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5 General Linear Programming Problems, Du-
ality and Complementary Slackness

5.1 General Linear Programming Problems

Linear programming is concerned with problems seeking to maximize or min-
imize a linear functional of several real variables subject to a finite collection
of constraints, where each constraint either fixes the values of some linear
function of the variables or else requires those values to be bounded, above
or below, by some fixed quantity.

The objective of such a problem involving n real variables x1,xs,..., 2,
is to maximize or minimize an objective function of those variables that is of
the form

C1T1 + CoTgy + -+ - + CpTy,

subject to appropriate constraints. The coefficients ¢y, cs, ..., ¢, that deter-
mine the objective function are then fixed real numbers.

Now such an optimization problem may be presented as a minimization
problem, because simply changing the signs of all the coefficients ¢y, ¢s, ..., ¢,
converts any maximization problem into a minimization problem. We there-
fore suppose, without loss of generality, that the objective of the linear pro-
gramming problem is to find a feasible solution satisfying appropriate con-
straints which minimizes the value of the objective function amongst all such
feasible solutions to the problem.

Some of the constraints may simply require specific variables to be non-
negative or non-positive. Now a constraint that requires a particular vari-
able x; to be non-positive can be reformulated as one requiring a variable to
be non-negative by substituting z,; for —x; in the statement of the problem.
Thus, without loss of generality, we may suppose that all constraints that
simply specify the sign of a variable z; will require that variable to be non-
negative. Then all such constraints can be specified by specifying a subset
Jt of {1,2,...,n}: the constraints then require that z; > 0 for all j € J*.

There may be further constraints in addition to those that simply specify
whether one of the variables is required to be non-positive or non-negative.
Suppose that there are m such additional constraints, and let them be num-
bered between 1 and m. Then, for each integer i between 1 and m, there
exist real numbers A; 1, A;9,...,A;, and b; that allow the ith constraint to
be expressed either as an inequality constraint of the form

Aigxy + Aipzo+ ...+ Az, > b;
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or else as an equality constraint of the form
Ai,lxl + Ai,gﬂfg 4+ ...+ Amxn = bz

It follows from the previous discussion that the statement of a general
linear programming problem can be transformed, by changing the signs of
some of the variables and constants in the statement of the problem, so
as to ensure that the statement of the problem conforms to the following
restrictions:—

e the objective function is to be minimized;
e some of the variables may be required to be non-negative;

e other constraints are either inequality constraints placing a lower bound
on the value of some linear function of the variables or else equality
constraints fixing the value of some linear function of the variables.

Let us describe the statement of a linear programming problem as being
in general primal form if it conforms to the restrictions just described.

A linear programming problem is expressed in general primal form if the
specification of the problem conforms to the following restrictions:—

e the objective of the problem is to find an optimal solution minimizing
the objective function amongst all feasible solutions to the problem;

e any variables whose sign is prescribed are required to be non-negative,
not non-positive;

e all inequality constraints are expressed by prescribing a lower bound
on the value on some linear function of the variables.

A linear programming problem in general primal form can be specified
by specifying the following data: an m x n matrix A with real coefficients,
an m-dimensional vector b with real components; an n-dimensional vec-
tor ¢ with real components; a subset I of {1,2,...,m}; and a subset J*
of {1,2,...,n}. The linear programming programming problem specified by
this data is the following:—

seek x € R™ that minimizes the objective function c’

the following constraints:—

x subject to

e Ax > b;
o (Ax); = (b); unlessi € I";

103



e (x); >0 foralljeJ".

We refer to the m x n matrix A, the m-dimensional vector b and the n-
dimensional vector ¢ employed in specifying a linear programming problem
in general primal form as the constraint matriz, target vector and cost vector
respectively for the linear programming problem. Let us refer to the subset
It of {1,2,...,m} specifying those constraints that are inequality constraints
as the inequality constraint specifier for the problem, and let us refer to the
subset JT of {1,2,...,n} that specifies those variables that are required to
be non-negative for a feasible solution as the variable sign specifier for the
problem.

