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5. Some Properties of Infinite Sequences and Series

5.1. Least Upper Bounds and Greatest Lower Bounds

Definition

Let S be a set of real numbers which is bounded above. The least
upper bound, or supremum, of the set S is the smallest real
number that is greater than or equal to elements of the set S, and
is denoted by sup S.

Thus if S is a set of real numbers that is bounded above, then the
least upper bound sup S of the set S is characterized by the
following two properties:
o forallxe S, x <sup§;
@ if uis a real number, and if, for all x € S, x < u then
supS < u.
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The Least Upper Bound Property of the real number system
guarantees that, given any non-empty set S of real numbers that is
bounded above, there exists a least upper bound sup S for the

set S.
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Definition

Let S be a set of real numbers which is bounded below. The
greatest lower bound, or infimum, of the set S is the largest real
number that is less than or equal to elements of the set S, and is
denoted by inf S.

Thus if S is a set of real numbers that is bounded below, then the
greatest lower bound inf S of the set S is characterized by the
following two properties:

o forall x € S, x >inf §;

@ if / is a real number, and if, for all x € S, x > [ then inf S > |.

Given any non-empty set S of real numbers that is bounded below,
there exists a greatest lower bound inf S for the set S.
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5.2. Monotonic Sequences

An infinite sequence xi, X2, X3, ... of real numbers is said to be
strictly increasing if x;11 > x; for all positive integers j, strictly
decreasing if x;11 < x; for all positive integers j, non-decreasing if
xj+1 > x; for all positive integers j, non-increasing if xj 1 < x; for
all positive integers j. A sequence satisfying any one of these
conditions is said to be monotonic; thus a monotonic sequence is
either non-decreasing or non-increasing.
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Any non-decreasing sequence of real numbers that is bounded
above is convergent. Similarly any non-increasing sequence of real
numbers that is bounded below is convergent.

Proof

Let x1, X2, X3, ... be a non-decreasing sequence of real numbers
that is bounded above. It follows from the Least Upper Bound
Axiom that there exists a least upper bound p for the set

{xj : j € N}. We claim that the sequence converges to p.
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Let some strictly positive real number ¢ be given. We must show
that there exists some positive integer N such that |x; — p| < ¢
whenever j > N. Now p — ¢ is not an upper bound for the set

{xj : j € N} (since p is the least upper bound), and therefore there
must exist some positive integer N such that xy > p —e. But then
p — ¢ < x; < p whenever j > N, since the sequence is
non-decreasing and bounded above by p. Thus |x; — p| < e
whenever j > N. Therefore x; — p as j — 400, as required.

If the sequence xi, X2, X3, . .. is non-increasing and bounded below
then the sequence —xi, —x2, —x3, ... is non-decreasing and
bounded above, and is therefore convergent. It follows that the
sequence xi, X2, X3, . .. is also convergent. |
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5.3. Upper and Lower Limits

Let a1, ap, a3, ... be a bounded infinite sequence of real numbers,
and, for each positive integer j, let

Si={aj,aj41,aj42,...} ={ak 1 k > j}.

The sets 51, S, Ss,. .. are all bounded. It follows that there exist
well-defined infinite sequences w1, up, u3,... and I, b, 3, ... of real
numbers, where u; = sup S; and /; = inf 5; for all positive

integers j. Now S;11 is a subset of S; for each positive integer j,
and therefore uj;1 < uj and /i1 > I; for each positive integer j. It
follows that the bounded infinite sequence (uj : j € N) is a
non-increasing sequence, and is therefore convergent

(Theorem 5.1). Similarly the bounded infinite sequence (/; : j € N)
is a non-decreasing sequence, and is therefore convergent.
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We define
limsupa; = lim wuj = lim sup{aj,aji1,aj42,...}
Jj—+oo J—+too J—+oo

and
liminfa; = lim = lim inf{a;, a;11,a;42,...}.
j—>+oo" j—>+oo" oo {_/7 41y 942, }

The quantity limsup a; is referred to as the upper limit of the
Jj—+oo
sequence ag, a2, a3, . ... |he quantity liminf a; is referred to as the
J—+0o0
lower limit of the sequence ay, a», as, . . ..

