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Simplex Tableau Example (continued)

We now calculate the new values for the criterion row. The new
basis B’ is given by B" = {ji, 5,5}, where j{ =1, j5 =4 and

J5 = 3. The values pj, p5 and p5 that are to be recorded in the
criterion row of the new tableau in the columns labelled by e,
e and e® respectively are determined by the equation

;o / / /
Pk = Gtk + Cisra  + Cjr 13
for k =1,2,3, where
cj{:c1:2, (:J-é:q:l, Cj§:C3=3,

and where ] denotes the ith component of the vector e(k) with
respect to the basis a(),a(*), a3 of R3.



Simplex Tableau Example (continued)

We find that

; / / ’

P1 = it g tcyr
- _9 6 6 _ 6
= 2X (~q) +1x ZH+3x 5 =2,

/ / / /

P2 = Cyha+ Gyt Ciro
_ 12 7 11y 2
= 2X27+1X27+3X( 27)— 271

; / / ’

P3 = CphztCuraz+Cirs

3 5 4 __ 13



Simplex Tableau Example (continued)

We next calculate the cost C’ of the new basic feasible solution.
The quantities s}, s and s3 satisfy s/ = x; for i =1,2,3, where
(X1, X5, X5, X4, x5 ) is the new basic feasible solution. It follows that

/ / / /
¢ = CjyS1 + Cjp S + Cj3 S35
where s1, s, and s3 are determined so that
HA HA HA
b — Sia(fl) + Séa(./2) _|_ Séa(f3)'

The values of s, s) and s} have already been determined, and
have been recorded in the column of the new tableau labelled by
the vector b.



Simplex Tableau Example (continued)

We can therefore calculate C’ as follows:—

/
' = c/s1 + cj2s2 + (:1353 = c15] + casy + C3S3
— 99 _ 312
= 2X 27 —I— 3X 57 =%

Alternatively we can use the identity C’ = p’Tb to calculate C’ as
follows:

C' = piby+ phbo + pibs = 2 x 13— 2 x 13+ 2 x 20 = 32,



Simplex Tableau Example (continued)

We now enter the values of pj, p5, p; and C’ into the tableau
associated with basis {1,4,3}. The tableau then takes the
following form:—

al) 3@ ZB) 0 6| p | e @ eB)
(1) 24 3 | 9 |_9o 12 3
a 1 27 0 0 27 | 27 27 27 27
(4) 23 31 |60 | 6 1 _5
a 0 27 0 1 27 | 27 27 27 27
(3) B 1B | 15| 6 _u 4
a 0 57 1 0 27 | 27 27 27 27
312 6 _2 13
27 27 23 23




Simplex Tableau Example (continued)

In order to complete the extended tableau, it remains to calculate
the values —qj’- for j =1,2,3,4,5, where qj’- satisfies the equation
—q; = p'Taj — ¢ for j=1,2,3,4,5.

Now g; is the jth component of the vector ' that satisfies the
matrix equation —q'” = p’TA—c’. It follows that

—q/T:pITA—CT
1 2335
= (2 FZ B)l23123
4 2 5 1 4
-(2 4 31 4)

= (2 231 %)-(243124)



Simplex Tableau Example (continued)

Thus

76 / 0 32
)

=0, gh=75, q3= q, =0, q5=

The value of each qJ’- can also be calculated from the other values
recorded in the column of the extended simplex tableau labelled by
the vector al). Indeed the vector p’ is determined so as to satisfy
the equation p’Tal’) = ¢y for all j/ € B'. It follows that

3 3
1Ta0) — Z tup/Ta(J,-') — Z o ,gl{d,7
i=1 i=1
and therefore

3
— St
—4q; = § :CJ,-'tIJ G
i—1



Simplex Tableau Example (continued)

The extended simplex tableau for the basis {1, 4,3} has now been
computed, and the completed tableau is as follows:—

al a@ aB) () JF6) | p | e e B
G711 F 0 0 (85 B 3
SAEEE BT S A
o0 B 1 o0 B|Els B o




Simplex Tableau Example (continued)

The fact that qj’- >0 for j =1,2,3,4,5 shows that we have now

found our basic optimal solution. Indeed the cost C of any feasible
solution X satisfies

f —_ CTi — p/TAi‘i' q/Ti —_ p/Tb 4 q/Ti
— C/ + q/Ti
76 32
= O 4 =%+ =x
+ 572 + 7755

where X, = (X)2 and X5 = (X)s.
Therefore x’ is a basic optimal solution to the linear programming
problem, where

T=(5% 0% % 0)



Simplex Tableau Example (continued)

It is instructive to compare the pivot row and criterion row of the
tableau for the basis {1, 2,3} with the corresponding rows of the
tableau for the basis {1, 4,3}.