We denote by Primal(A,b,c, I, J") the linear programming problem
whose specification in general primal form is determined by a constraint
matrix A, target vector b, cost vector ¢, inequality constraint specifier I+
and variable sign specifier J*.

A linear programming problem formulated in general primal form can be
reformulated as a problem in Dantzig standard form, thus enabling the use
of the Simplex Method to find solutions to the problem.

Indeed consider a linear programming problem Primal(A,b,c, I, J")
where the constraint matrix A is an m x n matrix with real coefficients,
the target vector b and the cost vector c are vectors of dimension m and n
respectively with real coefficients. Then the inequality constraint specifier I+
is a subset of {1,2,...,m} and the variable sign specifier J* is a subset of
{1,2,...,n}. The problem is already in Dantzig standard form if and only
if I"=0and J*t ={1,2,...,n}.

If the problem is not in Dantzig standard form, then each variable x;
for j & J* can be replaced by a pair of variables x;“ and z; satisfying the
constraints mj >0 and z; > 0: the difference :Ej' —x; of these new variables
is substituted for x; in the objective function and the constraints. Also a
slack variable z; can be introduced for each ¢« € I, where z; is required to
satisfy the sign constraint z; > 0, and the inequality constraint

Aijxr +Aiszo+ ...+ Az, > b,
is then replaced by the corresponding equality constraint
Aigrr + Aipzo+ ...+ Az, — 2 = ;.
The linear programming problem Primal(A4,b, ¢, I, J*) in general pri-

mal form can therefore be reformulated as a linear programming problem in
Dantzig standard form as follows:—
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determine values of x; for all j € J*, ] and x} for all j € J°,
where J° = {1,2,....,n} \ JT, and z for all i € I so as to
mainimize the objective function

E e E .+_§: e
cjx; + Cjx; G

jeJt jeJo jeJo

subject to the following constraints:—

(i) 3 Ajjr;+ Y0 Ajjay— 30 Ajjxy = b foreachi € {1,2,...,n}\
JjeJt+ jeJo jeJo

I+ ;

1.3 A jxi+ Y, Aw-xj— > Aijr; —z; =b; for eachi € I*;

jeJt jeJo jeJo

(ii) x; >0 for all j € J*;
(ii) x7 >0 and 7 >0 for all j € J°;
(iv) z; >0 forallieIT.

Once the problem has been reformulated in Dantzig standard form, techiques
based on the Simplex Method can be employed in the search for solutions to
the problem.

5.2 Complementary Slackness and the Weak Duality
Theorem

Every linear programming problem Primal(A, b,c, I, J") in general primal
form determines a corresponding linear programming problem Dual(A, b, ¢, I, J1)
in general dual form. The second linear programming problem is referred to
as the dual of the first, and the first linear programming problem is referred
to as the primal of its dual.

We shall give the definition of the dual problem associated with a given
linear programming problem, and investigate some important relationships
between the primal linear programming problem and its dual.

Let Primal(A,b,c, I, J") be a linear programming problem in general
primal form specified in terms of an m xn constraint matrix A, m-dimensional
target vector b, n-dimensional cost vector c, inequality constraint spec-
ifier I and variable sign specifier J*. The corresponding dual problem
Dual(A, b, c, I't, J*) may be specified in general dual form as follows:
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seek p € R™ that mazimizes the objective function p'b subject
to the following constraints:—

° pTA S CT,'
e (p); >0 forallielt;
e (pTA); = (c); unless j € J*.

Lemma 5.1 Let Primal(A, b,c, I, JT) be a linear programming problem ez-
pressed in general primal form with constraint matriz A with m rows and n
columns, target vector b, cost vector ¢, inequality constraint specifier It and
variable sign specifier J*. Then the feasible and optimal solutions of the cor-

responding dual linear programming problem Dual(A, b, c, I, J") are those
of the problem Primal(—AT, —c, —b, J*, IT).

