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4.1. Continuity of Functions of Several Real Variables

Definition

Let X and Y be a subsets of R™ and R” respectively. A function
f: X =Y from X to Y is said to be continuous at a point p of X
if and only if the following criterion is satisfied:—

given any strictly positive real number ¢, there exists
some strictly positive real number § such that
|f(x) — f(p)| < € whenever x € X satisfies |x — p| < d.

The function f: X — Y is said to be continuous on X if and only
if it is continuous at every point p of X.
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Lemma 4.1

Let X, Y and Z be subsets of R™, R" and R¥ respectively, and let
f: X =Y andg: Y — Z be functions satisfying f(X) C Y.
Suppose that f is continuous at some point p of X and that g is
continuous at f(p). Then the composition function gof: X — Z
is continuous at p.

Proof

Let € > 0 be given. Then there exists some 1 > 0 such that
lg(y) — g(f(p))| < e for all y € Y satisfying |y — f(p)| <. But
then there exists some ¢ > 0 such that |f(x) — f(p)| < n for all
x € X satisfying |x — p| < J. It follows that

lg(f(x)) — g(f(p))| < ¢ for all x € X satisfying |x — p| < §, and
thus g o f is continuous at p, as required.  |]
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Lemma 4.2

Let X and Y be a subsets of R™ and R" respectively, and let
f: X =Y be a continuous function from X to Y. Let
X1,X2,X3,... be a sequence of points of X which converges to
some point p of X. Then the sequence f(x1), f(x2), f(x3),...
converges to f(p).

Proof

Let € > 0 be given. Then there exists some § > 0 such that
|f(x) — f(p)| < € for all x € X satisfying |[x — p| < J, since the
function f is continuous at p. Also there exists some positive
integer N such that |x; — p| < § whenever j > N, since the
sequence Xi, X2, X3, ... converges to p. Thus if j > N then
|f(xj) — f(p)| < e. Thus the sequence f(x1), f(x2), f(x3),...
converges to f(p), as required.  |]
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Let X and Y be a subsets of R™ and R” respectively, and let
f: X =Y be a function from X to Y. Then

F(x) = (A(x), a(x), - - ., fa(x))

for all x € X, where fi, fo, ..., f, are functions from X to R,
referred to as the components of the function f.
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Proposition 4.3

Let X and Y be a subsets of R™ and R" respectively, and let
p € X. A function f: X — Y is continuous at the point p if and
only if its components are all continuous at p.

Proof

Note that the ith component f; of f is given by f; = m; o f, where
i R"” — R is the continuous function which maps
(y1,¥2,---,¥n) € R" onto its ith coordinate y;. Now any
composition of continuous functions is continuous, by Lemma 4.1.
Thus if f is continuous at p, then so are the components of f.
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Conversely suppose that the components of f are continuous at

p € X. Let € > 0 be given. Then there exist positive real numbers
01,02, ...,0, such that |fi(x) — fi(p)| < &/+/n for x € X satisfying
|x — p| < ;. Let 0 be the minimum of d1,02,...,0,. If x € X
satisfies [x — p| < 4 then

[f(x) Z|f 2 < g2,

and hence |f(x) — f(p)| < e. Thus the function f is continuous at
p, as required. |
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The functions s: R?> — R and m: R> — R defined by
s(x,y) = x+y and m(x, y) = xy are continuous.

Proof

Let (u,v) € R2. We first show that s: R? — R is continuous at
(u,v). Let £ > 0 be given. Let § = 3. If (x,y) is any point of R?
whose distance from (u, v) is less than ¢ then |x — u| < d and

ly —v| <6, and hence

Is(x,y) —=s(u,v)|=|x+y—uv—v|<|x—ul+|y—v|]<2d=ce.

This shows that s: R2 — R is continuous at (u, v).
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Next we show that m: R? — R is continuous at (u, v). Now
m(x,y) — m(u,v) = xy—uv = (x—u)(y —v) +uly —v)+(x— )v.

for all points (x, y) of R?. Thus if the distance from (x, y) to
(u,v) is less than ¢ then |x — u| < § and |y — v| < 4, and hence
Im(x,y) — m(u, v)| < 82 + (Ju| + |v])d. Let € > 0 be given. If

d > 0 is chosen to be the minimum of 1 and /(1 + |u| + |v|) then
62+ (Jul +|v])d < (1 + |u| + |v|)§ <&, and thus

|m(x,y) — m(u, v)| < ¢ for all points (x,y) of R? whose distance
from (u, v) is less than 6. This shows that m: R? — R is
continuous at (u,v). |}
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Proposition 4.5

Let X be a subset of R”, and let f: X — R and g: X — R be
continuous functions from X to R. Then the functions f + g,
f —g and f - g are continuous. If in addition g(x) # 0 for all
x € X then the quotient function f /g is continuous.