Simplex Tableau Example (continued)

These rows in the old tableau for the basis {1, 2,3} contain the
following values:—

al) a@ aB) a4 JF06) | p | e 2 B
@0 1 0 % B35 £ 5
o 0 0 B g% B 3

The corresponding rows in the new tableau for the basis {1, 4, 3}
contain the following values:—

2D 2@ 2@ a® a® | b led @ O
23 31 69 6 7 5
a®lo 2 0 1 F I %|5F F =
6 32 312 6 2 13
0 -% 0 0 -F | F|x% -5 xm




Simplex Tableau Example (continued)

If we examine the values of the criterion row in the new tableau we
find that they are obtained from corresponding values in the
criterion row of the old tableau by subtracting off the corresponding
elements of the pivot row of the old tableau multiplied by the
factor %. As a result, the new tableau has value 0 in the cell of
the criterion row in column a*). Thus the same rule used to
calculate values in other rows of the new tableau would also have

yielded the correct elements in the criterion row of the tableau.

We now investigate the reasons why this is so.



Simplex Tableau Example (continued)

First we consider the transformation of the elements of the
criterion row in the columns labelled by at) forj=1,2,3,4,5.
Now the coefficients t;; and t,fJ are defined for i = 1,2,3 and
j=1,2,3,4,5 so that

3 3
. . o
a(J) — E ti,ja(J') — E t;,ja(J')u
i=1 i=1

where j1 =ji =1, 3 =j; =3, jo =2 and j; = 4. Moreover

and




Simplex Tableau Example (continued)

Now

3
—q = ) Gitij =g
i=1

= atij+obj+atsj—c,

3
A St —
-9 = E:ijt'd G-
i—1

/ / /
= C1t1J+C4t2,j+C3t3J—CJ.



Simplex Tableau Example (continued)

Therefore
g—q = alt)—ty)+aty;—cbtj+ca(t;— )
1
= — (~atiata —abta—ctzs) tr
24
q4
= it
tra 7
and thus q
4
—g=at by

forj=1,2,3,4,5.



Simplex Tableau Example (continued)

Next we note that

3

C = E Cj;si = C151 + ¢S + 383,
i=1
3

/ / /

' = E cjl_/s,{ = 5] + &S, + c3s3.
i=1



Simplex Tableau Example (continued)

Therefore

c'-C

and thus

for k=1,2,3.

ci(sy — s1) + aasy — 252 + c3(sh — s3)

— (—citia+ 4 — otrg — c3t34) S

24

4
&
24

C =

(e
gk + — 2
14



Simplex Tableau Example (continued)

To complete the verification that the criterion row of the extended
simplex tableau transforms according to the same rule as the other
rows we note that

3
Pk = E Cjili.k = C1ln k + Cal2 k + G313 &,

/ / / /
Pk = E = QN kT Carp + C3r3 .
-1



Simplex Tableau Example (continued)

Therefore
Pk =Pk = clre—rk)+arny,—crnk+ (g — k)
= — (—atia+c— otrg —c3t34)
t24
_ qa o
= “n
t2a
and thus q
4
Pk = Pk + —— 2k
ta
for k = 1,2, 3.

This completes the discussion of the structure and properties of
the extended simplex tableau associated with the optimization
problem under discussion.



Linear Algebra Results

Some Results concerning Finite-Dimensional
Real Vector Spaces

We consider the representation of vectors belonging to the
m-dimensional vector space R™ as linear combinations of basis
vectors belonging to some chosen basis of this m-dimensional real
vector space.

Elements of R™ are normally considered to be column vectors
represented by m x 1 matrices. Given any v € R, we denote by
(v); the ith component of the vector v, and we denote by v’ the
1 X m row vector that is the transpose of the column vector
representing v € R™. Thus

VT:(Vl Vo v Vm),

where v; = (v); for i =1,2,...,m.



Linear Algebra Results (continued)

We define the standard basis of the real vector space R™ to be the
basis
e(l), e ’e(m)

5.

defined such that
Gy, _ [ 1 ifk=1i
(e {0 if k£ i

It follows that v = 3 (v);e(?) for all v € R™.
i=1



Linear Algebra Results (continued)

Let uM u® ... ul™ be a basis of the real vector space R™, and
let e, e ... el™ denote the standard basis of R™. Then there
exists an invertible m x m matrix M with the property that

m

u) = "(M); kel

i=1

fork=1,2,....m.



