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1 A Transportation Problem Example with
Four Suppliers and Five Recipients

We discuss in detail how to solve a particular example of the Transportation
Problem with 4 suppliers and 5 recipients, where the supply and demand
vectors and the cost matrix are as follows:—

s’ =(9,11,4,5), d" =(6,7,5,3,8).
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We find a basic feasible solution to the Transportation Problem example
with 4 suppliers and 5 recipients, where the supply and demand vectors are
as follows:—

s’ =(9,11,4,5), d" =(6,7,5,3,8).

We find an initial basic feasible solution using a method known as the
Northwest Corner Method. We then apply an iterative procedure to find a
basic optimal solution, using a version of the Simplex Method adapted to
the Transportation Problem.

In order to find an initial basic feasible solution, we need to fill in the
entries in a tableau of the following form:—

X

.

1234 5]s

Sl w o

6 75 3 8|29

In the tableau just presented the labels on the left hand side identify
the suppliers, the labels at the top identify the recipients, the numbers on
the right hand side list the number of units that the relevant supplier must
provide, and the numbers at the bottom identify the number of units that
the relevant recipient must obtain. Number in the bottom right hand corner
gives the common value of the total supply and the total demand.

The values in the individual cells must be non-zero, the rows must sum
to the value on the right, and the columns must sum to the value on the
bottom.



The Northwest Corner Method is applied recursively. At each stage the
undetermined cell in at the top left (the northwest corner) is given the max-
imum possible value allowable with the constraints. The remainder of either
the first row or the first column must then be completed with zeros. This
leads to a reduced tableau to be determined with either one fewer row or else
one fewer column. One continues in this fashion, as exemplified in the solu-
tion of this particular problem, until the entire tableau has been completed.

The method also determines a basis associated with the basic feasible
solution determined by the Northwest Corner Method. This basis lists the
cells that play the role of northwest corner at each stage of the method.

At the first stage, the northwest corner cell is associated with supplier 1
and recipient 1. This cell is assigned a value equal to the mimimum of the
corresponding column and row sums. Thus, this example, the northwest
corner cell, is given the value 6, which is the desired column sum. The
remaining cells in that row are given the value 0.

The tableau then takes the following form:—

T 1 2 3 45 S;
d; |6 7 5 3 8|29

The ordered pair (1,1) commences the list of elements making up the
associated basis.

At the second stage, one applies the Northwest Corner Method to the
following reduced tableau:—

S
<

Sl w o s
S

2 3 4 5]s

7 5 3 8[23
The required value for the first row sum of the reduced tableau has been

reduced to reflect the fact that the values in the remaining undetermined
cells of the first row must sum to the value 3.



The value 3 is then assigned to the northwest corner cell of the reduced
tableau (as 3 is the maximum possible value for this cell subject to the
constraints on row and column sums). The reduced tableau therefore takes
the following form after the second stage:—
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75 3 8[23
The main tableau at the completion of the second stage then stands as
follows:—

T 1 2 3 45 S;
1 /6 3000]9
2 10 11
310 4
d; |6 7 5 3 8|29

The list of ordered pairs representing the basis elements determined at
the second stage then stands as follows:—

Basis: (1,1),(1,2),....

The reduced tableau for the third stage then stands as follows:—

rij 12 3 4 5| s
o . . 111
3 4
4 1. - . |5
d 14 5 3 8|20

Accordingly the northwest corner of the reduced tableau should be as-
signed the value 4, and the remaining elements of the first column should be
assigned the value 0.

The reduced tableau at the completion of the third stage stands as follows:—



rij |2 3 4 5| s
2 |4 . 11
3 10 4
4 10 -1 D
d; 14 5 3 8|20

The main tableau and list of basis elements at the completion of the third
stage then stand as follows:—
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Basis: (1,1),(1,2),(2,2),....
The reduced tableau at the completion of the fourth stage is as follows:—

3
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The main tableau and list of basis elements at the completion of the
fourth stage then stand as follows:—
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DO O OO
N O O = W

Basis: (1,1),(1,2),(2,2),(2,3),....

At the fifth stage the sum of the undetermined cells for the 2nd supplier
must sum to 2. Therefore the main tableau and list of basis elements at the
completion of the fifth stage then stand as follows:—
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Basis: (1,1),(1,2),(2,2),(2,3),(2,4),....

At the sixth stage the sum of the undetermined cells for the 4th recipient
must sum to 1. Therefore the main tableau and list of basis elements at the
completion of the sixth stage then stand as follows:—

s
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Basis: (1,1),(1,2),(2,2),(2,3),(2,4),(3,4),. ...

Two further stages suffice to complete the tableau.

Moreover, at the

completion of the eighth and final stage the main tableau and list of basis

elements stand as follows:—

3
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Basis: (1,1),(1,2),(2,2),(2,3),(2,4),(3,4),(3,5), (4,5).
The following table establishes that the cost of the initial basic feasible



solution is 108:—
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Ci 3 Li 5
12
12
32
25
2
4
6
15

Total 108

W DN = = UL 0O = N

Now the basic feasible solution produced by applying the Northwest Cor-
ner Method is just one amongst many basic feasible solutions. There are
many others. Some of these may be obtained on applying the Northwest
Corner Method after reordering the rows and columns (thus renumbering
the suppliers and recipients).

It would take significant work to calculate all basic feasible solutions and
then calculate the cost associated with each one.

However there is a method for passing from one feasible solution to an-
other so as to progressively lower the cost until the feasible solution have
been found and verified to be the optimal solution to the problem.

Let B be the basis consisting of the ordered pairs

(1,1),(1,2),(2,2),(2,3),(2,4),(3,4), (3,5), (4,5).

The following tableau records the costs ¢; ; associated with those ordered
pairs (7, j) that belong to the basis B:

Ci g 1 2 3 4 5) U;

4 U1l

2 8 o5 1 Ug

3 4 2 us

4 3 Uy
Vj |V1 V2 V3 Vg Us

We determine real numbers u; for i = 1,2,3,4 and v; for j = 1,2,3,4,5
such that v; —u; = ¢;; for all (7, j) € B. These real numbers u; and v; are
not required to be non-negative: they may be positive, negative or zero.

(We postpone till later an explanation as to why finding values u; and v,
satisfying the above equation actually helps us in solving the problem.)

Now if the real numbers u; and v; provide a solution to these equations,
then another solution is obtained on replacing u; and v; by u; +k and v, +k,
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where k is some fixed constant. It follows that one of the required values can
be set to an arbitrary value. Accordingly we seek a solution with u; = 0.

Then we must have v;

2 and v, = 4 in order to satisfy the equations

determined by the costs associated with the basis elements with ¢ = 1.
After setting u; = 0, and then determining the values of v; and vy, the
tableau for finding the numbers w; and v; takes the following form:—

Ci g 1 2 3 4 5) U;
4 0
2 8 5 1 Us
3 4 2 us
4 3 Uy
v; |12 4 vy vg s
The equations v, = 4 and cy9 = 8 then force uy = —4, which in turn
forces v3 = 1 and vy = —3.

