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3. The Transportation Problem (continued)

3.11. Formal Analysis of the Solution of the Transportation Problem

We now describe in general terms the method for solving a
transportation problem in which total supply equals total demand.

We suppose that an initial basic feasible solution has been
obtained. We apply an iterative method (based on the general
Simplex Method for the solution of linear programming problems)
that will test a basic feasible solution for optimality and, in the
event that the feasible solution is shown not to be optimal,
establishes information that (with the exception of certain
‘degenerate’ cases of the transportation problem) enables one to
find a basic feasible solution with lower cost. lterating this
procedure a finite number of times, one should arrive at a basic
feasible solution that is optimal for the given transportation
problem.



3. The Transportation Problem (continued)

We suppose that the given instance of the Transportation Problem
involves m suppliers and n recipients. The required supplies are
specified by non-negative real numbers s1, s,..., sy, and the
required demands are specified by non- negat|ve real numbers

di,d>, ..., d,. We further suppose that Z si = Z d;. A feasible
i=1 j=1
solution is represented by non-negative real numbers x; ; for
n
i=1,2,...,mand j=1,2,...,n, where ) x;; = s; for
j=1

m
i=1,2,...,mand ) x;j=d;forj=1,2,...,n
i=1



3. The Transportation Problem (continued)

Let / ={1,2,...,m} and J={1,2,...,n}. Asubset Bof lxJis

a basis for the transportation problem if and only if, given any real

numbers y1,¥o,...,ym and zi, 2z, ..., z,, where i Yi= Zn: zj,

there exist uniquely determined real numbers ?;J’_fér i € JI_;nd

J € J such that i?idzy; foriel, S X;jj = zj for j € J, where
=1

j=1 i
Xij = 0 whenever (i,j) € B.
A feasible solution (x; ;) is said to be a basic feasible solution

associated with the basis B if and only if x; ; = 0 for all i € / and
J € J for which (i, ) & B.

Let x; j be a non-negative real number for each i € / and j € J.
Suppose that (x; ;) is a basic feasible solution to the transportation
problem associated with basis B, where B C | x J.



3. The Transportation Problem (continued)

The cost associated with a feasible solution (x;; is given by
m n

> > GijXij, Where the constants ¢;; are real numbers for all i € /
i=1j=1

and j € J. A feasible solution for a transportation problem is an
optimal solution if and only if it minimizes cost amongst all

feasible solutions to the problem.



3. The Transportation Problem (continued)

In order to test for optimality of a basic feasible solution (x; ;)
associated with a basis B, we determine real numbers

Ui, Up,...,Un and vy, vo, ..., v, with the property that

cij = vj— uj forall (i,j) € B. (Proposition 3.10 below guarantees
that, given any basis B, it is always possible to find the required
quantities u; and v;.) Having calculated these quantities u; and v;
we determine the values of g;j, where q;; = ¢;j — vj + u; for all
i€landjeJ Then gjj =0 whenever (i,j) € B.

We claim that a basic feasible solution (x; ) associated with the
basis B is optimal if and only if g;; > 0 forall i € I and j € J.
This is a consequence of the identity established in the following
proposition.



3. The Transportation Problem (continued)

Proposition 3.8

Let x; j, cij and q;j be real numbers defined for i =1,2,..., m
and j=1,2,...,n, and let uy, up,...,um and vi,Vva, ..., v, be real
numbers. Suppose that

Cij=Vi—Ui+Qqij

fori=1,2,...,mandj=1,2,...,n. Then

n n

Z C,"jX,"j:Z\/jCTlJ‘—ZU/5:+ZZq/,JX:,Ja

i=1 j=1 j=1 i=1 j=1

n m
where s; = x;j fori=1,2,...,mand dj =} x;; for

j=1 i=1
j=1,2,....n




3. The Transportation Problem (continued)

Proof
The definitions of the relevant quantities ensure that

m n m n
Z Z GijXij = Z Z(Vj — Ui + qij)Xi;

i=1 j=1 i=1 j=1

m

n m n
= E vj E Xij | — E uj E Xij
Jj=1

j=1 i=1 i=1

m n
DD i
i—1 j—1
n

m m n
_ vid; — Z ujs; + Z Z qi jXijs
-1

j i=1 i=1 j=1

as required. |



3. The Transportation Problem (continued)

Corollary 3.9

Let m and n be integers, and let | = {1,2,..., m} and
J={1,2,...,n}. Let x;j and c;j be real numbers defined for all
i€l andjel, and let uy, up,...,um and vi, v, ..., v, be real
numbers. Suppose that ¢;j = vj — u; for all (i,j) € | x J for which
xij # 0. Then