Linear Algebra Results (continued)

The product Mv is defined in the usual fashion for any
m-dimensional vector v: the vector v is expressed as an m x 1
column vector, and the matrix product is then calculated according
to the usual rules of matrix multiplication, so that

(Mv); = (M); k(v)x,
k=1
and thus
Mv = ZZ M,-,k(v)ke(’-) = Z(V)ku(k).
i=1 k=1 k=1

Then Mel) = u() for i = 1,2,..., m. The inverse matrix M~ of
M then satisfies M~ 1u() = e() for j =1,2,..., m.



Linear Algebra Results (continued)

Lemma

Lemma STG-01 Let m be a positive integer, let

u® u@ . ul™ pe a basis of R™, let eV, e(? ... e(™ denote
the standard basis of R™, and let M be the non-singular matrix
that satisfies Me') = ul) for i =1,2,...,m. Let v be a vector in
R™, and let A1, A2, ..., Am be the unique real numbers for which

V=3 Aul
i=1

Then \; is the ith component of the vector M~v for
i=1,2,...,m.




Linear Algebra Results (continued)

Proof
The inverse matrix M~ of M satisfies M~ 1u(k) = (k) for
k=1,2,...,m. It follows that

M7= MMt =) " 2 el)
k=1 k=1

and thus A1, Ap, ..., A\ are the components of the column vector
M~v, as required. |}



Linear Algebra Results (continued)

Lemma

Lemma STG-02 Let m be a positive integer, let

u® u@ . ul™ pe a basis of R™, let eV, e(® ... e(™ denote
the standard basis of R™, and let M be the non-singular matrix
that satisfies Me') = u) for i =1,2,...,m. Then

e® =3 r; ),
i=1

where r;  is the coefficient (I\/I_l),-’k in the ith row and kth
column of the inverse M1 of the matrix M.




Linear Algebra Results (continued)

Proof

m .
It follows from Lemma STG-01 that e(k) = > r,-,ku(’), where

i=1
rik = (M~te(R); for i =1,2,..., m. But M—1e(¥) is the column
vector whose components are those of the kth column of the
matrix M~1. The result follows. ||



Linear Algebra Results (continued)

Lemma
Lemma STG-03 Let m be a positive integer, let
u® u@ . ulm pe a basis of R™, let eV, (@ ... e(™ denote
the standard basis of R™, let M be the non-singular matrix that
satisfies Me() = u) for i =1,2,...,m, and let rik= (M)
fori=1,2,....mand k=1,2,..., m. Let g1,8>,...,8m be real
m
numbers, and let p = > ;" ; prelX), where py = 3 gitik for
i=1

1=

k=1,2,....,m. Thenp'ul) =g fori=1,2,...,m.




Linear Algebra Results (continued)

Proof

It follows from the definition of the matrix M that (u()), = (M) ;
for all integers i and k between 1 and m. It follows that the ith
component of the row vector p” M is equal to pTu() for
i=1,2,...,m. But the definition of the vector p ensures that p;
is the ith component of the row vector g" M1, where g € R is
defined so that

g’ =(a & - &n).

It follows that p” = g" M~1, and therefore p" M =g’ . Taking
the ith component of the row vectors on both sides of this
equality, we find that pTu) = g;, as required. ||



Linear Algebra Results (continued)

Lemma
Lemma STG-04 Let m be a positive integer, let
u® u@ o ul™ and 6 6@ G(M pe bases of R™, and let

v be an element of R™. Let h be an integer between 1 and m.

m .

Suppose that 6" = 3" pul), where pu1, po, . . ., pum are real
i=1

numbers, and that ul’) = u( ) for all /ntegers i between 1 and m

satisfying i # h. Let v = 2 Aiul) = 2 M), where \; € R and
i=1 =
N eR fori= 1,2,...,m. Then
el )\h ifi=h;

=P, ifi#h
Lh




Linear Algebra Results (continued)

Proof
From the representation of G(") as a linear combination of
u® u@ . ul™ we find that
Loty — Y By,
'LLh 1<i<m 'uh
i#h

Moreover G() = u(’) for all integers i between 1 and m satisfying
i # h. It follows that

(h)_i Z“’A()

1<i<m
i#h



Linear Algebra Results (continued)

It follows that
A0 = v=3 aul
i=1 i=1
= > x4

RO S ),

1<i<m Fh 1<iem Hh
ith ih
- Z < .l )\h> o)+ i)\hﬁ(h)
1<i<m ,LLh Mh

ih



Linear Algebra Results (continued)

Therefore, equating coefficients of a() for i = 1,2, ..., n, we find
that
1 o
. — Ap if i = h,
N = pn
A
HKh

as required. ||



The Extended Simplex Tableau

The Extended Simplex Tableau for solving
Linear Programming Problems

We now consider the construction of a tableau for a linear
programming problem in Dantzig standard form. Such a problem is
specified by an m x n matrix A, an m-dimensional target vector

b € R™ and an n-dimensional cost vector c € R". We suppose
moreover that the matrix A is of rank m. We consider procedures
for solving the following linear program in Danzig standard form.

