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D.1. The Barycentric Subdivision of a Simplex

Proposition D.1

Let o be a simplex in RN with vertices vg,v1, . . . ,Vq, and let
mg, mi, ..., m, be integers satisfying

0O<my<m«<---<m,<gq.

Let p be the simplex in RN with vertices 7y, 71, . .. ,7,, where 7
denotes the barycentre of the simplex T, with vertices
Vo,V1,...,Vm, for k =1,2,... r. Then the simplex p is the set
consisting of all points of RN that can be represented in the form
27:0 tivj, where tg, t1,..., tq are real numbers satisfying the
following conditions:
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(i) 0<tj<1lforj=0,1,...,q;

(i)

(iif)
(iv)
(v)

(vi)

q
2 t=1
j=0

to>t1 2 2 tg
tj = tm, for all integers j satisfying j < mo;

tj = tm, for all integers j and k satisfying 0 < k < r and
my—1 < Jj < my;

tj = 0 for all integers j satisfying j > m,.
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Moreover the interior of the simplex p is the set consisting of all
q
points of RV that can be represented in the form tjvj, where
Jj=0
to, t1, ..., tq are real numbers satisfying conditions (i)—(iv) above
together with the following extra condition:

(vii) tm,_, > tm, > 0 for all integers k satisfying 0 < k < r.
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Proof
Let wy =74 for k=0,1,...,r. Then
1
N mg+1 J_ZVJ.
Let x € p, and let the real numbers ug, uy, ..., u, be the

barycentric coordinates of the point x with respect to the vertices

wWo,Wi,...,w, of p,sothat 0 < uy <1for k=0,1,...,r,
r r

DT uwg =x, and >y, =1.
k=0 k=0
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Also let
K()=1{keZ:0<k<rand mg > j}

q
for j=0,1,...,q9. Then x = )" tjvj, where
j=0

Uk
= )
ker() T +1

when 0 < j < m,, and t; =0 when m, <j <gq.
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Moreover
q my Uy U
t; = _
D6 = 2D T D i
J=0 J=0 keK(j) U,
ro mg u r
S Yy S ue
k=0j=0 K k=0
where

L={(j,k)eZ?:0<j<q, 0<k<randj<m}.
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Now t; > 0 for j =0,1,...,q, because u, >0 for k =0,1,...,r,
and therefore :
O_tj§2tj:1.
j=0

Also ti < t; for all integers j and j satisfying 0 < j < j/ < my,
because K(j') C K(j). If 0 <j < mg then K(j) = K(mo), and
therefore t; = tp,. Similarly if 0 < k <'r, and my_; < j < my
then K(j) = K(my), and therefore t; = tp,,. Thus the real
numbers ty, t1, .. ., tx satisfy conditions (i)—(vi) above.
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Now let to, t1, ..., tq be real numbers satisfying conditions (i)-(vi),
let
uy = (my + 1)t

and
Uy = (mk + 1)(tmk - tmk+1)

for k=0,1,...,r—1. Then
r

Ugr
= Y
) my +1

for k=0,1,...,r. Also uy >0 for k=0,1,...,r, and
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r—1

Z(mk + D)(tm = tmeis) + (mr + 1)t
k=0

r—1 r—2
(mo + 1)tm0 + Z(mk + 1)tmk - (mk + 1)tmk+1
k=1 k=0
= (mr—1 + L)tm, + (my + 1)tm,
r—1 r—1
(mo + 1)tm, + Z(mk + Dty — Z(mk_l + Dt
k=1 k=1

+ (mr - mr—l)tmr

r
(Mo + tmy + Y _(Mk — Mi—1)tm,
k=1
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But

Jz;tq Zt+z Z t]

k=1 j=my_1+1

= (mo+ 1)tm, + Z(mk — Mk_1)tm,,
k=1

because conditions (i)-(vi) satisfied by the real numbers
to, t1,..., tq ensure that t; = t,;) when 0 < j < mg, t; = t;,, when
1<k<r and m_; <j<myandt; =0 whenj > m,. Thus

q
Zuk—m0+ tmo+zmk_mk1tmk Z
k=1 j=0

It follows that ug, ui, ..., u, are the barycentric coordinates of a
point of the simplex with vertices wg, w1, ..., w,.
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Moreover

forj=0,1,...,q, and therefore

r r my U
k
ZUka = ZZ mk+1vj
k=0 k=0 j=0
Uk
= VJ
n k)eL mg+1
SE Y
=0 ker(j) Tk + 1

= Z tiv;.
=0
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We conclude the the simplex p is the set of all points of RV that

q
are representable in the form ) tjv;, where the coefficients
Jj=0
to, t1, ..., tq are real numbers satisfying conditions (i)—(vi).

q

Now the point ) tjv; belongs to the interior of the simplex p if
j=0

and only if uy >0 for k =0,1,...,r, where u, = (m, + 1)tp, and

ue = (mi + 1)(tm, — tm,,,) for k=0,1,...,r — 1.



