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3. The Transportation Problem

3. The Transportation Problem

3.1. The General Transportation Problem

The Transportation Problem can be expressed in the following
form. Some commodity is supplied by m suppliers and is
transported from those suppliers to n recipients. The ith supplier
can supply at most s; units of the commodity, and the jth recipient
requires at least d; units of the commodity. The cost of
transporting a unit of the commodity from the ith supplier to the
Jth recipient is ¢; ;.

The total transport cost is then
m n
DD i
i=1 j=1

where x; ; denote the number of units of the commodity
transported from the ith supplier to the jth recipient.



3. The Transportation Problem (continued)

The Transportation Problem can then be presented as follows:

determine x; j for i =1,2,... . mandj=1,2,...,n s0 as
minimize ) c; jX; j subject to the constraints x; j > 0 for
iJ
n m
all i and j, > xjj < s;j and ) x;jj > d;, where s; > 0 for
j=1 i=1

all i, d; >0 for all i, and ) s; > > d;.
i=1 j=1



3. The Transportation Problem (continued)

The quantities sy, sy, . .., sy representing the quantities of the
transported commodity supplied by the suppliers are the
components of an m-dimensional vector (s, sy, ..., Sn). We refer
to this vector as the supply vector for the transportation problem.

The quantities di, db, . . ., d, representing the quantities of the
transported commodity demanded by the recipients are the
components of an n-dimensional vector (di, da, ..., d,). We refer
to this vector as the demand vector for the transportation problem.

The quantities ¢; ; that represent the cost of transporting the
commodity from the ith supplier to the jth recipient are the
components of an m x n matrix. We refer to this matrix as the
cost matrix for the transportation problem.



3. The Transportation Problem (continued)

3.2. Transportation Problems where Supply equals Demand

Consider a transportation problem with m suppliers and n
recipients. The following proposition shows that a solution to the
transportation problem can only exist if total supply of the relevant
commodity exceeds total demand for that commodity.

Proposition 3.1

Let s1,8,...,5m and di, da, ..., d, be non-negative real numbers.
Suppose that there exist non-negative real numbers x; j for
i=1,2,....,mandj=12 ..., n that satisfy the inequalities

n m
ZX,‘JSS; and in,jzdj'
j=1 i=1
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Then

Moreover if it is the case that
n m
>dq=Y s
j=1 i=1

then
n
ZX,‘JZS,‘ fori=1,2,...,m
=1

and

m
Zx,-,j:dj forj=1,2,...,n.
i=1
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Proof
The inequalities satisfied by the non-negative real numbers x; ;

ensure that
ITED ) SUTES Wit

i=1 j=1

Thus the total suppIy must equal or exceed the total demand.

n
Now si — > x;j >0 for i =1,2,..., m. It follows that if
j=1

m m n
n .
si > i1 Xi,j for at least one value of i then le,- > Zl le,-J.
= i=1j=

m

Similarly > x;; —d; > 0 for j =1,2,...,n. It follows that if it is
—
' m

the case that ) x;; > dj for at least one value of j then

i=1
n

ZZXI,J>ZO’J"
i=1j=1
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It follows that if total supply equals total demand, so that

m n
dsi=>_d;
i=1 j=1

then
n
quzs; fori=1,2,....m
j=1

and
m
ZXiJ:dj forj=1,2,...,n,
i=1

as required. |



3. The Transportation Problem (continued)

We analyse the Transportation Problem in the case where total
supply equals total demand. The optimization problem in this case
can then be stated as follows:—

determine x; j fori =1,2,....mand j=1,2,...,n so as
minimize ) c; jX; j subject to the constraints x; j > 0 for
i
n m
all i and j, > xjj=s; and ) x; j = dj, where s; > 0
j=1 i=1

and d; > 0 for all i and j, and ) s; = ) d.
i=1 j=1



3. The Transportation Problem (continued)

Definition
A feasible solution to a transportation problem (with equality of
total supply and total demand) is represented by real numbers x; ;,
where

@ xjj>0fori=1,2,...,mand j=1,2,...,n;

n
° Y xij=sifor=1,2,....,m;
j=1

m
@ Y xjj=dforj=1,2,...,n.
i=1

| A\

Definition
A feasible solution (x; ;) of a transportation problem is said to be
optimal if it minimizes cost amongst all feasible solutions of that
transportation problem.

A




3. The Transportation Problem (continued)

3.3. Bases for the Transportation Problem

Definition
Let I ={1,2,...,m} and J ={1,2,...,n}, where m and n are
positive integers. Then a subset B of | x J is said to be a basis for
the transportation problem with m suppliers and n reC|p|ents if,
given any vectors y € R™ and z € R” satisfying Z(y), = Z(z)j,
i=1 j=1
there exists a unique m x n matrix X with real coefficients
satisfying the following properties:—

(i) ;"1( Vij = ()i for i =1,2,...,m;

(ii) f(X),-,j:(z)j G =12 .
(iii) (X)ij =0 unless (i,j) € B.




3. The Transportation Problem (continued)

Lemma 3.2

Let | ={1,2,...,m} and J ={1,2,...,n}, where m and n are
positive integers. and let

B={(i,j)elxJ:i=morj=n}

Then B is a basis for a transportation problem with m suppliers
and n recipients.

Proof
The result can readily be verified when m=1or n=1. We
therefore restrict attention to cases where m > 1 and n > 1.

Let
B=A{(i,j)elxJ:i=morj=n},

where m > 1 and n > 1.



3. The Transportation Problem (continued)

Then, given any vectors y € R™ and z € R” that satisfy
m n

>~ ¥i= > zj, there exists a unique m x n matrix X with real
i=1 j=1
coefficients with all the following properties:

n
(i) SX)ij=yifori=12,....m;
=

(ii) > (X)ij=2z forj=1,2,...,n;
i=1

(iii) (X)ij =0 unless (i,j) € B.
This matrix X has coefficients as follows: X;; =0 if i < m and
J<n Xip=yfori<m Xpn;=z for j <n; Xp,=w, where

n—1 m—1
W:)/m_§ Zj:Zn_§ Yi-
j=1 i=1



3. The Transportation Problem (continued)

This matrix X is thus of the form

0 O 0 n
0 O 0 2
X = oo T : : )
0 0 ‘e 0 Ym-1
Z1 Zo ... Zp_1 W

where
n—1 m—1
W:)/m_g Zj:Zn_§ Yi-
j=1 i=1

It follows from the definition of bases for transportation problems
that the subset B of | x J is a basis for a transportation problem
with m suppliers and n recipients. This completes the proof. |}



3. The Transportation Problem (continued)

We now introduce some notation for use in discussion of the theory
of transportation problems.

For each integer i between 1 and m, let e() denote the
m-dimensional vector whose ith component is equal to 1 and whose
other components are zero. For each integer j between 1 and n, let
&U) denote the n-dimensional vector whose jth component is equal
to 1 and whose other components are zero. Thus

(e(i))k:{ 1 ifji=k, and (é("))g:{ 1 If_jzf;

0 if ik, 0 ifj#L.
Moreover y = " (y);el) for ally € R™ and z = 3" (2);&Y) for all
i=1 j=1

z e R



3. The Transportation Problem (continued)

Also, for each ordered pair (i,j) of integers with 1 </ < m and
1<j<n,let E(Y) denote the m x n matrix that has a single
non-zero coefficient equal to 1 located in the ith row and jth
column of the matrix. Thus

(B )k {o if k£ iorj#L.

Moreover

X = Zm: zn:(X)i,jE(U)

i=1 j=1

for all m x n matrices X with real coefficients.



3. The Transportation Problem (continued)

We let p: Mp n(R) = R™ and 0: My, o(R) — R” be the linear
n

transformations defined such that (p(X)); = > (X);; for
j=1
i=1,2,...,mand (o(X)); = > (X)ij for j=1,2,...,n. Then
i=1
p(E(iJ)) =el) fori=1,2,...,mand O'(E(i’j)) =&l for

j=12,...,n
A feasible solution of the transportation problem with given supply

vector s, demand vector d and cost matrix C is represented by an
m x n matrix X satisfying the following three conditions:—

@ The coefficients of X are all non-negative;
° p(X)=s;
e o(X)=d.



3. The Transportation Problem (continued)

The cost functional f: Mp, ,(R) — R is defined so that

m n

f(X) = ZZC,‘J(X),’J = trace(CT X)

i=0 j=0

for all X € My, »(R), where C is the cost matrix and ¢;; = (C);;
fori=1,2,....mandj=12,...,n.

A feasible solution X of the Transportation problem is optimal if

A~

and only if £(X) < f(X) for all feasible solutions X of that
problem.



3. The Transportation Problem (continued)

Lemma 3.3

Let X be an m x n matrix, let p(X) € R™ and o(X) € R" be

n
defined so that (p(X))i = > (X)ij fori=1,2,...,m and
j=1

(X)ij forj=1,2,...,n, and let

s

(e(X))i =

i=1

W= {(y,z) ER™XR": i(y)f = i(z)j}.

Jj=1

Then (p(X),0(X)) € W.




3. The Transportation Problem (continued)

Proof
Summing the components of the vectors p(X) and o(X), we find
that

m

D (X)) =" (X)ijg =Y (o(X));.
j=1

i=1 i=1 j=1
Thus (p(X),0(X)) € W, as required. |}
Given a subset K of | x J, where | ={1,2,..., m} and
J=1{1,2,...,n}, we denote by My the vector subspace of the

space M, »(R) of m x n matrices with real coefficients defined
such that

Mk = {X € Mpmn(R) : (X)ij = 0 unless (i,j) € K}.