Proof An m-dimensional vector p satisfies the constraints of the dual linear
programming problem Dual(4, b, c, I, J*) if and only if pT A < c”, (p); >0
for all i € I'™ and (p”A); = (c); unless j € J*. On taking the transposes of
the relevant matrix equations and inequalities, we see that these conditions
are satisfied if and only if —ATp > —c, (p); > Oforalli € It and (—ATp); =
(—c); unless j € J*. But these are the requirements that the vector p
must satisfy in order to be a feasible solution of the linear programming
problem Primal(—AT, —¢, —b, J*, ). Moreover p is an optimal solution of
Dual(4, b, c, I, JT) if and only if it maximizes the value of p”b, and this is
the case if and only if it minimizes the value of —b”p. The result follows. |

A linear programming problem in Dantzig standard form is specified by
specifying integers m and n a constraint matrix A which is an m x n matrix
with real coefficients, a target vector b belonging to the real vector space R™
and a cost vector c belonging to the real vector space R™. The objective
of the problem is to find a feasible solution to the problem that minimizes
the quantity ¢’x amongst all n-dimensional vectors x for which Ax = b and
x > 0.

The objective of the dual problem is then to find some feasible solution
to the problem that maximizes the quantity p?b amongst all m-dimensional
vectors p for which p”’A < c.

Theorem 5.2 (Weak Duality Theorem for Linear Programming Problems
in Dantzig Standard Form)

Let m and n be integers, let A be an m X n matriz with real coefficients, let
b € R™ and let c € R". Let x € R" satisfy the constraints Ax = b and
x > 0, and let p € R™ satisfy the constraint p' A < c. Then p’b < c’x.
Moreover p'b = c'x if and only if the following complementary slackness
condition is satisfied:
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o (pTA); = (c); for all integers j between 1 and n for which (x); > 0.

Proof The constraints satisfied by the vectors x and p ensure that

c’x—p’b = (¢! —p'A)x+p’(Ax —b)
= (CT - pTA)Xa

because Ax —b = 0. But also x > 0 and ¢ — p”A) > 0, and therefore
(¢’ —pTA)x > 0. Moreover (¢’ —pTA)x = 0 if and only if (¢’ —pTA); =0
for all integers j between 1 and n for which (x); > 0. The result follows. |

Corollary 5.3 Let a linear programming problem in Dantzig standard form
be specified by an m X n constraint matriz A, and m-dimensional target
vector b and an n-dimensional cost vector c. Let x* be a feasible solution
of this primal problem, and let p* be a solution of the dual problem. Then
pTA < c”. Suppose that the complementary slackness conditions for this
primal-dual pair are satisfied, so that (p** A); = (c); for all integers j between
1 and n for which (x*); > 0. Then x* is an optimal solution of the primal
problem, and p* is an optimal solution of the dual problem.

Proof Because the complementary slackness conditions for this primal-dual
pair are satisfied, it follows from the Weak Duality Theorem that c’x* =
p*’b (see Theorem 5.2). But it then also follows from the Weak Duality
Theorem that

c'x > pTb =c'x*

for all feasible solutions x of the primal problem. It follows that x* is an
optimal solution of the primal problem. Similarly

for all feasible solutions p of the dual problem. It follows that p* is an
optimal solution of the dual problem, as required. |

Another special case of duality in linear programming is exemplified by a
primal-dual pair of problems in Von Neumann Symmetric Form. In this case
the primal and dual problems are specified in terms of an m X n constraint
matrix A, an m-dimensional target vector b and an n-dimensional cost vec-
tor c¢. The objective of the problem is minimize ¢?x amongst n-dimensional
vectors x that satisfy the constraints Ax > b and x > 0. The dual prob-
lem is to maximize p’b amongst m-dimensional vectors p that satisfy the
constraints p’A < ¢’ and p > 0.
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Theorem 5.4 (Weak Duality Theorem for Linear Programming Problems
in Von Neumann Symmetric Form)

Let m and n be integers, let A be an m X n matriz with real coefficients,
let b € R™ and let ¢ € R™. Let x € R" satisfy the constraints Ax > b and
x > 0, and let p € R™ satisfy the constraints p? A < ¢ and p* > 0. Then
p’b < cTx. Moreover p'b = c'x if and only if the following complementary
slackness conditions are satisfied:

e (Ax); = (b); for all integers i between 1 and m for which (p); > 0;
o (pTA); = (c); for all integers j between 1 and n for which (x); > 0;
Proof The constraints satisfied by the vectors x and p ensure that
c'x —p'b = (¢! — pTA)x + p’(Ax — b).

