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1. [Note: the following worked solution reproduces the detail of a large
number of small steps to explain, demonstrate and validate the reason-
ing. A solution with this amount of detail would not be expected in a
solution written out during the course of an examination.

Moreover, in writing out a worked solution, it became apparent that,
in this example, the process for passing from an initial basic feasible
solution to an optimal solution required three changes of basis, which
is probably a large number for a problem of this size, and as a result
the time taken to complete the problem would exceed what would one
would normally expect for problems of this size.|

We now find a basic optimal solution to a transportation problem with
3 suppliers and 4 recipients. We find an initial basic feasible solution
using the Minimum Cost Method, and then continue to find a basic
optimal solution using a form of the Simplex Method adapted to the
Transportation Problem.

The supply vector is (7,10, 13) and the demand vector is (5, 10,9,6).
The components of both the supply vector and the demand vector add
up to 30.

The costs are as specified in the following cost matrix:—

6 8 9 6
5 10 3 7
39 2 4

We fill in the row sums (or supplies), the column sums (or demands)
and the costs ¢; ; for the given problem. The resultant tableau looks as
follows:—

Ciyj\ilfi’j Hl ‘2 ‘3 ‘4 H S;
1 6 8 9 6
? ? ? T
2 ) 10 3 7
? v 2] 210
3 3 9 2 4
? ? ? 713
T 5 10 5 olw



We find an initial basic feasible solution using the Minimum Cost
Method, in which we select a cell with minimum cost for which z; ;
is as yet undetermined, then fill in the cell with the minimum of the
supply s; and demand d;. Then either one column, or one row is com-
pleted with zeros. This reduces to a transportation-type problem of
smaller size, and the Minimum Cost Method is applied recursively un-
til the initial basic feasible solution has been found.

To start, the minimum cost cell is in position (3,3), and the minimum
of supply and demand is 9. We therefore fill in the third column follows:

x1,3 = 0, T23 = 0, X33 = 9.

(We also add a e symbol to cell (3, 3) to indicate that this cell represents
an element of the initial basis.)

Then cell (3,1) becomes the cell of lowest cost with undetermined z; ;.
Minimum of residual supply and demand for this cell is 4 (because we
require that x3q + 232 + 9+ 234 = 13), and we complete the third row
as follows:

x31 =4, w32=0, x34=0.

(We also add a e symbol to cell (3,1) to indicate that this cell represents
an element of the initial basis.)

Then cell (2,1) becomes the cell of lowest cost with undetermined z; ;.
Minimum of residual supply and demand for this cell is 1 (because we
require that x11 + 291 +4 = 5), and we complete the first column by
setting 1, = 0 and 29 = 1.

The lowest cost cell with undetermined x; ; is then (1,4). We set 214 =
6, and complete the fourth column by setting x4 4 = 0.

The lowest cost cell with undetermined w; ; is then (1,2). We set 215 =
1.

We complete the process by setting x5 = 9.

The completed tableau after determining the initial basic solution by
the Minimum Cost Method is as follows:—



Cij \‘ T 5 H 1 ‘ 2 ‘ 3 ‘ 4 H S;
1 6 8 e |9 6 e
0 1 0 61 7
2 5 |10 e |3 7
1 9 01 10
3 3 e| 9 2 |4
4 0 9 0113
d || 5] 10] 9] 630
Our initial basic feasible solution is thus specified by the 4 x 3 matrix X,
where
0106
X=11900
4 0 9 0

The initial basis B for the transportation problem is as follows:—

B ={(1,2),(1,4),(2,1),(2,2),(3,1),(3,3)}.

The basis has six elements as expected. (The number of basis elements
should be m + n — 1, where m is the number of suppliers and n is the

number of recipients.)

The coefficient of this matrix X in the ¢th row and jth column is
the quantity z;; that determines the quantity of the commodity to
transport from the ith supplier to the jth recipient. Note that x;; =0
when (i,7) ¢ B. This corresponds to the requirement that (z; ;) be a
basic feasible solution determined by the basis B. Also x;; > 0 for all

(i,7) € B.

The cost of this initial feasible basic solution is

8x14+6x6+5x1+10x9

+3x4+2x9

= 8+36+5+90+12+ 18

= 169.