After setting uy; = 0, and then successively determining the values of v,
Vg, Ug, V3 and vy, the tableau takes the following form:—

ci,j 1 2 3 4 5 U;
2 4 0
8 5 1 —4
3 4 2 Us
4 3 Uy
(% 2 4 1 -3 Vs

The equations vy — us = ¢34, V5 — U3
successively force ug = —7, v5 = —5 and uy

the following form:—

= ¢35 and v5 — uy = cy5 then
= —8.
The completed tableau for determining the values of u; and v; thus takes

Ci,j 1 2 3 4 5 U;

2 4 0

8 5 1 —4

3 4 2 | =7

4 3 | —8
v |2 4 1 =3 =5

We now return to the discussion of the solution of the particular example
of the Transportation Problem with 4 suppliers and 5 recipients, where the
supply and demand vectors and the cost matrix are as follows:—

sT =(9,11,4,5),

d" = (6,7,5,3,8).
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We have already determined a basic feasible solution associated with the
basis B, where

B ={(1,1),(1,2),(2,2),(2,3),(2,4),(3,4),(3,5),(4,5) }.

The basic feasible solution and the basis B were determined using the North-
west Corner Method. The non-zero coefficients of the basic feasible solution
are as follows:—

T11 = 6, T12 = 3, Too = 4, To3 = 9,

Tog =2, w34=1, x35=3, mX45=2>,

The components of the basic feasible solution corresponding to the basis B
are this recorded in the following tableau:—

2

Sl w o s

OO OO O
N O O B~ W
OO O ot Ol Ww
WO~ N O
0|t W O O Ut

We have also determined real numbers u; and v; such that ¢; ; = v; — u;
for (i,7) € B. These values are recorded in the following tableau, which
records the costs in the body of the tableau, the values u; to the right and
the values v; along the bottom:—

2 4 0

2 8 5 1 —4

3 4 2 | =7

4 3 | —8

v |2 4 1 =3 =5

Thus if
Uy = O, Uy = —4, Uz = —7, ,Ug = —8,
v=2, ve=4, wy3=1, wvy=-3, wvs=—9,
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then ¢; ; = v; —w; for all (4, j) € B.

However the values of v; — u; can differ from ¢; ; when (7, j) € B. We can
construct a tableau which records, in the top left of every cell of the body,
the cost ¢; ; in the top left and the slackness ¢, ; in the bottom right, where
¢i.j = Cij +u; —vj. The symbol e in the top right of a cell indicates that the
cell represents an element of the basis. This tableau is then as follows:—

Cij NG [ |2 3[4 [5 |
1 2 e |4 e |3 7 5 0
0 0 2 10 10
2 4 8 e |H e 1 e | 8 —4
—2 0 0 0 9
3 5 9 4 4 e | 2 e | =7
—4 —2 —4 0 0
4 7 2 5 5 3 e | =8
-3 —10 —4 0 0
v 2[4 B

Let
0 0 2 10 10

2 0 0 0 9
Q=1 _4 9 4 0 o0
3 —10 -4 0 0

Then the costs ¢; ; satisfy ¢; ; = v; — u; + ¢; j, where
Uy = O) Ug = _4a Us = _7a , Uy = _87

V1 = 2, Vg = 4, V3 = 1, Vg4 = —3, Vs = —5,
and ;= (Q)i; fori=1,2,3,4and j =1,2,3,4,5.
Note that g;; = 0 for all (i, j) € B.
Now let X be any feasible solution of the Transportation Problem under
consideration, and let 7; ; = (X);; fori =1,2,3,4 and j = 1,2,3,4,5. Then
5 4
Ei,j Z 0 for all 7 and j, Zji,j = S; for i = 1,2,3,4 and Zji,j = dj for
j=1 i=1
j=1,2,3,4,5 Then

n

m
tI‘&CG(OT7> = chi,jji,j’
i=1 j=1
n

i
m
- E uz+£]zy mz]
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= Zd vj — Zsuz—FZquxm

=1 j=1

= Zd vj — Zsuﬁ Z Qi jTij-

(i,j)¢B

Note that the summand ) ¢;;T; ;. is determined by the values of ¢; ;
(i,5)¢B
and T; ; for those ordered pairs (¢, j) that do not belong to the basis B. Thus
if we apply this formula to the basic feasible solution (z;;) determined by
the basis B, we find that

trace CTX Z d;jv; — Z S Uy,

=1

because z; ; = 0 when (4, j) ¢ B. It follows that

trace(CTX) = trace(CT X) + Z 4T
(i.7)¢B

for any feasible solution X of the specified transportation problem.

If it were the case that all the coefficients ¢; ; were non-negative then it

would follow that > ¢, ;Z;; > 0 for all feasible solutions X, and therefore
i,j)¢B
X would be a basi(c ())ptimal solution.

However the matrix () has negative entries, and indeed g4 2 = —10. It
turns out that we can construct a new basis, including the ordered pair (4, 2)
so as to ensure that this new basis determines a basic feasible solution whose
cost is lower than that of the original basic feasible solution.

We complete the following tableau so that coefficients are determined
only for those cells determined by the e symbol so as to ensure that all rows
and columns of the body of the tableau add up to zero:—

1 |7 e 0
2 7 e|7 e 0
3 ? 7 |0
4 1 o 7 o0

o fo fo fo fo fo

10



Examining the bottom row, we find that y45 = —1. Then, from the
rightmost column we find that y35 = 1. Proceeding in this fashion, we
successively determine y3 4 and y2 4. At this stage we see that

y475 = —]_, y375 = 1, ,y374 = -1 and y2’4 = 1.

To proceed further we note that y; ; = 0, because the first column must sum
to zero. This gives ;2 = 0 and y,2 = —1. This then forces y,3 = 0. Thus
the components (Y'); ; for which (¢, j) € B are determined as in the following
tableau:—

vig 1 |2 [3 [4 |5 |
1 |0 | 0 e 0
2 —1 |0 o 1 e 0
3 -1 1 |0
4 1 o —1 |0

f[o Jo fo [fo [o Jo

000 0 0

0 -10 1 0

Y=10 0 0 -1 1

01 0 0 -1

Then

6 3 0 0 0
0 4—X 5 24X 0
X+ =10 "0 0 1-) 3242

O X 0 0 5-=2A
An earlier calculation established that trace(C? X) = 108. Therefore

trace(CT(X + \Y)) = trace(CTX) 4+ Aqu2(Y)a2
= 108 — 10A.

The matrix X + \Y will represent a feasible solution when 0 < X\ < 1.
But examination of the coefficient in the 3rd row and 4th column of X + \Y
shows that X + AY will not be a feasible solution for A > 1. Thus taking
A = 1 determines a new basic feasible solution X determined by the basis
obtained on adding (4,2) and removing (3,4) from the basis B.

11



Now let X and B denote the new feasible solution and the new basis
associated with that feasible solution. Then

6 0

o O O
_— O W W

)
0
0

and

0

3
0
0

=~ O O

B ={(1,1),(1,2),(2,2),(2,3),(2,4),(3,5), (4,2), (4,5)}.

The cost associated with this new basic solution is 98.