3. The Transportation Problem (continued)

The definition of bases for transportation problems then ensures
that a subset B of | x J is a basis for a transportation problem with
m suppliers and n recipients if and only if the linear transformation
Og: Mg — W is an isomorphism of vector spaces, where

w— {(y,z) ER™ xR": Y (y) = 2()}

and 0g(X)

(n(X))i =
j=12.

(p(X), o(X)) for all X € Mg, where

(X)ijfori=1,2,...,mand (c(X)); = > (X)i; for
i=1

'Mz I

L1

J



3. The Transportation Problem (continued)

Proposition 3.4

A basis for a transportation problem with m suppliers and n
recipients has m + n — 1 elements.

Proof
Let I ={1,2,...,m} and J={1,2,...,n} and, for all
(i,j) € I x J, let E(J) denote the m x n matrix defined so that

(i) _ 1 ifk=iandj=1{
(B ke {0 if k£iorj#L.
Let B be a basis for the transportation problem with m suppliers

and n recipients. Then the m x n matrices E(¥) for which
(i,j) € B constitute a basis of the vector space Mg where

Mg = {X € My n(R) : (X)ij =0 unless (i, /) € B}.

It follows that the dimension of the vector space Mg is equal to
the number of elements in the basis B.



3. The Transportation Problem (continued)

Let

W:{(y,Z)ERmXR"'Z(Y) i()}

=1 Jj=

[y

and let fg: Mg — W be defined so that 6g(X) = (p(X), o(X))

n

for all X € Mg, where p(X); = > (X);j fori=1,2,...,m, and

j=1
o(X); = Z(X),J for j =1,2,...,n. Now the definition of bases

i=1

for transportation problems ensures that 6: Mg — W is an
isomorphism of vector spaces. Therefore dim Mg = dim W. It
follows that any two bases for a transportation problem with m
suppliers and n recipients have the same number of elements.



3. The Transportation Problem (continued)

Lemma 3.2 showed that
{(i,jyelxJ:i=morj=n}

is a basis for a transportation problem with m suppliers and n
recipients. This basis has m + n — 1 elements. It follows that

dim W = m+ n — 1, and therefore every basis for a transportation
problem with m suppliers and n recipients has m + n — 1 elements,
as required. |



3. The Transportation Problem (continued)

Proposition 3.5

Let | ={1,2,...,m} and J ={1,2,...,n}, where m and n are
positive integers, and let K be a subset of | x J. Suppose that,
m n
given any vectorsy € R™ and z € R" satisfying > (y)i = >_(z);,
i=1 j=1
there exists an m x n matrix X with real coefficients belonging to
My with the following properties:

n
() >X)ij=yifori=1,2,....m;
J=1

m
@ii)) > (X)ij=2z forj=1,2,...,n;
i=1

(iii) (X)ij =0 unless (i,j) € K.
Then there exists a basis B for the transportation problem
satisfying B C K.




3. The Transportation Problem (continued)

Proof
First we define bases for the vector spaces involved in the proof.
For each integer i between 1 and m, let e(’) € R™ be defined such

that
i 1 ifi=k;
My, — '
(e )k_{ 0 ifi+k
For each integer j between 1 and n, let 8Y) € R” be defined such

that
: 1 ifj=¢
ali)y, — J ,
(&) { 0 ifj#£L.
For each ordered pair (i, ) of integers with 1 </ < m and
1<j<n,let E(Y) ¢ Mp(R) be defined such that



3. The Transportation Problem (continued)

Let Mk denote the vector subspace of the space M, ,(R) of m x n
matrices with real coefficients defined such that

Mk = {X € Mpn.n(R) : (X)ij =0 unless (i,j) € K},

J=1

W= {(y,z) ER™ xR": injl(y)f = Zn)(Z)j},

and let O : Mk — W be the linear transformation defined so that
Ok (X) = (p(X), (X)) for all X € My, n(R), where

m

p(X)i = 32(X)iy for i =1,2.....mand o(X); = 3 (X) for

J:]- =

j=1.2...n



3. The Transportation Problem (continued)

Then B
X= > (X)EW
(ig)ek

for all X € Mk, and therefore

0k(X)= > (X)if(ED) = > (X)i (e, &)

(iJ)eK (if)ek

for all X € Mg. The conditions of the proposition ensure that that
the ordered pairs (e()),&U)) of basis vectors for which (i, ) belongs
to K span the vector space W. It then follows from standard linear
algebra that there exists a subset B of K such that those ordered
pairs (e(?), &U)) for which (i, j) belongs to B constitute a basis for
the vector space W (see Corollary 2.3).



3. The Transportation Problem (continued)

Thus, given any ordered pair (y, z) of vectors belonging to W,
there exist uniquely determined real numbers x; j for all (i,j) € B

such that

(v.2) = > xij(el,eV).

(ij)eB

Let X € Mg be the m x n matrix defined such that (X);; = x;
for all (i,j) € B and (X);; =0 for all (i,j) € (I x J)\ B. Then X
is the unique m x n matrix with the properties that p(X) =y,
o(X) =z and X;jy = 0 unless (i,j) € B. It follows that the
subset B of K is the required basis for the transportation
problem. |



3. The Transportation Problem (continued)

Proposition 3.6

Let m and n be positive integers, let | = {1,2,..., m} and
J=A{1,2,...,n}, and let K be a subset of | x J. Suppose that
there is no basis B of the transportation problem for which K C B.
Then there exists a non-zero m X n matrix Y with real coefficients
which satisfies the following conditions:
n
e > (Y)ij=0fori=1,2,....,m;
j=1

m
e Y (Y)ij=0forj=1,2,....n;
i=1

@ (Y)ij =0 when (i,j) & K.




3. The Transportation Problem (continued)

Proof _
For each integer i between 1 and m, let e(!) € R™ be defined such

that ] .
: 1 ifi=k

i)y, — ,

(e “_{Oiﬂ¢k

For each integer j between 1 and n, let 8U) € R” be defined such

that ] .
; 1 ifj=¢
al)y, — J '
(& h_{OiU#K’
and let

m n

W=1{(y,z) eR” xR": Z(Y)i = Z(Z)j

i=1 j=1



3. The Transportation Problem (continued)

Now follows from Proposition 2.2 that if the elements (e(?), &)
for which (i, j) € K were linearly independent then there would
exist a subset B of /| x J satisfying K C B such that the elements
(e), &0)) for which (i,j) € B would constitute a basis of W. It
would then follow that, given any ordered pair (y,z) of vectors
belonging to W, there would exist a unique m x n matrix X with
real coefficients with the properties that 37, (X);; = (y); for
i=1,2,....m > (X)ij=(2)iforj=1,2,...,n, and

(X)ij =0 unless (i,j) € B. The subset B of / x J would thus be a
basis for the transportation problem. But the subset K is not
contained in any basis for the Transportation Problem. It follows
that the elements (e(’), &0)) for which (i,j) € K must be linearly
dependent. Therefore there exists a non-zero m x n matrix Y with
real coefficients such that (Y);; = 0 when (/,j) ¢ K and

33 (V)ij(e,e9) = (0,0).

i=1 j=1



3. The Transportation Problem (continued)

But then

i=1j=1 i=1 j=1

and therefore

n

Y (Y)ij=0 fori=12,....m
j=1

and
m

Z(Y)uZO forj=1,2,...,n.
i—1

Also (Y);j =0 unless (i,j) € K. The result follows.

=0,

zm:zn:(y)i,je(i) =0 and Em:zn:(y)i’jé(j) _



3. The Transportation Problem (continued)

3.4. Basic Feasible Solutions of Transportation Problems

Consider the transportation problem with m suppliers and n
recipients, where the ith supplier can provide at most s; units of
some given commodity, where s; > 0, and the jth recipient requires
at least d; units of that commodity, where d; > 0. We suppose
also that total supply equals total demand, so that

m n
E S = E dja
i=1 j=1

The cost of transporting the commodity from the ith supplier to
the jth recipient is ¢; ;.

Definition

A feasible solution (x; ;) of a transportation problem is said to be
basic if there exists a basis B for that transportation problem such
that x;j = 0 whenever (i,j) € B.




3. The Transportation Problem (continued)

Example

Consider a transportation problem where m=n=2, s; = 8§,

So = 3, d1 = 2, d2 = 9, C,1 = 2, Cl2 = 3, @1 = 4 and 02 = 1.
A feasible solution takes the form of a 2 x 2 matrix

( X11 X12 )
X21 X22
with non-negative components which satisfies the two matrix
equations
X1,1 X172 1 . 8
(2 (3)=(3)

(1 1)<X171 Xlﬁ):(z 9).

X21 X22

and



3. The Transportation Problem (continued)

A basic feasible solution will have at least one component equal to
zero. There are four matrices with at least one zero component
which satisfy the required equations. They are the following:—

0 8 8 0 2 6 -1 9

2 1)’ -6 9 )’ 0 3 )’ 3 0/
The first and third of these matrices have non-negative
components. These two matrices represent basic feasible solutions

to the problem, and moreover they are the only basic feasible
solutions.



