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4 The Simplex Method

4.1 Vector Inequalities and Notational Conventions

Let v be an element of the real vector space R". We denote by (v); the jth
component of the vector v. The vector v can be represented in the usual
fashion as an n-tuple (v, vs,...,v,), where v; = (v); for j = 1,2,...,n.
However where an n-dimensional vector appears in matrix equations it will
usually be considered to be an n x 1 column vector. The row vector corre-
sponding to an element v of R" will be denoted by v’ because, considered as
a matrix, it is the transpose of the column vector representing v. We denote
the zero vector (in the appropriate dimension) by 0.

Let x and y be vectors belonging to the real vector space R" for some
positive integer n. We write x < y (and y > x) when (x); < (y); for
Jj=12,...,n. Also we write x < y (and y > x) when (x); < (y); for
j=1,2....n

These notational conventions ensure that x > 0 if and only if (x); > 0
for j=1,2,...,n.

The scalar product of two n-dimensional vectors u and v can be repre-
sented as the matrix product u’v. Thus

T
WV =1uiv + UV + - - - + Up Uy

for all u,v € R", where u; = (u); and v; = (v); for j =1,2,...,n.
Given an m x n matrix A, where m and n are positive integers, we denote
by (A);; the coefficient in the ith row and jth column of the matrix A.

4.2 Feasible and Optimal Solutions

A general linear programming problem is one that seeks values of real vari-
ables x1, s, ..., x, that maximize or minimize some objective function

C1T1 + Coxg + - - - CpTy,

that is a linear functional of xy,xs,...,x, determined by real constants
C1,Ca, ..., Cn, where the variables xq, xs, ..., z, are subject to a finite number
of constraints that each place bounds on the value of some linear functional
of the variables. These constraints can then be numbered from 1 to m, for
an appropriate value of m, such that, for each value of i between 1 and m,
the ith constraint takes the form of an equation or inequality that can be
expressed in one of the following three forms:—

i1 %1+ Q2% + -+ ATy = by,
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;171 + Q2T + -+ Qi Ty > by,
;171 + QioTo + -+ Ty < by

for appropriate values of the real constants a;1,a;9,...,a;, and b;. In ad-
dition some, but not necessarily all, of the variables x1, s, ..., 2, may be
required to be non-negative. (Of course a constraint requiring a variable to
be non-negative can be expressed by an inequality that conforms to one of
the three forms described above. Nevertheless constraints that simply re-
quire some of the variables to be non-negative are usually listed separately
from the other constraints.)

Definition Consider a general linear programming problem with n real vari-
ables x1, 29, ..., x, whose objective is to maximize or minimize some objec-
tive function subject to appropriate constraints. A feasible solution of this
linear programming problem is specified by an n-dimensional vector x whose
components satisfy the constraints but do not necessarily maximize or min-
imize the objective function.

Definition Consider a general linear programming problem with n real vari-
ables x1, 29, ..., x, whose objective is to maximize or minimize some objec-
tive function subject to appropriate constraints. A optimal solution of this
linear programming problem is specified by an n-dimensional vector x that is
a feasible solution that optimizes the value of the objective function amongst
all feasible solutions to the linear programming problem.

4.3 Programming Problems in Dantzig Standard Form

Let A be an m x n matrix of rank m with real coefficients, where m < n,
and let b € R™ and ¢ € R"™ be vectors of dimensions m and n respectively.
We consider the following linear programming problem:—

T

Determine an n-dimensional vector x so as to minimize ¢* X sub-

ject to the constraints Ax =b and x > 0.

We refer to linear programming problems presented in this form as being in
Dantzig standard form. We refer to the m x n matrix A, the m-dimensional
vector b and the n-dimensional vector c as the constraint matrix, target vector
and cost vector for the linear programming problem.

Remark Nomenclature in Linear Programming textbooks varies. Problems

presented in the above form are those to which the basic algorithms of George
B. Dantzig’s Simplex Method are applicable. In the series of textbooks by
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George B. Dantzig and Mukund N. Thapa entitled Linear Programming,
such problems are said to be in standard form. In the textbook Introduc-
tion to Linear Programming by Richard B. Darst, such problems are said
to be standard-form LP. On the other hand, in the textbook Methods of
Mathematical Economics by Joel N. Franklin, such problems are said to be
in canonical form, and the term standard form is used for problems which
match the form above, except that the vector equality Ax = b is replaced
by a vector inequality Ax > b. Accordingly the term Danztig standard form
is used in these notes both to indicate that such problems are in standard
form at that term is used by textbooks of which Dantzig is the author, and
also to emphasize the connection with the contribution of Dantzig in creating
and popularizing the Simplex Method for the solution of linear programming
problems.

A linear programming problem in Dantzig standard form specified by an
m X n constraint matrix A of rank m, an m-dimensional target vector b
and an n-dimensional cost vector ¢ has the objective of finding values of real
variables x1, zo, ..., x, that minimize the value of the cost

121 + oo + -+ - + CrXy
subject to constraints

A1z + Arpzo + -+ Ay, = by,
Agqaq + Agowg + -+ + Agpwy, = bo,

Am,lxl + Am,2x2 + -+ Am,nxn = bm

and
x>0, 29>0,..., x,>0.

In the above programming problem, the function sending the n-dimensional
vector x to the corresponding cost ¢’x is the objective function for the prob-
lem. A feasible solution to the problem consists of an n-dimensional vector
(1,22, ...,x,) whose components satisfy the above constraints but do not
necessarily minimize cost. An optimal solution is a feasible solution whose
cost does not exceed that of any other feasible solution.

4.4 Basic Feasible Solutions

We define the notion of a basis for a linear programming problem in Dantzig
standard form.
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Definition Let A be an m x n matrix of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let ¢ € R™ be an
n-dimensional column vector. Consider the following programming problem
in Dantzig standard form:

T

find x € R" so as to minimize ¢’ x subject to constraints Ax =b

and x > 0.

For each integer j between 1 and n, let a¥¥) denote the m-dimensional vector
determined by the jth column of the matrix A, so that (al?); = (A);; for
1t =1,2,....mand j = 1,2,...,n. A basis for this linear programming
problem is a set consisting of m distinct integers j1, j2, . . ., jm between 1 and
n for which the corresponding vectors

all) a2 glm)
constitute a basis of the vector space R™.

We next define what is meant by saying that a feasible solution of a
programming problem Dantzig standard form is a basic feasible solution for
the programming problem.

Definition Let A be an m x n matrix of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let ¢ € R"” be an
n-dimensional column vector. Consider the following programming problem
in Dantzig standard form:—

find x € R™ s0 as to minimize cI'x subject to constraints Ax = b
and x > 0.

A feasible solution x for this programming problem is said to be basic if there
exists a basis B for the linear programming problem such that (x); = 0 when

Jj ¢ B.

Lemma 4.1 Let A be an m xn matriz of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let ¢ € R™ be an
n-dimensional column vector. Consider the following programming problem
in Dantzig standard form:

T

find x € R™ so as to minimize c' X subject to constraints Ax = b

and x > 0.
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Let a9 denote the vector specified by the jth column of the matriz A for
7 =1,2,...,n. Letx be a feasible solution of the linear programming problem.
Suppose that the m-dimensional vectors a) for which (x); > 0 are linearly
independent. Then x is a basic feasible solution of the linear programming
problem.

Proof Let x be a feasible solution to the programming problem, let z; = (x);
for all j € J, where J = {1,2,...,n}, and let K = {j € J:x; > 0}. If the
vectors a¥) for which j € K are linearly independent then basic linear algebra
ensures that further vectors a¥) can be added to the linearly independent set
{al) : j € K} so as to obtain a finite subset of R™ whose elements constitute
a basis of that vector space (see Proposition 2.2). Thus exists a subset B of
J satisfying K € B C J such that the m-dimensional vectors a'%) for which
J € B constitute a basis of the real vector space R™. Moreover (x); = 0
for all j € J\ B. It follows that x is a basic feasible solution to the linear
programming problem, as required. |

Theorem 4.2 Let A be an m X n matrix of rank m with real coefficients,
where m < n, let b € R™ be an m-dimensional column vector, let c € R”
be an n-dimensional column vector. Consider the following programming
problem in Dantzig standard form:

find x € R™ s0 as to minimize ¢ x subject to constraints Ax = b
and x > 0.

If there exists a feasible solution to this programming problem then there exists
a basic feasible solution to the problem. Moreover if there exists an optimal
solution to the programming problem then there exists a basic optimal solution
to the problem.

Proof Let J = {1,2,...,n}, and let a¥) denote the vector specified by the
jth column of the matrix A for all j € J.

Let x be a feasible solution to the programming problem, let z; = (x),
for all j € J, and let K = {j € J : z; > 0}. Suppose that x is not basic.
Then the vectors a) for which j € K must be linearly dependent. We show
that there then exists a feasible solution with fewer non-zero components
than the given feasible solution x.

Now there exist real numbers y; for j € K, not all zero, such that
> yja(j) = 0, because the vectors a¥) for j € K are linearly dependent.
jeK
Let y; = 0 for all j € J\ K, and let y € R" be the n-dimensional vector
satisfying (y); =y, for j =1,2,...,n. Then

Ay =Y ya? =3 ya —o.

jed jeEK
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It follows that A(x — A\y) = b for all real numbers A, and thus x — Ay is
a feasible solution to the programming problem for all real numbers A for
which x — \y > 0.

Now y is a non-zero vector. Replacing y by —y, if necessary, we can
assume, without loss of generality, that at least one component of the vector y
is positive. Let

Ao = minimum (ﬁ 17 € K and y; > O> ,
Yj

and let jo be an element of K for which A\ = z;,/y;,. Then S > \o for
y.

all j € J for which y; > 0. Multiplying by the positive number Jyj, we find
that x; > Agy; and thus z; — Agy; > 0 when y; > 0. Also Ay > 0 and
x; > 0, and therefore x; — Aoy; > 0 when y; < 0. Thus z; — A\gy; > 0 for
all 7 € J. Also z;, — Ayj, = 0, and z; — Agy; = 0 for all j € J\ K. Let
x' =x— Agy. Then x’ > 0 and Ax’ = b, and thus x’ is a feasible solution to
the linear programming problem with fewer non-zero components than the
given feasible solution.