Proof

Note that f + g =sohand f-g = mo h, where h: X — R?,

s: R?2 — R and m: R2 — R are given by h(x) = (f(x), g(x)),
s(u,v) =u+ v and m(u,v) = uv for all x € X and u,v € R. It
follows from Proposition 4.3, Lemma 4.4 and Lemma 4.1 that

f + g and f - g are continuous, being compositions of continuous
functions. Now f — g = f + (—g), and both f and —g are
continuous. Therefore f — g is continuous.
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Now suppose that g(x) # 0 for all x € X. Note that 1/g =rog,
where r: R\ {0} — R is the reciprocal function, defined by

r(t) =1/t. Now the reciprocal function r is continuous. Thus the
function 1/g is a composition of continuous functions and is thus
continuous. But then, using the fact that a product of continuous
real-valued functions is continuous, we deduce that f/g is
continuous. |
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Example
Consider the function f: R?\ {(0,0)} — R? defined by

X -y
f(X7y): <X2+y27x2+y2> .

The continuity of the components of the function f follows from
straightforward applications of Proposition 4.5. It then follows from
Proposition 4.3 that the function f is continuous on R?\ {(0,0)}.
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Lemma 4.6

Let X be a subset of R™, let f: X — R" be a continuous function
mapping X into R", and let |f|: X — R be defined such that
|f|(x) = |f(x)| for all x € X. Then the real-valued function |f| is
continuous on X.

Proof
Let x and p be elements of X. Then

()| = [(f(x) = f(p)) + f(p)| < [f(x) — f(P)| + [f(p)
and
[£(p)l = [(f(p) — f(x)) + F(X)[ < |F(x) = f(p)| + |£(x)],

and therefore

[F(x)[ = [£(p)I| < If(x) — f(p)I.



4. Limits and Continuity for Functions of Several Variables (continued)

The result now follows from the definition of continuity, using the
above inequality. Indeed let p be a point of X, and let some
positive real number £ be given. Then there exists a positive real
number § small enough to ensure that |f(x) — f(p)| < € for all

x € X satisfying |x — p| < §. But then

[F()l = 1f(p)]] < IF(x) — f(p)l <€

for all x € X satisfying |x — p| < 4, and thus the function |f] is
continuous, as required. |}
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4.2. Limits of Functions of Several Real Variables

Definition

Let X be a subset of m-dimensional Euclidean space R, let

f: X — R" be a function mapping the set X into n-dimensional
Euclidean space R"”, let p be a limit point of the set X, and let q
be a point in R". The point q is said to be the limit of f(x), as x
tends to p in X, if and only if the following criterion is satisfied:—

given any strictly positive real number ¢, there exists
some strictly positive real number § such that
|f(x) — q| < € whenever x € X satisfies 0 < |x — p| < 0.
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Let X be a subset of m-dimensional Euclidean space R™, let

f: X — R" be a function mapping the set X into n-dimensional
Euclidean space R”, let p be a limit point of the set X, and let q
be a point of R". If q is the limit of f(x) as x tends to p in X then
we can denote this fact by writing iinp f(x) =q.

Proposition 4.7

Let X be a subset of R™, let p be a limit point of X, and let q be
a point of R". A function f: X — R" has the property that

Jim f(x) =q
if and only if
Ui fi(x) = qi
fori=1,2,...,n, where f,f, ..., f, are the components of the

function f and q = (q1, g2, - - ., qn)-




4. Limits and Continuity for Functions of Several Variables (continued)

Proof
Suppose that lim f(x) = q. Let i be an integer between 1 and n,
X—p

and let some positive real number € be given. Then there exists
some positive real number ¢ such that |f(x) — q| < & whenever
0 < |x — p| < 4. It then follows from the definition of the
Euclidean norm that