3. The Transportation Problem (continued)

The costs associated with the components of the matrices are
€11 = 2, €12 = 3, Q1= 4 and @2 = 1.

The cost of the basic feasible solution ( g Eli ) is

8C172 + 2C271 + 2= 24+ 8+ 1= 33.

The cost of the basic feasible solution ( g g ) is

2c11 +6c12+30p =4+ 18+ 3 = 25.



3. The Transportation Problem (continued)

X1,1 X1,2
X21 X222

X1,1 X1.2 1\ (8
X21 X2 1) \\3)’

(1 1)<Xl,l X1,2>:(2 9)

X21 X22

Now any 2 x 2 matrix ( ) satisfying the two matrix

equations

must be of the form
X171 X172 . A 88—\
x1 X2 ) \2—=X 1+

for some real number \.



3. The Transportation Problem (continued)

But the matrix A -2 has non-negative components if
2\ 1+ & P
and only if 0 < \ < 2. It follows that the set of feasible solutions

of this instance of the transportation problem is

A 88—\
{<2_)\ 1+)\>.)\€Rand0§)\§2}.



3. The Transportation Problem (continued)

The costs associated with the components of the matrices are
c11 =2, ¢cp2=3, c1=4and o = 1. Therefore, for each real
number X satisfying 0 < A < 2, the cost f(A) of the feasible
solution < A 8- > is given by

2—X 14X

FA) =20+ 3(8 — A\) +4(2 — A) + (1 + \) = 33 — 4.

Cost is minimized when A = 2, and thus 6 ) is the optimal

2

0 3
solution of this transportation problem. The cost of this optimal
solution is 25.



3. The Transportation Problem (continued)

Proposition 3.7

Given any feasible solution of a transportation problem, there
exists a basic feasible solution with whose cost does not exceed
that of the given solution.

Proof

Let m and n be positive integers, and let let the m x n matrix X
represent a feasible solution of a transportation problem with
supply vector s, demand vector d and cost matrix C, where C is an
m X n matrix with real coefficients. Thens; > 0fori=1,2,..., m
and d; > 0 for j =1,2,...,n, where

S:(51,$2,...,$m), d:(dl,dz,...,dn).
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n
Also x;; > 0 for all i and j, > xjj=s; fori=1,2,...,m and
j=1

m
xjj=d; for j=1,2,...,n. The cost of the feasible solution X
i=1

m n
is then > > cijxij, where ¢;j is the coefficient in the ith row and
i=1j=1
jth column of the cost matrix C.
If the feasible solution X is itself basic then there is nothing to
prove. Suppose therefore that X is not a basic solution. We show
that there then exists a feasible solution X with fewer non-zero
components than the given feasible solution.
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Let I ={1,2,...,m} and J ={1,2,...,n}, and let
K:{(I’,j)E/XJ:X,"j>O}.

Because X is not a basic solution to the Transportation Problem,
there does not exist any basis B for the transportation problem
satisfying K C B. It therefore follows from Proposition 3.6 that
there exists a non-zero m x n matrix Y whose coefficients y; ;
satisfy the following conditions:—

n

@ Y yij=0fori=12,....,m;

j=1
m

@ Y yij=0forj=1,2,...,n;
i=1

® yij =0 when (i,j) & K.
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m n
We can assume without loss of generality that >~ > ¢;jyij >0,
i=1j=1
where the quantities ¢;; are the coefficients of the cost matrix C,
because otherwise we can replace Y with —Y.

Let Zy = X — AY for all real numbers )\, and let z; j(\) denote the
coefficient (Z)); in the ith row and jth column of the matrix Z,.
Then z;j(A) = xjj— Ayijfori=1,2,....mand j=1,2,...,n.
Moreover

o z”: Z,"j()\) = S;,

j=1
° ;ZU(A) = dj;

@ z; j(A) = 0 whenever (i,j) € K;

m n

° 2'": z”: cijzij(A) < Z Z cijXij whenever A > 0.

i=1 j=1 i=1 j=1
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Now the matrix Y is a non-zero matrix whose rows and columns
all sum to zero. It follows that at least one of its coefficients must
be strictly positive. Thus there exists at least one ordered pair
(i,J) belonging to the set K for which y;; > 0. Let

Ao = minimum{w :(i,j) € K and y;j > 0} :
i

Then Ag > 0. Moreover if 0 < XA < Ag then x;; — Ay;; > 0 for all

(i,j) € K, and if A > Ag then there exists at least one element

(io,Jjo) of K for which xj,_j, — Ayipjo < 0. It follows that

Xij — )\Qy,',j > 0 for all (i,j) € K, and Xiojo — )\oy,'OJ'O =0.



3. The Transportation Problem (continued)

Thus Z), is a feasible solution of the given transportation problem
whose cost does not exceed that of the given feasible solution X.
Moreover Zy, has fewer non-zero components than the given
feasible solution X.

If Zy, is itself a basic feasible solution, then we have found the
required basic feasible solution whose cost does not exceed that of
the given feasible solution. Otherwise we can iterate the process
until we arrive at the required basic feasible solution whose cost
does not exceed that of the given feasible solution. |}



3. The Transportation Problem (continued)

A transportation problem has only finitely many basic feasible
solutions. Indeed there are only finitely many bases for the
problem, and any basis is associated with at most one basic
feasible solution. Therefore there exists a basic feasible solution
whose cost does not exceed the cost of any other basic feasible
solution. It then follows from Proposition 3.7 that the cost of this
basic feasible solution cannot exceed the cost of any other feasible
solution of the given transportation problem. This basic feasible
solution is thus a basic optimal solution of the Transportation
Problem.

The transportation problem determined by the supply vector,
demand vector and cost matrix has only finitely many basic
feasible solutions, because there are only finitely many bases for
the problem, and each basis can determine at most one basic
feasible solution. Nevertheless the number of basic feasible
solutions may be quite large.



3. The Transportation Problem (continued)

But it can be shown that a transportation problem always has a
basic optimal solution. It can be found using an algorithm that
implements the Simplex Method devised by George B. Dantzig in
the 1940s. This algorithm involves passing from one basis to
another, lowering the cost at each stage, until one eventually finds
a basis that can be shown to determine a basic optimal solution of
the transportation problem.



3. The Transportation Problem (continued)

3.5. The Northwest Corner Method

Example

We discuss in detail how to find an initial basic feasible solution of
a transportation problem with 4 suppliers and 5 recipients, using a
method known as the Northwest Corner Method. This method
does not make use of cost information.

The course of the calculation is determined by the supply vector s
and the demand vector d, where

s=(9,11,4,5), d=(6,7,5,3,8).
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We need to fill in the entries in a tableau of the form

X,'J].23455,‘
1 9
2 11
3 4
d |6 7 5 3 8|29



3. The Transportation Problem (continued)

In the tableau just presented the labels on the left hand side
identify the suppliers, the labels at the top identify the recipients,
the numbers on the right hand side list the number of units that
the relevant supplier must provide, and the numbers at the bottom
identify the number of units that the relevant recipient must
obtain. Number in the bottom right hand corner gives the
common value of the total supply and the total demand.

The values in the individual cells must be non-zero, the rows must
sum to the value on the left, and the columns must sum to the
value on the bottom.



3. The Transportation Problem (continued)

The Northwest Corner Method is applied recursively. At each stage
the undetermined cell in at the top left (the northwest corner) is
given the maximum possible value allowable with the constraints.
The remainder of either the first row or the first column must then
be completed with zeros. This leads to a reduced tableau to be
determined with either one fewer row or else one fewer column.
One continues in this fashion, as exemplified in the solution of this
particular problem, until the entire tableau has been completed.

The method will also determine a basis associated with the basic
feasible solution determined by the Northwest Corner Method.
This basis lists the cells that play the role of northwest corner at
each stage of the method.



3. The Transportation Problem (continued)

At the first stage, the northwest corner cell is associated with
supplier 1 and recipient 1. This cell is assigned a value equal to the
mimimum of the corresponding column and row sums. Thus, this
example, the northwest corner cell, is given the value 6, which is
the desired column sum. The remaining cells in that row are given
the value 0.

The tableau then takes the following form:—

Xi.j 1 2 3 45 Si
1 6 - - - 19
2|0 11
310 4
410 - - .- .|+5
d |6 75 3 8|29

The ordered pair (1,1) commences the list of elements making up
the associated basis.



3. The Transportation Problem (continued)

At the second stage, one applies the Northwest Corner Method to
the following reduced tableau:—

Xij 2 3 45 Si
1 e 3
2 11
3 4
4 |. . . |5
d |7 5 3 8[23

The required value for the first row sum of the reduced tableau has
been reduced to reflect the fact that the values in the remaining
undetermined cells of the first row must sum to the value 3.



3. The Transportation Problem (continued)

The value 3 is then assigned to the northwest corner cell of the
reduced tableau (as 3 is the maximum possible value for this cell
subject to the constraints on row and column sums). The reduced
tableau therefore takes the following form after the second stage:—

'J2345S,‘
30003

X

Qb wN R
i

7 5 3 8|23



3. The Transportation Problem (continued)

The main tableau at the completion of the second stage then
stands as follows:—

x
B

QR

WIN
ol w
o~
oo
©

1

6

o - - - -

0o - - - .| 4
0

6

7 5 3 8|29
The list of ordered pairs representing the basis elements

determined at the second stage then stands as follows:—

Basis: (1,1),(2,1),....