(27 j) Tij Cij | Cijlij
(1,1)| 6 2 12
(1,2)| 3 4 12
(2,2) | 3 8 24
(2,3)| 5 ) 25
(2,4) | 3 1 3
(3,5) | 4 2 8
4,2) | 1 2 2
(4,5) | 4 3 12
Total 98

We now let X denote the new feasible solution and let B denote the new
basis. We determine new values of the associated quantities u; fort = 1,2, 3,4
and j = 1,2, 3,4,5, and calculate the new matrix () so that ¢; ; = v; —u;+¢, ;,

where ¢;; = (Q);; for all ¢ and j.

To determine u;, v; and ¢;; we complete the following tableau:—

cij a1 2 3 |4 |5 u
1 2 eo|4 o3 7 5 0
0 0 ? ? ?
2 4 8 o|H |1 |8 ?
? 0 0 0 ?
3 5 9 4 4 2 e 7
? ? ? ? 0
4 7 2 e|5h 5 3 ef 7
? 0 ? ? 0
vy 7 [ [ 7 7 ]

Now we choose u; = 0. Then, in order to ensure that ¢; ; = v; —u; for the
two basis elements (1,1) and (1,2) we must take v; = 2 and vy = 4. Then

12



ve =4 and ¢y = 8 force uy = —4. Then uy = —4, co3 = 5 and ¢y 4 = 1 force
vy =1 and vgy = —3. Also v, =4 and ¢y 4 = 2 force uy = 2. Then uy = 2 and
ca5 = 3 force vs = 5. Then vs = 5 and ¢35 = 2 force ug = 3.

Thus

ur =0, us=-4, uz=3, uys=2,
V1 = 2, Vo = 4, V3 = 1, Vg = —3, Vs = 5.

After determining u, for 7 = 1,2, 3,4 and v; for j = 1,2, 3,4, 5, the tableau

is as follows:—

g N1 (2 3 |4 |5 [

1 2 o|4 o3 7 5 0
0 0 ? ? ?

2 4 8 o|5 e| 1 e|8 —4
? 0 0 0 ?

3 5 9 4 4 2 e 3
? ? ? ? 0

4 7 2 e|5H 5 3 ef 2
? 0 ? ? 0

o 12 1 T [ 5 |

Let ¢;j = ¢ j+u;,—v; fori =1,2,3,4and j =1,2,3,4,5. Then ¢; ; when
(i,j) € B. We calculate and record in the tableau the values of ¢;; when
(i,7) ¢ B. We find that

q1,3 = 2, di14 = 10, q15 = 0, q2,1 = -2,

25 = -1, 31 = 6, 32 = 8, 43,3 = 6,
@34 =10, qu1=7, q3=06, qs4=10.

After calculating ¢; ; so that such that ¢;; = ¢;; + u; —v; for ¢ = 1,2,3,4
and j = 1,2,3,4,5, the tableau is as follows:—

Cii N iy || 1 2 |3 |4 5 |
1 2 e |4 |3 7 5 0
0 0 10 0
2 4 8 e|5 e| 1 e |8 —4
—2 0 0 0 —1
3 5 9 4 4 2 e 3
6 6 10 0
4 7 2 5% 5% 3 e 2
7 0 6 10 0
vy o2 4 1 =3 [5

13



Let

0 0 2 10 O
-2 00 0 -1
@= 6 8 6 10 O
7 06 10 O

Then the costs ¢; ; satisty ¢; ; = v; — u; + ¢; j, where
Uy = O, Uy = —4, Uz = 3, Ug = 2,

v =2, wvo=4, wy3=1, wvy=-3, wvs=0>.

and ¢;; = (Q);; for i =1,2,3,4and j =1,2,3,4,5.

The matrix @) has some negative coefficients, and therefore the current
basic feasible solution is not optimal. Because gz is the most negative coef-
ficient of the matrix (), we determine a new basis, consisting of the ordered
pair (2, 1) together with all but one ordered pair in the existing basis, so that
the new basis corresponds to a new basic feasible solution with lower cost.

In order to determine the new basis, we complete the tableau below, (in
which elements of the current basis are marked with the e symbol) in order
that the rows and columns sum to zero. The tableau to be completed is as
follows:—

g1 12 [3 [4 |5 |

17 0

2 |1 7 |7 e 0

3 7?7 o0

4 7 e 7?7 o0

o fo Jo Jo fo o

The completed tableau is as follows:—

v 1|2 3 |4 |5 |
1 |—1 e 1 e 0
2 1 o|—1 |0 |0 e 0
3 0 |0
4 0 e 0 e|0
o To Jo fo fo o

14



The remaining coefficients of the matrix Y must equal zero, and thus

-1 1 0 00
1 -1 000
Y= 0 0 000
0 0 000

Then we add AX to the current feasible solution X. We find that the
coefficients of the resulting matrix X + A\Y are as follows:—

6—X 34X 0 0 0
A 3-X530
X+ =1 0 00 4
0 1 00 4

Then X + \Y determines a feasible solution with cost 98 — 2\ provided
that 0 < A < 3. But the matrix does not represent a feasible solution for
A > 3. Accordingly we take A = 3 to determine a new basic feasible solution.
The ordered pair (2, 1) enters the basis, and the ordered pair (2, 2) leaves the
basis.

We now let X denote the new feasible solution and let B denote the new
basis associated with that feasible solution. We find that

3 6 0

o O W o
= s O O

3 0 5
000
010

and
B={(1,1),(1,2),(2,1),(2,3),(2,4),(3,5), (4,2), (4,5)}.

The cost of this new feasible solution should be 92.
The following tableau verifies that the cost of the new feasible solution is
indeed 92:—

—~
~.

~—
8
<.
<.
o
<
<

Ci 3 i 5
6
24
12
25
3
3
2
12
92

A o N R e
TR U1 W — N — S,
N’ S N e e e N
B s W Ut W O W
W N N — O oS

AN AN AN AN AN N N

Q
=+
o)
=
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To determine u;, v; and ¢;; we complete the following tableau:—

g N1 12 3 4 |5 Ju
1 2 o|4 o3 7 5 0
0 0 ? ?
2 4 e|8& 5 o1 8 ?
0 ? 0 ?
3 5 9 4 4 2 e 7
? ? ? 0
4 7 2 el|)hH 5 3 e 7
? 0 ? 0
v 7 (7 7 [T ]

To complete this tableau we first need to find values of u; for i = 1,2, 3,4
and v; for j = 1,2,3,4,5 such that ¢;; = v; —u; for all (i,j) € B. (The

elements of the basis B have been marked with the e symbol.)

We set u; = 0. Then the u; =0, ¢;; = 2 and ¢; 2 = 4 force v; = 2 and
vg = 4. Then v; = 2 and ¢, = 4 force uy
force uy = 2. Then uy = =3, 3 = 5 and cy4 = 1 force v3 = 3 and vy = —1.

= —2. Also v =4 and ¢4 = 2

Also uy = 2 and ¢y 5 = 3 forces vs = 5, which in turn forces us = 3.

After determining u; for¢ = 1,2,3,4 and v; for j = 1,2, 3,4, 5, the tableau

is as follows:—

cgNag 1 (2 3 14 |5 [

1 2 el|4 3 7 5) 0
0 ?

2 4 e |8 5 1 8 —2
0 ?

