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5. Duality and Convexity (continued)

5.3. Complementary Slackness and the Weak Duality Theorem

Theorem 5.2

(Weak Duality Theorem for Linear Programming Problems in
Dantzig Standard Form)

Let m and n be integers, let A be an m X n matrix with real
coefficients, let b € R™ and let c € R". Let x € R" satisfy the
constraints Ax = b and x > 0, and let p € R™ satisfy the
constraint pT A< c. Thenp'b < c¢"x. Moreover p™b = c'x if
and only if the following complementary slackness condition is
satisfied:

o (p"A); = (c); for all integers j between 1 and n for which
(X)j > 0.




5. Duality and Convexity (continued)

Proof
Let x; = (x); and ¢; = (c); for j =1,2,...,n. The constraints
satisfied by the vectors x and p ensure that

c'x—p’b = (c" —p"Ax+p’(Ax —b)
(CT - pTA)X7
because Ax —b =0. But also x >0 and ¢’ — pTA >0, and

therefore (c” —pT A)x > 0. Moreover

n

(c” —pTAx = Z(Cj — (p"A)))x;,

where ¢; — (pTA); >0 and x; >0 for j = 1,2,...,n. It follows
that (¢’ — p"A)x =0 if and only if ¢; — (p” A); = 0 for all
integers j between 1 and n for which x; > 0. The result
follows. |}



5. Duality and Convexity (continued)

Corollary 5.3

Let a linear programming problem in Dantzig standard form be
specified by an m X n constraint matrix A, and m-dimensional
target vector b and an n-dimensional cost vector c. Let x* be a
feasible solution of this primal problem, and let p* be a solution of
the dual problem. Then p*T A < c'. Suppose that the
complementary slackness conditions for this primal-dual pair are
satisfied, so that (p*T A); = (c); for all integers j between 1 and n
for which (x*); > 0. Then x* is an optimal solution of the primal
problem, and p* is an optimal solution of the dual problem.




5. Duality and Convexity (continued)

Proof
Because the complementary slackness conditions for this
primal-dual pair are satisfied, it follows from the Weak Duality
Theorem that ¢’ x* = p*Tb (see Theorem 5.2). But it then also
follows from the Weak Duality Theorem that

CTX > p*Tb — CTX*
for all feasible solutions x of the primal problem. It follows that x*
is an optimal solution of the primal problem. Similarly

pr < CTX* — p*Tb

for all feasible solutions p of the dual problem. It follows that p* is
an optimal solution of the dual problem, as required. |}



5. Duality and Convexity (continued)

Another special case of duality in linear programming is exemplified
by a primal-dual pair of problems in Von Neumann Symmetric
Form. In this case the primal and dual problems are specified in
terms of an m x n constraint matrix A, an m-dimensional target
vector b and an n-dimensional cost vector c. The objective of the
problem is minimize ¢’ x amongst n-dimensional vectors x that
satisfy the constraints Ax > b and x > 0. The dual problem is to
maximize p’b amongst m-dimensional vectors p that satisfy the
constraints p’ A< ¢’ and p > 0.



5. Duality and Convexity (continued)

Theorem 5.4

(Weak Duality Theorem for Linear Programming Problems in Von
Neumann Symmetric Form)

Let m and n be integers, let A be an m x n matrix with real
coefficients, let b € R™ and let c € R". Let x € R" satisfy the
constraints Ax > b and x > 0, and let p € R™ satisfy the
constraints pTA <c and pT > 0. Then pr < ¢"x. Moreover
p’b = c’x if and only if the following complementary slackness
conditions are satisfied:

o (Ax); = (b); for all integers i between 1 and m for which
(p)i >0;

o (pTA)j = (c); for all integers j between 1 and n for which
(x); > 0;




5. Duality and Convexity (continued)

Proof
The constraints satisfied by the vectors x and p ensure that

c’x—p’b=(c" —pTA)x+p (Ax—b).

Butx>0,p>0 Ax—b>0and c’ — pTA > 0. It follows that
c¢"x—p'b > 0. and therefore c"x > p’b. Moreover
c’x—pTb=0if and only if (¢ — pTA);(x); =0 for
j=1,2,....,nand (p)i(Ax —b); = 0, and therefore c"x = p'b if
and only if the complementary slackness conditions are

satisfied. |}



5. Duality and Convexity (continued)

Theorem 5.5

(Weak Duality Theorem for Linear Programming Problems in
General Primal Form)

Let x € R" be a feasible solution to a linear programming problem
Primal(A, b, c, /™, JT) expressed in general primal form with
constraint matrix A with m rows and n columns, target vector b,
cost vector ¢, inequality constraint specifier I and variable sign
specifier JT, and let p € R™ be a feasible solution to the
corresponding dual programming problem Dual(A, b, c, [T, J*T).
Then p™b < c"x. Moreover p™b = c'x if and only if the
following complementary slackness conditions are satisfied:—

o (Ax); = b; whenever (p); # 0;
o (p"A); = (c); whenever (x); # 0.