Suppose in particular that the feasible solution x is optimal. Now there
exist both positive and negative values of \ for which x — Ay > 0. If it
were the case that ¢’y # 0 then there would exist values of A for which
both x — Ay > 0 and Ac’y > 0. But then ¢ (x — \y) < ¢’x, contradicting
the optimality of x. It follows that ¢’y = 0, and therefore x — \y is an
optimal solution of the linear programming problem for all values of A\ for
which x — Ay > 0. The previous argument then shows that there exists a
real number )y for which x — \gy is an optimal solution with fewer non-zero
components than the given optimal solution x.

We have shown that if there exists a feasible solution x which is not basic
then there exists a feasible solution with fewer non-zero components than x.
It follows that if a feasible solution x is chosen such that it has the smallest
possible number of non-zero components then it is a basic feasible solution
of the linear programming problem.

Similarly we have shown that if there exists an optimal solution x which
is not basic then there exists an optimal solution with fewer non-zero com-
ponents than x. It follows that if an optimal solution x is chosen such that
it has the smallest possible number of non-zero components then it is a basic
optimal solution of the linear programming problem. |}

4.5 A Simplex Method Example

Example We consider the following linear programming problem:—
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minimize
3ZE1 + 4.7)2 + 21‘3 + 9.734 + 51’5
subject to the following constraints:
51’1 + 3$2 + 4373 + 7$4 + 3!L’5 = 11,
dxy + 29 + 323 + 8wy + 425 = 6;
x; >0 forj=1,2,3,4,5.

The constraints require that x, x9, 3, 24, £5 be non-negative real numbers
satisfying the matrix equation

xy

2
XT3 = 6 .
Ty

Zs

— w
W =
00 I
B~ W

N
B Ot

Thus we are required to find a (column) vector x with components x,
x9, T3, T4 and xy satisfying the equation Ax = b, where

53473 11
A:(41:384)’b:(6>'
5 3 4
M — @ — G) =
=() w=(0) = (5)
7 3
) _ 5) —
a _(8) and a —<4).

For a feasible solution to the problem we must find non-negative real numbers
X1, To, T3, T4, Ts such that

An optimal solution to the problem is a feasible solution that minimizes
C1X1 + Coxo + 323 + c4xy + C5T5
amongst all feasible solutions to the problem, where ¢; = 3, co = 4, ¢35 = 2,
cy =9 and ¢5 = 5.
Let ¢ denote the column vector whose ¢th component is ¢; respectively.

Then
c"=(34295),
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and an optimal solution is a feasible solution that minimizes c¢?x amongst all
feasible solutions to the problem. We refer to the quantity c’x as the cost
of the feasible solution x.

Let I ={1,2,3,4,5}. A basis for this optimization problem is a subset
{j1,ja} of I, where j, # jo, for which the corresponding vectors at/t), als2)
constitute a basis of R2. By inspection we see that each pair of vectors taken
from the list a®V,a® a® a® a® consists of linearly independent vectors,
and therefore each pair of vectors from this list constitutes a basis of R?. It
follows that every subset of I with exactly two elements is a basis for the
optimization problem.

A feasible solution (z1, 9, 3,24, x5) to this optimization problem is a
basic feasible solution if there exists a basis B for the optimization problem
such that z; = 0 when j # B.

In the case of the present problem, all subsets of {1,2,3,4, 5} with exactly
two elements are bases for the problem. It follows that a feasible solution to
the problem is a basic feasible solution if and only if the number of non-zero
components of the solution does not exceed 2.

We take as given the following initial basic feasible solution x; = 1,
Ty =2, 23 = x4 = x5 = 0. One can readily verify that al) + 2a(® = b. This
initial basic feasible solution is associated with the basis {1,2}. The cost of
this solution is 11.

We apply the procedures of the simplex method to test whether or not
this basic feasible solution is optimal, and, if not, determine how to improve
it.

The basis {1, 2} determines a 2 x 2 minor Mp of A consisting of the first

two columns of A. Thus
5 3
My — ( o3 > |

We now determine the components of the vector p € R? whose transpose
( P11 P2 ) satisfies the matrix equation

(01 02):(171 p2)MB-

1/ 1 -3
_1___
My = 7(—4 5)'

Now

It follows that

p’ = (p p2)=(c )My
N _%(3 4)(—14 _53>
- (¥ -¥)



We next compute a vector q € R® where q° = ¢? — pTA. Solving the

equivalent matrix equation for the transpose q’ of the column vector q, we
find that

of = L'—pra
= (34 205)-(% -4)(
= (34295)-(34 22

= (00 -3 o)

We denote the jth component of the vector j by g;.

Now q3 < 0. We show that this implies that the initial basic feasible
solution is not optimal, and that it can be improved by bringing 3 (the index
of the third column of A) into the basis.

Suppose that X is a feasible solution of this optimization problem. Then
AX = b, and therefore

c'x=plAx+q'x=p'b+q'x.

The initial basic feasible solution x satisfies

5
q'x = Z gjzj; =0,
j=1

because ¢; = g2 = 0 and x3 = x4 = x5 = 0. This comes about because the
manner in which we determined first p then q ensures that ¢; = 0 for all
j € B, whereas the components of the basic feasible solution x associated
with the basis B satisfy x; = 0 for j ¢ B. We find therefore that p”b is the
cost of the initial basic feasible solution.

The cost of the initial basic feasible solution is 11, and this is equal to
the value of pTb. The cost ¢IX of any other basic feasible solution satisfies

CTK =11 — %fg + %54 —+ 4—7055,

where Z; denotes the jth component of X.

We seek to determine a new basic feasible solution X for which z3 > 0,
7, = 0 and Ts = 0. The cost of such a basic feasible solution will then be
less than that of our initial basic feasible solution.

In order to find our new basic feasible solution we determine the relation-
ships between the coefficients of a feasible solution X for which 7, = 0 and
Ts = 0. Now such a feasible solution must satisfy

7iaW + 7a® + 7308 = b = zaY + 0%,
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where z; and x5 are the non-zero coefficients of the initial basic feasible
solution. Now the vectors al) and a® constitute a basis of the real vector
space R2. It follows that there exist real numbers t13 and t3 such that
a® =t 3aM +t53a®. Tt follows that

(fl + t17gf3)a(1) -+ (fg =+ t27353)a(2) = xla(l) —+ 123(2).

The linear independence of a) and a® then ensures that 7, +t; 373 = 7,
and Ty + 2 3T3 = x9. Thus if T3 = A, where A > 0 then

fl =1 — /\251737 EQ = L9 — /\t273.

Thus, once t; 3 and t2 3 have been determined, we can determine the range
of values of A that ensure that 7; > 0 and T, > 0.
In order to determine the values of ¢; 3 and #33 we note that

o (D))
e (-0

@3 _ (1) @_(° 3 t31
a tg’la +t3’ga (4 1 ) <t372 )

= MB ( t371 ) ’
32
5 3
My, — ( 03 )
It follows that

t31 \ _ ap-1. L I -3 4 _
(tg,g)_MBa A 3 )=

Thus t371 = % and t372 = %

We now determine the feasible solutions X of this optimization problem
that satisfy T3 = A and 7, = T5 = 0. we have already shown that

and therefore

where

~|—==J]ot
N——

fl =T — /\t173, fg = T9 — )\t273.

Now z; =1, 29 =2, t13 = g and t93 = % It follows that 7, = 1 — g/\ and
Tog=2— %)\. Now the components of a feasible solution must satisfy z; > 0
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and Ty > 0. it follows that 0 < A < % Moreover on setting \ = % we find

that T, = 0 and Ty = %. We thus obtain a new basic feasible solution X

associated to the basis {2, 3}, where

The cost of this new basic feasible solution is 10.
We now let B’ and x’ denote the new basic and new associated basic
feasible solution respectively, so that B’ = {2,3} and

XT=(02100).

We also let Mp be the 2 x 2 minor of the matrix A with columns indexed
by the new basis B, so that

(34 13 -4
MB/—(l 3) and MB’_5<_1 3>

We now determine the components of the vector p’ € R? whose transpose
( p\ Py ) satisfies the matrix equation

(e e3)=(py py)Mp.

We find that

(py ph) =

We next compute the components of the vector ' € R® so as to ensure
that

q7 = T —pTA

(34295)-(2-2)(251’;1;2)
= (34295)—(2142 -2 -2)
(100 11 7).

The components of the vector g’ determined using the new basis {2, 3} are all
non-negative. This ensures that the new basic feasible solution is an optimal
solution.
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Indeed let X be a feasible solution of this optimization problem. Then
Ax’ = b, and therefore

Moreover p’'b = 10. It follows that
c’'X =104 7, + 1134 + 7T5 > 10,

and thus the new basic feasible solution x’ is optimal.
We summarize the result we have obtained. The optimization problem
was the following:—

minimaize

3I1 + 4ZE2 + 21‘3 + 9ZL‘4 + 5£L'5
subject to the following constraints:
9%y + 3x9 + 4xg + Txy + 3x5 = 11,

4.1’1 + X2 +3563 +8$4+4LE5 = 6,’
x; >0 forj=1,2,3,4,5.

We have found the following basic optimal solution to the problem:

9 7

5 T3 T 14=0, x5=0.

11 =0, wzy=

We now investigate all bases for this linear programming problem in order
to determine which bases are associated with basic feasible solutions.

The problem is to find x € R® that minimizes c¢’x subject to the con-
straints Ax = b and x > 0, where

53 4 7 3 11
A_(41384)’ b_<6>

c"=(34295).

