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The Transportation Problem: Finding the Optimal Solution

We return to the discussion of the solution of the particular
example of the Transportation Problem with 4 suppliers and 5
recipients, where the supply and demand vectors and the cost
matrix are as follows:—

sT =(9,11,4,5), d' =(6,7,5,3,8).
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The Transportation Problem: Finding the Optimal Solution

We have already determined a basic feasible solution associated
with the basis B, where

B =1{(1,1),(1,2),(2,2),(2,3),(2,4),(3,4),(3,5), (4,5)}.

The basic feasible solution and the basis B were determined using
the Northwest Corner Method. The non-zero coefficients of the
basic feasible solution are as follows:—

x11=6, x12=3, x2=4, x3=25,

x04=2, x34=1, x35 =3, Xxa5=>5,



The Transportation Problem: Finding the Optimal Solution

The components of the basic feasible solution corresponding to the
basis B are this recorded in the following tableau:—

X;J12345S;
116 3 00 0|9
210 45 2 011
310001 3|4
4 {0 0 0O0 5|5
d |6 7 5 3 8|29



The Transportation Problem: Finding the Optimal Solution

We have also determined real numbers u; and v; such that
cij = vj — uj for (i,j) € B. These values are recorded in the
following tableau, which records the costs in the body of the
tableau, the values u; to the right and the values v; along the
bottom:—

¢jll 2 3 4 5 |y

1 4 0

8 5 1 —4
3 2 | =7
4 3 |-8

v |2 4 1 -3 —5



The Transportation Problem: Finding the Optimal Solution

Thus if
u = O) Uz = _47 uz = _77 y Ug = _87

Vi = 2, Vo — 4, V3 — ].7 Vg = —3, V5 — —5,
then ¢;j = v; — u; for all (i,j) € B.

However the values of v; — u; can differ from ¢;; when (i,j) ¢ B.
We can construct a tableau which records, in the top left of every
cell of the body, the cost ¢;; in the top left and the slackness g; ;
in the bottom right, where g; ; = ¢; ; + u; — v;. The symbol e in
the top right of a cell indicates that the cell represents an element
of the basis. This tableau is then as follows:—



The Transportation Problem: Finding the Optimal Solution

Gij a1 |2 3 |4 | ui
1 e (4 e |3 7 0
0 0 2 10 10
2 4 8 e |5 e | 1 e |8 —4
-2 0 0 0 9
3 5 9 4 4 e | 2 e ||—7
—4 -2 —4 0 0
4 7 2 5 5 3 e | -8
-3 —10 —4 0 0
R EEEE



The Transportation Problem: Finding the Optimal Solution

Let
0 0 2 10 10

2 0 0 0 9
—4 -2 -4 0 0
3 10 -4 0 0

Q=

Then the costs ¢;; satisfy ¢;j = v; — u; + g;j, where
=0, w=-4 u3=-7, ,us= -8,

Vi = 2, Vo = 4, V3 = 1, V4 = —3, Vg = —5,
and qij = (Q),"j for i = 1,2,3,4 andj: 1,2,3,4,5.
Note that g;; = 0 for all (i,j) € B.



The Transportation Problem: Finding the Optimal Solution

Now let X be any feasible solution of the Transportation Problem
under consideration, and let x; ; = (X);; for i = 1,2,3,4 and

5
j=1,2,3,4,5. Then X;; >0 for all i and j, > X;; =s; for
j=1

4
i=1,2,3,4and ) X;;j=d;for j=1,2,3,4,5. Then
i=1

=



The Transportation Problem: Finding the Optimal Solution

trace(C T X)
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> > cigXi
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Zdv_] ZSIUI+ZZqI,JXI,J

i=1 j=1

ZdVJ ZSIUI + Z qI,JXI,_]

(ij)¢B



The Transportation Problem: Finding the Optimal Solution

Note that the summand ) g;;X;;. is determined by the values
(iJ)¢B

of g;j and X;; for those ordered pairs (/, ) that do not belong to

the basis B. Thus if we apply this formula to the basic feasible

solution (x;;) determined by the basis B, we find that
trace(CTX) = Z djvj — Zs;u,-,
j=1 i=1

because x; j = 0 when (/, ) € B. It follows that

trace(CT X) = trace(CTX) + Z qi jXij
(ij)¢B

for any feasible solution X of the specified transportation problem.



The Transportation Problem: Finding the Optimal Solution

If it were the case that all the coefficients g; ; were non-negative
then it would follow that >’ g;;X;; > 0 for all feasible

(ij)¢B
solutions X, and therefore X would be a basic optimal solution.
However the matrix @ has negative entries, and indeed
qa> = —10. It turns out that we can construct a new basis,
including the ordered pair (4,2) so as to ensure that this new basis
determines a basic feasible solution whose cost is lower than that
of the original basic feasible solution.



