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4. The Simplex Method (continued)

4.6. A Linear Tableau Example

Example
Consider the problem of minimizing ¢’ x subject to constraints
Ax = b and x > 0, where

12335 13
A=|23 12 3|, b=| 13
425 1 4 20

9

c’'=(2 431 4).

As usual, we denote by A; ; the coefficient of the matrix A in the
ith row and jth column, we denote by b; the jth component of the
m-dimensional vector b, and we denote by ¢; the jth component of
the n-dimensional vector c.



4. The Simplex Method (continued)

We let al) be the m-dimensional vector specified by the jth
column of the matrix A for j =1,2,3,4,5. Then

1 2
al =1 »2 ’ a® =1 3 ’ a® =1 1 7
4 2 5

3 5
a® = 2 and a® = 3 1.
1 4



4. The Simplex Method (continued)

A basis B for this linear programming problem is a subset of
{1,2,3,4,5} consisting of distinct integers ji, j», j3 for which the
corresponding vectors alt) al2) als) constitute a basis of the real
vector space R3.

Given a basis B for the linear programming programming problem,
where B = {ji1, 2, j3}, we denote by Mg the matrix whose columns
are specified by the vectors alt), al2) and al3). Thus

(Mg)ix = Aij, fori=1,2,3 and k =1,2,3. We also denote by
cg the 3-dimensional vector defined such that

C;—:(le Cj> CJ'3)'

The ordering of the columns of Mg and cp is determined by the
ordering of the elements ji, j> and j3 of the basis. However we
shall proceed on the basis that some ordering of the elements of a
given basis has been chosen, and the matrix Mg and vector cg will
be determined so as to match the chosen ordering.



4. The Simplex Method (continued)

Let j1=1,jp=2 and j3 =3, and let B = {jl,_jz,_j3} = {1,2,3}.
Then B is a basis of the linear programming problem, and the
invertible matrix Mg determined by aUk) for k = 1,2,3 is the
following 3 x 3 matrix:—

Mg =

AN -

2 3
31
2 5

This matrix has determinant —23, and

13 4 7
-1 1 6 7 5
M, — | -6 =7 5 > A —

— — 8 _6 1
8 6 1 23 23 23



4. The Simplex Method (continued)

Then
1 0 0
Mgta® = | o |, Mzta® = 1 Mgla® = | o
0 0 1
_24 _25
23 23
/\/Igla(“) = % and M;la( ) = %
13 26
23 23
Also
1
1
Mgb=| 3
2

It follows that x is a basic feasible solution of the linear
programming problem, where

x'=(13200).



4. The Simplex Method (continued)

The vectors a¥),a® a®) a® al®) b, e®) e? and e can then
be expressed as linear combinations of a® a® a® with
coefficients as recorded in the following tableau:—

a® 2@ 2@ a® 6 [pled @ 3
a1 0 0 B BB &
a®@ | o 1 o 2 HI3] 5 L -3
a® | 0 o0 1 ¥ %2 & &£ L




4. The Simplex Method (continued)

There is an additional row at the bottom of the tableau. This row
is the criterion row of the tableau. The values in this row have not
yet been calculated, but, when calculated according to the rules
described below, the values in the criterion row will establish
whether the current basic feasible solution is optimal and, if not,
how it can be improved.

Ignoring the criterion row, we can represent the structure of the
remainder of the tableau in block form as follows:—

a(l) e a(5) b e(l) Ce e(3)

a(jl)

: Mg'A Mg'b Mg
a(.j3)




4. The Simplex Method (continued)

We now employ the principles of the Simplex Method in order to
determine whether or not the current basic feasible solution is
optimal and, if not, how to improve it by changing the basis.

Let p be the 3-dimensional vector determined so that
T Tpg—1
p =¢Cg MB .

Then p" Mg = cg, and therefore pTalc) = cj, for k=1,2,3. It
follows that (pT A); = ¢; whenever j € B. Putting in the relevant
numerical values, we find that

pTMB:cZB—:(CJ'l S CJ'3):(C1 @ C3):(2 4 3)’
and therefore

=24 3)M = (B B 3).



4. The Simplex Method (continued)

We enter the values of p1, p» and p3 into the cells of the criterion
row in the columns labelled by e(), e and e(3) respectively. The
tableau with these values entered is then as follows:—

2D 2@ a0 a® a0 [ pled @ o0
24 25 13 4 7

a1 0 0 -F -F1|-F % %
27 31 6 7 5

13 26 8 6 1

a®l 0o 0 1 F B2 -5
2 18 _3

23 23 23




4. The Simplex Method (continued)

The values in the criterion row in the columns labelled by e, e(?)
and e®) can be calculated from the components of the cost
vector ¢ and the values in these columns of the tableau. Indeed let
lik = (/\/Igl);,k fori=1,2,3 and k =1,2,3. Then each r; is
equal to the value of the tableau element located in the row
labelled by aU?) and the column labelled by e(¥). The definition of
the vector p then ensures that

Pk = Cjnk + Cprak + Ci313k

for k =1,2,3, where, for the current basis, j; =1, j» =2 and
j3=3.