3. The Transportation Problem (continued)

The reduced tableau for the third stage then stands as follows:—

X,'J2345S,‘
2 ..o a1
3 4
4 . . . |5
d |4 5 3 8[20

Accordingly the northwest corner of the reduced tableau should be
assigned the value 4, and the remaining elements of the first
column should be assigned the value 0.



3. The Transportation Problem (continued)

The reduced tableau at the completion of the third stage stands as

follows:—

Xij 2 3 Sj
2 |4 11
310 4
4 (0 - 5
d |4 5 20



3. The Transportation Problem (continued)

The main tableau and list of basis elements at the completion of

the third stage then stand as follows:—

Xi j 1 2 3 45 Si
116 3 00 0|09
2 |0 4 11
3100 4
4 /00 - - |5
d |6 7 5 3 8|29

Basis: (1,1),(2,1),(2,2),....




3. The Transportation Problem (continued)

The reduced tableau at the completion of the fourth stage is as

follows:—

Xi.j 3 4 Si
2 |5 7
310 4
4 (0 - 5
d; |5 3 8][16




3. The Transportation Problem (continued)

The main tableau and list of basis elements at the completion of
the fourth stage then stand as follows:—

Xi j 1 2 3 45 Si
116 3 00 0|09
210 45 - 11
3 /000 4
4 /000 - -|5
d |6 7 5 3 8|29

Basis: (1,1),(2,1),(2,2),(2,3), ...




3. The Transportation Problem (continued)

At the fifth stage the sum of the undetermined cells for the 2nd
supplier must sum to 2. Therefore the main tableau and list of
basis elements at the completion of the fifth stage then stand as

follows:—
Xi.j 1 2 3 45 S;
116 300 0]9
210 45 2 0|11
31000 4
4 10 0 0 -1 5
d |6 7 5 3 8|29

Basis: (1,1),(2,1),(2,2),(2,3),(2,4),....



3. The Transportation Problem (continued)

At the sixth stage the sum of the undetermined cells for the 4th
recipient must sum to 1. Therefore the main tableau and list of
basis elements at the completion of the sixth stage then stand as

follows:—
Xi.j 1 2 3 45 S;
116 300 0]9
210 45 2 0|11
310001 4
4 10 0 0O 5
d |6 7 5 3 8|29

Basis: (1,1),(2,1),(2,2),(2,3),(2,4),(3,4), . ...



3. The Transportation Problem (continued)

Two further stages suffice to complete the tableau. Moreover, at
the completion of the eighth and final stage the main tableau and
list of basis elements stand as follows:—

X,'J].Q3455,‘
116 3 00 0|9
210 45 2 011
30001 3|4
4 {0 000 S5|5
d |6 7 5 3 8|29

Basis: (1,1),(2,1),(2,2),(2,3),(2,4),(3,4),(3,5),(4,5).



3. The Transportation Problem (continued)

We now check that we have indeed obtained a basis B, where

B =1{(1,1),(2,1),(2,2),(2,3),(2,4),(3,4),(3,5), (4,5)}.

If B is indeed a basis, then arbitrary values sy, s, s3, 54 and
d1, da, d3, dg, ds should determine corresponding values of x;; for
(i,j) € B, as indicated in the following tableau:—

xj|l1 2 3 4 5
1 | x11 x12 s1
2 X22 X3 X24 S2
3 X34 X35 | S3
4 X4,5 | 54
d d» d3 di dy




3. The Transportation Problem (continued)

Now analysis of the Northwest Corner Method shows that, when
successive elements of the set B are ordered by the stage of the
method at which they are determined. Then the value of x; j for a
given ordered pair (i, ') € B is determined by the values of the
row sums s;, the column sums d;, together with the values x; ; for
the ordered pairs (7, ) in the set B determined at earlier stages of
the method.



3. The Transportation Problem (continued)

In the specific numerical example that we have just considered, we
find that the values of x; ; for ordered pairs (i, ) in the set B,
where

B ={(1,1),(2,1),(2,2),(2,3),(2,4),(3,4),(3,5), (4,5)},
are determined by solving, successively, the following equations:—
x11=d1, X12 =51 —X1,1, X2 =d2—X12,

X203 =03, Xo4 =% —X23—X22, X34 =d4— X4,
X35 = S3 — X34, X45=ds — X35,

It follows that the values of x; ; for (i,j) € B are indeed
determined by si, sp, s3, 54 and dy, da, ds3, dg, ds.



3. The Transportation Problem (continued)

Indeed we find that

X1,1
X1,2
X2,2
X2,3
X2,4
X3,4
X3,5

Xa.5

di,

s1— di,

d> — 51 + d,
ds,

Sy —d3 —dy + 51 — dh,
d4—$2—|—d3+d2—51+d1,

53— ds+ 5 —d3—dr+ 51— di,

ds —s3+ds—sp+d3+do— 51+ dh.



3. The Transportation Problem (continued)

Note that, in this specific example, the values of x;; for ordered
pairs (i,/) in the basis B are expressed as sums of terms of the
form £s; and +d;. Moreover the summands s; all have the same
sign, the summands d; all have the same sign, and the sign of the
terms s; is opposite to the sign of the terms d;. Thus, for example

Xa5 = (dl +do +d3+dy + d5) — (51 + S +S3).

This pattern is in fact a manifestation of a general result applicable
to all instances of the Transportation Problem.



3. The Transportation Problem (continued)

Remark

The basic feasible solution produced by applying the Northwest
Corner Method is just one amongst many basic feasible solutions.
There are many others. Some of these may be obtained on
applying the Northwest Corner Method after reordering the rows
and columns (thus renumbering the suppliers and recipients).

It would take significant work to calculate all basic feasible
solutions and then calculate the cost associated with each one.



3. The Transportation Problem (continued)

3.6. The Minimum Cost Method for finding Basic Feasible Solutions

We discuss another method for finding an initial basic feasible
solution of a transportation problem. This method is similar to the
Northwest Corner Method, but takes account of the transport
costs encoded in the cost matrix. The method is known as the
Minimum Cost Method, on account of the method of selecting the
cell of the tableau to be filled in at each stage in the application of
the algorithm. The initial basic feasible solution obtained by this
method is not necessarily optimal.



3. The Transportation Problem (continued)

Example
Let ¢;; be the coefficient in the ith row and jth column of the cost
matrix C, where

8 4 16
3 7 2
€= 13 8 6
5 7 8

and let
s1=13, s =8, s3=11, s5,=13,

d1 =19, dr=12, d3=14.



3. The Transportation Problem (continued)

We seek to find non-negative real numbers x;; for i = 1,2,3,4 and
4 3

J =1,2,3 that minimize ) > ¢ jx; subject to the following
i=1j=1

constraints:

3
ZXU =5 for i=1,234,
j=1

4
d xij=dj for j=1,2,3,
i=1

and x;j > 0 for all / and j.

For this problem the supply vector is (13,8,11,13) and the
demand vector is (19,12,14). The components of both the supply
vector and the demand vector add up to 45.



3. The Transportation Problem (continued)

In order to start the process of finding an initial basic solution for
this problems, we set up a tableau that records the row sums (or
supplies), the column sums (or demands) and the costs c;; for the
given problem, whilst leaving cells to be filled in with the values of
the non-negative real numbers x; ; that will specify the initial basic
feasible solution. The resultant tableau is structured as follows:—

C,',J'\‘X,"J'H 1 ‘2 ‘3 H Si
1 8 4 16
? ? 713
2 3 7 2
? ? ? 8
3 13 8 6
? ? 711
4 5 7 8
? ? 713

5 1] 12| %[



3. The Transportation Problem (continued)

We apply the minimum cost method to find an initial basic
solution.

The cell with lowest cost is the cell (2,3). We assign to this cell
the maximum value possible, which is the minimum of s,, which is
8, and d3, which is 14. Thus we set xo 3 = 8. This forces xo1 =0
and xp2 = 0. The pair (2,3) is added to the current basis.



3. The Transportation Problem (continued)

At the completion of the first stage the tableau is structured as

follows:—
C,',J'\X,"J'H]. ‘2 ‘3 H Sj
1 8 4 16
? ? 7?7113
2 3 7 2 e
0 0 38 8
3 13 8 6
? ? 711
4 5 7 8
? ? 7| 13
d 19 12 14 45

We enter a @ symbol into the tableau in the relevant cell to indicate
that (1,2) will be belong to the basis constructed by this method.



