0 and g(b) = 0. It follows from Rolle’s Theorem (Theorem 7.4)
that g′(s) = 0 for some real number s satisfying a < s < b. But

g′(s) = f ′(s)− f(b)− f(a)

b− a
.

Therefore f(b)− f(a) = f ′(s)(b− a), as required.

A number of basic principles of single variable calculus follow as immedi-
ate consequences of the Mean Value Theorem (Theorem 7.5). A number of
such consequences are presented in the following corollaries.

Corollary 7.6 Let f : [a, b] → R be a real-valued function defined on some
interval [a, b]. Suppose that f is continuous on [a, b] and is differentiable
on (a, b) and that f ′(x) > 0 for all real numbers x satisfying a < x < b.
Then f(b) > f(a).

Corollary 7.7 Let f : [a, b] → R be a real-valued function defined on some
interval [a, b]. Suppose that f is continuous on [a, b] and is differentiable
on (a, b) and that f ′(x) = 0 for all real numbers x satisfying a < x < b.
Then f(x) = f(a) for all x ∈ [a, b].

Corollary 7.8 Let f : [a, b] → R be a real-valued function defined on some
interval [a, b], and let M be a real number. Suppose that f is continuous
on [a, b] and is differentiable on (a, b) and that f ′(x) ≤ M for all real num-
bers x satisfying a < x < b. Then f(x) ≤ f(a) +M(x− a) for all x ∈ [a, b].

Corollary 7.9 Let f : [a, b] → R be a real-valued function defined on some
interval [a, b], and let M be a real number. Suppose that f is continuous
on [a, b] and is differentiable on (a, b) and that |f ′(x)| ≤ M for all real
numbers x satisfying a < x < b. Then |f(b)− f(a)| ≤M(b− a).
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7.8 Concavity and the Second Derivative

Proposition 7.10 Let s and h be real numbers, and let f be a twice dif-
ferentiable real-valued function defined on some open interval containing s
and s+ h. Then there exists a real number θ satisfying 0 < θ < 1 for which

f(s+ h) = f(s) + hf ′(s) + 1
2
h2f ′′(s+ θh).

Proof Let I be an open interval, containing the real numbers 0 and 1, chosen
to ensure that f(s + th) is defined for all t ∈ I, and let q: I → R be defined
so that

q(t) = f(s+ th)− f(s)− thf ′(s)− t2(f(s+ h)− f(s)− hf ′(s)).

for all t ∈ I. Differentiating, we find that

q′(t) = hf ′(s+ th)− hf ′(s)− 2t(f(s+ h)− f(s)− hf ′(s))

and
q′′(t) = h2f ′′(s+ th)− 2(f(s+ h)− f(s)− hf ′(s)).

Now q(0) = q(1) = 0. It follows from Rolle’s Theorem, applied to the func-
tion q on the interval [0, 1], that there exists some real number ϕ satisfying
0 < ϕ < 1 for which q′(ϕ) = 0.

Then q′(0) = q′(ϕ) = 0, and therefore Rolle’s Theorem can be applied
to the function q′ on the interval [0, ϕ] to prove the existence of some real
number θ satisfying 0 < θ < ϕ for which q′′(θ) = 0. Then

0 = q′′(θ) = h2f ′′(s+ θh)− 2(f(s+ h)− f(s)− hf ′(s)).

Rearranging, we find that

f(s+ h) = f(s) + hf ′(s) + 1
2
h2f ′′(s+ θh),

as required.

Corollary 7.11 Let f be a twice-differentiable real-valued function defined
throughout some open interval (s − δ0, s + δ0) centred on a real number s.
Suppose that f ′′(s+ h) > 0 for all real numbers h satisfying |h| < δ0. Then

f(s+ h) ≥ f(s) + hf ′(s)

for all real numbers h satisfying |h| < δ0.
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It follows from Corollary 7.11 that if a twice-differentiable function has
positive second derivative throughout some open interval, then it is concave
upwards throughout that interval. In particular the function has a local
minimum at any point of that open interval where the first derivative is zero
and the second derivative is positive.

Corollary 7.12 Let f :D → R be a twice-differentiable function defined over
a subset D of R, and let s be a point in the interior of D. Suppose that
f ′(s) = 0 and that f ′′(x) > 0 for all real numbers x belonging to some
sufficiently small neighbourhood of x. Then s is a local minimum for the
function f .

7.9 Real-Analytic Functions

Definition Let f be a real-valued function defined over an open set in R.
The function f is said to be real-analytic if, given any real number s belonging
to the domain of that function, the nth derivative f (n)(s) of the function s
exists for all positive integers n and moreover there exists some positive real
number δ with the property that

f(s+ h) = f(s) +
+∞∑
n=1

hn

n!
f (n)(s).

for all real numbers h for which |h| < δ.

The functions that one meets in basic mathematics, and in introduc-
tory calculus courses, are typically real-analytic. Examples of real-analytic
functions include polynomial functions, the sine and cosine functions, the
exponential function, and the natural logarithm function defined over the
set of positive real numbers. Moreover sums, differences, products, quotients
and compositions of real-analytic functions are real-analytic over the open
sets over which the relevant sums, differences, products, quotients and com-
positions are defined.

However real-valued functions that have derivatives of all orders are not
necessarily real-analytic. A standard counter-example is the real-valued func-
tion f on the real line defined such that

f(x) =

 exp

(
− 1

x2

)
if x 6= 0;

0 if x = 0;

This function is very smooth around x = 0. Indeed one can show that
f (n)(0) = 0 for all positive integers n. Accordingly the value of function f(h)
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for real numbers h close to zero cannot be represented around as the sum
of the power series in h specified in the definition of a real-analytic function
previously given.