D. Further Results Concerning Barycentric Subdivision (continued)

This point therefore belongs to the interior of the simplex p if and
only if ty,, >0 and ty,, > tm,,, for k=0,1,...,r —1. Thus the

q

interior of the simplex p consists of those points ) tjv; of o whose
j=0

barycentric coordinates to, t1, ..., ty with respect to the vertices

Vo, V1, ...,Vq of o satisfy conditions (i)—(vii), as required. [
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Corollary D.2

Let o be a simplex in some Euclidean space RN, and let K, be the
simplicial complex consisting of the simplex o together with all of
its faces. Let vg,v1,...,vq be the vertices of o, and let
to, t1,. .., tq be the barycentric coordinates of some point x of o,

q q
sothat0<t;<1forj=0,1,...,q, > tivi=xand ) tj=1

j=0 j=0

Then there exists a permutation © of the set {0,1,...,q} and
integers mg, my, ..., m, satisfying

0O<mpy<m<---<m,<aq.

such the following conditions are satisfied:
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(iil) tro) > trr) = 2 tr(q)
(iv) tr(j) = te(mp) for all integers j satisfying j < mo;
(V) tr(j) = tr(m,) for all integers j and k satisfying 0 < k < r and
My—1 <J < my;
(vi) tr(j) = O for all integers j satisfying j > m,.
(vii) tr(my_yy > tn(m,) > O for all integers k satisfying 0 < k < r.

Let p be the simplex of the first barycentric subdivision K. of the

simplical complex K, with vertices 7p, 71, ..., 7,, where 7y is the
barycentre of the simplex 74 with vertices v (o), Va(1), - - - s Var(my)

for k =0,1,...,r. Then p is the unique simplex of K/ that
contains the point x in its interior.
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Proof

The required permutation 7 can be any permutation that
rearranges the barycentric coordinates in descending order, so that
1> tr(0) 2 tr(1) = -+ = tr(q) = 0. The required result then
follows immediately on applying Proposition D.1. |}

Corollary D.2 may be applied to determine the simplices of the first
barycentric subdivision K/ of the simplicial complex K, that
consists of some simplex o together with all of its faces.
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Example

Let K be the simplicial complex consisting of a triangle with
vertices vg, v1 and vy, together with all its edges and vertices, and
let K’ be the first barycentric subdivision of the simplicial

complex K. Then K’ consists of six triangles po12, p102, 021, 120,
p201 and po1g, together with all the edges and vertices of those
triangles, where
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V2

pP012 £102

Vo Vi
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2 2

po12 = {thvj:1>to>t1>t2>0and thl},
j=0 Jj=0
2 2

p102 = {thvj:1>t1>t0>t2>0and thl},
j=0 j=0
2 2

po21 = {thv_,' 1>t>th >t >0and thl},
j=0 j=0
2 2

pP120 = {thvj 1>t >t >t)>0and ztjl},
j=0 j=0
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2 2
p201 = thvjilztzztOZHZOand th: )
Jj=0 Jj=0

2
poro0 = > tviil>h>h>t>0and Y =1
Jj=0 Jj=0

The intersection of any two of those triangles is a common edge or
vertex of those triangles. For example, the intersection of the
triangles po12 and pioz is the edge po12 N p1o2, where

2 2

po12 N p102 = thvjilztoztlztzzoand thzl
=0 j=0
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And the intersection of the triangle pg12 and pi1og is the barycentre
2

of the triangle vo vy vo, and is thus the point )" tjv; whose
Jj=0
barycentric coordinates ty, t1, tp satisfy tp =t = thp = %
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Let o be a g-simplex with vertices vg,v1,...,vq, let K, be the
simplicial complex consisting of the simplex o, together with all its
faces, and let K be the first barycentric subdivision of the
simplicial complex K. Then the g-simplices of K/ are the

simplices of the form pmg m, ... m,, where the list mg, m1,..., mg is a
rearrangement of the list 0,1,..., g (so that each integer between
0 and q occurs exactly one in the list mg, mq, ..., mg), and where

Pmomy ... mg
q q

= ) Lty Sty =t >0and Yt =1
=0 j=0
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A point of o belongs to the interior of one of the simplices of K/, if
and only if its barycentric coordinates tg, t1, ..., tq are all distinct

q
and strictly positive. Moreover if a point ) tjv; of o with
Jj=0
barycentric coordinates to, t1, ..., ty belongs to the interior of
some r-simplex of K/ then there are exactly r + 1 distinct values
amongst the real numbers to, t1,...,t; (i.e., {to,t1,...,t;} isa
set with exactly r + 1 elements).
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