But x > 0, p >0, Ax —b > 0 and ¢’ — p”4 > 0. It follows that
c’x — p’b > 0. and therefore ¢’x > p?’b. Moreover c’'x — p’b = 0 if and
only if (¢ — pTA);(x); =0 for j = 1,2,...,n and (p):(Ax — b); = 0, and
therefore ¢’x = p’b if and only if the complementary slackness conditions
are satisfied. |

Theorem 5.5 (Weak Duality Theorem for Linear Programming Problems
in General Primal Form)
Let x € R™ be a feasible solution to a linear programming problem

Primal(A, b,c,I*,J")

expressed in general primal form with constraint matriz A with m rows and
n columns, target vector b, cost vector ¢, inequality constraint specifier It
and variable sign specifier J*, and let p € R™ be a feasible solution to the
corresponding dual programming problem

Dual(A,b,c, It,J").

Then p'b < c'x. Moreover p'b = c¢’'x if and only if the following comple-
mentary slackness conditions are satisfied:—

o (Ax); = b; whenever (p); # 0;
e (pTA); = (c); whenever (x); # 0.

Proof The feasible solution x to the primal problem satisfies the following
constraints:—
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o Ax > b;
o (Ax); = (b); unlessi € I'";
e (x); >0forall jeJr.

The feasible solution p to the dual problem satisfies the following constraints:—

o pi'A<cT;
e (p); >0forallielf
e (p7A); = (c); unless j € JT.
Now
T

c'x—p'b = (¢! - TA)X—i—pT(Ax—b)

n

= Z(CT +Z i(Ax —b

Jj=1

Let j be an integer between 1 and n. If j € J then (x); > 0 and (c”

pTA); > 0, and therefore (¢! —pTA);(x); > 0. If j & J* then (pTA4); = (c);,
and therefore (¢’ — pTA);(x); = 0, irrespective of whether (x); is positive,
negative or zero. It follows that

n

S (e~ p A (x); 2 0.

J=1

Moreover
n

> (e —pTA)(x); =0
j=1
if and only if (p”A); = (¢); for all indices j for which (x); # 0.

Next let i be an index between 1 and m. If i € I then (p); > 0 and
(Ax —Db); > 0, and therefore (p);(Ax —b); > 0. If i € I"" then (Ax); = (b),,
and therefore (p);(Ax — b); = 0, irrespective of whether (p); is positive,
negative or zero. It follows that
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if and only if (Ax); = (b); for all indices ¢ for which (p); # 0. The result
follows. |}

Corollary 5.6 Let x* € R* be a feasible solution to a linear programming
problem Primal(A, b, c, [T, J1) expressed in general primal form with con-
straint matriz A with m rows and n columns, target vector b, cost vec-
tor ¢, inequality constraint specifier I and variable sign specifier J*, and let
p* € R™ be a feasible solution to the corresponding dual programming problem
Dual(A, b,c, It JT). Suppose that the complementary slackness conditions
are satisfied for this pair of problems, so that (Ax); = b; whenever (p); # 0,
and (pTA); = (c); whenever (x); # 0. Then x* is an optimal solution for
the primal problem and p* is an optimal solution for the dual problem.

Proof Because the complementary slackness conditions for this primal-dual
pair are satisfied, it follows from the Weak Duality Theorem that c¢’x* =
p*Tb (see Theorem 5.5). But it then also follows from the Weak Duality
Theorem that

c'x>pTb =clx*

for all feasible solutions x of the primal problem. It follows that x* is an
optimal solution of the primal problem. Similarly

pr < CTX* — p*Tb
for all feasible solutions p of the dual problem. It follows that p* is an

optimal solution of the dual problem, as required. [

Example Consider the following linear programming problem in general
primal form:—

find values of x1, w9, x3 and x4 so as to minimize the objective
function
C1X1 + CoTo + C3X3 + C4T4

subject to the following constraints:—
® 1,171 + a12Ts + Q1373 + a14T4 = by;
® (3171 + G22T3 + Az 373 + A2 4Ty = by;
® 43171 + a3pTy + 3373 + a3 474 > ba;

e r1 >0 and x3 > 0.