3 5) 9 4 4 2 el 3
? 0

4 7 2 15) 5 3 e 2
? 0

VRN FRRTEN R R EN

After calculating g; ; so that such that ¢; ; = ¢;; +u; —v; fort =1,2,3,4

16



and j = 1,2,3,4,5, the tableau is as follows:—

g a1 (2 3 14 |5 [

1 2 |4 o3 7 5) 0
0 0 0
2 4 |8 5 e| 1 e]8 -2
0 2 0 0 1
3 5 9 4 4 2 e 3
6 8 4 8 0
4 7 2 e|5 5 3 e 2
7 0 4 8 0
o Iz 11 13 [T 15 |
Let
00 0¢8& D0
02 001
Q= 6 8 4 8 0
7 0 4 8 0

Then the costs ¢; ; satisty ¢; ; = v; — u; + ¢; j, where
Uy = 0, Uy = —4, Us = 3, Ug = 2,

v =2, wvo=4, wy3=1, wvy=-3, wvs=0>.

and ¢;; = (Q);; for i =1,2,3,4 and j = 1,2,3,4,5.

Note that ¢;; > 0 for all integers 7 and j satisfying 1 < ¢ < 4 and

1 <j <5, and that ¢; ; = 0 for all (¢,j) € B.

The current basic feasible solution is an optimal solution to the Trans-
portation problem with the given supply and demand vectors and the given

cost matrix.

Indeed let X be any feasible solution of the Transportation Problem under
consideration, and let 7; ; = (X); ; for i =1,2,3,4 and j = 1,2,3,4,5. Then

5 4
fi,j >0 for all 7 and j, ZEZ’J = S; for ¢ = ].,2,374 and Zji,j = dj for
j=1 i=1

j = 1,2,3,4,5. Then, as we showed earlier, the cost trace(CTX) of the

feasible solution X satisfies

m n
trace(C’TY) = chi,jji,j’
i=1 j*l
m

= ZZ uz+£]zy mz]

i=1 j=1
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Zd vj — ZSU1+ZZQ1J$1J

=1 j=1

Zdvj Zsuﬁ Z Qi jTij-

(i,j)¢B

Note that the summand ) ¢;;T; ;. is determined by the values of ¢; ;
(i.5)¢B
and T; j for those ordered pairs (i, j) that do not belong to the basis B. Thus
if we apply this formula to the basic feasible solution (z;;) determined by
the basis B, we find that

trace CTX Z djv; — Z SiUs,

i=1

because x; ; = 0 when (¢, j) ¢ B. It follows that

trace(C? X) = trace(CT X) + Z 4T
(i,5)¢B

for any feasible solution X of the specified transportation problem.

But we have calculed a basic feasible solution X of the transportation
problem with the property that ¢; ; > Ofor¢=1,2,3,4and j = 1,2,3,4,5. It
follows that every feasible solution X of this transportation problem satisfies
trace(CTX) > trace(CTX). Therefore the current basic feasible solution is
an optimal feasible solution minimizing transportation costs.

We now summarize the conclusions of our numerical example. The prob-
lem was to determine a basic optimal solution of the transportation problem
with given supply vector s, demand vector d and cost matrix C', where

=(9,11,4,5), d' =(6,7,5,3,8)

and
2 4 3 75
4 8 5 1 8
C= 5 9 4 4 2
7 2 5 5 3

We have determined a basic optimal solution

36 000

S O W
_ o O
o O ot
S O W
=~ = O



associated to a basis B, where

B ={(1,1),(1,2),(2,1),(2,3),(2,4),(3,5), (4,2), (4,5)}.

The cost of this new feasible solution is 92.
Moreover we have also determined quantities w; for ¢ = 1,2,3,4 and v,
for j = 1,2, 3,4, 5 satistying the following two conditions:—

e cj;j>v;—u; forie=1,234and j =1,2,3,4,5;

® (i =V — Uy for all (Z,]) € B.
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2 A Transportation Problem Example with
Six Suppliers and Five Recipients

We now find a basic optimal solution to a transportation problem with 6
suppliers and 5 recipients. We find an initial basic feasible solution using the
Minimum Cost Method, and then continue to find a basic optimal solution
using a form of the Simplex Method adapted to the Transportation Problem.

The supply vector is (9, 14, 5, 16, 7,9) and the demand vector is (8,17, 6, 14, 15).
The components of both the supply vector and the demand vector add up to
60.

The costs are as specified in the following cost matrix:—

12 8 9 4 6
5 10 8 9 5
6 4 12 12 4
5 7 12 10 8
4 6 8 10 12
7T 3 7 12 8

We fill in the row sums (or supplies), the column sums (or demands) and
the costs ¢; ; for the given problem. The resultant tableau looks as follows:—

i N\wigl|1 ]2 ERE | 5 | si
1 12 ]38 9 4
? ? ? ? 79
2 5 |10 8 9 5
? ? ? ? ? |14
3 6 4 12 |12 4
? ? ? ? ? 5
4 5 7 12 [10 8
? ? ? ? ? 116
5 4 6 8 |10 12
? ? ? ? ? 7
6 7 3 7 12 8
? ? ? ? 79
d | 8] 1] 6] 14| 15]60

In order to apply the Minimum Cost Method to find an initial basic
feasible solution, we identify the cell with the minimum cost associated to
it. The minimum cost is 3, and this cost is the value of ¢; ; only when ¢ = 6
and j = 2. We therefore set zg2 to be the minimum of the supply s and
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the demand dy. Now s = 9 and dy = 17. Therefore we set 62 = 9. Now
the values of x; ; in the row ¢ = 6 must be non-negative and must sum to 9.
It follows that xs,; = 0 when j # 2. We therefore fill in the values of z; ; for
i = 6, and enter a e symbol in the tableau cell for (i, ) = (6,2):—

Ci j \( L 5 H 1 ‘ 2 ‘ 3 ‘ 4 ‘ ) H S;

1 12 8 9 4 6
? ? ? ? 219

2 5 10 8 9 5
? ? ? ? ? 114

3 6 4 12 |12 4
? ? ? ? 215

4 5 7 12 110 8
? ? ? ? ? 116

5 4 6 8 10 12
? ? ? ? 207

6 7 3 e |7 12 8
0 9 0 0 09
d; | 8] 17| 6] 14| 15[60

We next look for the cell or cells of minimum cost amongst those where
the value of z; ; is still to be determined. The minimum cost amongst such
cells is 4, and ¢;; = 4 when (7, ) is equal to one of the ordered pairs (1,4),
(3,2), (3,5) and (5,1). Now it makes sense to choose the cell with ¢; ; = 4
for which the value of z; ; will be the maximum possible, since that ensures,
in the context of the transformation problem, that the largest amount of the
commodity is transported at this cheap price. Thus we chose (1,4) as our
next basis element, set z14 =9, and set x; ; = 0 when j # 0. The tableau is