For each two-element subset B of {1,2,3,4,5} we compute Mp, Mz
and M;'b, where Mp is the 2 x 2 minor of the matrix A whose columns are
indexed by the elements of B. We find the following:—

and
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CB ] My | M [ M [
IS EE IO
ey (35) -(55) ()]
an (PO a(5 ) () o
ws (51) (4 (—_> :
e (To) (5 5) | ()]
(B[ My [ MG [ My [
ey (T8) (5 3)] (2)] #
eal (13)6(5 )] (F)]
eal (3 0) [ 5(5 ) ()]
wal (55) 405 7)1 (L))
wan (D) 5(5 ) 1(5)) o

From this data, we see that there are four basic feasible solutions to the

problem. We tabulate them below:—

’ B ‘ X ‘ Cost, ‘
{1,2} | (1,2,0,0,0) 11
9 7
{273} (07 5 57070) 10
{2,4} | (0,3%,0,5,0) | 2 =14.529. ..
26 7 139 __
{2,5} | (0,%,0,0,%) | 22 =15.444...
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4.6 A Linear Tableau Example

Example Consider the problem of minimizing c¢’x subject to constraints
Ax = b and x > 0, where

12335 13
A=[23123], b=| 13|,
4251 4 20

c"=(24314).

As usual, we denote by A;; the coefficient of the matrix A in the ith row
and jth column, we denote by b; the ith component of the m-dimensional
vector b, and we denote by ¢; the jth component of the n-dimensional vec-
tor c.

We let al9) be the m-dimensional vector specified by the jth column of
the matrix A for j =1,2,3,4,5. Then

1 2 3
a=121], a®@=(3 |, a®=1[ 1],
4 2 )
3 )
a® =1 2 and a® =1 3
1 4

A basis B for this linear programming problem is a subset of {1,2,3,4,5}
consisting of distinct integers ji, j2, j3 for which the corresponding vectors
alv) al2) als) constitute a basis of the real vector space R2.

Given a basis B for the linear programming programming problem, where
B = {j1,Jjo,Js}, we denote by Mp the matrix whose columns are specified
by the vectors at"), at2) and a¥3). Thus (Mp)ix = A;j, for i =1,2,3 and
k=1,2,3. We also denote by cg the 3-dimensional vector defined such that

T _
CB_(le Cjp  Cjs )

The ordering of the columns of Mp and cp is determined by the ordering
of the elements ji, jo and j3 of the basis. However we shall proceed on the
basis that some ordering of the elements of a given basis has been chosen,
and the matrix Mp and vector cg will be determined so as to match the
chosen ordering.

Let j1 =1, jo = 2 and j3 = 3, and let B = {j1, 72,73} = {1,2,3}. Then
B is a basis of the linear programming problem, and the invertible matrix
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Mp determined by aU#) for k = 1,2, 3 is the following 3 x 3 matrix:—

Mp =

_~ N
N W DN
Ot — W

This matrix has determinant —23, and

3 4 7
B 13 —4 -7 -3 = &
-1 __ _ 6 7 5
Mg =25 | =6 =T 5 |=| %5 xm ~=n
8 6 1
Then
1 0 0
Mgla® = 0 |, Mz'a® = 1|, Mz'a® =10 |,
0 1
_24 _2
23 23
Mglaw = 3—; and M;a(‘r’) = %
13 26
23 23
Also
1
Mzg'b=| 3
2

It follows that x is a basic feasible solution of the linear programming prob-

lem, where
x'=(13200).

The vectors al, a®® a® a® al® b, e, e® and e® can then be ex-
pressed as linear combinations of a a® a® with coefficients as recorded
in the following tableau:—

al a®@ a@ 2@ 26 [p e @ 6B
a | 1 o o -z -1 -8 4 I
SO B MR
a® | 0 o0 1 2 %2 & 5 L

There is an additional row at the bottom of the tableau. This row is
the criterion row of the tableau. The values in this row have not yet been
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calculated, but, when calculated according to the rules described below, the
values in the criterion row will establish whether the current basic feasible
solution is optimal and, if not, how it can be improved.

Ignoring the criterion row, we can represent the structure of the remainder
of the tableau in block form as follows:—

a) ... a®] b le® ... &B®

Mg'A Mz'b Mg*

We now employ the principles of the Simplex Method in order to deter-
mine whether or not the current basic feasible solution is optimal and, if not,
how to improve it by changing the basis.

Let p be the 3-dimensional vector determined so that

T _ T rp-1
p’ =cgMy .

Then p” Mp = c%, and therefore pTal*) = ¢;, for k = 1,2,3. It follows that

(p"A); = ¢; whenever j € B. Putting in the relevant numerical values, we
find that

P’ Mp=cp=1_(cy ¢, ¢ )=(c1 2 c5)=(2 4 3),
and therefore

T -1 _ (22 18 -3
P =(243)M;'=(% 5 %)
We enter the values of p;, po and ps into the cells of the criterion row
in the columns labelled by e, e® and e® respectively. The tableau with
these values entered is then as follows:—

a0 a® a® a® a0 [ blel o@ &0
1 24 25 13 4 7
2 27 31 6 7 5
3 13 26 8 6 1
2 18 _3
23 23 23

The values in the criterion row in the columns labelled by eV, e and
e® can be calculated from the components of the cost vector ¢ and the values
in these columns of the tableau. Indeed let r; , = (Mgl)i,k for i =1,2,3 and

3)

79



k =1,2,3. Then each r; is equal to the value of the tableau element located
in the row labelled by aU) and the column labelled by e*). The definition
of the vector p then ensures that

Dk = CjyT1k + CjpT2k + CjsT3k

for k = 1,2, 3, where, for the current basis, j; = 1, jo = 2 and j3 = 3.

The cost C of the current basic feasible solution x satisfies C' = c¢’x.
Now (p?'A); = ¢; for all j € B, where B = {1,2,3}. Moreover the current
basic feasible solution x satisfies ; = 0 when j ¢ B, where z; = (x); for
j=1,2,3,4,5. It follows that

5
C—p'b = c"x—p'Ax=> (¢; — (p"A);)z;
j=1
= > (= (P"A)))z; =0,
j€B

and thus

C=c'x=p’b.
Putting in the numerical values, we find that C' = 20.

We enter the cost C' into the criterion row of the tableau in the column
labelled by the vector b. The resultant tableau is then as follows:—

aD 2@ a® a® a0 [ b | e o@ @
T o 0 B BB & %
0 10 E %3 & F -3
@0 o 1 B #|2% % &

n|F B %

Let s; denote the value recorded in the tableau in the row labelled by at%?)
and the column labelled by b for ¢ = 1,2,3. Then the construction of the
tableau ensures that

b= sla(jl) + 32a(j2) + 33a(j3),

and thus s; = x;, for i = 1,2, 3, where (21, x2, x3, 24, z5) is the current basic
feasible solution. It follows that

C= Cj 81 + Cjy 82 -+ Cj383,

where, for the current basis, j; = 1, jo = 2 and j3 = 3. Thus the cost of the
current basic feasible solution can be calculated from the components of the
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cost vector ¢ and the values recorded in the rows above the criterion row of
the tableau in the column labelled by the vector b.
We next determine a 5-dimensional vector q such that ¢ = p7A + q”.

We find that

—qf = pTa—¢T

1 2335
= (2 £ ) 23123
4 2 5 1 4
(2 431 4)
(2 ™2 )—(24314)
(0 % 5)

Thus

QI:07 92:07 Q3:07 Q4:_;_§7 Q5:_%

The 4th and 5th components of the vector q are negative. It follows that
the current basic feasible solution is not optimal. Indeed let X be a basic
feasible solution to the problem, and let 7; = (X); for j = 1,2,3,4,5. Then
the cost C of the feasible solution X satisfies

C = cx=plAx+q'x=p'b+q'x=C+q'x
- 2374 237

It follows that the basic feasible solution X will have lower cost if either 7, > 0
or x5 > 0.

We enter the value of —g; into the criterion row of the tableau in the
column labelled by a¥) for j = 1,2, 3,4,5. The completed tableau associated
with basis {1,2,3} is then as follows:—

al 2@ 40 4@ 46 [ p [ e @ O
R R T
a®l 0 1 o 2 H|3| % L -2
a0 0 1 B Bl2)F -5 &

o o0 o0 © Kil20|2 2 -2

We refer to this tableau as the extended simplex tableau associated with
the basis {1, 2, 3}.
The general structure of the extended simplex tableau is then as follows:—
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aD 2@ a® a® a0 [ b le® @ O

aly |ty tie tiz tia tis | S1| Tia T2 T3
al2) | 1oy ton  taz toa  tas | S2 | Ton Too Tog
als) ts1  tzo t33 lza l3s5 | S3|T31 T2 T3

-1 —¢ —q¢ —q —q¢|C| nm D2 P3

where ji, jo and j3 are the elements of the current basis, and where the
coefficients ¢; ; s; and 7, are determined so that

3

3 3
al) — Zti,ja(ji)7 b = Z Sia(ji), e — Z Ti,ka(ji)
i=1 1=1

i=1
for j=1,2,3,4,5and k =1, 2,3.

The coefficients of the criterion row can then be calculated according to
the following formulae:—

3 3 3
Pk = chﬂ“i,k, C= Zpibi, —q; = ZpiAi,j — G-
=1 =1 =1

The extended simplex tableau can then be represented in block form as
follows:—

a®d ... a® [ p [e® ... &®
g MG'A Mg;'b My?
a(]3)
pTA_cT pr pT

The values in the criterion row in any column labelled by some a) can
also be calculated from the values in the relevant column in the rows above
the criterion row.

To see this we note that the value entered into the tableau in the row
labelled by aU) and the column labelled by al@) is equal to t; ;, where ¢, ;
is the coefficient in the ith row and jth column of the matrix My, TA. Also
pl =cEMy', where (cp); = ¢j, for i = 1,2,3. It follows that

3
pTA = CgMB?lA = chiti,j'
i=1

Therefore

T
- = (P A)j—q
= Culiy + Cila; + Cigtsj — ¢
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for j =1,2,3,4,5.
The coefficients of the criterion row can then be calculated according to
the formulae

3 3 3
Pr = E Cj;Ti ks C= E Cj;Si, —qj = E cili; — ¢
i=1 i=1 i=1

The extended simplex tableau can therefore also be represented in block
form as follows:—

NORSNG) b oD .. o
aln)
: Mg'A Mz'b Mg!
als)

cEM A —cT | cEMy'D cEM?

We now carry through procedures for adjusting the basis and calculating
the extended simplex tableau associated with the new basis.