We next determine whether the initial basic feasible solution found by
the Minimum Cost Method is an optimal solution, and, if not, how to

adjust the basis go obtain a solution of lower cost.
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We determine uy, ug, ug and vy, ve, v3, v4 such that ¢; ; = v; — u; for all
(i,7) € B, where B is the initial basis. We seek a solution with u; = 0.
We then determine g; ; so that ¢; ; = v; — u; + ¢;; for all ¢ and j.

We therefore complete the following tableau:—

ooy 12 |8 |4 Ju

1 6 8 o9 6 of O
? 0 ? 0
2 5 |10 e3 7 ?
0 0 ? ?
3 3 |9 2 o4 ?
0 ? 0 ?
5 17 17 17 17 ]

We first calculate the quantities u; and v;.
Now (1,2) € B, u; = 0 and ¢; 5 = 8 force vy = 8.
Similarly (1,4) € B, u; = 0 and ¢; 4 = 6 force vy = 6.

Then (2,2) € B, v, = 8 and ¢35 = 10 force uy = —2.
Then (2,1) € B, us = —2 and ¢y; = 5 force v; = 3.
Then (3,1) € B, v; = 3 and ¢5; = 3 force ug = 0.

Finally (3,3) € B, u3 = 0 and ¢33 = 2 force vz = 2.

The tableau after the calculation of the u; and v; is as follows:—

g @ L [2 [3 |4 |u

1 6 |9 6 e| O
? 0 ? 0
2 5 |10 e 3 7 —2
0 0 ? ?
3 3 o9 2 o4 0
0 ? 0 ?
5 15 5 12 16 1

We next determine g; , so that ¢; ; = v; —u; + ¢;; for all ¢ and j. The
completed tableau is as follows:—



I 6 |8 |9 [6 s O
3/ o] 7| o0

5 |5 e[10 «[3 |7 )
o] o -1 -1

3 |3 /9 |2 e |4 0
o] 1| o -2

v I3 [8 2 J6 ]

The initial basic feasible solution is not optimal because some of the
quantities g; ; are negative. Indeed ¢34 = —2, We therefore seek to
bring (3,4) into the basis.

The procedure for achieving this requires us to determine a 3 x 4 ma-
trix Y satisfying the following conditions:—

® Y34 =1;
e y;; =0 when (i,7) ¢ BU{(3,4)};
e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ;
of the matrix Y that correspond to cells in the current basis (marked
with the e symbol), so that all rows sum to zero and all columns sum
to zero:—

wg |1 |2 |3 [4 |

1 7 e 7 o0
2 (|7 e 0
317 e 7 |1 o]0
[o Jo fo Jo o
The fourth column sums to zero, and therefore y; 4, = —1.

Then the first row sums to zero, and therefore y; o = 1.
Then the second column sums to zero, and therefore y, 9 = —1.

Then the second row sums to zero, and therefore y,; = 1.
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Then the first column sums to zero, and therefore y3; = —1.
Finally the third row sums to zero, and therefore y3 5 = 0.

The completed tableau is as follows:—

vig | L |2 |3 |4 |
1 1 e —1 |0
2 1 e|—1 e 0
3 [|—1 e 0O ¢/ 1 o0

fo o fo [o o

0 1 0 -1
Y = 1 -1 0 0
-1 0 0 1

Now X + \Y is a feasible solution of the given transportation problem
for all values of A for which the coefficients are all non-negative. Now

0 14X 0 6—-AX
X+AXY = 1+X 9-=X 0 0
4—-X 0 9 A

We can increase A, decreasing the cost by 2\, up to A = 4. This gives
us a new basic feasible solution, which we take to be the current basic
feasible solution.

Let X now denote the current basic feasible solution, and let B now
denote the associated basis. Then

05 0 2
X=5500
00 9 4

and
B ={(1,2),(1,4),(2,1),(2,2),(3,3),(3,4)}.

The new cost is 161, and one can verify that this is equal to 169 —2 x 4,
where 169 is the cost of the initial basic solution.



We next compute the numbers u; and v; and ¢; ; so that ¢; ; = v; — u;
for all (i,5) € Band ¢;; =v; —u; +¢;; fori =1,2,3 and j = 1,2,3,4.

