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Let f: X — R be a real-valued function on X. defined over an open
subset X of R™. We consider the second order partial derivatives of the

function f defined by
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An important theorem establishes that if the first and second order partial
derivatives
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all exist and are continuous then
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In this disquisition, a counterexample is presented exhibiting a function f
with the property that
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at a particular point of the domain of the function at which the second order
partial derivatives of the function fail to be continuous.

Example Let f:R? — R be the function defined by

zy(z® —y°) . |
f(x,y){ —5 5 i (z,y) #(0,0);

x? +y?
0 if (z,y) = (0,0).



For convenience of notation, let us write

folz,y) = 5f((942y)7
f(zy) = afg;y)7
fo(z,y) = 32(;;5_;;@)
Frolz,y) = %‘

If (z,y) # (0,0) then
_ 0 (ay(@® —y?)
fo = 5 ( z? + y? )
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(1-2 +y2)2
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Thus
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@2+ )2

fa

Similarly
—xyt — dady? + 2°
(22 + 42)?
(This can be deduced from the formula for f, on noticing that f(z,y) changes
sign on interchanging the variables z and y.)
Differentiating again, when (z,y) # (0,0), we find that
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foy(2,y) =

(—yt — 1222%y? + 5x) (22 + %) N —dx(—zy* — 423y? + )
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—zyt — 122%y? + 528 — b — 1222y + Haty?
(22 4 12)3
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422yt + 1621y? — 42°
(22 + y2)°

2% + 9xty? — 92yt — o8
<$2 + y2>3

Now the expression just obtained for f,, when (x,y) # (0,0) changes
sign when the variables  and y are interchanged. The same is true of the
expression defining f(x,y). It follows that f,,. We conclude therefore that
if (z,y) # (0,0) then
28 + 9zty? — 922yt — o8

(22 + 2)3

Now if (z,y) # (0,0) and if r = /22 + 32 then
oty + 422y — P

fxy = fya: =

oty +42?y® — | 6r®
= ’[”4 ~ 7 = 67“.
It follows that
lim +(z,y) = 0.
(z,9)—(0,0) J ( y)
Similarly
lim z,y) = 0.
(2,5)—(0,0) Ju@y)
However
lim 2 (T,
(2,9)—(0,0) fo(@, )
does not exist. Now we have shown that
B 2% 4 9zt — 9xPyt —off
when (z,y) # (0,0). Consequently
. . . ab
glﬁli% fxy(ﬁa O) - alclirtl) fyx($7 0) = alrli% ﬁ =1,
.6
lim Jay(0,9) = lim fue(0,y) = ;13%? = 1.

Next we show that f,, f,, fzy and f,, all exist at (0,0), and thus exist ev-
erywhere on R2. Now the factor zy occurs in the numerator of the expression
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defining the value of f(z,y) when (z,y) # (0,0). Consequently f(z,0) =0
for all real numbers x and f(0,y) = 0 for all real numbers y, and therefore
f2(0,0) = 0 and f,(0,0) = 0. Also we previously found that

xyt — 4a3y? + 2P
(22 + y?)?

P oty 4 422y — o
@ (22 + y2)?

and f, = —

when z and y are not both equal to zero. Substituting y = 0 in the formula
for f,, and = 0 for the formula for f,, we find that

fy(x70) =T, fx(oay):_y
for all z,y € R. We conclude that

f:r:y(oa 0) d(fy(‘rv()))

f42(0,0)

Thus

at (0,0).

Observe that in this example the functions f,, and f,, are continuous
throughout R? \ {(0,0)} and are equal to one another there. Although the
functions f,, and f,, are well-defined at (0,0), they are not continuous at

(0,0) and f,,(0,0) # £,2(0,0).