Ifi(x) — qi| <|f(x)—a| <e

whenever 0 < |[x — p| < 0. Thus if lim f(x) = q then
x—p

lim fi(x) = qg; for i =1,2,...,n.
X—p
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Conversely suppose that

fori=1,2,...,n. Let e > 0 be given. Then there exist positive
real numbers 01,02, ...,d, such that 0 < |fi(x) — g;| < &/+/n for
x € X satisfying 0 < [x — p| < ;. Let § be the minimum of
01,02,...,0p. If x € X satisfies 0 < [x — p| < ¢ then

—q’ = Zlf

and hence |f(x) —q| < e. Thus

lim f(x) =

x—p

as required. |



4. Limits and Continuity for Functions of Several Variables (continued)

Proposition 4.8

Let X be a subset of m-dimensional Euclidean space R™, let

f: X —=R"and g: X — R" be functions mapping X into
n-dimensional Euclidean space R", let p be a limit point of X, and
let q and r be points of R". Suppose that

lim f{x) =g
and

Jim g(x) =r.
Then

lim(f(x)+ g(x)) =q+r.

x—p
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Proof
Let some strictly positive real number € be given. Then there exist
strictly positive real numbers §; and > such that

|f(x) —al < 3¢
whenever x € X satisfies 0 < |x — p| < 1 and
lg(x) — v < 3¢

whenever x € X satisfies 0 < |x — p| < da.
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Let  be the minimum of 1 and d>. Then § > 0, and if x € X
satisfies 0 < |x — p| < § then

[f(x) —q| < 3¢
and

g(x) —r| < 3e,
and therefore

If(x)+g(x)—(a+r)] < [f(x)—q|l+|g(x)—r|
< %5 + %5 =ec.
It follows that
lim (F(x) + g(x) = a -+ 1.
X—p

as required. ||
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Definition

Let f: X — R" be a function mapping some subset X of
m-dimensional Euclidean space R into R”, and let p be a limit
point of X. We say that f(x) remains bounded as x tends to p in
X if strictly positive constants C and § can be determined so that
|f(x)| < C for all x € X satisfying 0 < |x — p| < .

| \

Proposition 4.9

Let f: X — R" be a function mapping some subset X of R™ into

R", let h: X — R be a real-valued function on X, and let p be a

limit point of X. Suppose that lim f(x) = 0. Suppose also that
X—p

h(x) remains bounded as x tends to p in X. Then

lim (h(x)f(x)) —0.

x—p

N




4. Limits and Continuity for Functions of Several Variables (continued)

Proof

Let some strictly positive real number € be given. Now h(x)
remains bounded as x tends to p in X, and therefore positive
constants C and Jp can be determined so that |h(x)| < C for all

x € X satisfying 0 < [x — p| < dp. A strictly positive real

number €g can then be chosen small enough to ensure that

Ceg < €. There then exists a strictly positive real number 41 that is
small enough to ensure that |f(x)| < g¢9 whenever 0 < |x — p| < J7.
Let  be the minimum of dg and §1. Then § > 0, and if

0 < |x — p| < ¢ then |h(x)| < C and |f(x)| < €0, and therefore

|h(x)f(x)] < Ceg < €.

The result follows. |
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Proposition 4.10

Let f: X — R" be a function mapping some subset X of R™ into

R", let h: X — R be a real-valued function on X, and let p be a

limit point of X. Suppose that Ii_r}n h(x) = 0. Suppose also that
x—p

f(x) remains bounded as x tends to p in X. Then

lim (h(x)f(x)) = 0.

x—p
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Proof

Let some strictly positive real number € be given. Now f(x)
remains bounded as x tends to p in X, and therefore positive
constants C and dp can be determined such that |f(x)| < C for all
x € X satisfying 0 < [x — p| < dp. A strictly positive real

number €g can then be chosen small enough to ensure that

Ceg < €. There then exists a strictly positive real number 41 that is
small enough to ensure that |h(x)| < g9 whenever 0 < |x — p| < I7.
Let  be the minimum of dg and d1. Then 6 > 0, and if

0 < |x —p| < ¢ then |f(x)| < C and |h(x)| < €0, and therefore

|h(x)f(x)] < Ceg < e.

The result follows. |
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Proposition 4.11

Let X be a subset of R™, let f: X — R" and g: X — R" be

functions mapping X into R", and let p be a limit point of X.