The Transportation Problem: Finding the Optimal Solution

We complete the following tableau so that coefficients are
determined only for those cells determined by the e symbol so as
to ensure that all rows and columns of the body of the tableau add
up to zero:—

vig [T 2 |3 |4 |5 |
1|7 e

0
2 / 7 e 0
3 7 e| 1 efl0
4 0
0

foJo Jo Jo o ]



The Transportation Problem: Finding the Optimal Solution

Examining the bottom row, we find that y45 = —1. Then, from
the rightmost column we find that y35 = 1. Proceeding in this
fashion, we successively determine y34 and y» 4. At this stage we
see that

}/4,5 — _17 )/3,5 — 17 7y3,4 =-1 and y274 =1L

To proceed further we note that y; 1 = 0, because the first column
must sum to zero. This gives y15 = 0 and y»> = —1. This then
forces y» 3 = 0. Thus the components (Y);; for which (i,j) € B
are determined as in the following tableau:—



The Transportation Problem: Finding the Optimal Solution

yij[t |2 3 [4 |5 |
1 |0 ¢/ 0O e 0
2 —1 |0 | 1 o 0
3 —1 e| 1 e 0
4 1 o —1 |0

jo Jo fo [o [o o

The remaining coefficients of the matrix Y must equal zero, and

thus
0 0 0 0 O
0 -1 0 1 0
Y= 0 0 0 -1 1
0 1 0 0 -1



The Transportation Problem: Finding the Optimal Solution

Then
6 3 0 0 0
o 4a-x5 242 o0
X+EAY =110 0 0 1-x 3+
0O A 0 0 5-2x

An earlier calculation established that trace(CT X) = 108.
Therefore

trace(CT(X +AY)) = trace(CTX) + Aqa2(Y)a2
= 108 — 10A.



The Transportation Problem: Finding the Optimal Solution

The matrix X + AY will represent a feasible solution when

0 < A <'1. But examination of the coefficient in the 3rd row and
4th column of X + AY shows that X + AY will not be a feasible
solution for A > 1. Thus taking A = 1 determines a new basic
feasible solution X determined by the basis obtained on adding
(4,2) and removing (3,4) from the basis B.



The Transportation Problem: Finding the Optimal Solution

Now let X and B denote the new feasible solution and the new
basis associated with that feasible solution. Then

6 3 00

&~ b OO

3
0
1

o O o

5 3
00
00

and

B =1{(1,1),(1,2),(2,2),(2,3),(2,4),(3,5),(4,2),(4,5)}.

The cost associated with this new basic solution is 98.



The Transportation Problem: Cost of the Basic Feasable Solution

(1,J) | Xij Gij| CijXij
(L1)[ 6 2] 12
(1,2)| 3 4| 12
2,2)| 3 8| 24
(2,3)| 5 5| 25
243 1| 3
(3,5)| 4 2| 8
42)| 1 2| 2
(45| 4 3| 12
Total 98




The Transportation Problem: Finding the Optimal Solution

We now let X denote the new feasible solution and let B denote
the new basis. We determine new values of the associated
quantities u; for i =1,2,3,4 and j = 1,2,3,4,5, and calculate the
new matrix Q so that ¢;j = v; — u; + q;j, where q;; = (Q); for
all 7 and j.



The Transportation Problem: Finding the Optimal Solution

To determine u;, v; and g;; we complete the following tableau:—

GjiNag |t [2 |3 |4 |5 |lu
1 2 e 3 7 5 0
0 ?
2 4 8 e|5 1 8 ?
0 ?
3 5 9 4 4 2 e ?
? 0
4 7 2 e|5 5 3 e 7
0 0




The Transportation Problem: Finding the Optimal Solution

Now we choose u; = 0. Then, in order to ensure that ¢;; = v; — u;
for the two basis elements (1,1) and (1,2) we must take v; = 2
and v» = 4. Then v, =4 and ¢ » = 8 force up = —4. Then
up=—4, cp3=>5and o4 =1 force v3 =1 and v4 = —3. Also

vo =4 and ¢4 = 2 force ug = 2. Then us =2 and ¢35 = 3 force
vs =5. Then vs =5 and ¢35 = 2 force uz = 3.

Thus
up = 07 upy = —4, usz = 3, Ug = 2,

in=2, w=4 wv3=1 vy=-3, v5=05.