21



then as follows:—

cy o1 |2 |3 |4 |5 s

1 12 ]38 9 4 e [6
0 0 0 9 0 9

2 5 [10 8 9 5
? ? ? ? 71 14

3 6 4 12 |12 4
? ? ? ? ? 5

4 5 7 12 110 8
? ? ? ? ? 116

5 4 6 8 [10 12
? ? ? ? ? 7

6 7 3 e |7 |12 8
0 9 0 0 0] 9
di || 8] 17| 6] 14| 15[60

The minimum cost amongst those cells for which z; ; is still to be deter-
mined is still 4. Taking (7,7) = (5,1) permits the largest possible value of
x;; amongst those cells for which ¢; ; = 4 and x;; is still to be determined.
Therefore we set x5 1 to the minimum value of s5 and d;, and thus set z5; = 7.
In order to achieve a feasible solution we must then take x5 ; = 0 when j # 1.
Accordingly the first three basis elements determined are

(6,2), (1,4), (5,1),

and the tableau at the completion of this stage is as follows:—

aiNeg |l |2 3 4 |5 s

1 12 8 9 4 e |6
0 0 0 9 01 9

2 5 10 8 9 5
? ? ? ? ? 14

3 6 4 12 |12 4
? ? ? ? ? 5

4 5 7 12 |10 8
? ? ? ? ? 16

5 4 o] 6 8 10 12
7 0 0 01 7

6 7 3 e |7 12 8
0 9 0 0 01 9
d; || 8] 17| 6] 14| 1560



There are now two remaining cells with cost equal to 4. These are the
cells where (i, 7) is one of the ordered pairs (3,2) and (3,5). At each of these
cells, the minimum of s; and d; has the value 5. We arbitrarily choose (3, 2)
as the next element for the basis, set x5, = 5, and set z3; = 0 for j # 2.
Accordingly the first four basis elements determined are

(6,2), (1,4), (5,1), (3,2)

and the tableau at the completion of this stage is as follows:—

Ci 4 \ X 5 H 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5) H S;

1 12 |8 9 4 o6
0 0 0 9 09

2 5 10 8 9 5
? ? ? ? ? 114

3 6 4 e [12 |12 4
0 5 0 0 05

4 5 7 12 110 8
? ? ? ? ? 116

5 4 |6 8 10 12
7 0 0 0 07

6 7 3 e |7 12 8
0 9 0 0 019
d | 8] 17| 6] 14| 15[ 60

We next look for the cell or cells of minimum cost amongst those where
the value of z; ; is still to be determined. The minimum cost amongst such
cells is 5, and ¢;; = 5 when (7, 7) is equal to one of the ordered pairs (2,1),
(2,5), and (4,1). Now taking (i,7) = (2,1) or (4,7) = (4,1) would result in
Z91 or x4, having the value 1, because the numbers in the first column of
the body of the tableau must sum to 8. We obtain a larger possible value
of x;; with (i,j) = (2,5), and accordingly we add (2,5) to our basis, set
Tos5 = 14, and set zo; = 0 when j # 5. Accordingly the first five basis
elements determined are

(6,2), (1,4), (5,1), (3,2), (2,5)

23



and the tableau at the completion of this stage is as follows:—

aiNag |l (2 |8 (4 |5 s
1 12 |8 9 4 e |6
0 0 0 9 9
2 5 10 8 9 5 e
0 0 0 14 || 14
3 6 4 e [12 |12 4
0 5 0 0 05
4 5 7 12 10 8
? ? ? ? ? 116
5 4 |6 8 10 12
7 0 0 07
6 7 3 e |7 |12 8
0 9 0 0 09
d; | 8] 17| 6] 14| 1560

The ordered pair (4, 1) is now the only remaining ordered pair (i, 7) for
which ¢; ; = 5 and z;; is still to be determined. We add (4, 1) to our basis.
The first column must add up to 8, and accordingly z,; = 1. There are no
further cells in the first column for which xz; is undetermined. Accordingly
the first six basis elements determined are

(6,2), (1,4), (5,1), (3,2), (2,5), (4,1)

and the tableau at the completion of this stage is as follows:—

Ci g \ X 5 H 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 H S;
1 12 8 9 4 o6
0 0 0 9 09
2 5 10 8 9 5 e
0 0 0 14 || 14
3 6 4 e 12 |12 4
0 5 0 0 0|5
4 5 | 7 12 [10 8
1 ? ? ? ? |16
5 4 o[ 6 8 10 12
7 0 0 0 07
6 7 3 e |7 12 8
0 9 0 0 09
d | 8] 17| 6] 14| 15[ 60



The only ordered pairs (4, j) for which z;; is still to be determined at
those with ¢ =4 and 57 = 2,3,4,5. The minimum cost associated with these
cells is 7, and corresponds to 7 = 2. Now the second column must sum to
17, and the values of z;o for ¢ # 4 sum to 14. Accordingly we must take
242 = 3. (This is compatible with the sum of the row i = 4 being equal to
16.) Accordingly the first seven basis elements determined are

(6,2), (1,4), (5,1), (3,2), (2,5), (4,1), (4,2)

and the tableau at the completion of this stage is as follows:—

Gj \zig| 1 |2 |3 |4 |5 | s

1 12 8 9 4 e |6
0 0 0 9 09

2 5 10 8 9 5
0 0 0 0 14 || 14

3 6 4 e [12 |12 4
0 5 0 0 05

4 5 e| 7 e |12 10 8
1 3 ? ? ? 16

5 4 |6 8 10 12
7 0 0 07

6 7 3 7 12 8
0 9 0 0 019
d; | 8] 17| 6] 14| 1560

The next lowest cost with undetermined z; ; is 8, and occurs for (i, j) =
(4,5). We add (4,5) to the basis. We must take x4 5 = 1 in order to ensure

6
that Y x;5 = d5 = 15. Accordingly the first eight basis elements determined

i=1
are

(4,5)
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and the tableau at the completion of this stage is as follows:—

Gj \zig| 1 ]2 |3 |4 |5 | s
1 12 8 9 4 o6
0 0 0 9 09
2 5 10 8 9 5 e
0 0 0 0 14 || 14
3 6 4 e [12 |12 4
0 5 0 0 05
4 5 e 7 e[12 |10 8 e
1 3 ? ? 116
5 4 |6 8 10 12
7 0 0 07
6 7 3 7 12 8
0 9 0 0 09
d; | 8] 17| 6] 14| 1560

The next lowest cost with undetermined z; ; is 10, and occurs for (7, j) =
(4,4). We add (4,4) to the basis. We must take x4,4 = 5 in order to ensure

6
that > 2,4 = dy = 14. Accordingly the first nine basis elements determined

=1
are

(6,2), (1,4), (5,1), (3,2), (2,5), (4,1), (4,2)

(4,5), (4,4)

and the tableau at the completion of this stage is as follows:—

Ci g \ Xy 5 H 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5) H S;