We therefore complete the following tableau:—

gL |2 [3 |4 Ju

1 6 8§ ]9 6 o O
? 0 ? 0
2 5 |10 e|3 7 ?
0 0 ? ?
3 3 9 2 |4 e 7
? ? 0 0
U
The completed tableau is as follows:—
g g [ 12 |3 4 |
1 6 e 9 6 e 0
3 0 5 0
2 5 |10 e |3 7 —2
0 0 -3 —1
3 3 9 2 e |4 e 2
2 3 0 0
v 3 18 4 6

The current basic feasible solution is not optimal because some of the
quantities g; ; are negative. Indeed gz3 = —3, We therefore seek to
bring (2, 3) into the basis.

The procedure for achieving this requires us to determine a 3 x 4 ma-
trix Y satisfying the following conditions:—

® y23=1;
® Yij = 0 when (Zaj) € BU {(273)}7

e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ;
of the matrix Y that correspond to cells in the current basis (marked
with the e symbol), so that all rows sum to zero and all columns sum
to zero:—



i 7 o0
2 |7 e 1 0
3 ? 7 o0

fo fo fo fo fo

The third column sums to zero, and therefore y3 3 = —1.

Then the third row sums to zero, and therefore y3 4 = 1.

Then the fourth column sums to zero, and therefore y; 4 = —1.
Then the first row sums to zero, and therefore y; o = 1.

Then the second column sums to zero, and therefore y, 5 = —1.
Finally the second row sums to zero, and therefore y,; = 0.

The completed tableau is as follows:—

Yi,j Hl ‘ 2 ‘ 3 ‘ 4 H
1 1 e —1 |0
2 |0 e|—-1 | 1 o 0
3 —1 o] 1 e 0

o fo o Jo o

0 1 0 -1
Y=10 -1 1 0
0 0 -1 1

Now X + Y is a feasible solution of the given transportation problem
for all values of A for which the coefficients are all non-negative. Now

054X 0 2-=2X
X+AXY =[5 5=\ A 0
0 0 9-—X 44+
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We can increase A, decreasing the cost by 3\, up to A = 2. This gives
us a new basic feasible solution, which we take to be the current basic
feasible solution.

Let X now denote the current basic feasible solution, and let B now
denote the associated basis. Then

X =

o ov O
S W
~N N O
S OO

and
B = {(172)7 (27 1)7 (272)7 (273)7 (3’3)7 (374)}

The new cost is 155, and one can verify that this is equal to 161 —3 x 2,
where 161 is the cost of the previous basic solution.

We next compute the numbers u; and v; and ¢; ; so that ¢; ; = v; — u;
forall (i,j) € Band ¢;; =v; —u;+¢;; fori =1,2,3 and j =1,2,3,4.

We therefore complete the following tableau:—

ooy 12 |3 |4 Ju

1 6 8 |9 6 0
? 0 ? ?
2 5 |10 |3 e|7 ?
0 0 0 ?
3 3 9 2 o|4 o 7
? ? 0 0
uo el e g
The completed tableau is as follows:—
g g [ |2 3 |4 |w
1 6 |9 6 0
3 0 8 3
2 o e |10 |3 e|7 -2
0 0 0 2
3 3 9 2 |4 e —1
-1 0 0 0
v 3 f8 1 3]



The current basic feasible solution is not optimal because one of the
quantities ¢; ; is negative. Indeed g3 = —1, We therefore seek to bring
(3,1) into the basis.

The procedure for achieving this requires us to determine a 3 x 4 ma-
trix Y satisfying the following conditions:—

® y31 = 1;
® Yij = 0 when (Zaj) QI BU {(37 1)}7

e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ;
of the matrix Y that correspond to cells in the current basis (marked
with the e symbol), so that all rows sum to zero and all columns sum
to zero:—

1 0
2 17 7 o 0
3 ?7 o7 o0

fo fo Jo fo o

The first column sums to zero, and therefore y,; = —1.

The first row sums to zero and therefore y; 5 = 0.

Then the second column sums to zero, and therefore ;9 = 0.
The fourth column sums to zero, and therefore y3 4 = 0.
Then the third row sums to zero, and therefore y3 5 = —1.
Finally the third column sums to zero, and therefore yo 3 = 1.