We recall that the extended simplex tableau corresponding to the old
basis {1,2,3} is as follows:—

al 2@ 40 4@ 46 [ p [ e @ O
R I R
a0 10 B B3 & & F
a0 0 1§ Bl2) % -5 3

0 0 o 2z 8l20 2 2 -2

We now consider which of the indices 4 and 5 to bring into the basis.
Suppose we look for a basis which includes the vector al® together with
two of the vectors al, a® and a®. A feasible solution X with 75 = 0 will
satisfy
X' = (143N 3—ZX 2—-28X X 0),

where A = 7;. Indeed A(X — x) = 0, where x is the current basic feasible
solution, and therefore

(@ — Da + (7, — 3)a® + (73 — 2)a® + 72" = 0.

Now

4) __ 24 (1 27 (2 13 .,(3
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It follows that
(fl —1- %54)3(1) + (fQ -3+ %54)3(2) + (f3 -2+ %@)a(?’) =0.

But the vectors a, a® and a® are linearly independent. Thus if Z, = A
and T5 = 0 then
T1—1-2XA=0, Zp—-3+3A=0, T3—2+5A=0,

and thus
Ti=1+2\ T=3-2X T3=2-2\

For the solution X to be feasible the components of X must all be non-
negative, and therefore A must satisfy

)\gmin(?)x%, QX%).

Now 3 x 3—‘; = g—g ~ 2.5669 and 2 x % = % ~ 3.54. Tt follows that the maximum

possible value of A is 5z. The feasible solution corresponding to this value of

A is a basic feasible solution with basis {1, 3,4}, and passing from the current

basic feasible solution x to the new feasible basic solution would lower the

cost by —qu), where —gu\ = 28 x 8 = 228 ~ 8 44,

We examine this argument in more generality to see how to calculate the
change in the cost that arises if an index 7 not in the current basis is brought
into that basis. Let the current basis be {j1, jo, js}. Then

and . . . .
al) = tl,ja(h) + t27ja(32) + tgyja(”).

Thus if X is a feasible solution, and if (X);; = 0 for j & {J1, ja, J3,j}, then
7;a) +7;,a0) £ 75203 1700 —b=0.
Let A = ;. Then
(Tj, + M1y — 51)a") + (T, + Mo — s9)al) 4+ (T, + M3 — s3)a® = 0.

But the vectors a¥t), at2) als) are linearly independent, because {j1, ja, js }
is a basis for the linear programming problem. It follows that

fji = S; — )\ti,j
fori=1,2,3.
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For a feasible solution we require A > 0 and s; — M, ; > 0 for ¢ = 1,2, 3.
We therefore require

ogAgmin(;—i:tm>0).
.3
We could therefore obtain a new basic feasible solution by ejecting from the

current basis an index j; for which the ratio — has its minimum value, where

l?j
this minimum is taken over those values of 7 for which ¢, ; > 0. If we set A
equal to this minimum value, then the cost is then reduced by —g;A.

With the current basis we find that sy/tys = % and s3/ty3 = %. Now

% < %. It follows that we could bring the index 4 into the basis, obtaining
a new basis {1,3,4}, to obtain a cost reduction equal to %, given that
76 ., 69 _ 228 .

23 X 97 = 73 ~ 8.44.

We now calculate the analogous cost reduction that would result from
bringing the index 5 into the basis. Now sy/t50 = % and s3/ts3 = 3—2.
Moreover 3—2 < %. It follows that we could bring the index 5 into the basis,
obtaining a new basis {1, 2,5}, to obtain a cost reduction equal to % X % =
12160 ~ 4.62.

We thus obtain the better cost reduction by changing basis to {1,3,4}.

We need to calculate the tableau associated with the basis {1,3,4}. We
will initially ignore the change to the criterion row, and calculate the updated
values in the cells of the other rows. The current tableau with the values in

the criterion row deleted is as follows:—

al a®@ a@ 2@ 26 [p | e®d @ 6B
a | 1 o o -z -1, -8 4 I
SO B MR
a® | 0 o0 1 2 %2 & 5 L

Let v be a vector in R? and suppose that

Now
a(4) — —%a(l) _l_ %a@) + é_gaw).
On multiplying this equation by 3—?, we find that
g_;;’a(4) — —%a(l) + a(2) _|_ ;_?;a(:g)’
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and therefore

2) 24 (1 23,4 13 .,(3

It follows that
v = (1 + Szp0)alh + Zpoal® + (g — Fpus)a,

and thus
ph= i E e, iy = e, = i3 — .

Now each column of the tableau specifies the coefficients of the vector
labelling the column of the tableau with respect to the basis specified by the
vectors labelling the rows of the tableau.

The pivot row of the old tableau is that labelled by the vector a'® that
is being ejected from the basis. The pivot column of the old tableau is that
labelled by the vector a® that is being brought into the basis. The pivot
element of the tableau is the element or value in both the pivot row and the
pivot column. In this example the pivot element has the value %

We see from the calculations above that the values in the pivot row of the
old tableau are transformed by multiplying them by the reciprocal 3—37’ of the
pivot element; the entries in the first row of the old tableau are transformed
by adding to them the entries below them in the pivot row multiplied by the
factor g—‘;; the values in the third row of the old tableau are transformed by
subtracting from them the entries above them in the pivot row multiplied by
the factor ;—?7’

Indeed the coefficients t; j, s, 7y, t; ;, s; and r;, are defined for i = 1,2, 3,
j=1,2,3,4,5and k=1,2,3 so that

3 3
al) — Z ti,ja(ji) _ Z t;7ja(j§)7
=1 =1

3 3
— § Ji _§ ! o (i
=1 i=1
3 3

ek Zﬁ,ka(j")ZZT;ka(ma

i=1 i=1

Wherej1 :ji = 1,j3:jé:3, j2:2 andjé:4
The general rule for transforming the coefficients of a vector when chang-
ing from the basis a),a®, a® to the basis a¥,a® a® ensure that
1

. = —ty.
2,5 2,9
o4

)
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t;j = tij— ta,; (Z =1, 3)
’ toy
, 1
s, = —s
2 2
o4
i
s = si———sy (i=1,3)
l24
, 1
Tok — ; 2,5,
2.4
t,
/ 2,4 .
Tik = Tik— ror  (1=1,3).
o4

The quantity t 4 is the value of the pivot element of the old tableau. The
quantities t3;, so and 7y are those that are recorded in the pivot row of
that tableau, and the quantities ¢; 4 are those that are recorded in the pivot
column of the tableau.

We thus obtain the following tableau:—

aD 2@ a® a® a0 | b | ed @ O

5 P! 3 (w9 12 3
a 1 27 0 0 27 | 27 27 27 27

(4) 23 3 (6| 6 1 _ 5
a 0 27 0 1 27 | 27 | 27 27 27

3) 13 B (1| 6 _u o4
a 0 T 0 27 |27 | 27 27 o1

The values in the column of the tableau labelled by the vector b give
us the components of a new basic feasible solution x’. Indeed the column
specifies that

27 27
and thus Ax’ = b where

T=(2 0 £ 2 o)

We continue the discussion of how the extended simplex tableau trans-
forms under a change of basis.

We now calculate the new values for the criterion row. The new basis B’
is given by B’ = {j1, 75, j5}, where j; = 1, j5 = 4 and j; = 3. The values p/,
ph and p4 that are to be recorded in the criterion row of the new tableau in
the columns labelled by e, e® and e® respectively are determined by the
equation

Pl = CT1 g + CinTo g + CiTa g
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for k = 1,2, 3, where

cji:01:2, cjé:c4:1, Cjé:C:),:?),

and where r;, denotes the ith component of the vector e®) with respect to
the basis a®, a® al® of R3.

We find that
;) Ll Iy /
b1 = CpTryq T CiToq T CjtTs
_ 9 6 6 _ 6
= QX( 27)+1X27+3X27_277
/ / / /
P2y = CjT19+ CipTan +CjiT3
_ 12 T Ly _ 2
—2X27+1X27+3X( 27)‘ 27
/ / / /
Py = CjTy3+ CjsTa3+ CjiTa3

3 5 4 13

We next calculate the cost C’ of the new basic feasible solution. The
quantities s, sy and s} satisfy s; = 2’ for i = 1,2, 3, where (7, 3, 73, 7}, 75)
is the new basic feasible solution. It follows that

r / / /
C' = Cjt 81 + Cj1 59 + Cj, S35
where s1, s and s3 are determined so that
-/ -/ -/
b = s/alt) + shal) 4 gLalis),

The values of s}, s, and sj have already been determined, and have been
recorded in the column of the new tableau labelled by the vector b.
We can therefore calculate C” as follows:—

r / / ’ / / /
_ 99, 69 15 _ 312
- 2X27+27+3X27_27'

Alternatively we can use the identity ¢’ = p'?'b to calculate C’ as follows:
C' = phby + Phbs + by = & x 13 — 2 x 13 + 13 x 20 = 22,

We now enter the values of p}, p), p4 and C’ into the tableau associated
with basis {1,4,3}. The tableau then takes the following form:—

a0 a® a® a® a® ] b le® o@ o@
) 2 3 [®w | _9 12 3
a 1 27 0 0 27 | 27 27 27 27
(4) 23 3|6 | 6 1 _5
a 0 27 0 1 27 | 27 | 27 27 27
3) 13 13|15 ¢ _u 4
a 0 T 0 27 | 27 | 27 27 27
33| 6 _2 13
27 | 21 23 23
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In order to complete the extended tableau, it remains to calculate the
values —q; for j = 1,2,3,4,5, where ¢; satisfies the equation —q; = pTa;—c;
for j =1,2,3,4,5.

Now ¢} is the jth component of the vector q' that satisfies the matrix
equation —q'7 = pTA — cT. It follows that

_q/T — p/TA_CT

1 2335
:(2%;_7253) 2 31 2 3
4 2 5 1 4
-(2 4314)
= (2231 Z)-(24314)
= (0 -F 00 -32)
Thus
76 _ 32

=0, ¢a=%, =0, ¢=0, ¢ =53
The value of each q} can also be calculated from the other values recorded
in the column of the extended simplex tableau labelled by the vector al?).