Here a; j, b; and ¢; are constants for ¢ = 1,2,3 and j = 1,2, 3,4. The dual
problem is the following:—
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find values of p1, po and p3 so as to maximize the objective func-
tion
p1b1 + p2by + p3bs

subject to the following constraints:—

® piay 1 + paag + psasy < c¢q;
® DiG12 + P2ag2 + P3az2 = Caf
® piay3 + pado 3 + P3ass < C3;
® D1G14 + P2a24 + P3a3 4 = Ca;
e p3 > 0.
We refer to the first and second problems as the primal problem and
the dual problem respectively. Let (z1,xs, x3,4) be a feasible solution of the

primal problem, and let (py, p2, p3) be a feasible solution of the dual problem.
Then

4

3
Z Cijx; — szbz = Z <Cj — Zpiai7j> X
j i i=1

j=1 =1 j=1

3 4
+ Zpl (Z Q; T4 — bz> .
i=1 j=1

3 4
Now the quantity ¢;—>  p;a;; = 0for j =2and j =4, and > a; jx;—b; =
i=1 j=1
0 for ¢ =1 and ¢ = 2. It follows that

4 3 3
chxj - sz‘bi = (Cl - ZPz’%,l) 1
j=1 i=1 i=1
3
+ <C3 - sz‘@z‘,:s) T3
, =1
+ p3 (Z as ;jr; — bg) .

J=1

Now x7 > 0, x3 > 0 and p3 > 0. Also
3 3
1 — Zpiaz‘,l >0, c3— sz'az‘,:’) >0
i=1 i=1
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and

7=1
It follows that
4 3
Zle’j - szbz Z 0.
j=1 i=1
and thus
4 3
D6 = ) pibi
j=1 i=1
Now suppose that
4 3
Z c;xj = Zpibi.
j=1 i=1

Then

3
(Cl - sz‘am) ;. = 0,
i=1
3
<C3 - sz‘az',:a) xz3 = 0,
i=1
4
Ps3 <Z as ;rj — b3> = 0,
j=1

because a sum of three non-negative quantities is equal to zero if and only if
each of those quantities is equal to zero.

It follows that
4 3

Z CiTy; = Z pzbz
j=1 i=1

if and only if the following three complementary slackness conditions are
satisfied:—

3

° pia;1 = C1 if xTr1 > 0,
i=1
3

° Zpiam = C3 if Ty > 0,
i=1

° Z?:l asjx; = bz if ps > 0.
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5.3 Open and Closed Sets in Euclidean Spaces

Let m be a positive integer. The Fuclidean norm |x| of an element x of R™
is defined such that

X =) ().
i=1
The Fuclidean distance function d on R™ is defined such that

d(Xv y) - |y - X|

for all x,y € R™. The Euclidean distance function satisfies the Triangle
Inequality, together with all the other basic properties required of a distance
function on a metric space, and therefore R™ with the FEuclidean distance
function is a metric space.

A subset U of R™ is said to be open in R™ if, given any point b of U,
there exists some real number ¢ satisfying € > 0 such that

{xeR":|x—b|<e} CU

A subset of R™ is closed in R™ if and only if its complement is open in R™.
Every union of open sets in R™ is open in R™, and every finite intersection
of open sets in R™ is open in R™.
Every intersection of closed sets in R™ is closed in R™, and every finite
union of closed sets in R™ is closed in R™ .

Lemma 5.7 Let m be a positive integer, let u™, u®, ... u™ be a basis of
R™, and let

F= {Zsiu(i):siZOforizl,Q,...,m}.

=1

Then F' is a closed set in R™.