The completed tableau is as follows:—

1 0 0
2 [|—1 o]0 1 e 0
3 1 o —1 |0 |0

[o Jo Jo fJo fo



The following 3 x 4 matrix Y therefore satisfies our requirements:—

0
1

o O O

Now X + \Y is a feasible solution of the given transportation problem
for all values of A for which the coefficients are all non-negative. Now

o 7 0 0
X+AXY=[5-X3 2+X 0
A0 7T=X6

We can increase A, decreasing the cost by A, up to A = 5. This gives
us a new basic feasible solution, which we take to be the current basic
feasible solution.

Let X now denote the current basic feasible solution, and let B now
denote the associated basis. Then

X =

o O O
S W
N~ O
oSO O

and

B =1{(1,2),(2,2),(2,3),(3,1),(3,3),(3,4)}.
The new cost is 150, and one can verify that this is equal to 155 —1 x5,
where 155 is the cost of the previous basic solution.

We next compute the numbers u; and v; and ¢; ; so that ¢; ; = v; — u;
for all (i,j) € Band ¢;; =v; —u;+¢;; fori =1,2,3 and j = 1,2,3,4.

We therefore complete the following tableau:—

a1 |2 (3[4 |uw

1 6 & o9 6 0
? 0 ? ?

2 5 10 |3 |7 ?
? 0 0 ?

3 3 | 9 2 e|4 e ?
0 ? 0 0

vy o7 [ 7 ]



The completed tableau is as follows:—

a1 2 (3[4 |w

1 6 |9 6 0
4 0 8 3

2 5 10 |3 |7 —2
1 0 0 2

3 3 e 9 2 |4 eof —1
0 0 0 0

v 2 18 1 |3

The fact that all ¢; ; are non-negative ensures that the current feasible
solution is optimal.

Indeed let 7; ; be the components of a feasible solution to the problem.
Then

The last summand is always non-negative, and is equal to zero for the
current feasible solution.

[Note that ¢s32 = 0 despite the fact that (3,2) € B. A consequence of
this is that the basic optimal solution to this particular problem is not
unique. The following matrix

X =

o O O

7
1
2

oS © O
oSO O

provides an alternative basic optimal solution to the problem.|
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2.

(a) [Definition.] Let

W= {(y,z> ER"XR":Y (v)i= Z(z»},

i=1 j=1

and, for each (4,7) € I x J, let () = (b@ bW)), where b € R™
and bU) € R" are defined so that the ith component of b® and
that jth component of b are equal to 1 and the other compo-
nents of these vectors are zero. A subset B of I x J is said to
be a basis for the Transportation Problem with m suppliers and
n recipients if and only if the elements 3¢ for which (i,j) € B
constitute a basis of the real vector space W.

(b) [Bookwork.] Let

W= {(y,Z) ER™XR": ) (y)i = Z(Z)g},

i=1 j=1

let bW, b® ... b be the standard basis of R™ and let

b® . b® .. b be the standard basis of R”, where the ith com-
ponent of b® and the jth component of bY) are equal to 1 and
the other components of these vectors are zero, and let f7) =
(@ W) for all (i,5) € I x J.

Now the elements 39 for (i,5) € I x J span the vector space W.
It therefore follows from a standard result of linear algebra that if
the elements 30 for which (i,7) € K were linearly independent
then there would exist a subset B of I x J satisfying K C B such
that the elements 37 for which (i,7) € B would constitute a
basis of W. This subset B of I x J would then be a basis for the
Transportation Problem. But the subset K is not contained in any
basis for the Transportation Problem. It follows that the elements
369 for which (i,7) € K must be linearly dependent. Therefore
there exists a non-zero m X n matrix Y with real coefficients such

that (Y);; = 0 when (¢, j) ¢ K and

m n

DY (V)B4 = oy

i=1 j=1

15



Now 37 = (b® bW) for all i € I and j € J. It follows that

zm: i(y)i,jg(i) =0
i=1 j=1

and o
Z Z(Y)i,jb(j) =0,
i=1 j=1

and therefore

> (V)y=0 (i=12...m)

J=1

and

as required.
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3. [Seen similar.]