3. The Transportation Problem (continued)

The next undetermined cell of lowest cost is (1,2). We assign to
this cell the minimum of s;, which is 13, and d> — x2 2, which is
12. Thus we set x; > = 12. This forces x3> = 0 and x4 = 0. The
pair (1,2) is added to the current basis. At the completion of this
stage the tableau is structured as follows:—

cij N\ xij | 1 2 |3 | si
1 8 4 e |16
? 12 ? 13
2 3 7 2 e
0 0 8 | 8
3 13 8 6
? 0 7|11
4 5 7 8
? 0 ? 13
d 19 12 14 45



3. The Transportation Problem (continued)

The next undetermined cell of lowest cost is (4,1). We assign to
this cell the minimum of s3 — x4 2, which is 13, and d; — x2 1,
which is 19. Thus we set x4.1 = 13. This forces x4 3 = 0. The pair
(4,1) is added to the current basis. At the completion of this stage
the tableau is structured as follows:—

cij Nexij | 1 2 |3 | si
1 8 4 e |16
? 12 ? 113
2 3 7 2 e
0 0 8 | 8
3 13 8 6
? 0 7 |11
4 5 e |7 8
13 0 0 13
d; | 19 12 14 45



3. The Transportation Problem (continued)

The next undetermined cell of lowest cost is (3, 3). We assign to
this cell the minimum of s3 — x32, which is 11, and

d3 — xp3 — X33, which is 6 (= 14 — 8). Thus we set x33 = 6. This
forces x13 = 0. The pair (3,3) is added to the current basis. At
the completion of this stage the tableau is structured as follows:—

Cij Nxig || 1 2 |3 | si
1 8 4 e |16
? 12 0| 13
2 3 7 2 e
0 0 8 | 8
3 13 8 6 e
? 0 6 | 11
4 5 e |7 8
13 0 0| 13

d | 19| 12 1445



3. The Transportation Problem (continued)

The next undetermined cell of lowest cost is (1,1). We assign to
this cell the minimum of s; — x1 2 — x1.3, which is 1, and

d1 — x2,1 — xa,1, which is 6. Thus we set x; 1 = 1. The pair (1,1)
is added to the current basis. At the completion of this stage the
tableau is structured as follows:—

Gy e Xij | 1 2 |3 | si
1 8 e |4 e |16
1 12 0 | 13
2 3 7 2 e
0 0 8 | 8
3 13 8 6 o
? 0 6 | 11
4 5 e |7 8
13 0 0 | 13




3. The Transportation Problem (continued)

The final undetermined cell is (3,1). We assign to this cell the
common value of s3 — x32 — x33 and di — x1,1 — x2,1 — x4,1, which
is 5. Thus we set x31 = 5. The pair (3,1) is added to the current
basis. At the completion of this final stage the tableau is

structured as follows:—

cij Nexij | 1 2 |3 | si
1 3 e e |16
1 12 0| 13
2 3 2 e
0 0 8 | 8
3 13 e 6 e
5 0 6 || 11
4 5 e 8
13 0 0 13
d; | 19 12 14 45



3. The Transportation Problem (continued)

The initial basis is thus B where

B=1{(11), (1,2), (2,3), (31), (33), (4 1)}

The basic feasible solution is represented by the 6 x 5 matrix X,

where
12

1
0
X = 5

O O 0 O

0
0
0

[y

3
The cost of this initial feasible basic solution is

8x14+4x1242x84+13xb+6x6
+5x13

= 8+48+ 16+ 65+ 36 + 65

= 238.



3. The Transportation Problem (continued)

3.7. Effectiveness of the Minimum Cost Method

We now discuss the reasons why the Minimum Cost Method yields
a feasible solution to a transportation problem that is a basic
feasible solution.

Consider a transportation problem with m suppliers and n
recipients, determined by a supply vector s, a demand vector d and
a cost matrix C, where

s=(s1,%,...,5m), d=/(di,da,...,dn).

and where d € R" and cost matrix C, We denote by ¢;; the
coefficient in the ith row and jth column of the matrix C.



3. The Transportation Problem (continued)

The Minimum Cost Method determines a feasible solution to this
transportation problem. A feasible solution is represented by an
m X n matrix X whose coefficients x; ; satisfy the following

conditions: x;; >0 fori=1,2,...,mand j=1,2,...,n;

n m

Yoxij=sifori=1,2...,m Y xjj=dforj=12,...,n We
j=1 i=1

must show that there exists a basis B such that the feasible
solution determined by the Minimum Cost Method satisfies x; j = 0
when (i,) £ B.

In applying the Minimum Cost Method, we begin by locating a
coefficient of the cost matrix which does not exceed the other
coefficients of this matrix. Renumbering the suppliers and
recipients, if necessary, we may assume, without loss of generality,
that ¢;j > cmpfori=1,2,...,mand j=1,2,...,n. The feasible
solution with coefficients x; ; that results from application of the
Minimum Cost Method then conforms to a structure specified in at
least one of the two cases that are described immediately below:—



3. The Transportation Problem (continued)

@ in Case I, the following conditions are satisfied: d, < s,;

n—1
Xm,n = dp; Xin=0when 1 <i<n; Y xij=s; for
j=1
n—1
1<i<m Y Xmj = Sm— dn,Zx,J—dfor1<J<n and
j=1 i=1

the coefficients x; j with 1 </ < mand 1 <j < n constitute a
solution of the relevant transportation problem arising from
application of the Minimum Cost Method.

in Case I, the following conditions are satisfied: s, < dp;
m—1
Xm,n = Sm; Xmj =0 when 1 <j < n; > x; = d for
i=1
m—1 n
1<j<n Y Xin=dp—5m > xjj=si for 1 <i < m;and
i=1 j=1
the coefficients x; j with 1 </ < mand 1 < j < n constitute a
solution of the relevant transportation problem arising from

application of the Minimum Cost Method.



3. The Transportation Problem (continued)

The recursive nature of the Minimum Cost Method therefore
enables us to prove that the Minimum Cost Method yields a basic
feasible solution by induction on m + n, where m is the number of
suppliers and n is the number of recipients. The Minimum Cost
Method clearly yields a basic feasible solution in the trivial case
where m = n = 1. We suppose therefore as our inductive
hypothesis that the feasible solution determined by application of
the Minimum Cost Method is a basic feasible solution in those
cases where adding the number of suppliers to the number of
recipients results in a number less than m + n.

In particular, we may assume that, in applying the Minimum Cost
Method to the given problem with m suppliers and n recipients the
matrices X’ and X" that result from application of the Minimum
Cost Method to a smaller transportation problem as specified in
the descriptions of Case [ and Case Il above.



3. The Transportation Problem (continued)

Let us now restrict attention to Case /. In this case the reduced
transportation is a transportation problem with m suppliers and
n — 1 recipients. The inductive hypothesis guarantees that the
feasible solution that results from application of the Minimum Cost
Method is a basic solution. Therefore there exists a basis B’ for
this reduced problem with n + m — 2 elements, Moreover if
1<i<m 1<j<n-—1andif xjj#0 then (i,j) € B'. The
elements of the basis B’ take the form of ordered pairs (i, /), where
i is some integer between 1 and m and j is some integer between 1
and n— 1. Let

B =B uU{(m,n)}.

We claim that B is a basis for a transportation problem with m
suppliers and n recipients.



3. The Transportation Problem (continued)

Let a1,a,...,am and by, bo, ..., b, be real numbers, where
n

m
> aj = Y bj. We must show that there exist unique real numbers
i=1 j=1

n
zijfori=1,2,...,mand j=1,2,...,nsuch that ) z; = a; for
j=1

m

i=1,2,...,m > zj=bjfor j=1,2,...,n, and z;; = 0 unless
i=1

(i,j) € B.

m
In particular these equations require that ) zj , = b,. But mis
i=1
the only value of i for which (i, n) € B. It follows that the
coefficients z; ; of any basic solution determined by the basis B

must satisfy z; , = 0 for i < m and zp, , = by.



3. The Transportation Problem (continued)

It then follows that, in Case /, if the coefficients z; ; satisfy the
n

m
equations ) z;j =a; for 1 <i<mand ) z; = b; for
j=1 i=1
1<j<n, andif zij = 0 unless (i,j) € B, then these coefficients
must satisfy the following conditions:—



3. The Transportation Problem (continued)

(') Zm,n = bn;
(ii) zip,=0when 1 <i< m;

n—1
(iii) > zmj = am — bn
j=1

n—1
(iv) > zj=ajwhen1l<i<m;
j=1

m
(v) >z j=bjwhenl<j<n.
i=1

1

(vi) if j < nand z;# 0 then (i,j) € B

Now B’ is a basis for a transportation problem with m suppliers
and n — 1 recipients. It follows that there exist unique real
numbers z; ; for 1 < i < mand 1 < j < n that satisfy conditions
(iii), (iv), (v) and (vi) above.



3. The Transportation Problem (continued)

It follows from this that if the numbers z; , are determined in

accordance with conditions (i) and (ii) above then the numbers z; ;
n

are the unique real numbers that solve the equations ) z;; = a;
Jj=1

m
for1<i<mand ) z;=bjfor1<j<n, and that also satisfy

=

zjj = 0 whenever (i,j) € B.



3. The Transportation Problem (continued)

We conclude that, when the Minimum Cost Method proceeds so as
to produce a feasible solution to a transportation problem with m
suppliers and n recipients that conforms to the conditions specified
in Case [ above, then that feasible solution is a basic feasible
solution with associated basis B. A similar argument applies when
the feasible solution conforms to the conditions specified in Case I/
above. The feasible solution produced by the Minimum Cost
Method conforms to conditions specified in one or other of these
two cases. We conclude therefore that the Minimum Cost Method
always determines a basic feasible solution to a transportation
problem.



3. The Transportation Problem (continued)

3.8. Formal Description of the Minimum Cost Method

We describe the Minimum Cost Method for finding an initial basic
feasible solution to a transportation problem.