Determine x € R" so as to minimize ¢' x subject to the
constraints Ax = b and x > 0.



The Extended Simplex Tableau (continued)

We denote by A;; the component of the matrix A in the ith row
and jth column, we denote by b; the ith component of the target
vector b for i = 1,2,..., m, and we denote by ¢; the jth
component of the cost vector ¢ for j =1,2,...,n.

A feasible solution to this problem consists of an n-dimensional
vector x that satisfies the constraints Ax = b and x > 0. An
optimal solution to the problem is a feasible solution that
minimizes the objective function ¢’ x amongst all feasible solutions
to the problem.



The Extended Simplex Tableau (continued)

A feasible solution to this optimization problem thus consists of
real numbers x1, x2, ..., x, that satisfy the constraints

Ai1xt + Aioxo + -+ AjnXnp = b;

fori=1,2,...,m, and
x =0

forj=1,2,...,n.

Such a feasible solution is optimal if and only if it minimizes the
objective function

C1X1 + CX2 + -+ - + ChXp

amongst all feasible solution to the problem.



The Extended Simplex Tableau (continued)

We denote by al) the m-dimensional column vector whose
components are those in the jth column of the matrix A. A
feasible solution of the linear programming problem then consists

of non-negative real numbers x1, xo, ..., x, for which
n
ija(J) —b.
j=1
A feasible solution determined by xi, xo, .. ., x, is optimal if it

n
minimizes cost ) cjx; amongst all feasible solutions to the linear
j=1
programming problem.



The Extended Simplex Tableau (continued)

A basis B for the linear programming problem is a subset of
{1,2,..., n} with m elements which has the property that the
vectors al) for j € B constitute a basis of the real vector space R™.

In the following discussion we let

B = {j17j27 .- 7jm},

where ji, jo, ..., jm are distinct integers between 1 and n.

We denote by Mg the invertible m x m matrix whose component
(M) k in the ith row and jth column satisfies (Mg); x = (A);, for
i,k=1,2,...,m. Then the kth column of the matrix Mg is
specified by the column vector alUk) for k = 1,2,..., m, and thus
the columns of the matrix Mg coincide with those columns of the
matrix A that are determined by elements of the basis B.



The Extended Simplex Tableau (continued)

Every vector in R™ can be expressed as a linear combination of

al) al2) . aUm) |t follows that there exist uniquely determined
real numbers t;; and s; for i =1,2,...,mand j=1,2,...,nsuch
that

2 =3 ta0) and b= sald.
i=1 i=1
It follows from Lemma STG-01 that
t,',j = (Mgla(j)),- and S = (Mglb),‘

fori=1,2,...,m.



The Extended Simplex Tableau (continued)

The standard basis eV, e ... e(™ of R™ is defined such that

1 if k=i
()Y, — '
(e )'_{o if k.

It follows from Lemma STG-02 that
elk) — Z fi,kU(i),
i=1

where r;  is the coefficient (Mgl)hk in the ith row and kth
column of the inverse I\/I,;1 of the matrix Mp.



The Extended Simplex Tableau (continued)

We can record the coefficients of the m-dimensional vectors

with respect to the basis al) al2) ... alm) of R™ in a tableau of
the following form:—

a®), a®@ .

ca” b, e e®

a(l) 3(2) a(”) b e(l) e(2) e(m)
al) | 11 1o tin|S1 | n1 np r,m
at2) th1 o2 bn| S| nP1 N2 n.m
ali) tm1  tmp2 tmn | Sm | 'm1  I'm2 'm,m




The Extended Simplex Tableau (continued)

The definition of the quantities t; ; ensures that

A 1 ifi=k;
Wk 0 f T #£ k.
Also

m
tij = rikAi
k=1

fori=1,2,...,mand j=12,...,n, and

m

si = E ri kb

k=1

fori=1,2,...,m.



The Extended Simplex Tableau (continued)

If the quantities s1, sy, ..., sy are all non-negative then they
determine a basic feasible solution x of the linear programming
problem associated with the basis B with components
X1,X2,...,Xn, Where x; = s; for i =1,2,...,m and x; = 0 for all
integers j between 1 and n that do not belong to the basis B.