The Transportation Problem: Finding the Optimal Solution

After determining u; for i = 1,2,3,4 and v; for j = 1,2,3,4,5, the
tableau is as follows:—

cjNagl|l 2 3 [ 4 |5 |u
1 2 e |3 7 5 0
0 0 ? ? ?
2 4 8 |5 | 1 e]8 —4
? 0 0 0 ?
3 5 9 4 4 2 o 3
? ? ? ? 0
4 7 2 e|5h 5 3 ef 2
? 0 ? ? 0




The Transportation Problem: Finding the Optimal Solution

Let gij=cjj+uj—vjfori=1,2,3,4andj=1,2,3,4,5. Then
gij when (i,j) € B. We calculate and record in the tableau the
values of g;; when (i,)) & B. We find that

G13=2, q14=10, q15=0, q21=-2,

Rs=-1, g31=6, q32=38, q33=06,
934 =10, qa1 =7, qa3=06, qsa=10.



The Transportation Problem: Finding the Optimal Solution

After calculating g;; so that such that g;; = ¢;j + u; — v; for
i=1,2,3,4and j =1,2,3,4,5, the tableau is as follows:—

Ginag |t 12 3[4 [5 |u
1 2 e o3 7 5 0
0 0 10 0
2 4 8 |5 | 1 e |8 —4
-2 0 0 0 -1
3 5 9 4 4 2 e 3
6 6 10 0
4 7 2 e|5 5 3 e 2
7 0 6 10 0




The Transportation Problem: Finding the Optimal Solution

Let
0 02 10 O
-2 00 0 -1
Q= 6 8 6 10 O
7 06 10 O

Then the costs ¢;j satisfy ¢;j = vj — uj + g; j, where
uy = 07 upy = —4, usz = 3, ug = 2,

Vi = 2, Vo = 4, V3 = ].7 Vg = —3, Vg = 5.

and gij = (Q);j for i=1,2,3,4and j =1,2,3,4,5.



The Transportation Problem: Finding the Optimal Solution

The matrix Q has some negative coefficients, and therefore the
current basic feasible solution is not optimal. Because g1 is the
most negative coefficient of the matrix @, we determine a new
basis, consisting of the ordered pair (2, 1) together with all but one
ordered pair in the existing basis, so that the new basis
corresponds to a new basic feasible solution with lower cost.



The Transportation Problem: Finding the Optimal Solution

In order to determine the new basis, we complete the tableau
below, (in which elements of the current basis are marked with the
e symbol) in order that the rows and columns sum to zero. The

tableau to be completed is as follows:—

yij [t 2 |3 |4 [5 |
1 7 ? 0
2 |1 ? ? ? 0
3 7 of0
4 ? ?7 o0

jo Jo Jo Jo Jo o



The Transportation Problem: Finding the Optimal Solution

The completed tableau is as follows:—

vij| 1 ]2 |3 |4 |5 |
1 -1 | 1 e 0
2 1 o|l—-1 e|0 |0 e 0
3 0 0
4 0 e 0 || 0

lo [o Jo Jo Jo o

The remaining coefficients of the matrix Y must equal zero, and
thus

O O =
o

o O O o

o O O o

O O O o



The Transportation Problem: Finding the Optimal Solution

Then we add AX to the current feasible solution X. We find that
the coefficients of the resulting matrix X + \Y are as follows:—

6-X 341 0 0 0
A 3-X 530
X+AY =1 0 00 4
0 1 00 4

Then X + AY determines a feasible solution with cost 98 — 2\
provided that 0 < A < 3. But the matrix does not represent a
feasible solution for A > 3. Accordingly we take A = 3 to
determine a new basic feasible solution. The ordered pair (2, 1)
enters the basis, and the ordered pair (2,2) leaves the basis.



The Transportation Problem: Finding the Optimal Solution

We now let X denote the new feasible solution and let B denote
the new basis associated with that feasible solution. We find that

36000

O O W

0
0
1

>~ b O

5 3
0 0
00

and

B =1{(1,1),(1,2),(2,1),(2,3),(2,4),(3,5),(4,2),(4,5)}.

The cost of this new feasible solution should be 92.



The Transportation Problem: Finding the Optimal Solution

The following tableau verifies that the cost of the new feasible
solution is indeed 92:—

(i) | Xij Cij| CijXij
(L) 3 2] 6
(1,2) | 6 4 | 24
2,1)| 3 4| 12
(2,3)| 5 5| 25
2,4y 3 1] 3
(3,5)| 4 2| 8
42)| 1 2| 2
(4,5)| 4 3| 12
Total 92




The Transportation Problem: Finding the Optimal Solution

To determine u;, v; and g;; we complete the following tableau:—

GjiNag |t [2 |3 |4 |5 |lu

1 2 . 3 [7 |5 o
0 ?

2 4 e[8 |5 e|1 e|8 |7
0 ?

3 5 |9 |4 |4 |2 o7
? 0

4 7 |2 |5 |5 [3 e|7
? 0




The Transportation Problem: Finding the Optimal Solution

To complete this tableau we first need to find values of u; for
i=1,2,3,4 and v; for j = 1,2,3,4,5 such that ¢;j = v; — u; for
all (i,j) € B. (The elements of the basis B have been marked with
the o symbol.)