5. Duality and Convexity (continued)

Proof
The feasible solution x to the primal problem satisfies the following
constraints:—

o Ax > b;

@ (Ax); = (b); unless i € I'";

@ (x); >0forall jeJt.
The feasible solution p to the dual problem satisfies the following
constraints:—

° pTA < c:

e (p); >0forallielt;

e (p"A); = (c); unless j € JT.



5. Duality and Convexity (continued)

Now

c’x—p'b = (c" —pTAx+p’(Ax—Db)

n

= > (c"-p" +Zp)(Ax— b);.

j=1

Letj be an integer between 1 and n. If j € J* then (x); > 0 and
(c™ —pTA); >0, and therefore

(T~ T A () 2 0
If j & J* then (pT A); = (c);, and therefore

(" —pTA)(x); =0,

irrespective of whether (x); is positive, negative or zero.



5. Duality and Convexity (continued)

It follows that

Moreover

S (T - pTA)(x); = 0

j=1

if and only if (p” A); = (c); for all indices j for which (x); # 0.



5. Duality and Convexity (continued)

Next let / be an index between 1 and m. If i € I then (p); >0
and (Ax — b); > 0, and therefore (p);(Ax —b); > 0. If i & I then
(Ax); = (b);, and therefore (p);(Ax — b); = 0, irrespective of
whether (p); is positive, negative or zero. It follows that

Z(p)i(Ax —p)i > 0.

Moreover m
Z(P)f(AX —p)i=0.

if and only if (Ax); = (b); for all indices i for which (p); # 0. The
result follows. |}



5. Duality and Convexity (continued)

Corollary 5.6

Let x* € R" be a feasible solution to a linear programming problem
Primal(A, b, c, /™, JT) expressed in general primal form with
constraint matrix A with m rows and n columns, target vector b,
cost vector ¢, inequality constraint specifier I* and variable sign
specifier JT, and let p* € R™ be a feasible solution to the
corresponding dual programming problem Dual(A, b, c, [T, J7).
Suppose that the complementary slackness conditions are satisfied
for this pair of problems, so that (Ax); = b; whenever (p); # 0,
and (pT A); = (c); whenever (x); # 0. Then x* is an optimal
solution for the primal problem and p* is an optimal solution for
the dual problem.




5. Duality and Convexity (continued)

Proof
Because the complementary slackness conditions for this
primal-dual pair are satisfied, it follows from the Weak Duality
Theorem that ¢’ x* = p*Tb (see Theorem 5.5). But it then also
follows from the Weak Duality Theorem that

CTX > p*Tb — CTX*
for all feasible solutions x of the primal problem. It follows that x*
is an optimal solution of the primal problem. Similarly

pr < CTX* — p*Tb

for all feasible solutions p of the dual problem. It follows that p* is
an optimal solution of the dual problem, as required. |}



5. Duality and Convexity (continued)

Example
Consider the following linear programming problem in general
primal form:—

find values of x1, X2, x3 and x4 so as to minimize the
objective function

C1X1 + X2 + C3X3 + CaXy

subject to the following constraints:—
@ ay1xi +aipxe +a13x3 + aiaxq = by}
@ ap1x1 + a22x2 + a23x3 + azaxq = bo;
@ a31x1 + a3 X2 + a33x3 + azaxs > b3;
(] X1208I7dX320.

Here a; j, b; and ¢; are constants for i =1,2,3 and j = 1,2,3,4.



5. Duality and Convexity (continued)

The dual problem is the following:—

find values of p1, p» and p3 so as to maximize the
objective function

p1b1 + p2b2 + p3b3

subject to the following constraints:—
@ prai1 + peazy + p3az 1 < ¢,

@ p1ai2 + p2az + p3aszz = C;
@ prai3 + ppapx3 + p3azsz < cs3;
@ p1ai 4+ p2azxa + p3asas = Ca;
o p3>0.