Indeed the vector p’ is determined so as to satisfy the equation p7al") = cjr
for all j* € B'. Tt follows that

3 3
T, (j) _ 1T () Yy
pravi =) lpra’t =) cjl;,
i—1 i=1
and therefore
3
—q; = Zcﬁti,j Cj.
i=1

The extended simplex tableau for the basis {1, 4,3} has now been com-
puted, and the completed tableau is as follows:—

a0 2@ a® a® a0 | b e o@ b
) 2 3 w9 12 3
a 1 27 0 0 27 27 27 27 27

(4) 23 st [ | 6 1 5

a 0 27 0 1 27 27 27 27 27
3) 1 B |6 u o4
a 0 T 0 27 27 | 27 27 27
76 32 | 312 | 6 2 13
0 z 0 0 27 | 27 | 27 23 23

The fact that qg. > 0for j =1,2,3,4,5 shows that we have now found our
basic optimal solution. Indeed the cost C of any feasible solution X satisfies

6 _ CTK — p/TAf—i- q/Tf — p/Tb + q/Tf
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—_ Cl + q/Ti
76 32
= O+ =T+ 27
P TAIT
where Ty = (X)2 and T5 = (X)s.
Therefore x’ is a basic optimal solution to the linear programming prob-

lem, where

T=(2 0 £ 2 o)

It is instructive to compare the pivot row and criterion row of the tableau
for the basis {1, 2, 3} with the corresponding rows of the tableau for the basis
{1,4,3}.

These rows in the old tableau for the basis {1, 2,3} contain the following
values:—

aD 2@ a® a® a0 b led @ O

a® 0 1 o Z &3] L& T _5

23 23 23 23 23
76 60 22 18 3
0 0 0 23 23 20 23 23 23

The corresponding rows in the new tableau for the basis {1,4, 3} contain
the following values:—

al a® a® a® a0 | b el @ oO
4 23 31 69 6 7 5
a® o 20 1 H|Z|F £ -3
76 32 312 6 2 13
0 —% 0 0 =5%1%|% —3 5

If we examine the values of the criterion row in the new tableau we find
that they are obtained from corresponding values in the criterion row of the
old tableau by subtracting off the corresponding elements of the pivot row of
the old tableau multiplied by the factor %. As a result, the new tableau has
value 0 in the cell of the criterion row in column a®. Thus the same rule
used to calculate values in other rows of the new tableau would also have
yielded the correct elements in the criterion row of the tableau.

We now investigate the reasons why this is so.

First we consider the transformation of the elements of the criterion row
in the columns labelled by a) for j = 1,2,3,4,5. Now the coefficients tij

and t} ; are defined for i = 1,2,3 and j = 1,2,3,4,5 so that

3 3
al) — Ztma(ji) _ Z tfi’ja(jé)’
=1

i=1
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where j; = 71 =1, j3 = j5 = 3, jo = 2 and j, = 4. Moreover

and

Now

=1
= Cltl,j + Cgtzj + Cgt37j — Cj,
3

, — >/ — .
— = Y et

Therefore

%‘—CJ} =

and thus

for j =1,2,3,4,5.
Next we note that

C

Cl

Therefore
c'—-C

i=1

/ / /
- Cltl,j + C4t27j + C3t37j - Cj.

C1 (tlljj — tl,j) + C4t/27j — CQtQJ‘ + Cg(téJ — t37]‘)

— (—citia+ ¢4 — catog — catsa) to
2.4

d4
o
to4
/ q4
;=G Tty
Lo,
3
= E Cj;Si = C151 + C2S2 + C3S3,
i=1

3

o ! / / /

= Cj1S; = €181 1 €485 + C383.
=1

/ _—

= ¢1(8] — s1) + a8y — 282 + c3(s5 — 83)

= — (—citia+cq — catog — Cstzg) So

o4
q4

lo4
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and thus
C'=C+ s,
o4
for k =1,2,3.
To complete the verification that the criterion row of the extended simplex
tableau transforms according to the same rule as the other rows we note that

3

Pr = g Cj;Tik = C1T1k T CoTo k. + C3T3 1,
i=1
3
/ _ /o / ! /
D = CjiTi g = C1Ty ) T CaTy  + C3T3 .
i=1
Therefore
/ / / /
Py =Pk = 01(7“17;.C — k) + C4To ) — CoTak + Cg(?‘wC —Tr3k)
1
= (—cit1a+ ca — cala g — Catza) To
o4
4 ,
= Tk
o4
and thus ¢
/ 4
Py =Pk + — T2k
toy
for k =1,2,3.

This completes the discussion of the structure and properties of the ex-
tended simplex tableau associated with the optimization problem under dis-
cussion.

4.7 The Extended Simplex Tableau

We now consider the construction of a tableau for a linear programming
problem in Dantzig standard form. Such a problem is specified by an m x n
matrix A, an m-dimensional target vector b € R™ and an n-dimensional
cost vector ¢ € R". We suppose moreover that the matrix A is of rank m.
We consider procedures for solving the following linear program in Danzig
standard form.

T

Determine x € R™ so as to minimize c*x subject to the con-

straints Ax =b and x > 0.
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We denote by A;; the component of the matrix A in the ith row and
jth column, we denote by b; the ith component of the target vector b for
t=1,2,...,m, and we denote by ¢; the jth component of the cost vector c
for j=1,2,...,n.

We recall that a feasible solution to this problem consists of an n-dimensional
vector x that satisfies the constraints Ax = b and x > 0 (see Subsection 4.2).

A feasible solution of the linear programming problem then consists of non-

negative real numbers x, s, ..., x, for which
n
Z xja(J) = b.
j=1
A feasible solution determined by x1, xo, ..., x, is optimal if it minimizes cost

> c¢;x; amongst all feasible solutions to the linear programming problem.
=1
’ Let j1,72,...,Jm be distinct integers between 1 and n that are the ele-
ments of a basis B for the linear programming problem. Then the vectors al?)
for j € B constitute a basis of the real vector space R™. (see Subsection 4.4).
We denote by Mp the invertible m x m matrix whose component (M); x in
the ith row and jth column satisfies (Mpg); = (A);j, for i,k =1,2,...,m.
Then the kth column of the matrix Mp is specified by the column vector
aUr) for k = 1,2,...,m, and thus the columns of the matrix Mz coincide
with those columns of the matrix A that are determined by elements of the
basis B.

Proposition 4.3 Let A be an m X n matrix with real coefficients that is of
rank m whose columns are represented by the column vectorsa®™, a® ... a®™,
let b be an m-dimensional column vector, and let B = {j1, 52, Jm},
where ji, ja, ..., jm are integers between 1 and n for which the correspond-
ing columns atv) al2) . alm) of the matriz A are linearly independent.
Let Mg be the invertible m x m matriz defined so that (Mp)r = Aij, for
i,k =1,2,...,m. Then there are uniquely determined real numbers t; ; and
s; fori=1,2,....m and j =1,2,...,n for which

al) = Zti,ja(ji) and b = Z Sia(ji).
i=1 i=1
Moreover

m
tij = § i A,
k=1
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fori=1,2,....mandj=1,2,....n, and

m
S; = E T‘z,kbk
k=1

forj=1,2,....n, where rip = (Mg')ix forik=1,2,... ,m.

Proof Every vector in R™ can be expressed as a linear combination of the

basis vectors at"), al2) . aUm) It follows that there exist uniquely deter-
mined real numbers ¢, ; and s; for ¢ = 1,2,...,m and j = 1,2,...,n such
that

al) — Z ti,ja(ji) and b= Z sia(ji).
=1 =1

Then

n

Ai,j - Ztk,inJ‘k == Z(MB)i,ktk,j
k=1

k=1

and
n

bi = Z SkAi,jk - Z(MB)i,kSk-
k=1

k=1

Thus a¥) = Mzt and b = Mpgs for j = 1,2,...,n, where t¥) and s denote
the column vectors that satisfy (t)); = ¢;; and (s); = s; fori = 1,2,...,m.
It follows that

tW) = Mgla(j) and s= Mg'b

for j=1,2,...,n. Thus

tij = (Mgla(j))i - Zri,kAk,j
k=1

fori=1,2,...,mand j=1,2,... n, and

si=(Mg'b); = ZTz‘,kbk
k=1
for i = 1,2,...,m, where r;, = (Mz");y, for i,k = 1,2,...,m. This com-

pletes the proof. |}

Let A be an m x n matrix with real coefficients that is of rank m whose
columns are represented by the column vectors al,a® ... a®™ and let
B = {j1,j2,-- -, Jm}, where ji,Jo,...,jm are integers between 1 and n for
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which the corresponding columns a") at2) . aUm) of the matrix A are
linearly independent. Let Mp be the invertible m x m matrix defined so that
(MB)i,k = Ai,jk for i, k= ]_, 27 cee, .

The standard basis e, e®, ... e(™ of R™ is defined such that (e®); =
dir for i,k =1,2,...,m, where ¢,, is the Kronecker delta, defined such that

5o [ 1ifk=i
T 0 if kA

It follows from Proposition 4.3 (with the column vector b of that proposition
set equal to e®)) that

:iir7 ha( Zrlka

i=1 h=1

where 7; 1 is the coefficient (Mg I)M in the 7th row and kth column of the
inverse Mg L of the matrix Mp.

Let A be an m x n matrix of rank m with real coefficients, and let b be
an m-dimensional vector, and let {j1,j2,...,Jm} be a subset of {1,2,... n}
for which the corresponding columns at) al2) . alm) of the matrlx A
are linearly independent. We can then record the coefficients of the m-
dimensional vectors

al), a® .. a®™ b, eV, e? ... e™
with respect to the basis alv, al2) ... alm) of R™ in a tableau of the fol-
lowing form:—
a®d a®@ .. g | p | e® @ ... em
a(]:l) tig tipg o0 tin | ST | Ti1 T2 ot Tim
al2) log  lop -+ ton | S2 | o1 To2 ottt Tom
a(jm) tm,l tm,Q Tt tm,n Smo | Tm,1 Tm,2 " Tmm
The definition of the quantities ¢;; ensures that t,; = ;) for i =
1,2,...,m, where
P 1 ifi=k;
T 0 if i # ke

Also it follows from Proposition 4.3 that

m
tij = E i A
k=1
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fori=1,2,...,mand j=1,2,... n, and

m
S; = E Ti,kbk
k=1

fori=1,2,...,m.