Definition Let a real-valued function f with derivatives of all orders be
defined over an open set in R, and let s be some real number at which the
function f is defined. Then the power series in the variable h that takes the
form

f(s) +
+∞∑
n=1

hn

n!
f (n)(s)

is referred to as the Taylor expansion of the function f around s.

Accordingly a real-valued function with derivatives of all orders defined
over an open subset of R is real-analytic if and only if the Taylor expansion
of the function about any point of its domain converges to the function over
some open interval containing that point.

7.10 Taylor’s Theorem

The result obtained in Proposition 7.10 is a special case of a more general
result. That more general result is a version of Taylor’s Theorem with re-
mainder. The proof of this theorem will make use of the following lemma.

Lemma 7.13 Let s and h be real numbers, let f be a k times differentiable
real-valued function defined on some open interval containing s and s + h,
let c0, c1, . . . , ck−1 be real numbers, and let

p(t) = f(s+ th)−
k−1∑
n=0

cnt
n.

for all real numbers t belonging to some open interval D for which 0 ∈ D and
1 ∈ D. Then p(n)(0) = 0 for all integers n satisfying 0 ≤ n < k if and only if

cn =
hnf (n)(s)

n!

for all integers n satisfying 0 ≤ n < k.

Proof On setting t = 0, we find that p(0) = f(s)− c0, and thus p(0) = 0 if
and only if c0 = f(s).
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Let the integer n satisfy 0 < n < k. On differentiating p(t) n times with
respect to t, we find that

p(n)(t) = hnf (n)(s+ th)−
k−1∑
j=n

j!

(j − n)!
cjt

j−n.

Then, on setting t = 0, we find that only the term with j = n contributes
to the value of the sum on the right hand side of the above identity, and
therefore

p(n)(0) = hnf (n)(s)− n!cn.

The result follows.

Theorem 7.14 (Taylor’s Theorem) Let s and h be real numbers, and let
f be a k times differentiable real-valued function defined on some open inter-
val containing s and s+ h. Then

f(s+ h) = f(s) +
k−1∑
n=1

hn

n!
f (n)(s) +

hk

k!
f (k)(s+ θh)

for some real number θ satisfying 0 < θ < 1.

Proof Let D be an open interval, containing the real numbers 0 and 1,
chosen to ensure that f(s+ th) is defined for all t ∈ D, and let p:D → R be
defined so that

p(t) = f(s+ th)− f(s)−
k−1∑
n=1

tnhn

n!
f (n)(s)

for all t ∈ D. A straightforward calculation shows that p(n)(0) = 0 for
n = 0, 1, . . . , k − 1 (see Lemma 7.13). Thus if q(t) = p(t) − p(1)tk for all
s ∈ [0, 1] then q(n)(0) = 0 for n = 0, 1, . . . , k − 1, and q(1) = 0.

We can now apply Rolle’s Theorem (Theorem 7.4) to the function q on
the interval [0, 1] to deduce the existence of some real number θ1 satisfying
0 < θ1 < 1 for which q′(θ1) = 0. We can then apply Rolle’s Theorem to
the function q′ on the interval [0, θ1] to deduce the existence of some real
number θ2 satisfying 0 < θ2 < θ1 for which q′′(θ2) = 0. By continuing in this
fashion, applying Rolle’s Theorem in turn to the functions q′′, q′′′, . . . , q(k−1),
we deduce the existence of real numbers θ1, θ2, . . . , θk satisfying 0 < θk <
θk−1 < · · · < θ1 < 1 with the property that q(n)(θn) = 0 for n = 1, 2, . . . , k.

Let θ = θk. Then 0 < θ < 1 and

0 =
1

k!
q(k)(θ) =

1

k!
p(k)(θ)− p(1) =

hk

k!
f (k)(s+ θh)− p(1).
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It follows that

f(s+ h) = f(s) +
k−1∑
n=1

hn

n!
f (n)(s) + p(1)

= f(s) +
k−1∑
n=1

hn

n!
f (n)(s) +

hk

k!
f (k)(s+ θh),

as required.

Corollary 7.15 Let f :D → R be a k-times continuously differentiable func-
tion defined over an open subset D of R and let s ∈ R. Then given any strictly
positive real number ε, there exists some strictly positive real number δ such
that ∣∣∣∣∣f(s+ h)− f(s)−

k∑
n=1

hn

n!
f (n)(s)

∣∣∣∣∣ < ε|h|k

whenever |h| < δ.

Proof The function f is k-times continuously differentiable, and therefore
its kth derivative f (k) is continuous. Let some strictly positive real number ε
be given. It follows from the continuity of f (k) that there exists some strictly
positive real number δ that is small enough to ensure that s + h ∈ D and
|f (k)(s+h)−f (k)(s)| < k!ε whenever |h| < δ. If h is an real number satisfying
|h| < δ, and if θ is a real number satisfying 0 < θ < 1, then s + θh ∈ D
and |f (k)(s + θh) − f (k)(s)| < k!ε. Now it follows from Taylor’s Theorem
(Theorem 7.14) that, given any real number h satisfying |h| < δ there exists
some real number θ satisfying 0 < θ < 1 for which

f(s+ h) = f(s) +
k−1∑
n=1

hn

n!
f (n)(s) +

hk

k!
f (k)(s+ θh).

Then∣∣∣∣∣f(s+ h)− f(s)−
k∑

n=1

hn

n!
f (n)(s)

∣∣∣∣∣ =
|h|k

k!
|f (k)(s+ θh)− f (k)(s)|

< ε|h|k,

as required.
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