4. The Simplex Method (continued)

The cost C of the current basic feasible solution x satisfies

C =cx. Now (pTA); = ¢; for all j € B, where B = {1,2,3}.
Moreover the current basic feasible solution x satisfies x; = 0 when
J & B, where x; = (x); for j =1,2,3,4,5. It follows that

5

C—p'b = c"x—p"Ax=) (¢—(pTA)))x
=1
= Y (G- (pTA))x =0,

JeB

and thus
C=c'x=p'b.

Putting in the numerical values, we find that C = 20.



4. The Simplex Method (continued)

We enter the cost C into the criterion row of the tableau in the
column labelled by the vector b. The resultant tableau is then as

follows:—
al a@ 2@ a® a6 [ p [ e &2 OB
T o0 BT E 4 4
a® | o0 1 o 2 313 L& L -2
a®l o o 1 B 212 8 & L
20| 5 B 5




4. The Simplex Method (continued)

Let s; denote the value recorded in the tableau in the row labelled
by ali) and the column labelled by b for i = 1,2, 3. Then the
construction of the tableau ensures that

b — sla(./l) + 52a(./2) _|_ S3a(j3)’

and thus s; = x;j, for i = 1,2, 3, where (x1,x2, x3, X3, x5) is the
current basic feasible solution. It follows that

C = ¢ys1+ s+ ¢s3,

where, for the current basis, j; = 1, jo =2 and j3 = 3. Thus the
cost of the current basic feasible solution can be calculated from
the components of the cost vector ¢ and the values recorded in the
rows above the criterion row of the tableau in the column labelled
by the vector b.



4. The Simplex Method (continued)

We next determine a 5-dimensional vector q such that
c" =p"A+q". We find that

q" = pTA—cT

1 23 3H5
(%%%33) 23123

4 2 5 1 4

14)

-(2 43 4
= (243 3% 2)-(243124)
— 76 60)
23 23

Thus

=0, =0, =0 q=-% g=-3%



4. The Simplex Method (continued)

The 4th and 5th components of the vector q are negative. It
follows that the current basic feasible solution is not optimal.
Indeed let X be a basic feasible solution to the problem, and let
xj = (x); for j = 1,2,3,4,5. Then the cost C of the feasible
solution X satisfies

C = c'x=p"Ax+q'x=p'b+q'x=C+q'x
c 76 _ 60 _
= — —=X4 — == X5.
237 237
It follows that the basic feasible solution X will have lower cost if
either x4 > 0 or x5 > 0.



4. The Simplex Method (continued)

We enter the value of —g; into the criterion row of the tableau in
the column labelled by at) for j =1,2,3,4,5. The completed
tableau associated with basis {1,2, 3} is then as follows:—

a) a@ 2B 2@ A6 [ p [ e @ O
1 0 0 B Bl 4G
a® | o0 1 o Z R3] 5 L -2
a®l o o 1 ¥ i2] 8 & L

o o o X %42z B -2

We refer to this tableau as the extended simplex tableau associated
with the basis {1, 2, 3}.



4. The Simplex Method (continued)

The general structure of the extended simplex tableau is then as
follows:—

al) @ @) 4 F6) | p | e 2 OB

al) t1i tip ti3 tia ftis | S1| N1 n2 ng3
al2) th1 tp 23 ta s | S2| 1 R2 n3
at3) t31 t3p 133 t34 135 [ S3| 131 MB32 133
@1 —q@ - —q —qg | C| pp p p3

where ji, j» and j3 are the elements of the current basis, and where
the coefficients t; ; s; and r; , are determined so that

3 3 3
al) =¥ el b=3 sal), e =3 r,alh)
i=1 i=1

i=1

forj=1,2,3,4,5and k=1,2,3.



4. The Simplex Method (continued)

The coefficients of the criterion row can then be calculated
according to the following formulae:—

3 3 3
Pk = Z Gitik, C= Zpibi, —q; = ZPiAi,j - G-
i—1 i—1 i—1



4. The Simplex Method (continued)

The extended simplex tableau can then be represented in block
form as follows:—

a(l) . a(5) b e(l) . e(3)
a(jl)
: -1 -1 -1
: MglA Mg'b Mg
a(./3)
pTA _ CT pr pT




4. The Simplex Method (continued)

The values in the criterion row in any column labelled by some at/)
can also be calculated from the values in the relevant column in
the rows above the criterion row.

To see this we note that the value entered into the tableau in the
row labelled by ali) and the column labelled by aU) is equal to t; j,
where t; ; is the coefficient in the ith row and jth column of the
matrix Mg A. Also p7 = ¢} Mg, where (cg); = ¢; for
i=1,2,3. It follows that

3

T T =1

p'A=cgMpg A:chitiaj‘
i=1



4. The Simplex Method (continued)

Therefore

.
—q = (P A)j—g
= Gitijt+ Gtttz — G

for j=1,2,3,4,5.

The coefficients of the criterion row can then be calculated
according to the formulae

3 3 3
Pe= Grik, C= Gs, —¢=) Gtij— .
i=1 i=1 i=1



4. The Simplex Method (continued)

The extended simplex tableau can therefore also be represented in
block form as follows:—

a(l) . a(5) b e(l) . e(3)
a(jl)
: MgtA Mg'b Mg*
a(j3)
ctMgtA—cT | cfMg'b ct Mgt
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