Suppose that Ii_r;n f(x) = 0. Suppose also that g(x) remains
x—p

bounded as x tends to p in X. Then

lim (f(x) -g(x)) = 0.

X—p
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Proof

Let some strictly positive real number € be given. Now g(x)
remains bounded as x tends to p in X, and therefore positive
constants C and dg can be determined such that |g(x)| < C for all
x € X satisfying 0 < |x — p| < dp. A strictly positive real

number g can then be chosen small enough to ensure that

Cep < &. There then exists a strictly positive real number §; that
is small enough to ensure that |f(x)| < g9 whenever

0 < |x —p| < d1. Let & be the minimum of dp and §1. Then 6 > 0,
and if 0 < |[x — p| < 0 then |[f(x)| < g and |g(x)| < C. It then
follows from Schwarz's Inequality (Proposition 2.1) that

(%) - g(¥)| < [F(x)|[g(x)] < Ceo <.

The result follows. |
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Proposition 4.12

Let X be a subset of R™, let f: X — R" be a function mapping X
into R", let h: X — R be a real-valued function on X, let p be a
limit point of X, let q be a point of R" and let s be a real number.
Suppose that

lim f(x) =q
and

)!i_r)np h(x) = s.
Then

lim h(x)f(x) = sq.

X—p
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Proof
The functions f and h satisfy the equation

h(x)f(x) = h(x) (F(x) — @) + (h(x) — s)a + sa,
where

)llnp(f(x) - q) ~—0 and x@p(h(x) - s> ~0.
Moreover there exists a strictly positive constant g such that
|h(x) —s| < 1 for all x € X satisfying 0 < |x — p| < dp. But it then
follows from the Triangle Inequality that |h(x)| < |s| + 1 for all
x € X satisfying 0 < |x — p| < dg. Thus h(x) remains bounded as
x tends to p in X. It follows that

fim (A(x)(F(x) — @) = 0

x—p

(see Proposition 4.10).
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Similarly
lim (h(x) —s)gq=0.
X—p
It follows that
lim (H(x)£(x))
= Jim (hx)(F(x) ~ @) + Jim ((h(x) ~s)a) +sq
= 0+ sq,

as required. ||
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Lemma 4.13

Let X and Y be subsets of R™ and R" respectively, let p be a limit
point of X, let q be a point of Y, let f: X — Y be a function
satisfying f(X) C Y, and let g: Y — R¥ be a function from Y to

RK. Suppose that
lim f(x) =q

X—p

and that the function g is continuous at . Then

lim &(£()) = £(a).
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Proof
Let € > 0 be given. Then there exists some 1 > 0 such that
lg(y) — g(q)| < e for all y € Y satisfying |y — q| < 7, because the
function g is continuous at q. But then there exists some § > 0
such that |f(x) — q| < 7 for all x € X satisfying 0 < |[x — p| <. It
follows that |g(f(x)) — g(q)| < € for all x € X satisfying
0 < |x —p| <6, and thus

lim g((x)) = g(a),

x—p

as required. ||
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Proposition 4.14

Let X be a subset of R™, let f: X — R" and g: X — R" be
functions mapping X into R", let p be a limit point of X, and let q
and r be points of R". Suppose that

lim f(x) =q
and

lim g(x) =r.
Then

lim (f(x) - g(x)) =q-r.

x—p
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Proof
The functions f and g satisfy the equation

f(x)-g(x) = (f(x) —a) - g(x) +a- (g(x) —r) +aq-r,

lim (f(x) - q) =0 and lim (g(x) — r) =0.
X—p X—p
Moreover there exists a strictly positive constant Jdp such that
lg(x) —r| <1 for all x € X satisfying 0 < |x — p| < dp. But it then
follows from the Triangle Inequality that [g(x)| < |r| + 1 for all

x € X satisfying 0 < |[x — p| < dp. Thus g(x) remains bounded as
x tends to p in X. It follows that

lim ((f(x) - q) -g(x)) =0

X—p

(see Proposition 4.11).
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Similarly

lim (a- (g0 —r)) = 0.