Indeed
n ] m ) m )
ija(J) — Z)(jia(Ji) — Zsia(ﬁ)_
j=1 i=1

i=1



The Extended Simplex Tableau (continued)

The cost C of the basic feasible solution x is defined to be the
value €7 x of the objective function. The definition of the

quantities sy, Sp, . . ., Sy ensures that
n m
C= § :CJ'XJ': § :Cjisl"
j=1 i=1
If the quantities s1,sp,...,s, are not all non-negative then there is

no basic feasible solution associated with the basis B.



The Extended Simplex Tableau (continued)

The criterion row at the bottom of the tableau has cells to record
quantities p1, po, ..., pm associated with the vectors that
constitute the standard basis e, e ... e(™ of R™. These
quantities are defined so that

m
Pk = Z Cji li k
i=1

for k =1,2,...,m, where ¢j is the cost associated with the basis
vector ali) for j =1,2,..., k,



The Extended Simplex Tableau (continued)

An application of Lemma STG-03 establishes that

m
ZPkAkJ,- =G
k=1

fori=1,2,...,k



The Extended Simplex Tableau (continued)

On combining the identities

Zr,kbk, pk—ZcJ,r,k and C= chls,

k=1

derived above, we find that

m m

C= Z Cj.si = ZZ Cjilikbk = Zpkbk-

i=1 i=1 k=1 k=1



The Extended Simplex Tableau (continued)

The tableau also has cells in the criterion row to record quantities

—q1,—q2,...,—qn, where g1, qo,...,q, are the components of the
unique n-dimensional vector q characterized by the following
properties:

@ qg;=0fri=12,....,m

o c'x = C+ q'x for all X € R™ satisfying the matrix equation

Ax = b.



The Extended Simplex Tableau (continued)

First we show that if g € R” is defined such that q" =
then the vector q has the required properties.

The definition of p1, pa, ..., px ensures (as a consequence of
Lemma STG-03, as noted above) that

m
> PiAkj = G
k=1

fori=1,2,..., k. It follows that
g = ¢~ (PTA); = ¢ — ZPkAk,J, =0

fori=1,2,...,n

-p

TA



The Extended Simplex Tableau (continued)

Also p"b = C. It follows that if X € R” satisfies AX = b then
cx=p"Ax+q'x=p’b+q’x=C+q'x

Thus if @7 = ¢’ — pT A then the vector q satisfies the properties
specified above.



The Extended Simplex Tableau (continued)

We next show that ”
(pTA) =D citij
i=1
forj=1,2,...,n

Now
m
tij= E ri kAk.j
k=1

fori=1,2,...,mand j=1,2,...,n. (Thisis a consequence of
the identities

al) — ZAk (k) — izm:r WAy s,

i=1 k=1

as noted earlier.)



The Extended Simplex Tableau (continued)

Also the definition of px ensures that

m
Pk = E Cji i k
i=1

for k =1,2,..., m. These results ensure that
m
Z Cjitij = Z Z Gjili kAkj = Z PrAkj = (pT A);.
i=1 i=1 k=1

It follows that

m m
~G =) PA— G =D Gitik— G
k=1 i=1

forj=1,2,...,n



The Extended Simplex Tableau (continued)

The extended simplex tableau associated with the basis B is
obtained by entering the values of the quantities —g; (for
Jj=1,2,...,n), C and px (for k =1,2,..., m) into the bottom
row to complete the tableau described previously. The extended
simplex tableau has the following structure:—

a(l) a(2) R a(”) b e(l) e(z) - e(m)
a(f: ) t1i1 tip - Bip|S1 | N1 N2 0 Nm
al?) b1 thp - bap| S| N1 R r Phm
a(‘jm) tm,l tm,2 T tm,n Sm | m1 Im2 - 'm,m
1 —q@ - —da | C | p P2 Pm




Simplex Tableau Example (continued)

The extended simplex tableau can be represented in block form as

follows:—
a® ... a0 | p [e® ... em
al)
a(}m) MgtA Mg'b Mgt
pTA—cT p’b p’




Simplex Tableau Example (continued)

Let cg denote the m-dimensional vector defined so that

T _ . .
CB_(CJ1 Cj

ij )

The identities we have verified ensure that the extended simplex
tableau can therefore also be represented in block form as

follows:—
NN ) b e e(m
alin)
: Mg'A Mg'b Mgt
alim)
ctMgtA—cT | ¢fMg'h ct Mgt