Proof Let T: R™ — R™ be defined such that

m
T(S1,89, .. 8m) = E s;u®
i=1
for all real numbers s1, so, ..., S,,. Then T is an invertible linear operator on

R™ and F = T(G), where

G={xeR":(x);>0fori=1,2,...,m}.
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Moreover the subset G of R™ is closed in R™.

Now it is a standard result of real analysis that every linear operator on
a finite-dimensional vector space is continuous. Therefore 771 R™ — R™ is
continuous. Moreover T'(G) is the preimage of the closed set G under the
continuous map 7'~ !, and the preimage of any closed set under a continuous
map is itself closed. It follows that T'(G) is closed in R™. Thus F is closed
in R™, as required. |}

Lemma 5.8 Let m be a positive integer, let F' be a non-empty closed set in
R™, and let b be a vector in R™. Then there exists an element g of F' such
that |x —b| > |g — b| for allx € F.

Proof Let R be a positive real number chosen large enough to ensure that
the set F{ is non-empty, where

Fo=Fn{xeR":|x—b| <R}

Then Fj is a closed bounded subset of R™. Let f: Fy — R be defined such
that f(x) = |x —b| for all x € F'. Then f: Fy — R is a continuous function
on Fj.

Now it is a standard result of real analysis that any continuous real-valued
function on a closed bounded subset of a finite-dimensional Euclidean space
attains a minimum value at some point of that set. It follows that there
exists an element g of Fj such that

x —b| > |g — b
for all x € Fy. If x € F'\ Fp then
|Ix —b|>R>|g—Db|

It follows that
[x —b| > |g — b

for all x € F', as required. |}

5.4 A Separating Hyperplane Theorem

Definition A subset K of R™ is said to be convez if (1 — pu)x+ ux’ € K for
all elements x and x’ of K and for all real numbers pu satisfying 0 < pu < 1.

It follows from the above definition that a subset K of R” is a convex
subset of R™ if and only if, given any two points of K, the line segment
joining those two points is wholly contained in K.
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Theorem 5.9 Let m be a positive integer, let K be a closed convex set in
R™ and let b be a vector in R™, where b & K. Then there exists a linear
functional p: R™ — R and a real number ¢ such that p(x) > ¢ for allx € K
and o(b) < c.

Proof It follows from Lemma 5.8 that there exists a point g of K such that
|x —b| > |g—b| forall x € K. Let x € K. Then (1 — \)g+ \x € K for
all real numbers A satisfying 0 < A < 1, because the set K is convex, and

therefore
|(1-Mg+ A x—b[>|g— Dbl

for all real numbers A satisfying 0 < A < 1. Now
(1-Ng+Xx—b=g—b+Ax—g).

It follows by a straightforward calculation from the definition of the Eu-
clidean norm that

lg—bl> < |(1-Ng+ x—b]?
= |g—b[*+2X\(g—b)"(x—g)
+ Xx — g|?

for all real numbers A satisfying 0 < A < 1. In particular, this inequality
holds for all sufficiently small positive values of A, and therefore

(g—b)(x—g)>0

for all x € K.
Let

p(x) = (g —b)'x
for all x € R™. Then ¢:R™ — R is a linear functional on R™, and ¢(x) >
©(g) for all x € K. Moreover

p(g) — ¢(b) = |g —b|* >0,

and therefore p(g) > ¢(b). It follows that ¢(x) > ¢ for all x € K, where
¢ = 3¢(b) + 3¢(g), and that ¢(b) < c. The result follows. [}

5.5 Convex Cones

Definition Let m be a positive integer. A subset C' of R™ is said to be a
conver cone in R™ if A\v + pw € C for all v,w € C and for all real numbers
A and p satisfying A > 0 and p > 0.
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Lemma 5.10 Let m be a positive integer. Then every convex cone in R™ is
a conver subset of R™.

Proof Let C be a convex cone in R™ and let v,w € C. Then A\v + uw € C
for all non-negative real numbers A and p. In particular (1 — A\)w+ v € C.
whenever 0 < A < 1, and thus the convex cone C' is a convex set in R, as
required. |

Lemma 5.11 Let S be a subset of R™, and let C' be the set of all elements
of R™ that can be expressed as a linear combination of the form

where 2, a® . a™ are vectors belonging to S and s, Ss, . . ., Sy, are non-
negative real numbers. Then C' is a convex cone in R™.