Consider a transportation problem specified by positive integers m

and n and non-negative real numbers s1, s, ...,sy, and
m n

di,da,...,dy, where Y7 5;= > d;. Let | ={1,2,...,m} and let
i=1 j=1

J={1,2,...,n}. A feasible solution consists of an array of

non-negative real numbers x; ; for i € | and j € J with the
property that > x;; = s; forall i € I and ) x;; = d; for all j € J.
jeJ i€l
The objectiveJof the problem is to find a feasible solution that
minimizes cost, where the cost of a feasible solution
(X,"jil'ElandjEJ) iSZZC,‘JX,‘J.
icl jed



3. The Transportation Problem (continued)

In applying the Minimum Cost Method to find an initial basic
solution to the Transportation we apply an algorithm that
corresponds to the determination of elements

(i1,41)s (i2,42)5 - -+, (im+-n—15Jm+n—1) of I x J and of subsets

lo, iy Imen—1 of I and Jo, J1,..., Jnyn—1 of J such that [y =1,
Jo = J, and such that, for each integer k between 1 and m+n—1,
exactly one of the following two conditions is satisfied:—

(i) ik & e, ji € Ik, Ik_1 = Ik U {ik} and Jx_1 = Jg;
(i1) ix € I, jx & Ik Ie—1 = Ik and 1 = Jp U {ji};



3. The Transportation Problem (continued)

Indeed let Iy = I, Jo = J and By = {0}. The Minimum Cost
Method algorithm is accomplished in m + n — 1 stages.



3. The Transportation Problem (continued)

Let k be an integer satisfying 1 < k < m+ n—1 and that subsets
l—1 of I, Jy_1 of J and Bx_1 of | x J have been determined in
accordance with the rules that apply at previous stages of the
Minimum Cost algorithm. Suppose also that non-negative real
numbers x; ; have been determined for all ordered pairs (i, ) in
| x J that satisfy either / & I,_1 or j &€ Jx_1 so as to satisfy the
following conditions:—
® > Xxij<s;wheneveric [_q;
JENI-1
@ ) xjj=s; whenever i & l;_;
=]
® > xj<d; wheneverjec J_q;
HAN

® > x;j = dj whenever j & Ji_;.
i€l



3. The Transportation Problem (continued)

The Minimum Cost Method specifies that one should choose
(ik,jk) € l_1 X Jk_1 so that

Cir ik < Cij for all (i,j) S Ik—l X Jk—17

and set By = Byx_1 U {(ix,Jx)}. Having chosen (ix, k), the
non-negative real number x;,_;, is then determined so that

Xigp = MUN | Sjp — E : Xij> dj — E : Xi i

jGJ\Jk_l iGI\Ik_l

The subsets I, and Ji of | and J respectively are then determined,
along with appropriate values of x; j, according to the following
rules:—



3. The Transportation Problem (continued)

(i)

(i)

(iif)

if
Si Z Xiij < djk - Z Xijk
JENIk—1 i€Nlk—1
then we set Iy = lk—1 \ {ik} and Jx = Jk—1, and we also let
Xij =0 forall j € i1\ {jk};

if
Sik — Z Xigj > djk - Z Xijk
JENIk—1 iEI\/k_l

then we set Jx = Jk—1 \ {Jk} and lx = lx_1, and we also let
Xijx = 0 forall i € l_1 \ {ik};

if
Sie Z X = dJ'k - Z Xiji
JENI—1 i€eNl—1
then we determine I, and Ji and the corresponding values of
xij either in accordance with the specification in rule (i) above

or else in accordance with the specification in rule (ii) above.



3. The Transportation Problem (continued)

These rules ensure that the real numbers x; ; determined at this
stage are all non-negative, and that the following conditions are
satisfied at the conclusion of the kth stage of the Minimum Cost
Method algorithm:—

® > Xxij<sjwheneveric

JENIK

@ ) xijj=s; whenever i & I;
jeJ

® Y xjj<d; whenever € J;
i€\l

@ > x;j = dj whenever j & Ji.
iel



3. The Transportation Problem (continued)

At the completion of the final stage (for which k = m+n—1) we
have determined a subset B of | x J, where B = B4 51, together
with non-negative real numbers x; j for i € / and j € | that
constitute a feasible solution to the given transportation problem.



3. The Transportation Problem (continued)

3.9. Formal Description of the Northwest Corner Method

The Northwest Corner Method for finding a basic feasible solution
proceeds according to the stages of the Minimum Cost Method
above, differing only from that method in the choice of the ordered
pair (ik,jk) at the kth stage of the method. In the Minimum Cost
Method, the ordered pair (ik,jk) is chosen such that

(ik,jk) € lk_1 X Jk_1 and

Cij, < cij forall (1,)) € lk—1 X Jk—1

(where the sets l_1, Jxk—1 are determined as in the specification of
the Minimum Cost Method).



3. The Transportation Problem (continued)

In applying the Northwest Corner Method, costs associated with
ordered pairs (i,j) in | x J are not taken into account. Instead
(ik,Jjk) is chosen so that iy is the minimum of the integers in lx_1
and ji is the minimum of the integers in J;_;. Otherwise the
specification of the Northwest Corner Method corresponds to that
of the Minimum Cost Method, and results in a basic feasible
solution of the given transportation problem.



3. The Transportation Problem (continued)

3.10. A Method for finding Basic Optimal Solutions

We continue with the study of the optimization problem
introduced in the discussion of the minimum cost method.

Example
We seek to determine non-negative real numbers Xx; ; for
4 3
i=1,2,3,4 and j = 1,2,3 that minimize ) > ¢ jX;j, where ¢;;

i=1j=1
is the coefficient in the ith row and jth column of the cost
matrix C, where

8 4 16
3 7 2
€= 13 8 6
5 7 8

subject to the constraints



3. The Transportation Problem (continued)

3
d xij=s (i=1,2,34)
j=1
and

4
d xij=d (7=1,2,3),
i=1

where
s1=13, s =8, s3=11, s5;=13,

di =19, dr =12, d3=14.



3. The Transportation Problem (continued)

We have found an initial basic feasible solution by the Minimum
Cost Method. This solution satisfies x; ; = (X);; for all i and J,

where
12

1
0
X= 5

=
o O O
o O 00 O

3

We next determine whether this initial basic feasible solution is an
optimal solution, and, if not, how to adjust the basis to obtain a
solution of lower cost.



3. The Transportation Problem (continued)

We determine vy, up, u3, ug and vy, va, v3 such that ¢;; = vj; — u;
for all (i,j) € B, where B is the initial basis.

We seek a solution with u; = 0. We then determine g;; so that
¢ij=Vvj— uj+qj;jforall iand j.



3. The Transportation Problem (continued)

We therefore complete the following tableau:—

iy a1 12 [3 0 Ju
1 8 o4 16 0
0 ?
2 3 7 2 e |7
? 0
3 13 o8 6 e| 7
0 0
4 5 o7 8 ?
0 ?
v; ? ? ?




3. The Transportation Problem (continued)

Now u; =0, (1,1) € B and (1,2) € B force v = 8 and v, = 4.
After entering these values the tableau stands as follows:

iNagig |1 2 |3 |u
1 8 e|4 e]|16 0
0 0 ?
2 3 7 2 e|?
? ? 0
3 13 |8 6 e| 7
0 ? 0
4 5 |7 8 ?
0 ? ?
vj 8 4 ?




3. The Transportation Problem (continued)

Then vi =8, (3,1) € B and (4,1) € B force u3 = —5 and us = 3.
After entering these values the tableau stands as follows:

iNagi |1 2 |3 |u
1 8 e|4 e]|16 0
0 0 ?
2 3 7 2 e 7
? ? 0
3 13 o |8 6 e|-5
0 ? 0
4 5 e |7 8 3
0 ? ?
vj 8 4 ?




3. The Transportation Problem (continued)

Then u3 = —5 and (3,3) € B force v3 = 1. After entering this
value the tableau stands as follows:

Cij \, ai,j H 1 ‘ 2 ‘ 3 ‘ uj
1 8 o4 16 0
0 ?
2 3 7 2 e ?
? 0
3 13 |8 6 e| -5
0 0
4 5 e|7 8 3
0 7
vj 8 4 1

Then vz =1 and (2,3) € B force up = —1.




3. The Transportation Problem (continued)

After entering the numbers u; and v;, the tableau is as follows:—

cij \qij| 1 | 3 | ui
1 8 o 16 0
0 ?
2 3 2 e —1
? 0
3 13 o 6 e| -5
0 0
4 5 e 8 3
0 ?
vj 8 1

Computing the numbers g;; such that ¢;j + u; = v; + g;j, we find
that 13 =15, q21 = —6, g22 =2, g32 = —1, qa2 = 6 and

qs3 = 10.



3. The Transportation Problem (continued)

The completed tableau is as follows:—

Gij N giy | 1 E | 3 | ui
1 8 e |4 e |16 0
0 0 15
2 3 7 2 e | -1
-6 2 0
3 13 e |8 6 e |5
0 -1 0
4 5 o |7 8 3
0 6 10
vj 8 4 1




3. The Transportation Problem (continued)

The initial basic feasible solution is not optimal because some of
the quantities g;; are negative. To see this, suppose that the
numbers x; j for i =1,2,3,4 and j = 1,2, 3 constitute a feasible

3
solution to the given problem. Then " X;; =s; for i = 1,2,3 and
j=1

4
> Xij=d; for j=1,2,3,4. It follows that
i=1

4 3 4 3
DD aiFiy = D) (v - uit g%

i=1 j=1 i=1 j=1

= Z V_jd - Zulsl "’quux:,}

j=1 i=1 j=1



3. The Transportation Problem (continued)

Applying this identity to the initial basic feasible solution, we find
that Z_?:l vid; — Zj}:l ujs; = 238, given that 23E is the cost of
the initial basic feasible solution. Thus the cost C of any feasible
solution (X; ;) satisfies

C =238+ 15?173 — 6?2,1 + 27272 — X32 + 6?4,2 + 10?473.