We set u; = 0. Then the uy =0, c;1 = 2 and ¢ o = 4 force

vi=2and vo =4. Then v; =2 and c; > = 4 force up = —2. Also
vo =4 and ¢ = 2 force ug = 2. Then up = -3, o3 =5 and
¢4 =1force vs=3and v4 = —1. Also u4 =2 and ¢35 =3

forces vs = 5, which in turn forces uz = 3.



The Transportation Problem: Finding the Optimal Solution

After determining u; for i = 1,2,3,4 and v; for j = 1,2,3,4,5, the
tableau is as follows:—

cjNagl|l 2 3 [ 4 |5 |u
1 2 o|4 |3 7 5 0
0 0 ? ? ?
2 4 e |8 5 e| 1 /|8 —2
0 ? 0 0 ?
3 5 9 4 4 2 ef 3
? ? ? ? 0
4 7 2 e|5h 5 3 ef 2
? 0 ? ? 0




The Transportation Problem: Finding the Optimal Solution

After calculating g;; so that such that q;; = ¢;; + u; — v; for
i=1,2,3,4and j =1,2,3,4,5, the tableau is as follows:—

GjiNa |t |2 (3 |4 |5 u
1 2 o4 e|3 7 5 0
0 0 0
2 4 |8 5 | 1 8 -2
0 2 0 0 1
3 5 9 4 4 2 eof 3
6 38 4 8 0
4 7 2 o|5 5 3 e} 2
7 0 4 8 0




The Transportation Problem: Finding the Optimal Solution

Let

~N O O O
O 00N O
A MO O
oo 00 ©
O O = O

Then the costs ¢;; satisfy ¢; j = v; — uj + g; j, where
up = 0, upy = —4, uz = 3, ug = 2,
Vi = 2, Vo = 4-7 V3 = ]_7 Vy = —3, Vg = 5.

and gij = (Q);j for i =1,2,3,4and j =1,2,3,4,5.

Note that g;; > O for all integers i and j satisfying 1 < i < 4 and
1 <j <5, and that g;; = 0 for all (i,j) € B.



The Transportation Problem: Finding the Optimal Solution

The current basic feasible solution is an optimal solution to the
Transportation problem with the given supply and demand vectors
and the given cost matrix.

Indeed let X be any feasible solution of the Transportation
Problem under consideration, and let X;; = (X); for i =1,2,3,4

5
and j =1,2,3,4,5. Then X;; >0 forall i and j, > X;; =s; for
j=1
4
i=1,2,3,4and ) X;j=d;forj=1,2,3,4,5 Then, as we
i=1
showed earlier, the cost trace(C ' X) of the feasible solution X
satisfies
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trace(C T X)
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The Transportation Problem: Finding the Optimal Solution

Note that the summand ) g;;X;;. is determined by the values
(iJ)¢B

of g;j and X;; for those ordered pairs (/, ) that do not belong to

the basis B. Thus if we apply this formula to the basic feasible

solution (x;;) determined by the basis B, we find that
trace(CTX) = Z djvj — Zs;u,-,
j=1 i=1

because x; j = 0 when (/, ) € B. It follows that

trace(CT X) = trace(CTX) + Z qi jXij
(ij)¢B

for any feasible solution X of the specified transportation problem.



The Transportation Problem: Finding the Optimal Solution

But we have calculed a basic feasible solution X of the
transportation problem with the property that g;; > 0 for
i=1,2,3,4and j=1,2,3,4,5. It follows that every feasible
solution X of this transportation problem satisfies

trace(CT X) > trace(CT X). Therefore the current basic feasible
solution is an optimal feasible solution minimizing transportation
costs.



The Transportation Problem: Finding the Optimal Solution

We now summarize the conclusions of our numerical example. The
problem was to determine a basic optimal solution of the
transportation problem with given supply vector s, demand

vector d and cost matrix C, where

sT =(9,11,4,5), d' =(6,7,5,3,8)

and
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The Transportation Problem: Finding the Optimal Solution

We have determined a basic optimal solution

36000
30530
X= 0 00O 4
0100 4

associated to a basis B, where

B =1{(1,1),(1,2),(2,1),(2,3),(2,4),(3,5),(4,2),(4,5)}.

The cost of this new feasible solution is 92.



The Transportation Problem: Finding the Optimal Solution

Moreover we have also determined quantities u; for i = 1,2,3,4
and v; for j = 1,2, 3, 4,5 satisfying the following two conditions:—

o cj>vi—ufori=1,23,4andj=1,2,3,4,5;

e ¢ j=v;—ujforall (i,j) € B.