Note that every bounded infinite sequence as, ap, as, . ... of real

numbers has a well-defined upper limit limsup a; and a well-defined
Jj—+o0
lower limit liminf a;.
Jj—+oo
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Proposition 5.2

A bounded infinite sequence a1, as, as, . ... of real numbers is
convergent if and only if liminf a; = limsup a;, in which case the
j—too j—+oo

limit of the sequence is equal to the common value of its upper
and lower limits.

Proof
For each positive integer j, let uj = sup S; and /; = inf S;, where

S = {aj,aj+1, Aj 42, - J=Aak: k>j}.

Then liminfa; = lim |/ and limsupa; = lim u;.
J—+0oo J—+o0 Jj—+oo J—+0oo
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Suppose that liminf a; = limsup a; = c for some real number c.
J—+oo Jjo+oo

Then, given any positive real number ¢, there exist positive

integers N1 and N5 such that ¢ — ¢ < /; < ¢ whenever j > Ny, and

¢ < uj < c+ ¢ whenever j > N,. Let N be the maximum of N;

and N. If j > N then aj € Sy, and therefore

c—e<Iy<a<uy<c+e.

Thus |aj — ¢| < € whenever j > N. This proves that the infinite
sequence ai, ay, as, . . . converges to the limit c.
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Conversely let a1, as, a3, ... be a bounded sequence of real
numbers that converges to some value c. Let € > 0 be given.
Then there exists some positive integer N such that

c— %5 <a<c+ %5 whenever j > N. It follows that

S;j C (c — 3&,¢ + 3¢) whenever j > N. But then

c—3e<[<u<c+ie

whenever j > N, where u; = sup S; and /; = inf 5;. We see from
this that, given any positive real number ¢, there exists some
positive integer N such that |/; — ¢| < e and |u; — c| < € whenever
Jj > N. It follows from this that

limsupaj = lim uj=cand liminfa; = lim /;=c,
Jj—+oo J—+00 J—+0o0 J—+0o0

as required. ||
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5.4. Rearrangement of Infinite Series

Example
Consider the infinite series
1 1 1 1 1

1l -4+ - _—4=
2+3 4+5 6+

For each positive integer k, let px denote the kth partial sum of
this infinite series, defined so that

k

Pk = Z(—l)j_ljl.-
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The absolute values of the summands constitute a decreasing
sequence, and accordingly examination of the form of the infinite
series establishes that

p1>p3>ps>p7r >

P2 < pg < pg<pg<---
Moreover pom < pom+1 < p1 and pomi1 > pom > p2 for all positive

integers m. Thus p1, p3, ps, p7 is a decreasing sequence that is
bounded below, and po, p4, pes, ps is an increasing sequence that is
bounded above. A standard result of real analysis ensures that

these bounded monotonic sequences are convergent. Moreover

. . 1
mir—ni-oo P2m+1 I‘nlE)nOO (sz + m 1)
- mlﬁ;noo Pam =+ mlT—oo 2m+1
= |lim pym.

m—o0
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It then follows easily from examination of the definition of

convergence that the infinite sequence p1, p2, ps, ... converges, and
lim p;= Ilim = lim .
Jj—+oo pj m—+00 P2m m——+00 Pam+1
Let « = lim p;. Then p» < a < p1, and thus % <a<l

Jj—+o0o
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Now consider the infinite series

The individual summands are those of the infinite series previously
considered, but they occur in a different order. This new infinite
series is thus a rearrangement of the infinite series previously
considered. Nevertheless the sum of this new infinite series may be
represented as

L1y 1o /11y 11 1y o1
2 4 3 6 8 5 10 12
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and therefore the sum of the new infinite series is equal to that of
the infinite series

1 1 n 1 1 n 1 1 n

2 4 6 8 10 12 ’
and is therefore equal to %a. This example demonstrates that
when the terms of an infinite series are rearranged, so that they are
summed together in a different order, the sum of the rearranged
series is not necessarily equal to that of the original series.
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The example just discussed considers the behaviour of a particular
infinite series that is convergent but not absolutely convergent. An

+o0 +o0
infinite series Zl aj is said to be absolutely convergent if 21 |aj| is
J= J=

convergent. The following proposition and its corollaries ensure
that any absolutely convergent infinite series may be rearranged at
will without affecting convergence, and without changing the value
of the sum of the series. In particular an infinite series whose
summands are non-negative may be rearranged without affecting
the value of the sum of that infinite series.
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Proposition 5.3
“+oo
Let >~ aj be a convergent infinite series, where aj is real and
=i
aj > 0 for all positive integers j. Let Q be the subset of the real
numbers consisting of the values of all sums of the form ) a;
JEF
obtained as F ranges over all the non-empty finite subsets of N.