One could construct feasible solutions with X2 ; < 0 and X;; =0
for (i,j) ¢ BU{(2,1)}, and the cost of such feasible solutions
would be lower than that of the initial basic solution. We therefore
seek to bring (2,1) into the basis, removing some other element of
the basis to ensure that the new basis corresponds to a feasible
basic solution.



3. The Transportation Problem (continued)

The procedure for achieving this requires us to determine a 4 x 3
matrix Y satisfying the following conditions:—

@ yo1=1;
@ y;j =0 when (i,j) € BU{(2,1)};
@ all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients
yij of the matrix Y that correspond to cells in the current basis
(marked with the @ symbol), so that all rows sum to zero and all
columns sum to zero:—

vig [T 2 |3 |
1 (7 e|7 e 0
2 |1 o ? 0
37 e ? 0
4 |7 e 0

o o fo o



3. The Transportation Problem (continued)

The constraints that y»1 =1, y;; = 0 when (i,j) & B and the
constraints requiring the rows and columns to sum to zero
determine the values of y;; for all y; ; € B. These values are
recorded in the following tableau:—

vijl 1|2 |3 |
1 0O e|0 o 0
2 1 o —1 e || 0
3| —-1 e 1 0
4 0 e 0
o o [o o



3. The Transportation Problem (continued)

We now determine those values of A for which X + AY is a
feasible solution, where

1 12 0
A0 8-

X+AY =153 0 6+
13 0 0

In order to drive down the cost as far as possible, we should make
A as large as possible, subject to the requirement that all the
coefficients of the above matrix should be non-negative numbers.



3. The Transportation Problem (continued)

Accordingly we take A = 5. Our new basic feasible solution X is
then as follows:—

12

1
5
X= 0

[y
op wo

0
0
0

=

3

We regard X as the current feasible basic solution.

The cost of the current feasible basic solution X is

8x14+4x124+3x54+2x3+6x11
+5x13

= 8+48+15+6+ 66+ 65

= 208.



3. The Transportation Problem (continued)

The cost has gone down by 30, as one would expect (the reduction
in the cost being —Ag21 where A =5 and go1 = —6).

The current basic feasible solution X is associated with the basis B
where

B:{(171)7 (172)7 (271)7 (273)’ (373)) (471)}'
We now determine, for the current basis B values uy, us, u3, tug and

v1, v2, v3 such that ¢;; = v; — u; for all (i,/) € B. the initial basis.

We seek a solution with u; = 0. We then determine g;; so that
¢ij=Vvj— uj+qj;forall iand j.



3. The Transportation Problem (continued)

We therefore complete the following tableau:—

aiNagig |1 2 |3 |u
1 8 e|4 e]|16 0
0 0 ?
2 3 e|7 2 e |7
0 ? 0
3 13 8 6 e 7?
? ? 0
4 5 e|7 8 ?
0 ? ?
vj ? ? ?

Now u; =0, (1,1) € B and (1,2) € B force v; = 8 and v» = 4.
Then vi =8, (2,1) € B and (4,1) € B force up =5 and us = 3.

Then up =5 and (3,3) € B force v3 = 7.
Then vz =7 and (3,3) € B force u3 = 1.




3. The Transportation Problem (continued)

Computing the numbers g; ; such that ¢;j + u; = vj + g;j, we find
that qi3 = 9, g2 = 8, 3,1 = 0, g32 = 5, a2 = 6 and gs3 = 4,

The completed tableau is as follows:—

cij gy | 1 |3
1 8 e 16
0 9
2 3 e 2 e
0 0
3 13 6 e
6 0
4 5 e 8
0 4
vj 8 7




3. The Transportation Problem (continued)

All numbers g, j are non-negative for the current feasible basic
solution. This solution is therefore optimal. Indeed, arguing as
before we find that the cost C of any feasible solution (X; )
satisfies

C =208+ 9?1,3 + 8?2’2 + 6?3,1 + 5?3’2 + 6?472 + 4?4’3.

We conclude that X is an basic optimal solution, where

1 12 0
5 0 3
X= 0 0 11



3. The Transportation Problem (continued)

3.11. Formal Analysis of the Solution of the Transportation Problem

We now describe in general terms the method for solving a
transportation problem in which total supply equals total demand.

We suppose that an initial basic feasible solution has been
obtained. We apply an iterative method (based on the general
Simplex Method for the solution of linear programming problems)
that will test a basic feasible solution for optimality and, in the
event that the feasible solution is shown not to be optimal,
establishes information that (with the exception of certain
‘degenerate’ cases of the transportation problem) enables one to
find a basic feasible solution with lower cost. lterating this
procedure a finite number of times, one should arrive at a basic
feasible solution that is optimal for the given transportation
problem.



3. The Transportation Problem (continued)

We suppose that the given instance of the Transportation Problem
involves m suppliers and n recipients. The required supplies are
specified by non-negative real numbers s1, s,..., sy, and the
required demands are specified by non- negat|ve real numbers

di,d>, ..., d,. We further suppose that Z si = Z d;. A feasible
i=1 j=1
solution is represented by non-negative real numbers x; ; for
n
i=1,2,...,mand j=1,2,...,n, where ) x;; = s; for
j=1

m
i=1,2,...,mand ) x;j=d;forj=1,2,...,n
i=1



3. The Transportation Problem (continued)

Let / ={1,2,...,m} and J={1,2,...,n}. Asubset Bof lxJis

a basis for the transportation problem if and only if, given any real

numbers y1,¥o,...,ym and zi, 2z, ..., z,, where i Yi= Zn: zj,

there exist uniquely determined real numbers ?;J’_fér i € JI_;nd

J € J such that i?idzy; foriel, S X;jj = zj for j € J, where
=1

j=1 i
Xij = 0 whenever (i,j) € B.
A feasible solution (x; ;) is said to be a basic feasible solution

associated with the basis B if and only if x; ; = 0 for all i € / and
J € J for which (i, ) & B.

Let x; j be a non-negative real number for each i € / and j € J.
Suppose that (x; ;) is a basic feasible solution to the transportation
problem associated with basis B, where B C | x J.



3. The Transportation Problem (continued)

The cost associated with a feasible solution (x;; is given by
m n

> > GijXij, Where the constants ¢;; are real numbers for all i € /
i=1j=1

and j € J. A feasible solution for a transportation problem is an
optimal solution if and only if it minimizes cost amongst all

feasible solutions to the problem.



3. The Transportation Problem (continued)

In order to test for optimality of a basic feasible solution (x; ;)
associated with a basis B, we determine real numbers

Ui, Up,...,Un and vy, vo, ..., v, with the property that

cij = vj— uj forall (i,j) € B. (Proposition 3.10 below guarantees
that, given any basis B, it is always possible to find the required
quantities u; and v;.) Having calculated these quantities u; and v;
we determine the values of g;j, where q;; = ¢;j — vj + u; for all
i€landjeJ Then gjj =0 whenever (i,j) € B.

We claim that a basic feasible solution (x; ) associated with the
basis B is optimal if and only if g;; > 0 forall i € I and j € J.
This is a consequence of the identity established in the following
proposition.



3. The Transportation Problem (continued)

Proposition 3.8

Let x; j, cij and q;j be real numbers defined for i =1,2,..., m
and j=1,2,...,n, and let uy, up,...,um and vi,Vva, ..., v, be real
numbers. Suppose that

Cij=Vi—Ui+Qqij

fori=1,2,...,mandj=1,2,...,n. Then

n n

Z C,"jX,"j:Z\/jCTlJ‘—ZU/5:+ZZq/,JX:,Ja

i=1 j=1 j=1 i=1 j=1

n m
where s; = x;j fori=1,2,...,mand dj =} x;; for

j=1 i=1
j=1,2,....n




3. The Transportation Problem (continued)

Proof
The definitions of the relevant quantities ensure that

m n m n
Z Z GijXij = Z Z(Vj — Ui + qij)Xi;

i=1 j=1 i=1 j=1

m

n m n
= E vj E Xij | — E uj E Xij
Jj=1

j=1 i=1 i=1

m n
DD i
i—1 j—1
n

m m n
_ vid; — Z ujs; + Z Z qi jXijs
-1

j i=1 i=1 j=1

as required. |



3. The Transportation Problem (continued)

Corollary 3.9

Let m and n be integers, and let | = {1,2,..., m} and
J={1,2,...,n}. Let x;j and c;j be real numbers defined for all
i€l andjel, and let uy, up,...,um and vi, v, ..., v, be real
numbers. Suppose that ¢;j = vj — u; for all (i,j) € | x J for which
xij # 0. Then

ZZCUXU = Zd vj — ZSIU,,

i=1 j=1

m m
where s; = in,j fori=1,2,....,m anddj: ZXiJ for

j=1 i=1
j=12...,n




3. The Transportation Problem (continued)

Proof
Letgij=cij+ui—vjforallic/landjcJ Thengi;=0
whenever x; j # 0. It follows from this that

m n
D> iy =0,
i=1 j=1
It then follows from Proposition 3.8 that
m n m n m n
I ILETES D IURTEEPRIED BEVED B
i=1 j=1 i=1 j=1 i=1 j=1

as required. |



3. The Transportation Problem (continued)

Let m and n be positive integers, let | = {1,2,..., m} and
J={1,2,...,n}, and let the subset B of | x J be a basis for a
transportatlon problem with m suppllers and n reC|p|ents Let the

cost of a feasible solution (X; ;) be Z Z cijXij. Now Z Xij=Si
i=1j=1

and ) X;; = d;, where the quantities s; and d; are determined by
i=1

the specification of the problem and are the same for all feasible

solutions of the problem. Let quantities u; for i € / and v; for

J € J be determined such that ¢;j = v; — u; for all (i,j) € B, and

let gij = cjj+uj—vjforalliclandjc J Then g;;=0 for all

(i,J) € B.