It follows that

lim (f(x) - (x))

= Jm ((f(x) - q> 'g(x)) + Jim (q' (g(X) - r)) +q-r
= q-r,

as required. |
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Proposition 4.15

Let X be a subset of R™, let f: X - R and g: X — R be
real-valued functions on X, and let p be a limit point of the set X.
Suppose that Ii_r;n f(x) and Ii_r)n g(x) both exist. Then so do

X—p X—p

lim (F(x) + £(x)), lim (F(x) — g(x)) and Jim (F(x)g(x)), and
I () +800) = Jiy 09 + i ()
lim (F(x) = g(x)) = Jim £(x) ~ lim g(x)
lim (F()g(x)) = Jim £(x) x lim g(x)
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If moreover g(x) # 0 for all x € X and Ii_n>1 g(x) # 0 then
x—p

lim fx) = li_’;”p f(X).
=5 g(x)  Jim g()

First Proof
It follows from Proposition 4.8 (applied in the case when the target
space is one-dimensional) that

im (F(x) + g(x)) = fim £(x) + Jim g(x).

X—p

Replacing the function g by —g, we deduce that

lim (f(x) — g(x)) = )li_r;np f(x) — lim g(x).

X—p X—p
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It follows from Proposition 4.12 (applied in the case when the
target space is one-dimensional), or alternatively from
Proposition 4.14, that

lim (f(x)g(x)) = lim f(x) x lim g(x).

X—p X—p X—p

Now suppose that g(x) # 0 for all x € X and that lim g(x) # 0.
X—p

Let e: R\ {0} — R be the reciprocal function defined so that
e(t) = 1/t for all non-zero real numbers t. Then the reciprocal
function e is continuous. Applying the result of Lemma 4.13, we
find that

. 1 = lim x)) = im X :#
i, gt ) = (Jst) = oy
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It follows that

li X) . )l!)np f(X)
o g(x)  Jim g(x)’

as required. ||
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Second Proof
Let ¢ = lim f(x) and r = lim g(x), and let h: X — R? be defined
X—p

X—p
such that

for all x € X. Then
lim h(x) = (g, )

x—p

(see Proposition 4.7).
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Let s: R? —+ R and m: R? — R be the functions from R? to R
defined such that s(u,v) = u+ v and m(u, v) = uv for all

u,v € R. Then the functions s and m are continuous (see

Lemma 4.4). Also f + g=sohand f-g=mof. It follows from

this that
i (F() +g(x)) = fim s(F(x), 803)) = Jim s(h(x)
= s <)1ig1p h(X)) =s(q,r)=q+r,
and
lim(F()g(x) = lim m(£(x),g(x)) = lim m(h(x)
= (fim h) ) = m(a.r) = ar

(see Lemma 4.13).
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Also
lim(—g(x)) = —r.

x—p
It follows that
m(f(x) —g(x))=q—r.

o
Now suppose that g(x) # 0 for all x € X and that Ii_r)n g(x) #0.
x—p

Representing the function sending x € X to 1/g(x) as the
composition of the function g and the reciprocal function
e: R\ {0} — R, where e(t) = 1/t for all non-zero real numbers t,
we find, as in the first proof, that the function sending each point

x of X to
lim i = E
X—p g(x) - r'

It then follows that

as required. ||
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Proposition 4.16

Let X and Y be subsets of R™ and R" respectively, and let

f: X — Y and g: Y — R¥ be functions satisfying f(X) C Y. Let
p be a limit point of X in R™, let q be a limit point of Y in R" let
r be a point of R¥. Suppose that the following three conditions are
satisfied:

(i) Jim F(x) = a;
i i —
(ii) lim g(y)
(iii) there exists some positive real number 0y such that f(x) # q
for all x € X satisfying 0 < |x — p| < do.

Then
lim g(f(x)) =r.

X—p
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Proof

Let some positive real number € be given. Then there exists some
positive real number 7 such that |g(y) — r| < € whenevery € Y
satisfies 0 < |y — g| < 1. There then exists some positive real
number d; such that |f(x) — q| < n whenever x € X satisfies

0 < |x — p| < 61. Also there exists some positive real number dg
such that f(x) # q whenever x € X satisfies 0 < [x — p| < dp. Let
0 be the minimum of g and d1. Then § > 0, and

0 < |f(x) — q|] < n whenever x € X satisfies 0 < |[x — p| < J. But
this then ensures that |g(f(x)) — r| < & whenever x € X satisfies
0 < |x —p| < 6. The result follows. |}
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Proposition 4.17

Let X be a subset of R™, let f: X — R" be a function mapping
the set X into R", and let p be a point of the set X that is also a
limit point of X. Then the function f is continuous at the point p
if and only if)!i_rpp f(x) = f(p).