1 12 8 9 4 o6
0 0 0 9 09

2 5 10 8 9 5
0 0 0 0 14 || 14

3 6 4 e [12 |12 4
0 5 0 0 5

1 5 |7 e[12 |10 e |38
1 3 ? 5 116

5 4 |6 8 10 12
7 0 0 0 07

6 7 3 e |7 12 8
0 9 0 0 09
d | 8] 17| 6] 14| 15[ 60



We complete the table by adding (4, 3) to the basis and setting x4 3 = 6,
5

6
so as to ensure that Y x4; = s4 = 16. and > x;3 = d3 = 6. Accordingly

i=1 i=1
the complete basis cojnsists of the ordered pairs
(6,2), (1,4), (5,1), (3,2), (2,5), (4,1), (4,2)
(4,5), (4,4) (4,3)
and the tableau at the completion of this stage is as follows:—
g N\wig|1 ]2 ERE |5 | si
1 12 8 9 4 e |6
0 0 0 9 9
2 5 10 8 9 5 e
0 0 0 0 14 | 14
3 6 4 e |12 12 4
0 5 0| 5
4 5 |7 e |12 |10 e | 8 e
1 3 6 5 1|16
5 4 eo| 6 8 10 12
7 0 0 01 7
6 7 3 e | T 12 8
0 9 0 0 01 9
d; || 8] 17| 6| 14| 15[ 60

We have now found an initial basic feasible solution to this transportation
problem. This initial basic feasible solution is determined by basis B, where

B = {(672)7 (174)7 (5’1>7 (372)’ (275)7 (471)7
(4,2), (4,5), (4,4) (4,3)}.

The basic feasible solution is represented by the 6 x 5 matrix X, where

0009 0
00 00 14
0500 0
X = 1 365 1
7000 0
09000

The coefficient of this matrix X in the ith row and jth column is the quan-
tity x;; that determines the quantity of the commodity to transport from
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the ith supplier to the jth recipient. Note that x;; = 0 when (i,j) € B.
This corresponds to the requirement that (z;;) be a basic feasible solution
determined by the basis B. Also x;; > 0 for all (7, j) € B.

The cost of this initial feasible basic solution is

4x94+5x14+4x5+5x1+7x%x3

+12x6+10x5+8x14+4xT7T+3x%x9
= 36+70+20+5+21+72+50+ 8+ 28 +27
= 337.

The average transportation cost per unit of the commodity is then 5.617.
We next determine whether the initial basic feasible solution found by
the Minimum Cost Method is an optimal solution, and, if not, how to adjust
the basis go obtain a solution of lower cost.
We determine uy, ug, us, ua, s, ug and vy, Vs, U3, Vs, U5 such that ¢; ; = v; —
u; for all (7,7) € B, where B is the initial basis, specified as follows:

B = {(672)7 (174)7 (571>7 (372)7 (275)7 (471)7
(4,2), (4,5), (4,4) (4,3)}.
We seek a solution with u; = 0. We then determine ¢;; so that ¢;; =

v; — u; + q;; for all 7 and j.
We therefore complete the following tableau:—

g a1 12 13[4 [5 |u

1 12 8 9 4 e| 6 0
? ? ? 0 ?

2 5 10 8 9 5 ef ?
? ? ? ? 0

3 6 4 e|12 12 4 ?
? 0 ? ? ?

4 5 e| 7 |12 |10 | 8 e ?
0 0 0 0 0

5 4 e| 6 8 10 12 ?
0 ? ? ? ?

6 7 3 e| 7 12 8 ?
? 0 ? ? ?

v ? ? ? ? ?

Now (1,4) € B, u; = 0 and ¢; 4 = 4 force vy = 4. Then (4,4) € B, vy =4
and cq4 = 10 force uy = —6. After entering these values, the tableau is as
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follows:—

NG |1 2 |3 [4 |5 |u
1 12 8 9 4 6 0
? ?
2 5 10 8 9 15) ?
? ?
3 6 4 e|12 12 4 ?
? 0
4 5 e| 7 e]|12 10 8 —6
0 0
5 4 e| 6 8 10 12 ?
0 ?
6 7 3 e| 7 12 8 ?
? 0
o 17 17 7 |4 |°

Next we note that (4, j) € B for all j. Therefore uy = —6 and ¢4 ; = v;—uy

force v; = ¢4 ; — 6 for all j. Therefore v; = —1, v = 1, v3 = 6 and vs = 2.
After entering these values, the tableau is as follows:—
cij NG| 1 |2 |3 |4 |5 | u
1 12 8 9 4 6 0
? ?
2 5 10 8 9 5 ?
? ?
3 6 4 e|12 12 4 ?
? 0
4 5 e| 7 e[12 10 8 —6
0 0
5 4 e| 6 8 10 12 ?
0 ?
6 7 3 e| 7 12 8 ?
? 0
v; -1 1 6 4 2

Next (2,5) € B, ¢ca5 = b and vs = 2 forces us = —3. Also (3,2) € B,
cso =4 and vy = 1 forces ug3 = —3. Also (5,1) € B, ¢51 =4 and v, = —1
forces us = —5. Also (6,2) € B, ¢g2 = 3 and vy = 1 forces ug = —2.
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After entering these values, the tableau is as follows:—

ciNa | 1 |2 |3 4 |5 |u
1 12 8 9 4 e| 6 0
? ? ? 0 ?
2 5 10 8 9 5 el —3
? ? ? ? 0
3 6 4 e|12 12 4 -3
? 0 ? ? ?
4 5 e| 7 e]12 |10 | 8 e| —6
0 0 0 0 0
5) 4 e| 6 8 10 12 -5
0 ? ? ?
6 7 3 e| 7 12 8 —2
? 0 ? ? ?
vj -1 1 6 4 2

We have thus found the following values for the u; and v;:

ule, U2:—3, U3:—3, U4:—6, U5:—5, u6:—2.

We next calculate ¢; ; for all ¢ and j so that ¢;; =

01:_17 , U1 =

]_, U2:67 1)4:4, ’0522.

Vj — U + i j- Note

that the determination of the numbers u; and v; ensures that ¢; ; = 0 for all

(i,j) € B.
After entering the value of ¢; ; for all < and 7, the tableau is as follows:—
cig N\diy | 1 (2 |3 |4 |5 |
1 12 9 4 o] 6 0
13 7 3 0 4
2 5 10 8 9 5 e || =3
3 6 —1 2 0
3 6 4 e |12 12 4 -3
4 0 3 5 -1
4 5 e |7 |12 e |10 | 8 e || —6
0 0 0 0 0
5 4 e |6 8 10 12 -5
0 0 -3 1 5
6 7 3 e | 7 12 8 —2
6 0 —1 6 4
v; —1 1 6 4 2
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The initial basic feasible solution is not optimal because some of the
quantities ¢; ; are negative. Indeed ¢o3 = —1, q35 = —1, ¢s3 = —3 and
¢63 = —1. The most negative of these is ¢53. We therefore seek to bring
(5,3) into the basis.

The procedure for achieving this requires us to determine a 6 x 5 matrix Y
satisfying the following conditions:—

® ys3=1;
e yi; =0 when (i,7) ¢ BU{(5,3)};
e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ; of
the matrix Y that correspond to cells in the current basis (marked with the
e symbol), so that all rows sum to zero and all columns sum to zero:—

1 7 e 0
2 7 o0
3 0
4 |7 ?7 o|?7 o0
5 7 0
6 ) 0

foJo Jo fo fo o

The constraint that the rows and columns of the table all sum to zero
determines y, 3, and also determines y; ; for all (i,j) € B satistying i # 4.
These values of y; ; are recorded in the following tableau:—

D U W DN s
-
[ J

The remaining values of y; ; for (i,j) € B are then readily determined,
and the tableau is completed as follows:—
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We now determine those values of A for which X+\Y is a feasible solution,
where

0O 0 0 9 0
0O 0 0 0 14
0O 5 0 0 0
X+ =113 36-25 1
T-A0 A 0 0

0o 9 0 00

From this matrix, it is clear that X + AY is a feasible solution for 0 <
A < 6. Moreover the next basis is obtained by adding (5, 3) to the existing
basis and removing (4, 3). The new basic feasible solution corresponding to
the new basis is obtained from X 4+ AY by setting A = 6.