5. Duality and Convexity (continued)

We refer to the first and second problems as the primal problem
and the dual problem respectively. Let (x1,x2, x3, xa) be a feasible
solution of the primal problem, and let (p1, p2, p3) be a feasible
solution of the dual problem. Then

4 3 4 3
ILEED WIS M CE L P
Jj=1 i=1 j=1 i=1
3 4
+2 P | D3~ bi
i=1 j=1



5. Duality and Convexity (continued)

3
Now the quantity ¢; — > pja;j =0 for j =2 and j = 4, and
i=1

24: ajjxj — bj =0 for i =1 and i = 2. It follows that
j=1
4 3 3
> ogxi— pibi = (Cl -3 Piai,1> X1
j=1 i=1 i=1
3
+ (Cs - Z Piai,3> X3
i=1

4
+ p3 Z a3 jx; — bs
=1



5. Duality and Convexity (continued)

Now x; >0, x3 > 0 and p3 > 0. Also

3 3
a— Zpiai,l 20, - Zpiai,3 >0
i=1 i=1
and

4
ZQ3JXJ — b3 > 0.
j=1

It follows that
4 3
S a-Yonb=0
j=1 i=1

and thus



5. Duality and Convexity (continued)

Now suppose that

Then
3
(Cl - Zpiai,1> x1 = 0,
i—1
3
<C3 - Zpiai,3> x3 = 0,
i—1
4
p3 Z a3jx;—bs| = 0,
=1

because a sum of three non-negative quantities is equal to zero if
and only if each of those quantities is equal to zero.



5. Duality and Convexity (continued)

It follows that
4 3
> -3 st
j=1 i=1

if and only if the following three complementary slackness

conditions are satisfied:—
3
® > piai1=c if xx >0;
i=1

3
° ) piaiz=c3if x3 >0;
i=1

] ;}:133’j)<j:b3 if p3 > 0.



5. Duality and Convexity (continued)

5.4. Open and Closed Sets in Euclidean Spaces

Let m be a positive integer. The Euclidean norm |x| of an
element x of R™ is defined such that

m

X2 = > ()2

i=1
The Euclidean distance function d on R™ is defined such that

d(X, y) = |y - X|

for all x,y € R™. The Euclidean distance function satisfies the
Triangle Inequality, together with all the other basic properties
required of a distance function on a metric space, and therefore
R™ with the Euclidean distance function is a metric space.



5. Duality and Convexity (continued)

A subset U of R™ is said to be open in R™ if, given any point b of
U, there exists some real number ¢ satisfying € > 0 such that

{xeR™:|x—b|<e}CU.
A subset of R™ is closed in R™ if and only if its complement is
open in R™,

Every union of open sets in R™ is open in R™, and every finite
intersection of open sets in R™ is open in R™.

Every intersection of closed sets in R™ is closed in R, and every
finite union of closed sets in R™ is closed in R™ .



5. Duality and Convexity (continued)

Let m be a positive integer, let u® u@ ul™ pe a basis of
R™, and let

F= {Zs;u(i):s;ZOfori:1,2,...,m}.
i=1

Then F is a closed set in R™.




5. Duality and Convexity (continued)

Proof
Let T: R™ — R™ be defined such that

m
T(s1,%2,---,5m) = Zs;u(i)
i=1

for all real numbers s1,sp,...,5,. Then T is an invertible linear
operator on R™, and F = T(G), where

G={xeR":(x)j>0fori=1,2,...,m}.

Moreover the subset G of R™ is closed in R™.



5. Duality and Convexity (continued)

Now it is a standard result of real analysis that every linear
operator on a finite-dimensional vector space is continuous.
Therefore T~1: R™ — R™ is continuous. Moreover T(G) is the
preimage of the closed set G under the continuous map 7!, and
the preimage of any closed set under a continuous map is itself
closed. It follows that T(G) is closed in R™. Thus F is closed in
R™, as required. |}



5. Duality and Convexity (continued)

Lemma 5.8

Let m be a positive integer, let F be a non-empty closed set in
R™, and let b be a vector in R™. Then there exists an element g
of F such that |[x —b| > |g — b| for all x € F.

Proof
Let R be a positive real number chosen large enough to ensure
that the set Fgy is non-empty, where

Fo=FN{xeR":|x—b| <R}

Then Fy is a closed bounded subset of R™. Let f: F; — R be
defined such that f(x) = |x — b| for all x € F. Then f: Fp = R is
a continuous function on Fy.



5. Duality and Convexity (continued)

Now it is a standard result of real analysis that any continuous
real-valued function on a closed bounded subset of a
finite-dimensional Euclidean space attains a minimum value at
some point of that set. It follows that there exists an element g of

Fo such that
[x —b| = |g—bj

for all x € Fy. If x € F\ Fp then
Ix —b| > R >|g—b|.

It follows that
Ix —b| > |g — b

for all x € F, as required. |}
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