Then
+o00
Z aj =sup Q.
j=1
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Proof
For each positive integer k, let

k
p=>_a.
=

This number py is referred to as the kth partial sum of the infinite
series a; + a» + a3z + - - -. The definition of the sum of this infinite
series then ensures that

“+o0o
E a; = lim kK-
. J k—)—i—oop
j=1

Moreover p; < p» < p3 < ---, because a; > 0 for all positive
integers j, and therefore

+oo
Zaj = sup{pk : k € N}.
j=1
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For each non-empty finite subset F of the set N of positive

integers, let
ar = Z ;-
JEF
If F and H are finite subsets of N, and if F C H then gr < gy,
because the summand a; is non-negative for all positive integers j.

Now, given any non-empty finite subset F of N there exists some
positive integer k such that F C Jx, where J, = {1,2,...,k}. But

then
+oo

9F < qu = Pk < Zaj.
j=1
Therefore the set @ consisting of the values of the sums gr as F
ranges over all the non-empty finite subsets F of N is bounded
above. Moreover it is non-empty. The Least Upper Bound
Principle then ensures that the set Q has a well-defined least upper
bound sup Q.
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+00
Let s = sup Q. We have shown that g < ) a; for each

j=1
+o0o
non-empty finite subset F of N. It follows that s < )" a;. But
J=1

px € Q for all positive integers k, because py = q,, and therefore
pr < s. Taking limits as k — 400, we find that

a; lim <s.
Z i = k—+ oopk

The inequalities just obtained together ensure that

+oo
Z aj=s=supQ,
j=1

as required. |
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A permutation of the set N of positive integers is a

function o: N — N from the set N to itself that is bijective. A

function o: N — N is thus a permutation if and only if it has a
well-defined inverse ¢~1: N — N. This is the case if and only if,

given any positive integer k, there exists a unique positive integer j
for which k = o(j).

Definition

An infinite sequence by, by, bs, ... of real numbers is said to be a
rearrangement of an infinite sequence a1, as, as, . . . if there exists a
permutation o of the set N of positive integers such that

bk = ag(k for all positive integers k. In this situation we also say

+o0
that the infinite series ) by is a rearrangement of the infinite
k=1
+o00
series ) aj.
j=1
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Corollary 5.4

+o0 ee
Let ) a; be a convergent infinite series, and let ) by be a
Jj=1 k=1

—+00
rearrangement of infinite series ) aj. Suppose that a; > 0 for all

j=1
. +m

positive integers j. Then the infinite series >, by is convergent,
k=1

“+o0o +oo
and ) b= ) aj.
k=1 j=1
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Proof

There exists a permutation o: N — N of the set N of positive

integers such that by = a, () for all positive integers k. Let

qr = ) a;j for all non-empty finite subsets F of N, and let
JEF

r¢ = Y. by for all non-empty finite subsets G of N. Then

KeG
G(c)= D, 4= a = bc=rc

Jjeo(G) keG keG

for all non-empty finite subsets G of N, and accordingly

gr = ry-1(F) for all non-empty finite subsets F of N. Moroever G
is a non-empty finite subset of N if and only if o(G) is a
non-empty finite subset of N.
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It follows that the set Q consisting of all sums of the form gr as F
ranges over the non-empty finite subsets of N is also the set
consisting of all sums of the form rg as G ranges over the
non-empty finite subsets of N. It follows from Proposition 5.3 that