ZZCUXU = Zd vj — ZSIU,,

i=1 j=1

m m
where s; = in,j fori=1,2,....,m anddj: ZXiJ for

j=1 i=1
j=12...,n




3. The Transportation Problem (continued)

Proof
Letgij=cij+ui—vjforallic/landjcJ Thengi;=0
whenever x; j # 0. It follows from this that

m n
D> iy =0,
i=1 j=1
It then follows from Proposition 3.8 that
m n m n m n
I ILETES D IURTEEPRIED BEVED B
i=1 j=1 i=1 j=1 i=1 j=1

as required. |



3. The Transportation Problem (continued)

Let m and n be positive integers, let | = {1,2,..., m} and
J={1,2,...,n}, and let the subset B of | x J be a basis for a
transportatlon problem with m suppllers and n reC|p|ents Let the

cost of a feasible solution (X; ;) be Z Z cijXij. Now Z Xij=Si
i=1j=1

and ) X;; = d;, where the quantities s; and d; are determined by
i=1

the specification of the problem and are the same for all feasible

solutions of the problem. Let quantities u; for i € / and v; for

J € J be determined such that ¢;j = v; — u; for all (i,j) € B, and

let gij = cjj+uj—vjforalliclandjc J Then g;;=0 for all

(i,J) € B.

It follows from Proposition 3.8 that

n

m n
Z Z CijXij = Z V_jd_j - Z uisi + Z Z qi jXij-

i=1 j=1 j=1 i=1 j=1



3. The Transportation Problem (continued)

Now if the quantities x;; for i € | and j € J constitute a basic
feasible solution associated with the basis B then x; ; = 0 whenever

m n
(i,j) & B. It follows that Y~ 3" qg;jxjj = 0, and therefore
i=1j=1

n m

Z\/jdj*ZU,’S,’ZC,

j=1 i=1

where

C:ZZCiJXi’j'

i=1 j=1

The cost C of the feasible solution (X; ;) then satisfies the equation

m n
7:ZZC,"J'X,'J—C+ZZC],’JX,’J

i=1 i=1 j=1



3. The Transportation Problem (continued)

If gij > 0forall i€/ andjc J, then the cost C of any feasible
solution (X; ;) is bounded below by the cost of the basic feasible
solution (x; ;). It follows that, in this case, the basic feasible
solution (x; ;) is optimal.

Suppose that (ig, jo) is an element of / x J for which g, j, < 0.
Then (ip,jo) & B. There is no basis for the transportation problem
that includes the set B U {(ib,jo)}. A straightforward application
of Proposition 3.6 establishes the existence of quantities y; ; for
i€landjec Jsuchthaty, i =1andy;;=0forallic/and

J € J for which (i,j) & BU {(i0,Jo)}



3. The Transportation Problem (continued)

Let the m x n matrices X and Y be defined so that (X);; = x;
and (Y);;j=yijforall i€l and € J. Suppose that x;; > 0 for
all (i,j) € B. Then the components of X in the basis positions are
strictly positive. It follows that, if A is positive but sufficiently
small, then the components of the matrix X + AY in the basis
positions are also strictly positive, and therefore the components of
the matrix X + AY are non-negative for all sufficiently small
non-negative values of A. There will then exist a maximum

value Ag that is an upper bound on the values of A for which all
components of the matrix X + AY are non-negative. It is then a
straightforward exercise in linear algebra to verify that X + A\gY is
another basic feasible solution associated with a basis that includes
(o, Jjo) together with all but one of the elements of the basis B.



3. The Transportation Problem (continued)

Moreover the cost of this new basic feasible solution is C + Aoqj jo .
where C is the cost of the basic feasible solution represented by
the matrix X. Thus if gj, j, < 0 then the cost of the new basic
feasible solution is lower than that of the basic feasible solution X
from which it was derived.

Suppose that, for all basic feasible solutions of the given
Transportation problem, the coefficients of the matrix specifying
the basic feasible solution are strictly positive at the basis positions.
Then a finite number of iterations of the procedure discussed above
with result in an basic optimal solution of the given transportation
problem. Such problems are said to be non-degenerate.



3. The Transportation Problem (continued)

However if it turns out that a basic feasible solution (x; ;)
associated with a basis B satisfies x; ; = 0 for some (/,) € B, then
we are in a degenerate case of the transportation problem. The
theory of degenerate cases of linear programming problems is
discussed in detail in textbooks that discuss the details of linear
programming algorithms.

We now establish the proposition that guarantees that, given any
basis B, there exist quantities uq, us,...,un and vi, vo, ..., v,
such that the costs ¢; ; associated with the given transportation
problem satisfy ¢; ; = v; — u; for all (i,) € B. This result is an
essential component of the method described here for testing basic
feasible solutions to determine whether or not they are optimal.