Proof
The result follows directly on comparing the relevant
definitions. |
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Let X be a subset of m-dimensional Euclidean space R™, and let p
be a point of the set X. Suppose that the point p is not a limit
point of the set X. Then there exists some strictly positive real
number &g such that |x — p| > dp for all x € X satisfying x # p.
The point p is then said to be an isolated point of X.

Let X be a subset of m-dimensional Euclidean space R™. The
definition of continuity then ensures that any function f: X — R”"
mapping the set X into n-dimensional Euclidean space R" is
continuous at any isolated point of its domain X.
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4.3. Continuous Functions and Open Sets

Let X and Y be subsets of R™ and R”, and let f: X — Y be a
function from X to Y. We recall that the function f is continuous
at a point p of X if, given any € > 0, there exists some § > 0 such
that |f(x) — f(p)| < ¢ for all points x of X satisfying |x — p| < .
Thus the function f: X — Y is continuous at p if and only if,
given any € > 0, there exists some § > 0 such that the function f
maps Bx(p,d) into By (f(p),e) (where Bx(p,d) and By(f(p),¢)
denote the open balls in X and Y of radius § and ¢ about p and
f(p) respectively).

Given any function f: X — Y, we denote by f (V) the preimage
of a subset V of Y under the map f, defined by

fI(V)={xe X:f(x)e V}.
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Proposition 4.18

Let X and Y be subsets of R™ and R", and let f: X — Y be a
function from X to Y. The function f is continuous if and only if
f=Y(V) is open in X for every open subset VV of Y.

Proof

Suppose that f: X — Y is continuous. Let V be an open set

in Y. We must show that f~1(V) is open in X. Let p € f~1(V).
Then f(p) € V. But V is open, hence there exists some ¢ > 0
with the property that By (f(p),e) C V. But f is continuous at p.
Therefore there exists some ¢ > 0 such that £ maps Bx(p, d) into
By (f(p),¢e) (see the remarks above). Thus f(x) € V for all

x € Bx(p,d), showing that Bx(p,§) C f~1(V). This shows that
f~1(V) is open in X for every open set V in Y.
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Conversely suppose that f: X — Y is a function with the property
that f~1(V) is open in X for every open set V in Y. Let p € X.
We must show that f is continuous at p. Let € > 0 be given.
Then By (f(p),¢) is an open set in Y, by Lemma 3.1, hence
f~1(By(f(p),€)) is an open set in X which contains p. It follows
that there exists some § > 0 such that

Bx(p,d8) C f~1(By(f(p),¢)). Thus, given any £ > 0, there exists
some § > 0 such that f maps Bx(p,d) into By (f(p),s). We
conclude that f is continuous at p, as required. |
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Let X be a subset of R”, let f: X — R be continuous, and let ¢
be some real number. Then the sets {x € X : f(x) > c} and

{x € X : f(x) < c} are open in X, and, given real numbers a and
b satisfying a < b, the set {x € X : a < f(x) < b} is open in X.
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4.4. Limits and Neighbourhoods

Definition

Let X be a subset of m-dimensional Euclidean space R™, and let p
be a point of X. A subset N of X is said to be a neighbourhood of
p in X if there exists some strictly positive real number ¢ for which

{xeX:|x—p|<d}CN.
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Lemma 4.19

Let X be a subset of m-dimensional Euclidean space R™, and let p
be a point of X that is not an isolated point of X. Let f: X — R"
be a function mapping X into some Euclidean space R", and let

g € R". Then

lim f(x) =q

x—p

if and only if, given any positive real number €, there exists a
neighbourhood N of p in X such that

[f(x) —al <&

for all points x of N that satisfy x # p.