Proof Let v and w be elements of C'. Then there exist finite subsets S;
and Sy of S such that v can be expressed as a linear combination of the
elements of S; with non-negative coefficients and w can be expressed as a
linear combination of the elements of Sy with non-negative coefficients. Let

Sl U Sg = {a(l),a(2), e ,a(”)}.

Then there exist non-negative real numbers sq, so,...,s, and t1,ta,...,t,
such that
n n
v = Z sja(]) and w = Z tjam.
j=1 j=1

Let A and p be non-negative real numbers. Then

AV pw =Y (As; + ptj)al?,

Jj=1

and As; + ut; > 0 for j = 1,2,...,n. It follows that A\v + pw € S, as
required. |

Proposition 5.12 Let m be a positive integer, let al¥,a® ... a™ ¢ R™,
and let C' be the subset of R™ defined such that

C':{tha(j):thOforjzl,Q,...,n}.
j=1

Then C' is a closed convex cone in R™.
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Proof It follows from Lemma 5.11 that C' is a convex cone in R™. We must
prove that this convex cone is a closed set.

The vectors at),a® ... a™ span a vector subspace V of R™ that is
isomorphic as a real vector space to R¥ for some integer k satisfying 0 < k <
m. This vector subspace V' of R™ is a closed subset of R™, and therefore any
subset of V' that is closed in V' will also be closed in R™. Replacing R™ by
R* . if necessary, we may assume, without loss of generality that the vectors
a® a® .. a®™ gpan the vector space R™. Thus if A is the m x n matrix
defined such that (A);; = (a¥); fori = 1,2,...,m and j = 1,2,...,n then
the matrix A is of rank m.

Let B be the collection consisting of all subsets B of {1,2,...,n} for
which the members of the set {al’) : j € B} constitute a basis of the real
vector space R™ and, for each B € B, let

i=1
where 71, Jo, ..., Jm are distinct and are the elements of the set B. It follows
from Lemma 5.7 that the set Cg is closed in R™ for all B € B.

Let b € C. The definition of C' then ensures that there exists some
x € R” that satisfies Ax = b and x > 0. Thus the problem of determining
x € R" such that Ax = b and x > 0 has a feasible solution. It follows
from Theorem 4.2 that there exists a basic feasible solution to this problem,
and thus there exist distinct integers 71, j2, . . ., jm between 1 and n and non-
negative real numbers sq, so, . . . , S, such that at") at2) . alm) are linearly
independent and

Therefore b € C'g where

B = {j17j27 s 7jm}

We have thus shown that, given any element b of C| there exists a subset
B of {1,2,...,n} belonging to B for which b € Cg. It follows from this that
the subset C' of R™ is the union of the closed sets Cp taken over all elements
B of the finite set B. Thus C is a finite union of closed subsets of R™, and
is thus itself a closed subset of R™, as required. |}

5.6 Farkas’ Lemma

Proposition 5.13 Let C' be a closed convex cone in R™ and let b be a vector
in R™. Suppose that b & C. Then there exists a linear functional p: R™ — R
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such that p(v) >0 for all v e C and ¢(b) < 0.

Proof Suppose that b ¢ C. The cone C' is a closed convex set. It follows
from Theorem 5.9 that there exists a linear functional ¢: R®™ — R and a real
number ¢ such that p(v) > ¢ for all v € C and ¢(b) < c.

Now 0 € C, and ¢(0) = 0. It follows that ¢ < 0, and therefore p(b) <
c<0.

Let v € C. Then Av € C for all real numbers \ satisfying A > 0. It

follows that Ap(v) = ¢(Av) > ¢ and thus ¢(v) > ; for all real numbers A

satisfying A > 0, and therefore

c
> lim - = 0.
SO(V) o )\1—1>r-‘£100 0
We conclude that ¢(v) >0 for all v € C.
Thus ¢(v) > 0 for all v € C and ¢(b) < 0, as required. |

Lemma 5.14 (Farkas’ Lemma) Let A be a m x n matriz with real coeffi-
cients, and let b € R™ be an m-dimensional real vector. Then exactly one of
the following two statements is true:—

(i) there exists x € R™ such that Ax =b and x > 0;

(ii) there exists y € R™ such that yT A >0 and y'b < 0.