We now let B denote the new basis and let X denote the new basic
feasible solution corresponding to the new basis. Accordingly

B = {<672)7 (174)7 (5’1>7 (372)’ (275)v (471)7
(4,2), (4,5), (4,4) (5,3)}.

and

0009 O
0 00 0 14
0500 0

X = 7 3 0 5 1
1 06 0 0
09 00 O

Moreover

Cost = Old Cost + 6 * (—3) = 337 — 18 = 3109.

The cost of the current feasible solution can also be obtained from the
data recorded in the following tableau that represents the current feasible
solution:—
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1 12 8 9 41 o6

0 0 0 9 9
2 5 10 8 9 5 e

0 0 0 0 14| 14
3 6 4 e [12 |12 4

0 5 0 5
4 5 | 7 e 12 10 e |8

7 3 5 1|16
5 4 o[ 6 8 |10 12

1 6 0 07
6 7 3 e |7 12 8

0 9 0 0 09
d || 8] 17| 6| 14| 15[ 60

In order to determine whether or not the new basic feasible solution is
optimal, and, if not, how to improve it, we determine u; for 1 < ¢ < 5 and
vj for 1 < j < 6 such that ¢;; = v; — w; for all (4,5) € B, where B is
now the current basis. We then calculate ¢; ; so that ¢;; = v; — u; + ¢;; for
1=1,2,3,4,5,6 and j = 1,2,3,4,5.

Accordingly we determine the numbers w; and v;, setting u; = 0 and
using the following tableau:—

i NGy L 12 13 14 |5 |u
1 12 8 9 4 e| 6 0
? ? ? 0 ?
2 5 10 8 9 5 ef ?
? ? ? ? 0
3 6 4 el12 12 4 ?
? 0 ? ? ?
4 5 e| 7 e]|12 10 o| 8 eof 7
0 0 ? 0 0
5 4 e| 6 8 e 10 12 ?
0 ? 0 ? ?
6 7 3 e| 7 12 8 ?
? 0 ? ? ?
v; ? ? ? ? ?

Now (1,4) € B, u; = 0 and ¢; 4 = 4 force vy = 4. Then (4,4) € B, vy =4
and cq4 = 10 force uy = —6. Then uy = —6 and (4, 1), (4,2), (4,5) € B force
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vy = —1, vy = 1 and vs = 2. After recording these values the tableau is as
follows:—

NG| 1 2 |3 4[5 |u
1 12 8 9 4 e| 6 0
? ? ? 0 ?
2 5 10 8 9 5 ef ?
? ? ? ? 0
3 6 4 e|12 12 4 ?
? 0 ? ? ?
4 5 e| 7 e|12 10 o¢| 8 e —6
0 0 ? 0 0
5 4 e| 6 8 e|10 12 ?
0 ? 0 ? ?
6 7 3 e| 7 12 8 ?
? 0 ? ? ?
v; —1 1 ? 4 2

Then (2,5) € B, vs = 2 and ¢y5 = 5 force up = —3. Also (3,2) € B,
ve = 1 and ¢35 = 4 force ug = —3. Also (5,1) € B, vy = —1 and ¢52 = 4
force us = —5. Also (6,2) € B, v = 1 and ¢ = 3 force ug = —2. Then
(5,3) € B, us = —5 and ¢5 3 = 8 force v3 = 3.

Thus after recording the values of w; and v; for all ¢ and j the tableau is
as follows:—

i NGyl 1 2 [3 |4 |5 |
1 12 8 9 4 e| 6 0
? ? ? 0 ?
2 5 10 8 9 5 e —3
? ? ? ? 0
3 6 4 e|12 12 4 -3
? 0 ? ? ?
4 5 e| 7 e]12 10 o| 8 e —6
0 0 ? 0 0
5 4 e| 6 8 |10 12 -5
0 ? 0 ? ?
6 7 3 e| 7 12 8 —2
? 0 ? ? ?
v -1 1 3 4 2

The next stage is to compute the values of ¢; ; so that ¢; ; = v; — u; + ¢;
for i =1,2,3,4,5,6 and j = 1,2,3,4,5. The values of ¢, ; are accordingly
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recorded in the following tableau:—

a1 |2 |3 [4 |5 |

1 12 8 9 4 e| 6 0
13 7 6 0

2 5 10 8 9 5 e || =3
3 6 2 2 0

3 6 4 e|12 12 4 -3
4 0 6 -1

4 5 e |7 e|12 10 ¢/ 8 e || —6
0 0 0 0

5 4 e |6 8 e]10 12 -5
0 0 0 1 5

6 7 3 e| 7 12 8 -2
6 0 2 6 4

v -1 1 3 4 2

The fact that ¢35 = —1 shows that the current basic feasible solution

is not optimal. We therefore seek to bring (3,5) into the basis, and, to
achieve this, we calculate the coefficients y; ; of a 6 x 5 matrix Y satisfying
the following conditions:—

® Y35 =1;
e yi; =0 when (i,7) € BU{(3,5)};
e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ; of
the matrix Y that correspond to cells in the current basis (marked with the
e symbol), so that all rows sum to zero and all columns sum to zero:—

1 7 o 0
2 ? 0
3 1 0
4 ? ? o |7 0
5|7 7 e 0
6 ° 0

fofo fo fo fo fo
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The constraints that the 1st, 2nd, 3rd and 6th rows of the body of the
table sum to zero force y14 = 0, y25 = 0, y32 = —1 and yg2 = 0. The
constraint that the 3rd column of the body of the table sum to zero forces
ys,3 = 0. After entering these values, the tableau is as follows:—

1 0 e 0
2 0 |0
3 —1 e 1 ofl0
4 7 e 7 |7 o0
5 0 e 0
6 0 e 0

[o fo Jo fo Jo fo

The constraints that the 5th row and the 2nd, 4th and 5th column of the
body of the table sum to zero force y51 =0, y42 =1, Y44 = 0 and y4 5 = —1.

The then requirement that the first column of the body of the table, and
the identity y5; = 0 together force y4; = 0. The completed tableau is thus
as follows:—

1 0 e 0
2 0
3 —1 e 1 0
4 |0 o 1 e 0 o —1 0
5 |0 e 0 e 0
6 0 e 0

fo fo fo fJo [o o

We now determine those values of A for which X+\Y is a feasible solution,
where

0O 0 09 0
0 0 00 14
05-X 00 A\

XA =1 2 30005 1-2
1 0 60 0
0 9 00 0

From this matrix, it is clear that X + AY is a feasible solution for 0 <
A < 1. Moreover the next basis is obtained by adding (3,5) to the existing
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basis and removing (4,5). The new basic feasible solution corresponding to
the new basis is obtained from X + AY by setting A = 1.