Proof
This result follows directly from the definitions of limits and
neighbourhoods. |}



4. Limits and Continuity for Functions of Several Variables (continued)

Remark

Let X be a subset of m-dimensional Euclidean space R™, and let p
be a limit point of X that does not belong to X. Let f: X — R"
be a function mapping X into some Euclidean space R”, and let

g € R". Then

lim f(x) =q

X—p

if and only if, given any positive real number ¢, there exists a
neighbourhood N of p in X U {p} such that

[f(x) —al <&

for all points x of N that satisfy x # p. Thus the result of
Lemma 4.19 can be extended so as to apply to limits of functions
taken at limit points of the domain that do not belong to the
domain of the function.
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4.5. The Multidimensional Extreme Value Theorem

Proposition 4.20

Let X be a closed bounded set in R™, and let f: X — R" be a
continuous function mapping X into R". Then there exists a point
w of X such that |f(x)| < |f(w)]| for all x € X.

Proof
Let g: X — R be defined such that

1
80 = T

for all x € X. Now the function mapping each x € X to |f(x)] is
continuous (see Lemma 4.6) and quotients of continuous functions
are continuous where they are defined (see Lemma 4.5). It follows
that the function g: X — R is continuous.
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Let
m = inf{g(x) : x € X}.
Then there exists an infinite sequence x1, X2, X3, ... in X such that
1
g(xj)) <m+ R

for all positive integers j. It follows from the multidimensional
Bolzano-Weierstrass Theorem (Theorem 2.6) that this sequence
has a subsequence Xy, , Xk,, Xk;, - - - Which converges to some point
w of R".
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Now the point w belongs to X because X is closed (see
Lemma 3.7). Also

Xk m
m < g(x + 3

for all positive integers j. It follows that g(xx) — m as j — +oo0.
It then follows from Lemma 4.2 that

gw)=g < lim xkj> = lim g(xx)=m.

J—+0o0 J—+o0

Then g(x) > g(w) for all x € X, and therefore |f(x)| < |f(w)]| for
all x € X, as required. |}
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Theorem 4.21 (The Multidimensional Extreme Value
Theorem)

Let X be a closed bounded set in R™, and let f: X — R be a
continuous real-valued function defined on X. Then there exist
points u and v of X such that f(u) < f(x) < f(v) for all x € X.
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Proof

It follows from Proposition 4.20 that the function f is bounded on
X. It follows that there exists a real number C large enough to
ensure that f(x) + C > 0 for all x € X. It then follows from
Proposition 4.20 that there exists some point v of X such that

F(x) + C < f(v) + C.

for all x € X. But then f(x) < f(v) for all x € X. Applying this
result with f replaced by —f, we deduce that there exists some
u € X such that —f(x) < —f(u) for all x € X. The result
follows. |}
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4.6. Uniform Continuity for Functions of Several Real Variables

Definition

Let X be a subset of R”. A function f: X — R"” from X to R" is
said to be uniformly continuous if, given any € > 0, there exists
some § > 0 (which does not depend on either x or x) such that
|f(x) — f(x)| < e for all points x" and x of X satisfying |x' — x| < 4.

Theorem 4.22

Let X be a subset of R™ that is both closed and bounded. Then
any continuous function f: X — R" is uniformly continuous.

A
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Proof

Let £ > 0 be given. Suppose that there did not exist any 6 > 0
such that |f(x") — f(x)| < e for all points x’,x € X satisfying

|x" — x| < §. Then, for each positive integer j, there would exist
points u; and v; in X such that |u; —v;| < 1/j and

|f(u;) — f(vj)| > e. But the sequence ug,u, us, ... would be
bounded, since X is bounded, and thus would possess a
subsequence uj;,uj,,uj,, ... converging to some point p
(Theorem 2.6). Moreover p € X, since X is closed. The sequence
Vj,Vj,,Vjs,... would also converge to p, since

l . —u,|=0.
kJTm|VJk u.lk‘ 0
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But then the sequences

f(uy), f(uy), f(ug), . ..

and
f(vj1)7 f(vjz)v f(vj3)’ v

would both converge to f(p), since f is continuous (Lemma 4.2),
and thus
lim |f(u) — f(v;)[ =0.

k—4o00

But this is impossible, since u; and v; have been chosen so that
[F(u)) = Fv))[ > ¢

for all j. We conclude therefore that there must exist some positive
real number ¢ such that such that |f(x") — f(x)| < e for all points
x',x € X satisfying |x' — x| < 0, as required. |}
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4.7. Norms on Vector Spaces

Definition

A norm ||.|| on a real or complex vector space X is a function,
associating to each element x of X a corresponding real number
|Ix||, such that the following conditions are satisfied:—