+oo “+o0o
Sa=swp@=3 b
j=1 k=1

as required. |
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It follows from Corollary 5.4 that, given any collection (¢, : o € A)
of non-negative real numbers ¢, indexed by the members of a
countable set A, we can form the sum > ¢,. If the countable

acA
indexing set A is infinite then there exists an infinite sequence

1, a2,Q3, ... in which each element of the set A occurs exactly

once. Then
“+o0
Y=Y e
Jj=1

acA

The requirement that ¢, > 0 for all o € A ensures that the value
“+o0o

of Y, Ca; does not depend on the choice of infinite sequence
j=1

a1, a2, Qs3, ... enumerating the elements of the indexing set A.
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Let c1, ¢, c3, ... be an infinite sequence of real numbers that are
not necessarily all non-negative or all non-positive, and let

Jr _ i - _ . i .. . .
¢;” = max(c;,0) and ¢;” = min(0, ¢;) for all positive integers ;.
Then (:J.Jr >0, ij <0, ¢= (:J-Jr + ij and
lcj| = cf —¢ = cf + |c; | for all positive integers j. Moreover,

for each positive integer j, at most one of the numbers cJ-+ asnd ¢;”

is non-zero. Now 0 < chr < |¢jl and 0 < [¢; | < |gj for all positive

“+o0o
integers j. It follows from this that ) |¢;| is convergent if and
j=1
. +OO + +Oo — .
only if both le ¢ and ng ¢; convergent. In this case we say that
the infinite series Zj;of ¢j is absolutely convergent.
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Corollary 5.5

+oo +o00o
Let Zl aj be an absolutely convergent infinite series, and let kzl by
J: =

+0o0
be a rearrangement of infinite series ) aj. Then the infinite series
j=1

“+o0o +o0o +oo
> bx is absolutely convergent, and ) by = ) a;.
k=1 k=1 j=1
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Proof

There exists a permutation o: N — N of the set N of positive
integers with the property that by = a, k) for all positive
integers k. Let ajr = max(a;,0) and a;” = min(0, a;) for all
positive integers j and b = max(by,0) and b, = min(0, by) for

o0
all positive integers k. The absolute convergence of ) aj then
Jj=1

o0 o0
. .. . + —
ensures that the infinite series j§:1 a; and j§:1 a; both converge. It

then follows from Corollary 5.4 that
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+oo +oo +oo “+o00o +o0o +oo
| = + - _ + - _
Dlal =23 => =) b= bo=) Ibd
j=1 Jj=1 j=1 k=1 k=1 k=1
and
“+o0 “+00 —+00 —+00 —+00 “+oo
_ + - _ + - _
IIEEDILEDIEEDILED DD
j=1 j=1 j=1 k=1 k=1 k=1

The result follows. |}
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5.5. The Extended Real Number System

It is sometimes convenient to make use of the extended real line
[—00, +00]. This is the set R U {—00, 400} obtained on adjoining
to the real line R two extra elements +00 and —oo that represent
points at ‘positive infinity’ and ‘negative infinity’ respectively. We
define

¢+ (+00) = (+0) + ¢ = 400

and
c+(—00)=(—00)+c=—-0

for all real numbers c.
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We also define products of non-zero real numbers with these extra
elements +o0o so that

c X (+0) = (+o0) xc=+00 when c >0,
cxX(—0) = (—o0)xc=-00 whenc>0,
cx (+00) = (400)xc=—00 whenc<O0,
cx(—00) = (—o0)xc=+oc0 whenc<0,

We also define
0 x (4+00) = (+00) x 0 =0 x (—00) = (—00) x 0 =0,

and
(+00) x (+00) = (—00) x (—00) = +00,
(+00) X (—0) = (—0) X (+00) = —c0.

The sum of +00 and —oo is not defined.



5. Some Properties of Infinite Sequences and Series (continued)

We define —(+00) = —oo and —(—o0) = +o00. The difference

p — g of two extended real numbers is then defined by the formula
p—q=p+(—q), unless p=q = +oc or p=q = —o0, in which
cases the difference of the extended real numbers p and g is not
defined.