Note: There are several ways of organizing the calculation us-
ing tableaux. Any method that arrives at and verifies the optimal
solution is acceptable.

The problem is to minimize ¢’x subject to constraints Ax = b,
and x > 0, where

9 3 5 21 14
A=12 73 4 3], b= 26
4 2 3 6 2 13

and
CT:(3 2 5 9 4), XT:(ZE1 Ty T3 Tg ZL‘5).

We denote by al) the 3-dimensional vector specified by the jth
column of the matrix A.

We have an initial solution x = (0,2,1,0,3) with initial basis
B = {2,3,5} and initial cost 21. We find p € R? to satisfy the
matrix equation

(2 5 4)=/(c2,¢3,¢5) =cp=p" Mg,

where
3 5 1
Mg=17 3 3
2 3 2
Now

det Mp = 3x(3x2—-3x3)+5x(2x3—-7Tx2)+1x(7Tx3—-2x3)
= 3x(=3)+5x(=8)+15=-34.

and
3 T 12
M§1:3—4 -8 4 -2 |,
15 1 —26
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and thus

_q -3 -7 12
pT:(02 C3 c5)M§1:—4(254) -8 4 =2
s 15 1 -2
= (= a1 3)
Then
9 35
c"—p'A = (3259 4)—(-8 -2 2){273
4 2 3
= (3259 4)—(3 25 2 4)
= (=5 00 -3 0)

Then AT =b and T; > 0 for j = 1,2,3,4,5. Then

c’'x = plAx+q'x=p'b+q'x=21+q'x
91 112_ 166_
= - —7T,— —7Z
CYIE Vi

where q7 = ¢ — pTA. We look for a basis that includes 4. Now

to4
a = t274a(2) + t3,4a(3) + t5,4a(5) = Mp | 34
54
Therefore
o4 —1 -3 -7 12 2 _%
b J =M= | 8 2=
t574 15 1 —96 6 122

34

It follows that
(0 248X 1-2X X 3-12))

is a feasible solution of the problem whenever all components are
non-negative. We obtain another basic feasible solution with lower

18
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cost on determining A to be the largest non-negative real number
satisfying

12 122
— — A\ > — A >0.
1 34/\_0 and 3 34)\_0

Now 13%2 lies between 3 and 4. We should therefore take A =
3 x 2L = 102 4,4 the new basic feasible solution is

122 — 1227

358 86 102
(O 122 122 122 O)

We now let this row vector represent the current basic solution.
The current cost is then % and the current basis B is given by

B = {2,3,4}. Now let Mp now consist of the 2nd and 3rd and
4th columns of the matrix A. We find that

35 2 I 6 —24 14
Mp=|7 3 4 ,M;:—@ —34 14 2
2 36 15 1 —26
We then let
] 6 —24 14
p’ = (¢ ¢ c4)M§1:—ﬁ(259) -34 14 2
15 1 —26
o 23 31 196
= (& —15 1)
Then
9 35 21
c"—p'A = (3259 4)-(& -2 &)l 27343
4 2 3 6 2
= (3259 4)-(% 259 2)
563 166
= (-1 000 )

The components of this vector are not all non-negative, and there-
fore the current basic solution is not optimal. Because the first
component is negative we seek to bring 1 into the basis. Now

21
all) = t2,1a(2) + t3,13(3) + t4,1a(4) =Mp | ta
ty
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Therefore

tos 6 —24 14 9 -2

fa | =Mpla® =L 344 2 2 | = &
t 5 1 —26 4 —32
7 122

—_

It follows that

358 62 86 270 102 33
( A 122 + 122)\ 122 122)\ 122 + 122)\ 0 )

is a feasible solution of the problem whenever all components are
non-negative. We obtain another basic feasible solution with lower
cost than the current feasible solution on setting A = %, and the
new current basic feasible solution is

86 836 249
(270 270 0 270 O)

We now let this vector represent the current basic feasible solu-
tion x. The new basis B is given by B = {1,2,4}. We must test
the current basic feasible solution for optimality.