We now let B denote the new basis and let X denote the new basic
feasible solution corresponding to the new basis. Accordingly

B = {(672)7 (174)7 (5’1>7 (372)’ (275)7 (471)7
(472)7 (375>7 (474) (573)}7

and

0009 0
0 000 14
0400 1

X = 74 0 5 0
1 06 0 0
09 00 O

Moreover

Cost = Old Cost + 1 % (—1) =319 — 1 = 318.

The cost of the current feasible solution can also be obtained from the
data recorded in the following tableau that represents the current feasible
solution:—

C,’J \( xi,j H 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 H S;
1 12 8 9 4 e |6
0 0 0 9 9
2 5 10 8 9 5 e
0 0 0 0 14 | 14
3 6 4 e |12 12 4 e
0 4 0 15
4 5 | 7 e |12 10 38
7 4 0 5 0|16
5 4 e 6 8 |10 12
1 6 0 0|7
6 7 3 e |7 12 8
0 9 0 0 09
di 8 | 17 | 6| 14 | 15 || 60

In order to determine whether or not the new basic feasible solution is
optimal, and, if not, how to improve it, we determine u; for 1 < ¢ < 5 and
vj for 1 < j < 6 such that ¢;; = v; — u; for all (i,5) € B, where B is
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now the current basis. We then calculate g; ; so that ¢; ; = v; — u; + ¢; ; for
1=1,2,3,4,5,6 and 7 = 1,2,3,4,5.

Accordingly we determine the numbers w; and v;, setting u; = 0 and
using the following tableau:—

i Nagg |l 2 [3 |4 |5 Juw
1 12 8 9 4 el 6 0
? ? ? 0 ?
2 5 10 8 9 5 ef ?
? ? ? ? 0
3 6 4 eol12 12 4 ef 7
? 0 ? ? 0
4 Hh e| 7 e]12 10 o] 8 ?
0 0 ? 0 ?
5 4 el 6 8 e|10 12 ?
0 ? 0 ? ?
6 7 3 e| 7 12 8 ?
? 0 ? ? ?
v; ? ? ? ? ?

Solving the equations determining w; and v;, we find, successively, u; = 0,

U4:4,U4:—6,U1:—1,U2:1,U5:—5,U3:3,U3:—3,U6:—2,
vs = 1 and uy = —4.
GG 1 |2 |3 |4 |5 [
1 12 8 9 4 e| 6 0
? ? ? 0 ?
2 5! 10 8 9 5 e —4
? ? ? ? 0
3 6 4 o112 12 4 e —3
? 0 ? ? 0
4 5 e| 7 e|12 10 o 8 —6
0 0 ? 0 ?
5) 4 e| 6 8 e]10 12 -5
0 ? 0 ? ?
6 7 3 e| 7 12 8 —2
? 0 ? ? ?
v —1 1 3 4 1

The next stage is to compute the values of ¢; ; so that ¢; ; = v; — u; + i
fori =1,2,3,4,5,6 and j = 1,2,3,4,5. The values of ¢, ; are accordingly
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recorded in the following tableau:—

cig N\ diy | 1 (2 3 |4 |5 Ju
1 12 8 9 4 e| 6 0
13 7 6 0 5
2 5 10 8 9 5 e —4
2 5 1 1 0
3 6 1 e|12 |12 1 e| -3
4 0 6 0
4 5 e |7 e]12 10 o] 8 —6
0 0 0 1
5 4 e | 6 8 e 10 12 -5
0 0 1 6
6 7 3 e| 7 12 8 -2
6 0 2 6 5
v -1 1 |3 |4 |1

We now summarize what has been achieved. The problem was to find a
basic optimal solution to a transportation problem with 6 suppliers and 5
recipients.

The supply vector is (9, 14, 5, 16, 7,9) and the demand vector is (8, 17, 6, 14, 15).
The components of both the supply vector and the demand vector add up to
60.

The costs are as specified in the following cost matrix:—

12 8 9 4 6
5 10 8 9 5
6 4 12 12 4
5 7 12 10 8
4 6 8 10 12
7T 3 7 12 8

The solution is provided by the following matrix, whose coefficient in
the ith row and jth column represents the quantity of the commodity to be
transported from the ¢th supplier to the jth recipient:

0009 0
0000 14
0400 1
X = 7405 0
106 0 O
0900 0
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This solution is a basic solution associated with the following basis:

B = {(174)7 (2’5)7 (372>’ (375)7 (471)7 (472)7
(4,4), (5,1), (5,3), (6,2)}.

The cost of this basic optimal solution is 318. We have determined values
of uy,ug,us, us, us, ug and vy, vs,vs,v4,v5 such that the cost ¢;; of trans-
porting the commoditity from the ¢th supplier to the jth recipient satisfies
¢;; = v;—u; whenever (7, j) € B. These numbers have the following values:—

u1:0, 'LL2:—4, U3:—3, U4:—6, u5:—5, UGI—Q.

1)1:—1, ,Ulz]_, UQZS, U4:4, U5:1.

Moreover we have determined numbers ¢; ; such that ¢; ; = v; — u; + g ;
for i =1,2,3,4,5 and j = 1,2,3,4. Let @ be the matrix with (Q);; = ¢:;
for all 7 and j. Then

13 76 0 5
2 5110
4 06 5 0
@= 0 03 01
0 0016
6 0 2 6 5

The manner in which the matrix ) has been constructed ensures that
its component g; ; in the ith row and jth column satisfies ¢; ; = 0 whenever
(i,7) € B. Thus the matrix () must have at least ten coefficients equal to zero.
In fact there is an eleventh coefficient equal to zero, since g2 = 0, though
(5,2) ¢ B. The significance of this is that this particular transportation
problem has a second basic optimal solution.

To find this second optimal solution, we determine a 6 x 5 matrix Y, with
coefficient y; ; in the ith row and jth column, where this matrix Y satisfies
the following conditions:—

® Yso = 1;
e yi; =0 when (i,7) € BU{(5,2)};
e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ; of
the matrix Y that correspond to cells in the current basis (marked with the
e symbol), so that all rows sum to zero and all columns sum to zero:—

40



17 7 o 0
2 ? 0
3 7 e ? 0
4 || 7 7 e 7 e 0
517 1 o7 e 0
6 7 e 0

o fo Jo Jo fo o

The completed tableau is as follows:—

v 1|2 3 |4 |5 |
1 0 e 0
2 0 0
3 0 e 0 0
4 1 e|—1 e 0 e 0
5 -1 | 1 o|0 e 0
6 0 e 0

o To Jo fo Jo o

Then X + \Y is an optimal solution for 0 < A < 1, where

0 0 09 0
0 0 00 14

0 4 00 1
X+ =1 iy 4205 0
1-A A 60 0

0 9 00 0

The fact that all these solutions are optimal stems from the fact that the
costs satisfy cq1 4+ 52 = 51 + ca2. Indeed ¢41 + 52 = 5+ 6 = 11 and
Cs1+cao=4+7=11

41