If the quantities sq, s9,..., S, are all non-negative then they determine a
basic feasible solution x of the linear programming problem associated with
the basis B with components x4, z3, ..., 2,, where x;, = s, fori =1,2,...,m
and x; = 0 for all integers j between 1 and n that do not belong to the
basis B. Indeed

2": xja(j) _ Zm: xjia(ji) — Zm: Sia('ji).
j=1 i=1 i=1

The cost C of the basic feasible solution x is defined to be the value ¢’ x of

the objective function. The definition of the quantities s, ss, .. ., s,, ensures
that
n m
C= ch:cj = Z%Si-
j=1 i=1
If the quantities s, s9,...,s, are not all non-negative then there is no

basic feasible solution associated with the basis B.
The criterion row at the bottom of the tableau has cells to record quan-

tities pq, po, . .., pm associated with the vectors that constitute the standard
basis e, e, ... e(™ of R™. These quantities are defined so that
m
Dr = Z CjiTik
i=1
for k =1,2,...,m, where ¢;, is the cost associated with the basis vector ali)
fori=1,2,...,k, Now the quantities r;; are the components of the inverse

of the matrix Mg, and therefore

m
E rh,kAk,ji = 5h,i
k=1

for h,2=1,2,...,m, where
P 1 if h =1;
METL 0 if b £
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It follows that

m m m m m
E PR, = § E CjTh Ak j, = E Cjy § ThiArg | = ¢
k=1

k=1 h=1 h=1

On combining the identities

m m m
S; = E rikbe, D= g c;,rir and C = E Cj;Si
k=1 i=1 i=1

derived above, we find that

m m m m
O=2 eisi= DD ciminbe =3 pibu
i=1 i=1 k=1 k=1
The tableau also has cells in the criterion row to record quantities
—q1, =42, ..., —qn,
where ¢1, qo, . . ., ¢, are the components of the unique n-dimensional vector q

characterized by the following properties:
e g, =0fore=1,2,...,m;
o c'x = C + q'x for all X € R™ satisfying the matrix equation AX = b.

First we show that if g € R" is defined such that q7 = ¢? — p’ A then
the vector q has the required properties.
The definition of py, po, ..., px ensures (as noted above) that

m
§ PeArj = ¢,
k=1

fori=1,2,...,k. It follows that
95; = G — (pTA)ji =G — Zpk’Ak’Ji =0
k=1

fori=1,2,...,n.
Also p’b = C. It follows that if X € R" satisfies AX = b then

cx=pAx+q'x=p'b+q'x=C+q'x
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Thus if g7 = ¢” — p? A then the vector q satisfies the properties specified
above.
We next show that

(PTA); =D citi
=1

for j=1,2,...,n.
Now

m

tig = TisAr;

k=1

for i = 1,2,...,m and j = 1,2,...,n. (see Proposition 4.3). Also the
definition of p; ensures that

m
Pr = E C5iTik
=1

for k =1,2,...,m. These results ensure that
m m m m
D ety =YY cirinAr; = peAr; = (pTA);.
=1 i=1 k=1 k=1
It follows that
m m
—gj =Y prAry— = Y citiy— ¢
k=1 i=1

for j=1,2,...,n.

The extended simplex tableau associated with the basis B is obtained
by entering the values of the quantities —g; (for j = 1,2,...,n), C and py
(for k =1,2,...,m) into the bottom row to complete the tableau described
previously. The extended simplex tableau has the following structure:—

a(l) a(2) . a(n) b e(l) 9(2) e e(m)
a(Jil) tig tig 0 tim | ST | Tia Ti2 ot Tim
al2) tog taa o+ tay | S2 | To1 T22 ottt Tam
a(jm) tm,l tm,2 e 2fm,n Sm | Tm1 Tm2 *°° Tmm

-1 ¢ - —Gqu | C | p p2 o DPm

The extended simplex tableau can be represented in block form as follows:—
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a(l) e a(n) b e(l) e e(m)
Mg'A Mg'b Mg?
a(]m)
pTA _ CT pr pT

Let cg denote the m-dimensional vector defined so that

T— . . .« . .
Cg = ( Cj1 Cjy Cim )

The identities we have verified ensure that the extended simplex tableau can
therefore also be represented in block form as follows:—

a® .. ™ b le® ... om
aln)
: Mg'A Mz'b Mg?
alim)

cEMZ'A—cT | cEM5'D cEmy?

Given an m x n matrix A of rank m, an m-dimensional target vector b,
and an n-dimensional cost vector c, there exists an extended simplex tableau
associated with any basis B for the linear programming problem, irrespective
of whether or not there exists a basic feasible solution associated with the
given basis B.

The crucial requirement that enables the construction of the tableau is
that the basis B should consist of m distinct integers 71, ja, . . ., Jm between
1 and m for which the corresponding columns of the matrix A constitute a
basis of the vector space R™.

A basis B is associated with a basic feasible solution of the linear pro-
gramming problem if and only if the values in the column labelled by the
target vector b and the rows labelled by atV) a2 ... alm) should be non-
negative. If so, those values will include the non-zero components of the basic
feasible solution associated with the basis.

If there exists a basic feasible solution associated with the basis B then
that solution is optimal if and only if all the values in the criterion row in
the columns labelled by a®,a® ... a( are all non-positive.

Versions of the Simplex Tableau Algorithm for determining a basic op-
timal solution to the linear programmming problem, given an initial basic
feasible solution, rely on the transformation rules that determine how the
values in the body of the extended simplex tableau are transformed on pass-
ing from an old basis B to an new basis B’, where the new basis B’ contains
all but one of the members of the old basis B.
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Let us refer to the rows of the extended simplex tableau labelled by the
basis vectors all), a® ... a(™ as the basis rows of the tableau. The following
lemma determines how elements of the basis rows of the tableau transform
under changes of column bases that replace a single column of an initial basis
by another column that is linearly independent of the remaining columns of
that initial basis.

Lemma 4.4 Let A be an m x n matrix of rank m with real coefficients,

let j1,J2, ..., Jm be distinct integers between 1 and n, let h be an integer
between 1 and m, and let 31,75, ..., 7., be distinct integers between 1 and
n, where j; # jn and j; = ji for i # h. Suppose that the column vec-
tors a) a2 . alm) gre linearly independent, and that the column vec-
tors aUD alz) . alm) gre also linearly independent, where a¥) denotes the
Jth column of the matriz A. Let v be an element of R™, let z1, 29, ..., Zm,
21525y 2y tigrstage, .t denote the uniquely-determined real num-
bers for which
m m
i=1 i=1
and
aln) — Zt y ;La(Jz
Then
, 1
Zh —
th,jﬁ
and

, i, :
z; =2 — zn (i # h).

1
th,j!

Proof Expressing the vector v as a linear combination of at4) and the vec-
tors als) for i # j, and then substituting in the representation of als) as a
linear combination of at*), at2) alm) and using the requirement that j/ = 7;
when ¢ # h, we find that

v = Zm:zga(j;‘)
_ zhafh + Z a(]z

1<i<m
i#h
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= Ztnga™ b Y (24 2ty )al.
1<i<m
i#h
Equating coefficients of att), al2) . aUm) we deduce that

/
Zp = zhth%

and
zi = 2z + 2Zti g (1 <i<mandi#h).
It follows that

I
h.g;,

and

as required. |}

We now apply Lemma 4.4 in order to determine how entries in the basis
rows of the extended simplex tableau transform which one element of the
basis is replaced by an element not belonging to the basis.

Thus we consider the manner in which the basis rows of the extended
simplex tableau transform under such a change of basis. Let A be be m x n
matrix of rank m and let b be the m-dimensional target vector that are
employed in the specification of the linear programming problem. Let the
old basis B consist of distinct integers ji, jo, ..., Jm between 1 and n, and
let the new basis B’ also consist of distinct integers ji, j5, ..., j,, between 1
and n. We suppose that the new basis B’ is obtained from the old basis by
replacing an element jj, of the old basis B by some integer j; between 1 and
n that does not belong to the old basis. We suppose therefore that j; = j!
when i # h, and that j; is some integer between 1 and n that does not belong
to the basis B.

Let the coefficients t;;, t};, si, si, rix and r;; be determined for i =
1,2,....m,5=1,2,....,nand k=1,2,...,m so that

al) — Z ti7ja(ji) _ Z t;’ja(j{-)
=1 =1

for j=1,2,...,n,

m m

b= ; (4i) — ; (47
Zsa ;33

i=1
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and . .
elk) — kaa(a’i) _ Z r;7ka(j£)
i=1 i=1

for k=1,2,...,m.
It then follows from direct applications of Lemma 4.4 that

, 1
thy = th—,lth,ja
Jh
tio
/ _ 7’7]h .
by = gty (7 R)
7.]h
, 1
Sh == 8h7
th.g,

th.j,
1
Thi = P Th.k>
h.jp,
te o
/ . (2%} 8 .
ik = Tik = 7Tk (0 D).
hu]h

The pivot row of the extended simplex tableau for this change of basis
from B to B’ is the row labelled by the basis vector at») that is to be removed
from the current basis. The pivot column of the extended simplex tableau
for this change of basis is the column labelled by the vector als) that is to
be added to the current basis. The pivot element for this change of basis is
the element ¢, ;; of the tableau located in the pivot row and pivot column of
the tableau.

The identities relating the components of a¥), b and e® with respect
to the old basis to the components of those vectors with respect to the new
basis ensure that the rules for transforming the rows of the tableau other
than the criterion row can be stated as follows:—

e a value recorded in the pivot row is transformed by dividing it by the
pivot element;

e an value recorded in a basis row other than the pivot row is transformed
by substracting from it a constant multiple of the value in the same
column that is located in the pivot row, where this constant multiple
is the ratio of the values in the basis row and pivot row located in the
pivot column.
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In order to complete the discussion of the rules for transforming the val-
ues recorded in the extended simplex tableau under a change of basis that
replaces an element of the old basis by an element not in that basis, it re-
mains to analyse the rule that determines how the elements of the criterion
row are transformed under this change of basis.