Accordingly we calculate p such that p¥’ = c5 My, where

cgz(cl Co 04):(3 2 9).
and

34 —-14 =2
4 46 —32
-24 —6 57

1
Mzl = —
B 270

) 34 —14 -2

T

p’ = —(329)| 4 46 -32
270 24 -6 57
(-2~ 2% )

270 270 270
Then

c"—p'A = (325 9 4)— (3% 1 1)

N O
N~ W
W L Ut

= (3259 4)—(32 2 9 %)

270 270
_ 563 312
- ( O 0 270 O 270 )

20
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Because all components of this last row vector are non-negative,
the current basic feasible solution is optimal. The cost of this
4171

solution is 5-5-. The cost of any feasible solution (71, 72, T3, Ty, Ts)
is

4171 n 563 _ n 312_
—— 4+ —T3+ —7T
270 2707 " 2707
where T3 > 0 and Zs > 0. Thus the current basic feasible solution

86 836 () 249 ()) e : -
(576> 570, 0, 575, 0) is indeed optimal.

Cancelling common factors from numerator and denominator, we

find that this basic optimal solution is (75, 12,0, 53, 0).
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4.

(a) [Seen Similar.] The inequalities satisfied by the feasible solutions
(21, T2, 3, x4) and (p1, p2, p3) of the corresponding linear program-

ming problems ensure that

121 + €Ty + €33 + C4y — P1by — paba + p3bs

= (01 — P1G11 — P2G21 — p3a371)x1
+ (€2 — pra1,2 — D222 — P3a32) T2
+ (€3 — pra1,3 — P2as3 — P3a33)T3
+ (c4 — p1a1a — P2ao4 — P3as )Ty
+ pr(a11z1 + a1202 + a1,303 + 1,474 — by)
+ pa(ag 121 + a2 + a23T3 + ag.424 — by)
+ p3(as @1 + az 222 + ag3rs + azaxs — by)
= (Cz — pP1a12 — P2a22 — p3a372)x2
+ (€4 — p1a1a — Paaog — P3asa)Ty
+ pr(a11z1 + a12T2 + a1,373 + 1,474 — by)

+ ps(ag 21 + as 2 + as 33 + agaxy — b3)

because
2121 + A29%2 + A23%3 + A2.4%4 — by
4171 + A42T2 + Q4 3T3 + AQg.4Ts — by
C1 — P1G11 — P2021 — P3as 1

C3 — P1G1,3 — P2a23 — P3a3.3

o o o

0.

Now the constraints in the relevant programming problems ensure

that the summands in the above expression for

171 + €y + C3x3 + caTy — P1by — paby — p3bs

are all non-negative. It follows that

171 + €y + C3x3 + CaTy — P10y — paby — p3bs > 0.

Moreover equality holds if and only if all summands are zero, in

which case
a1121 + a12%2 +a13+a1a = by if p; >0,
a3 121 + azoTs +azz +aszs = by if p3 >0,
prai2 + Paags + p3azs = co if 29 >0,
Pra14 + Paaga +p3azs = cqif x4 >0,
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as required.

(b) [Bookwork.] Let K = {i € I : n;(x*) > s;}. Suppose that there
do not exist non-negative real numbers g; for all + € I such that
¢ =>Y.gm; and g; = 0 when ¢ € K. On applying the proposition

il
stated on in the Note on the examination paper (with L = I'\ K),
we deduce that there must exist some v € R™ such that n;(v) >0

for all i € I\ K and ¢(v) < 0. Then
0i(X" 4+ Av) = n;(x") + Ani(v) > s

for all ¢ € I'\ K and for all A > 0. If i € K then n;(x*) > s;.
The set K is finite. It follows that there must exist some real
number g satisfying \g > 0 such that n;(x* + A\v) > s; for all
i € K and for all real numbers \ satisfying 0 < XA < Aq.

Combining the results in the cases when ¢ € '\ K and when i € K,
we find that n;(x* + Av) > s; for all i € I and A € [0, \o], and
therefore x*+Av € X for all real numbers A satisfying 0 < \ < ).
But

P(x" 4+ Av) = o(x") + Ap(v) < p(x7)

whenever A > 0. It follows that the linear functional ¢ cannot
attain a minimum value in X at any point x* for which either
K =1 or for which K is a proper subset of I but there exist non-

negative real numbers g; for all i € I'\ K such that ¢ = > g;n;.
i€N\K
The result follows.
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