3. The Transportation Problem (continued)

Proposition 3.10

Let m and n be integers, let | = {1,2,...,m} and
J={1,2,...,n}, and let B be a subset of | x J that is a basis for
the transportation problem with m suppliers and n recipients. For
each (i, j) € B let ¢jj be a corresponding real number. Then there
exist real numbers u; for i € | and v; for j € J such that

c¢ij = vj—uj for all (i,j) € B. Moreover if tij and v; are real
numbers for i € | and j € J that satisfy the equations c; j = V; — U;
for all (i,j) € B, then there exists some real number k such that
Ui=uj+k foralli€l andv; = v;+k forall j € J.




3. The Transportation Problem (continued)

Proof
Let

Mg = {X € Mpn(R) : (X)ij = O unless (i,j) € B}.

It follows from the definition of bases for transportation problems
that there exist unique m x n matrices 51, 5», ..., 5., belonging to
Mg, where S; is the zero matrix, and where, for each integer /
satisfying 1 < i < m, the matrix Sy has the properties that

n 1 ifk=1,
D (She=4 -1 ifk=i
=1 0 ifkel\{1,i},

and
> (Si)ke=0forall £ € J.

m
k=1



3. The Transportation Problem (continued)

Also there exist unique m x n matrices T1, To,..., T belonging
to Mg where, for each integer j satisfying 1 < j < n, the matrix T;
has the properties that

! 1 ifk=1,
Zl(Tf)k”_{ 0 ifkel\{1},
J:

and

« 1 ift=j,
Z(TJW—{ 0 itre ()



3. The Transportation Problem (continued)

Let
n n
up = Ch,e(Si)k,e
k=1 =1
fori=1,2,...,mand
m n
=3 > adlTwe
k=1 ¢=1
for j=1,2,...,n. We claim the that numbers v, us, ...,

Vi, Vo, ..., Vv, have the required properties.

Um and



3. The Transportation Problem (continued)

Let X be an m x n matrix belonging to Mg, and let

n

yi=» (X)ij foralliel

j=1
and
m
zi=> (X)i;j foralljeJ,
i=1
and let
n m
X=>"zTi=> Sk
=1 k=1
Then
m
Z(Y)"J =z foralljeJ.
i=1
and

n

S (X)ij=yi foralliel\{1},

j=1



3. The Transportation Problem (continued)

Moreover

n n m
> Xi=> 2= =,
=1 =1 k=2

m n
because Y yi = ) z.

i=1 j=1
But the definition of bases for transportation problems ensures that

X is the unique m x n matrix belonging to Mg with the properties
n m

that > (X)ij=yiforallicland > (X)ij=z foralljec J It
j=1 i=1
follows that

n m
X=X=> zT;-Y S
j=1 i=1

and therefore

D

m n
k=1 ¢=1

n m
Cho(X) ke = sz‘/j - Z}’iui-
=1 im1



3. The Transportation Problem (continued)

Let (i,j) € B. Then E(Y) € Mg, where

- 1 ifk=iandj=¢
G0y, , — J '
(B ke {o if k£ iorj#L.

It follows from the result just obtained that
m n
Gij =3 > alEM)e= v —up
k=1¢=1

We have thus shown that, given any basis B for the transportation
problem with m suppliers and n recipients, there exist real numbers
Uy, U, ..., Uy and vi, vo, ..., v, with the required property that

cij=vj—u forall (i,j) € B..



3. The Transportation Problem (continued)

Now let Uy, Us,..., Uy and Ty, Uy, ..., U, be real numbers with the
property that

cij=vj—u; forall (i,j) € B.

Then bj — a; = 0 for all (i,j) € B, where a; = T; — u; for
i=1,2,...,mand bj =V; —vj for j =1,2,...,n, and therefore

for all (i,j) € B. Now the m x n matrices E{'J) for which
(i,j) € B constitute a basis of the vector space Mg. It follows that

n

Z (be —ak)(X)ke =0
17

=1

for all X € Mg.



3. The Transportation Problem (continued)

In particular
> (b= a)(Si)ke =0
k=1 ¢=1

fori=2,3,...,m, and

n

D> (be = a)(Tjwe =0

m
k=1 /(=1

forj=1,2,...,n



3. The Transportation Problem (continued)

But it follows from the definitions of the matrices S1,5,,..., 5,
and T1, Tp,..., T, that

SN blShke = > (be Z(Sf)k,z) =0,
k=1¢=1 =1\ k=1
S alSde = > (ak Z(i‘)k,e) =a;—a;
k=1 =1 k=1 \ =1
fori=2,3,...,m, and
D bl(Te = ) (beZ(TJ)k,e> = by,
k=1 ¢=1 =1\ k=1
DD a(See = ). <3k (5,)k,z> =a
k=1 (=1 k=1 \ =1



3. The Transportation Problem (continued)

It follows that a; —a; =0 for i =2,...,nand b —a; =0 for
j=1,2,...,n Thusif k = a; then U; = u; + a; = u; + k for

i=12,...,mand v;j=vj+bj=vj+ kfor j=1,2,...,n, as
required. |}
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