First we consider the transformation of the elements of the criterion row
in the columns labelled by a) for j = 1,2,...,n. Now the coefficients tij
and t;’j are defined for s =1,2,...,mand j =1,2,...,n so that

al) — Ztma(ji) — Z t;‘,ja(jé)a
=1 i=1

where j; = 71 =1, js = j5 = 3, jo = 2 and 7}, = 4. Moreover

, 1
th,j tr o th’j
h,]h
and ;
iyjl
ti;=ti; ; =t
h‘v];L

for all integers ¢ between 1 and m for which i # h.

Now
m m
—q; = Z cjiti; —c¢; and  — q;» = ch;t;’j —¢j.
i—1 i=1
Therefore
G—a = Y Gilth;—ti;)+cyth; = citng
1<i<m
i#h
1 m
= s <— Z Cjiti gy + Cj;> thj
W h =1
q;:
= ity
th.g,
and thus ”
]/
—q; = —qj T3 = th,;
.37,

for j=1,2,...,n.
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Next we note that

m m
P . . / f— . /
C = E c;;8i and C' = g Cj1 S
i=1 i=1
Therefore
! / /
C'—C = > clsi—s)+cipsh — s
1<i<m
i#h
1 m
T —chitz‘,jg +Cjr | Sh
h.gh, i=1
qj
= h sh
th.g
and thus
/ 4j,,
c'=C + Sh
h.jp,

for k=1,2,...,m.
To complete the verification that the criterion row of the extended simplex
tableau transforms according to the same rule as the other rows we note that

m m
— / /
D = E c;,rir and pp = E CjiT -
i=1 i=1

Therefore
/ o / /
P, —DPr = Cj; (Tz',k —Tik) + Cji Thke — CinThk
1<i<m
i#h
m
1 s,
= 3 =D ity ey | h = o Tk
. -/
hv]h =1 hv]h
and thus q
;o Jh
Pr =Pk + Thk
th.g,

for k=1,2,...,m.
We conclude that the criterion row of the extended simplex tableau trans-
forms under changes of basis that replace one element of the basis according
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to a rule analogous to that which applies to the basis rows. Indeed an ele-
ment of the criterion row is transformed by subtracting from it a constant
multiple of the element in the pivot row that belongs to the same column,
where the multiplying factor is the ratio of the elements in the criterion row
and pivot row of the pivot column.

We have now discussed how the extended simplex tableau associated with
a given basis B is constructed from the constraint matrix A, target vector b
and cost vector c that characterizes the linear programming problem. We
have also discussed how the tableau transforms when one element of the given
basis is replaced.

It remains how to replace an element of a basis associated with a non-
optimal feasible solution so as to obtain a basic feasible solution of lower cost
where this is possible.

We use the notation previously established. Let 71, j2,...,Jm be the
elements of a basis B that is associated with some basic feasible solution
of the linear programming problem. Then there are non-negative numbers

$1,89,...,8y such that
m
b= Z sia(ji),
i=1

where aUi) is the m-dimensional vector determined by column j; of the con-
straint matrix A.

Let jo be an integer between 1 and n that does not belong to the basis B.
Then

m

a0 _ Z £ Joa(h) —0.

=1

and therefore

90+Z s; — Ay jo)al) = b,

This expression representing b as a linear combination of the basis vectors
alio) ali) alz)  alm) determines an n-dimensional vector X()\) satisfying
the matrix equation AX(\) = b. Let 7;(\) denote the jth component of the
vector X(A) for j =1,2,...,n. Then

d EJO(A) =\
L] E]z()\) = §; — Ati,jo for i = 1,2, e,y

L] fj :Owhenj €{j0,j1,jg,...,jm}.
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The n-dimensional vector X(\) represents a feasible solution of the linear
programming problem if and only if all its coefficients are non-negative. The
cost is then C + ¢;,A, where C is the cost of the basic feasible solution
determined by the basis B.

Suppose that ¢;, < 0 and that ¢;;,, <0 for ¢ = 1,2,...,m. Then X()\) is
a feasible solution with cost C' 4 g, A for all non-negative real numbers A. In
this situation there is no optimal solution to the linear programming problem,
because, given any real number K, it is possible to choose A so that C'+g;, A <
K, thereby obtaining a feasible solution whose cost is less than K.

If there does exist an optimal solution to the linear programming problem
then there must exist at least one integer ¢ between 1 and m for which
tijo > 0. We suppose that this is the case. Then X(\) is a feasible solution
if and only if A satisfies 0 < A < )y, where

.. S
A¢p = minimum (— Dty > O) .
2,70

We can then choose some integer h between 1 and n for which

Sh
— = Ao
th‘vj()
Let ji = j; for i # h, and let j; = jo, and let B" = {41, j5, ..., jl.} ThenX(\o)
is a basic feasible solution of the linear programming problem associated with
the basis B’. The cost of this basic feasible solution is

C + i
th.jo

It makes sense to select the replacement column so as to obtain the
greatest cost reduction. The procedure for finding this information from
the tableau can be described as follows.

We suppose that the simplex tableau for a basic feasible solution has
been prepared. Examine the values in the criterion row in the columns
labelled by a®,a® ... a™. If all those are non-positive then the basic
feasible solution is optimal. If not, then consider in turn those columns a/)
for which the value —gj, in the criterion row is positive. For each of these
columns, examine the coefficients recorded in the column in the basis rows.
If these coefficients are all non-positive then there is no optimal solution to
the linear programming problem. Otherwise choose h to be the value of ¢

that minimizes the ratio

amongst those values of ¢ for which ¢, ;, > 0.
i7j0

The row labelled by at») would then be the pivot row if the column a)

were used as the pivot column.
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h.jo
the column labelled by a®) were used as the pivot column. Then choose the
pivot column to maximize the cost reduction amongst all columns at) for
which —g;, > 0. Choose the row labelled by aln) | where h is determined
as described above. Then apply the procedures for transforming the simplex
tableau to that determined by the new basis B’, where B’ includes jy together
with j; for all integers i between 1 and m satisfying i # h.

Calculate the value of the cost reduction that would result if

4.8 The Simplex Tableau Algorithm

In describing the Simplex Tableau Algorithm, we adopt notation previously
introduced. Thus we are concerned with the solution of a linear programming
problem in Dantzig standard form, specified by positive integers m and n,
an m X n constraint matrix A of rank m, a target vector b € R™ and a cost
vector ¢ € R". The optimization problem requires us to find a vector x € R"
that minimizes ¢’x amongst all vectors x € R™ that satisfy the constraints
Ax =b and x > 0.

We denote by A;; the coefficient in the 7th row and jth column of the
matrix A, we denote the 7th component of the target vector b by b; and we

denote the jth component of the cost vector ¢ by ¢; for ¢ = 1,2,...,m and
j=12...,n.
As usual, we define vectors a¥) € R™ for j = 1,2,...,n such that (a¥)); =
Ajjfori=1,2,... mand j=1,2,...,n.
Distinct integers 71, J2, - - - , jm between 1 and n determine a basis B, where
B = {jlaj?a s 7jm}7
if and only if the corresponding vectors att), al2) ... alm) constitute a basis

of R™. Given such a basis B we let Mg denote the invertible m x m matrix
defined such that (Mp);r = A;j, for all integers ¢ and k between 1 and m.

We let t;; = (Mg'A);; and s; = (Mg'b); for i = 1,2,...,m and j =
1,2,...,n. Then

m

al) =31, ;a0

i=1
b= Z sia(ji).
i=1
A basis B determines an associated basic feasible solution if and only if

s; > 0 forv =1,2,...,m. We suppose in what follows that the basis B
determines a basic feasible solution.

for j=1,2,...,n, and
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Let
m
C= Z Cj; Si-
i=1
Then C is the cost of the basic feasible solution associated with the basis B.
Let
m
—g; =Y citiy — ¢
i=1

Then g; =0 for all j € {j1,J2,...,Jm}. Also the cost of any feasible solution

(T1,Ta, ..., T,) of the linear programming problem is
C+ Z ijj'
j=1
The simplex tableau associated with the basis B is that portion of the ex-
tended simplex tableau that omits the columns labelled by e, e ... (™),

The simplex table has the following structure:

a(l) a(2) e a(n) b
a(]:l) tig tig 0 tin | St
al2) tor  tan o ton | So
a(jm) tm,l tm,2 T ZSm,n Sm
-1 —q@ - —qy | C

Let cp denote the m-dimensional vector defined such that

cp=(ci ¢ v )

Then the simplex tableau can be represented in block form as follows:—

ORI b
aln)
: Mg'A Mz'b
alim)
cEMg'A—c' | cEM5'D

Example We consider again the following linear programming problem:—
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minimize
3ZE1 + 4.7)2 + 21‘3 + 9.734 + 51’5
subject to the following constraints:
51’1 + 3[L’2 + 4[E3 + 7ZE4 + 31‘5 = 11,
dxy 4+ x9 + 323 + 814 + 405 = 6;
x; >0 forj=1,2,3,4,5.

We are given the following initial basic feasible solution (1,2,0,0,0). We
need to determine whether this initial basic feasible solution is optimal and,
if not, how to improve it till we obtain an optimal solution.

The constraints require that xq, x9, 3, x4, x5 be non-negative real numbers
satisfying the matrix equation

X1

= At
T3 = 6 .
Ty

Ts

—_ w
[JURIN
CIEN|
e~

Thus we are required to find a (column) vector x with components x7,
T9, T3, T4 and 5 that maximizes ¢’ x subject to the constraints Ax = b and

x > 0, where
53 4 7 3 11
a=(i1a5d) »=(5)

c"=(34295).

and

Our initial basis B satisfies B = {ji,j2}, where j; = 1 and jo = 2. The
first two columns of the matrix A provide the corresponding invertible 2 x 2

matrix Mpg. Thus
5 3
(39,
Inverting this matrix, we find that
1 1 -3
-1 _ -
Mz = ( 1 ) |

For each integer j between 1 and 5, let a¥) denote the m-dimensional
vector whose ¢th component is A; ; for ¢« = 1,2. Then

2 2
al) — Z ti’ja(ji) and b= Z sia(ji),
=1 =1
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where t;; = (Mg'A);; and s; = (Mg'b); for j = 1,2,3,4,5 and i = 1, 2.
Calculating M ;' A we find that

B 1 0 & I 9
vita=(o 11 % )

Also

M;%:(é).