We extend the definition of inequalities to the extended real line in
the obvious fashion, so that ¢ < +o00 and ¢ > —oo for all real
numbers ¢, and —oo < +00.
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Given any real number ¢, we define

[c, +00) U{+00} = {p € [-00,00] : p > c},
(c,+o0) U {400} = {p € [-00,0] : p > c},
(=00, c]U{—oo} = {p € [~o0,00] : p < c},
(o0, c)U{—o0} ={p € [-00,00]: p < c}.
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There is an order-preserving bijective function

@ [—00,4+00] — [—1,1] from the extended real line [—o0, +00] to
the closed interval [—1, 1] whic? is defined such that p(400) =1,
#p(—00) = —1, and (c) = -
define p(p, q) = |¢(q) — ¢(p)| for all extended real numbers p and
q. Then the set [—o0, +00] becomes a metric space with distance
function p. Moreover the function ¢: [—o0, +00] = [-1,1] is a
homeomorphism from this metric space to the closed

interval [—1, 1]. It follows directly from this that [—o0, +0o0] is a
compact metric space. Moreover an infinite sequence (p; : j € N)
of extended real numbers is convergent if and only if the
corresponding sequence (¢(p;j) : j € N) of real numbers is
convergent.

for all real numbers c. Let us
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Given any non-empty set S of extended real numbers, we can
define sup S to be the least extended real number p with the
property that s < p for all s € S. If the set S does not contain the
extended real number +o00, and if there exists some real number B
such that s < B for all s € S, then sup S < +o00; otherwise

sup S = +o0. Similarly we define inf S to be the greatest extended
real number p with the property that s > p for all s € S. If the
set S does not contain the extended real number —oo, and if there
exists some real number A such that s > A for all s € S, then
inf S > 4-00; otherwise inf S = —o0o. Moreover

o(sup S) =supp(S) and p(inf S) = inf p(S),

where ¢: [—00,4+00] — [—1,1] is the homeomorphism defined
such that ¢(+00) = 1, p(—00) = —1 and p(c) = c(1 + |c|)~! for
all real numbers c.
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Given any sequence (p; : j € N) of extended real numbers, we

define the upper limit lim sup p; and the lower limit lim inf p; of the
Jj—+oo J—+oo

sequence so that

limsupp; = lim sup{px: k > j}
Jj—+o0 J—+oo

and

liminf p; = lim inf{px: k > j}.
J—+0o0 J—+oo
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Every sequence of extended real numbers has both an upper limit
and a lower limit. Moreover an infinite sequence of extended real
numbers converges to some extended real number if and only if the
upper and lower limits of the sequence are equal. (These results
follow easily from the corresponding results for bounded sequences
of real numbers, on using the identities

i N _ BiE oY it o
¢(limsup p;) = lim sup (p;), w(jlmgopj) lim inf e(pj),

J—+o0 J—+oo

where ¢: [—00,4+00] = [—1, 1] is the homeomorphism defined
above.)
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The function that sends a pair (p, g) of extended real numbers to
the extended real number p 4+ g is not defined when p = +o00 and
g = —o00, or when p = —oco and g = +o0 but is continuous
elsewhere. The function that sends a pair (p, g) of extended real
numbers to the extended real number pq is defined everywhere.
This function is discontinuous when p = 00 and g = 0, and when
p=0and g = +oo. It is continuous for all other values of the
extended real numbers p and gq.
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Let a1, ap, a3, ... be an infinite sequence of extended real numbers
which does not include both the values +0o and —oo, and let

Pk = Z};O a; for all natural numbers k. If the infinite sequence
p1, P2, P3, - - . of extended real numbers converges in the extended

real line [—00, +-00] to some extended real number p, then this
“+00
value p is said to be the sum of the infinite series ) a;, and we

j=1

+o0o
write z:l aj=p.
J:
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It follows easily from this definition that if 400 is one of the values

+00

of the infinite series ay, a2, a3, ..., then ) a; = +-00. Similarly if
Jj=1

—oo is one of the values of this infinite series then then

—+00
> aj = —oo. Suppose that the members of the sequence
j=1

—+00

ai, ap, a3, ... are all real numbers. Then >  a, = 400 if and only
j=1

if, given any real number B, there exists some real number N such

k 400
that ) a, > B whenever k > N. Similarly ) a; = —oo if and
Jj=1 j=1
only if, given any real number A, there exists some real number N
k

such that ) a; < A whenever k > N.
j=1



	Countable and Uncountable Sets
	Some Properties of Infinite Sequences and Series
	Least Upper Bounds and Greatest Lower Bounds
	Monotonic Sequences
	Upper and Lower Limits
	Rearrangement of Infinite Series
	The Extended Real Number System