It follows from Proposition 3.8 that

n

m n
Z Z CijXij = Z V_jd_j - Z uisi + Z Z qi jXij-

i=1 j=1 j=1 i=1 j=1



3. The Transportation Problem (continued)

Now if the quantities x;; for i € | and j € J constitute a basic
feasible solution associated with the basis B then x; ; = 0 whenever

m n
(i,j) & B. It follows that Y~ 3" qg;jxjj = 0, and therefore
i=1j=1

n m

Z\/jdj*ZU,’S,’ZC,

j=1 i=1

where

C:ZZCiJXi’j'

i=1 j=1

The cost C of the feasible solution (X; ;) then satisfies the equation

m n
7:ZZC,"J'X,'J—C+ZZC],’JX,’J

i=1 i=1 j=1



3. The Transportation Problem (continued)

If gij > 0forall i€/ andjc J, then the cost C of any feasible
solution (X; ;) is bounded below by the cost of the basic feasible
solution (x; ;). It follows that, in this case, the basic feasible
solution (x; ;) is optimal.

Suppose that (ig, jo) is an element of / x J for which g, j, < 0.
Then (ip,jo) & B. There is no basis for the transportation problem
that includes the set B U {(ib,jo)}. A straightforward application
of Proposition 3.6 establishes the existence of quantities y; ; for
i€landjec Jsuchthaty, i =1andy;;=0forallic/and

J € J for which (i,j) & BU {(i0,Jo)}



3. The Transportation Problem (continued)

Let the m x n matrices X and Y be defined so that (X);; = x;
and (Y);;j=yijforall i€l and € J. Suppose that x;; > 0 for
all (i,j) € B. Then the components of X in the basis positions are
strictly positive. It follows that, if A is positive but sufficiently
small, then the components of the matrix X + AY in the basis
positions are also strictly positive, and therefore the components of
the matrix X + AY are non-negative for all sufficiently small
non-negative values of A. There will then exist a maximum

value Ag that is an upper bound on the values of A for which all
components of the matrix X + AY are non-negative. It is then a
straightforward exercise in linear algebra to verify that X + A\gY is
another basic feasible solution associated with a basis that includes
(o, Jjo) together with all but one of the elements of the basis B.



3. The Transportation Problem (continued)

Moreover the cost of this new basic feasible solution is C + Aoqj jo .
where C is the cost of the basic feasible solution represented by
the matrix X. Thus if gj, j, < 0 then the cost of the new basic
feasible solution is lower than that of the basic feasible solution X
from which it was derived.

Suppose that, for all basic feasible solutions of the given
Transportation problem, the coefficients of the matrix specifying
the basic feasible solution are strictly positive at the basis positions.
Then a finite number of iterations of the procedure discussed above
with result in an basic optimal solution of the given transportation
problem. Such problems are said to be non-degenerate.



3. The Transportation Problem (continued)

However if it turns out that a basic feasible solution (x; ;)
associated with a basis B satisfies x; ; = 0 for some (/,) € B, then
we are in a degenerate case of the transportation problem. The
theory of degenerate cases of linear programming problems is
discussed in detail in textbooks that discuss the details of linear
programming algorithms.

We now establish the proposition that guarantees that, given any
basis B, there exist quantities uq, us,...,un and vi, vo, ..., v,
such that the costs ¢; ; associated with the given transportation
problem satisfy ¢; ; = v; — u; for all (i,) € B. This result is an
essential component of the method described here for testing basic
feasible solutions to determine whether or not they are optimal.



3. The Transportation Problem (continued)

Proposition 3.10

Let m and n be integers, let | = {1,2,...,m} and
J={1,2,...,n}, and let B be a subset of | x J that is a basis for
the transportation problem with m suppliers and n recipients. For
each (i, j) € B let ¢jj be a corresponding real number. Then there
exist real numbers u; for i € | and v; for j € J such that

c¢ij = vj—uj for all (i,j) € B. Moreover if tij and v; are real
numbers for i € | and j € J that satisfy the equations c; j = V; — U;
for all (i,j) € B, then there exists some real number k such that
Ui=uj+k foralli€l andv; = v;+k forall j € J.




3. The Transportation Problem (continued)

Proof
Let

Mg = {X € Mpn(R) : (X)ij = O unless (i,j) € B}.

It follows from the definition of bases for transportation problems
that there exist unique m x n matrices 51, 5», ..., 5., belonging to
Mg, where S; is the zero matrix, and where, for each integer /
satisfying 1 < i < m, the matrix Sy has the properties that

n 1 ifk=1,
D (She=4 -1 ifk=i
=1 0 ifkel\{1,i},

and
> (Si)ke=0forall £ € J.

m
k=1



3. The Transportation Problem (continued)

Also there exist unique m x n matrices T1, To,..., T belonging
to Mg where, for each integer j satisfying 1 < j < n, the matrix T;
has the properties that

! 1 ifk=1,
Zl(Tf)k”_{ 0 ifkel\{1},
J:

and

« 1 ift=j,
Z(TJW—{ 0 itre ()



3. The Transportation Problem (continued)

Let
n n
up = Ch,e(Si)k,e
k=1 =1
fori=1,2,...,mand
m n
=3 > adlTwe
k=1 ¢=1
for j=1,2,...,n. We claim the that numbers v, us, ...,

Vi, Vo, ..., Vv, have the required properties.

Um and



3. The Transportation Problem (continued)

Let X be an m x n matrix belonging to Mg, and let

n

yi=» (X)ij foralliel

j=1
and
m
zi=> (X)i;j foralljeJ,
i=1
and let
n m
X=>"zTi=> Sk
=1 k=1
Then
m
Z(Y)"J =z foralljeJ.
i=1
and

n

S (X)ij=yi foralliel\{1},

j=1



3. The Transportation Problem (continued)

Moreover

n n m
> Xi=> 2= =,
=1 =1 k=2

m n
because Y yi = ) z.

i=1 j=1
But the definition of bases for transportation problems ensures that

X is the unique m x n matrix belonging to Mg with the properties
n m

that > (X)ij=yiforallicland > (X)ij=z foralljec J It
j=1 i=1
follows that

n m
X=X=> zT;-Y S
j=1 i=1

and therefore

D

m n
k=1 ¢=1

n m
Cho(X) ke = sz‘/j - Z}’iui-
=1 im1



3. The Transportation Problem (continued)

Let (i,j) € B. Then E(Y) € Mg, where

- 1 ifk=iandj=¢
G0y, , — J '
(B ke {o if k£ iorj#L.

It follows from the result just obtained that
m n
Gij =3 > alEM)e= v —up
k=1¢=1

We have thus shown that, given any basis B for the transportation
problem with m suppliers and n recipients, there exist real numbers
Uy, U, ..., Uy and vi, vo, ..., v, with the required property that

cij=vj—u forall (i,j) € B..



3. The Transportation Problem (continued)

Now let Uy, Us,..., Uy and Ty, Uy, ..., U, be real numbers with the
property that

cij=vj—u; forall (i,j) € B.

Then bj — a; = 0 for all (i,j) € B, where a; = T; — u; for
i=1,2,...,mand bj =V; —vj for j =1,2,...,n, and therefore

for all (i,j) € B. Now the m x n matrices E{'J) for which
(i,j) € B constitute a basis of the vector space Mg. It follows that

n

Z (be —ak)(X)ke =0
17

=1

for all X € Mg.



3. The Transportation Problem (continued)

In particular
> (b= a)(Si)ke =0
k=1 ¢=1

fori=2,3,...,m, and

n

D> (be = a)(Tjwe =0

m
k=1 /(=1

forj=1,2,...,n



3. The Transportation Problem (continued)

But it follows from the definitions of the matrices S1,5,,..., 5,
and T1, Tp,..., T, that

SN blShke = > (be Z(Sf)k,z) =0,
k=1¢=1 =1\ k=1
S alSde = > (ak Z(i‘)k,e) =a;—a;
k=1 =1 k=1 \ =1
fori=2,3,...,m, and
D bl(Te = ) (beZ(TJ)k,e> = by,
k=1 ¢=1 =1\ k=1
DD a(See = ). <3k (5,)k,z> =a
k=1 (=1 k=1 \ =1



3. The Transportation Problem (continued)

It follows that a; —a; =0 for i =2,...,nand b —a; =0 for
j=1,2,...,n Thusif k = a; then U; = u; + a; = u; + k for

i=12,...,mand v;j=vj+bj=vj+ kfor j=1,2,...,n, as
required. |}
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