The coefficients of these matrices determine the values of ¢;; and s; to be
entered into the appropriate cells of the simplex tableau.

The basis rows of the simplex tableau corresponding to the basis {1,2}
are thus as follows:—

a0 a®@ a® a® a0 b
1 5 17 9
a0 3 72
2 1 12 8

Now the cost C' of the current feasible solution satisfies the equation
2
C = Z%Sz‘ = 151 + €252,
i=1
where ¢; = 3, co =4, s1 =1 and sy = 2. It follows that C' = 11.

To complete the simplex tableau, we need to compute —g; for j =

1,2,3,4,5, where
2

—q = § Ciitig = ¢j.

i=1
Let cp denote the 2-dimensional vector whose ith component is (¢;;). Then
cg = (3,4). Let q denote the 5-dimensional vector whose jth component is
q; for j =1,2,3,4,5. Then

—q! = chglA —cr.

It follows that

—qT=(34)<01 _

-(3 429 5)

= (0037 =% -7).

—
-3

—
(@)
Il 3o
=~
~lS
| o
~J|00
N———

The simplex tableau corresponding to basis {1,2} is therefore completed
as follows:—
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a®l a® a® a@ a0 [ b

[0

a® 0o 1 LI -2 _8)9
o o0 2 -2 -2l

The values of —¢; for j = 1,2,3,4,5 are not all non-positive ensures that
the initial basic feasible solution is not optimal. Indeed the cost of a feasible

5 60— 40
11 — ?[L'g + 7334 + 7.T5.

Thus a feasible solution with 3 > 0 and 7, = 75 = 0 will have lower cost
than the initial feasible basic solution. We therefore implement a change of
basis whose pivot column is that labelled by the vector a®®).

We must determine which row to use as the pivot row. We need to deter-

mine the value of 7 that minimizes the ratio i, subject to the requirement
i3
that ¢;3 > 0. This ratio has the value £ when i = 1 and 14 when i = 2.
Therefore the pivot row is the row labelled by a'. The pivot element t13
then has the value g
The simplex tableau corresponding to basis {2,3} is then obtained by
subtracting the pivot row multiplied by % from the row labelled by a®,
subtracting the pivot row from the criterion row, and finally dividing all
values in the pivot row by the pivot element %

The simplex tableau for the basis {2, 3} is thus the following:—

2l 2@ a® a@ a1 b

3 7 17 9 7
a® ) Lo 1 F %1
2 1 11 7 9
a® -z 1 0 -5 £ 2
-1 0 0 -—11 -7]10

All the values in the criterion row to the left of the new cost are non-
positive. It follows that we have found a basic optimal solution to the linear
programming problem. The values recorded in the column labelled by b
show that this basic optimal solution is

4.9 The Revised Simplex Algorithm

The Simplex Tableau Algorithm restricts attention to the columns to the left
of the extended simplex tableau. The Revised Simplex Algorithm proceeds

111



by maintaining the columns to the right of the extended simplex tableau,
calculating values in the columns to the left of that tableau only as required.

We show how the Revised Simplex Algorithm is implemented by applying
it to the example used to demonstrate the implementation of the Simplex
Algorithm.

Example We apply the Revised Simplex Algorithm to determine a basic
optimal solution to the the following linear programming problem:—

minimaize

3x1 + 4xy + 223 + 924 + Dxs
subject to the following constraints:
53171 + 31’2 -+ 4[E3 + 71‘4 + 31‘5 = 11,

4x1 4+ 29 + 323 + 84 + 45 = 6;
x; >0 forj=1,2,3,4,5.

We are given the following initial basic feasible solution (1,2,0,0,0). We
need to determine whether this initial basic feasible solution is optimal and,
if not, how to improve it till we obtain an optimal solution.

The constraints require that xy, x9, 3, x4, x5 be non-negative real numbers
satisfying the matrix equation

T

= At
T3 = 6 .
Ty

Ts

—_ w
W =
0 =
B~ w

VRS
NGNS

Thus we are required to find a (column) vector x with components x,
T9, T3, T4 and 5 that maximizes ¢’ x subject to the constraints Ax = b and

x > 0, where
53 4 7 3 11
A_(4 1 384)’ b_<6>’

c"=(34295).

and

Our initial basis B satisfies B = {j1, ja}, where j; = 1 and j, = 2. The
first two columns of the matrix A provide the corresponding invertible 2 x 2

matrix Mp. Thus
5 3
My — ( o3 >
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Inverting this matrix, we find that

1 1 -3
-1 _ -
My =7 ( —4 5 ) '
For each integer j between 1 and 5, let al(j) denote the m-dimensional
vector whose ¢th component is A; ; for ¢ = 1,2. Then

2 2
al) — Z ti,ja(ji) and b= Z sia(ji),
=1 =1

where t;; = (Mg'A);; and s; = (Mg'b); for j = 1,2,3,4,5 and i = 1, 2.
Let 7, = (Mg");x for i = 1,2 and k = 1,2, and let

Cc = Cj;1 51 + Cj,S2 = €151 + 989 = 11
— _ __ 13
P1 = CpT11 G = Gry + Gl = 7
— _ _ 11
P2 = CjT12+CjpTao = 1T 2+ Carzo = — =

The values of s;, r;, C and p;, are inserted into the following tableau,
which consists of the columns to the right of the extended simplex tableau:—

b e @
1 1 3
a | 1| -7 %
2 4 5
a® |2 7 -
13 11
s -7

To proceed with the algorithm, one computes values —g; for j € B using
the formula
—q; = p1Ai; + p2Aa; — ¢,
seeking a value of j for which —g; > 0. Were all the values —g; are non-
positive (i.e., if all the ¢; are non-negative), then the initial solution would
be optimal. Computing —g; for j = 5,4, 3, we find that

—¢; = Bx3-dx4-5=-2
—q = =EBx7-Ux8-9=-9%
—q3 = =2 x4-Ux3-2=2

The inequality g3 > 0 shows that the initial basic feasible solution is not
optimal, and we should seek to change basis so as to include the vector al®).
Let

1 3 5
tiz = riaAizt+ripdsz = —=X4d+:2x3=2

_ _ 4 5 _ 1
t273 = 7"27114173 + 7“27214273 =z X 4 — 7 X 3= 7
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Then
a® — t1’3a(31) + t273a(12) _ ga(l) + %a(Q)'

We introduce a column representing the vector a® into the tableau to
serve as a pivot column. The resultant tableau is as follows:—

a® b e @
[ F 11 2
a® | L |o| s 2
IR

To determine a pivot row we must pick the row index i so as to minimize

the ratio i, subject to the requirement that ¢; 3 > 0. In the context of this
i3

example, we should pick i = 1. Accordingly the row labelled by the vector al!
is the pivot row. To implement the change of basis we must subtract from
the second row the values above them in the pivot row, multiplied by %; we
must subtract the values in the pivot row from the values below them in the
criterion row, and we must divide the values in the pivot row itself by the
pivot element %

The resultant tableau corresponding to the basis 2, 3 is then as follows:—

2@ b [e@ @
3 7 1 3
a® | 1 | I |- ¢
2 9 3 4
a® ] 0 | 2§ -7
0 [10] 2 -

A straightforward computation then shows that if
p'=(2 -2)

then
pPA-c"=(-10 0 —11 7).

The components of this row vector are all non-positive. It follows that the
basis {2, 3} determines a basic optimal solution

(097

1’59 59

0,0).

4.10 Finding Initial Basic Solutions

Suppose that we are given a linear programming problem in Dantzig standard
form, specified by positive integers m and n, an m x n matrix A of rank m,
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an m-dimensional target vector b € R™ and an n-dimensional cost vector
c € R". The problem requires us to find an n-dimensional vector x that
minimizes the objective function ¢’x subject to the constraints Ax = b and
x > 0.

Now, in the event that the column vector b has negative coefficients,
the relevant rows of the constraint matrix A and target vector b can be
multiplied by —1 to yield an equivalent problem in which the coefficients of
the target vector are all non-negative. Therefore we may assume, without
loss of generality, that b > 0.

The Simplex Tableau Algorithm and the Revised Simplex Algorithm pro-
vided methods for passing from an initial basic feasible solution to a basic
optimal solution, provided that such a basic optimal solution exists. How-
ever, we need first to find an initial basic feasible solution for this linear
programming problem.

One can find such an initial basic feasible solution by solving an auxiliary

linear programming problem. This auxiliary problem requires us to find n-

dimensional vectors x and z that minimize the objective function ) (z);
j=1
subject to the constraints Ax +z=b, x > 0 and z > 0.

This auxiliary linear programming problem is itself in Dantzig standard
form. Moreover it has an initial basic feasible solution specified by the si-
multaneous equations x = 0 and z = b. The objective function of a feasible
solution is always non-negative. Applications of algorithms based on the
Simplex Method should identify a basic optimal solution (x, z) for this prob-
lem. If the cost > (z); of this basic optimal solution is equal to zero then

j=1
Ax = b and x > 0. If the cost of the basic optimal solution is positive then
the problem does not have any basic feasible solutions.

The process of solving a linear programming problem in Dantzig standard
form thus typically consists of two phases. The Phase I calculation aims to
solve the auxiliary linear programming problem of seeking m-dimensional
vectors X and z that minimize ) (z); subject to the constraints Ax+z = b,

i=1
x > 0 and z > 0. If the optimal solution (x,z) of the auxiliary problem

satisfies z # 0 then there is no initial basic solution of the original linear
programming problem. But if z = 0 then Ax = b and x > 0, and thus
the Phase I calculation has identified an initial basic feasible solution of
the original linear programmming problem. The Phase II calculation is the
process of successively changing bases to lower the cost of the corresponding
basic feasible solutions until either a basic optimal solution has been found
or else it has been demonstated that no such basic optimal solution exists.
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