(i) ||x]| > 0 for all x € X,
(i) IIx+ vl < x|l + lyll for all x,y € X,
(i) ||Ax]| = |A| ||x]| for all x € X and for all scalars A,
(iv) ||Ix|]| = 0 if and only if x = 0.
A normed vector space (X, ||.||) consists of a a real or complex
vector space X, together with a norm ||.|| on X.
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The Euclidean norm |.| is a norm on R” defined so that

(32, x0) =\ 4G xR

for all (x1,x2,...,xn). There are other useful norms on R". These
include the norms ||.||1 and ||.||sup, where

10, X2, xn) 1 = [xal + [xaf 4 - -+ [x
and
|(x1, X2, - - ., Xn)||sup = maximum(|xy|, |x2], ..., [Xal|)

for all (x1,x2,...,Xn).
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Definition

Let ||.]| and ||.||« be norms on a real vector space X. The norms
Il and ||.||« are said to be equivalent if and only if there exist
constants ¢ and C, where 0 < ¢ < C, such that

clix|l < flx[l < Clix]|

for all x € X.

| \

Lemma 4.23

If two norms on a real vector space are equivalent to a third norm
then they are equivalent to each other.

\
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Proof
let ||.||« and ||.|[«« be norms on a real vector space X that are both
equivalent to a norm ||.|| on X. Then there exist constants ¢, Cus,

C, and G, where 0 < ¢, < G, and 0 < ¢y < G4, such that

Cellxll < lIx[le < Gl

and
o [IX[] < [[x]sxe < G x|

for all x € X. But then

c C
Z e < llen < 22l

for all x € X, and thus the norms ||.||. and ||.|[«« are equivalent to
one another. The result follows. |}
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We shall show that all norms on a finite-dimensional real vector
space are equivalent.

Lemma 4.24

Let ||.|| be a norm on R". Then there exists a positive real
number C with the property that ||x|| < C|x| for all x € R".

Proof
Let e1,e7,...,e, denote the basis of R” given by

e; =(1,0,0,...,0), e»=(0,1,0,...,0),---,

e, =(0,0,0,...,1).

Let x be a point of R"”, where

X = (x1,X2,...,Xn).
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Using Schwarz's Inequality, we see that

n n
X =[xl < D Il lley]
j=1 j=1
1 1
2 2

n n
S| (Y el ] =K.
j=1 j=1

IN

where
C* = lles]® + lle2l” + - - + llenl?

and

2

n
xl= >
j=1

for all (x1,x2,...,xn) € R". The result follows. |}
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Let ||.|| be a norm on R". Then there exists a positive constant C
such that
[l = lIyll] < lIx = yll < Clx —y]

for all x,y € R".

Proof
Let x,y € R". Then

Ix[F < fx =yl +lyll, [yl < lIx =yl + lIx].
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It follows that
x| = Iyl < [Ix =yl

and
Iyl = Il < [[x =yl

and therefore
< [x—yll

\uyu y

for all x,y € R". The result therefore follows from
Lemma 4.24. |}
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Theorem 4.26

Any two norms on R" are equivalent.

Proof

Let ||.|| be any norm on R". We show that ||.|| is equivalent to the
Euclidean norm |.|. Let S"~! denote the unit sphere in R”, defined
by

Sl ={xeR": x| =1}.

Now it follows from Lemma 4.25 that the function x — [|x]| is
continuous. Also S"1is a compact subset of R”, since it is both
closed and bounded. It therefore follows from the Extreme Value
Theorem (Theorem 4.21) that there exist points u and v of S~}
such that |lu| < ||x|| < ||v]| for all x € S"~1. Set ¢ = ||u|| and

C =||v|]|. Then 0 < ¢ < C (since it follows from the definition of
norms that the norm of any non-zero element of R” is necessarily
non-zero).
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If x is any non-zero element of R” then Ax € S"~1, where

A = 1/|x|. But ||Ax]| = |A]||x]| (see the the definition of norms).
Therefore ¢ < |A]||x]] < C, and hence c|x| < ||x]| < C|x| for all

x € R", showing that the norm ||.|| is equivalent to the Euclidean
norm |.|] on R". If two norms on a vector space are equivalent to a
third norm, then they are equivalent to each other. It follows that
any two norms on R” are equivalent, as required. |}
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