Proof Let a® a® ... a( be the vectors in R™ determined by the columns
of the matrix A, so that (a)); = (A);; fori =1,2,...,mand j =1,2,...,n,

and let
C = {ija(j) cx; > 0for j = 1,2,...,n}.
j=1

It follows from Proposition 5.12 that C'is a closed convex cone in R™. More-
over

C ={Ax:x € R" and x > 0}.

Thus b € C'if and only if there exists x € R"™ such that b = Ax and x > 0.
Therefore statement (i) in the statement of Farkas’ Lemma is true if and only
iftbeC

If b ¢ C then it follows from Proposition 5.13 that there exists a linear
functional ¢: R™ — R such that ¢(v) > 0 for all v € C and ¢(b) < 0. Then
there exists y € R™ with the property that ¢(v) = yTv for all v € R™.
Now Ax € C for all x € R” satisfying x > 0. It follows that yTAx > 0
for all x € R™ satisfying x > 0. In particular (y7A); = y" Ae®® > 0 for
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i=1,2,...,m, where e is the vector in R™ whose ith component is equal
to 1 and whose other components are zero. Thus if b € C' then there exists
y € R™ for which y?A > 0 and y’b < 0.

Conversely suppose that there exists y € R™ such that y’A > 0 and
yIb < 0. Then yTAx > 0 for all x € R" satisfying x > 0, and therefore
yIv > 0forallv e C. But y'b < 0. It follows that b ¢ C. Thus statement
(ii) in the statement of Farkas’s Lemma is true if and only if b ¢ C. The
result follows. |}

Corollary 5.15 Let A be a m X n matriz with real coefficients, and let c €
R™ be an n-dimensional real vector. Then exactly one of the following two
statements is true:—

(i) there exists y € R™ such that yT' A =c? andy > 0;

(ii) there exists v € R™ such that Av > 0 and c'v < 0.

Proof It follows on applying Farkas’s Lemma to the transpose of the ma-
trix A that exactly one of the following statements is true:—

i) there exists y € R™ such that ATy = c and y > 0;
ii) there exists v € R™ such that v AT > 0 and v'c < 0.
( ) =

But vic = cTv. Also ATy = c if and only if y’A = ¢, and vI' AT > 0 if
and only if Av > 0. The result follows. |}

Corollary 5.16 Let A be a mxn matriz with real coefficients, and let c € R"
be an n-dimensional real vector. Suppose that c'v > 0 for all v. € R
satisfying Av > 0. Then there exists some there exists y € R™ such that
yI'A=cT andy > 0.

Proof Statement (ii) in the statement of Corollary 5.15 is false, by assump-
tion, and therefore statement (i) in the statement of that corollary must be
true. The result follows. |}

Proposition 5.17 Let n be a positive integer, let I be a non-empty finite
set, let :R™ — R be a linear functional on R™, and, for each i € I, let
ni:R" — R be a linear functional on R™. Suppose that p(v) > 0 for all
v € R" with the property that n;(v) > 0 for all i € 1. Then there exist

non-negative real numbers g; for all i € I such that ¢ = gin;.
i€l
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Proof We may suppose that [ = {1,2,...,m} for some positive integer m.
For each 7 € I there exist real numbers A;1, A; 9, ..., A;, such that

n
7’]7;(’01,’02, e ,Un) = E Ai,jvj
Jj=1

fori =1,2,...,m and for all real numbers v, vo,...,v,. Let A be the m xn
matrix whose coefficient in the ¢th row and jth column is the real number
Ajjfori=1,2,...,mand j =1,2,...,n. Then an n-dimensional vector

v € R” satisfies n;(v) > 0 for all ¢ € [ if and only if Av > 0.

There exists an n-dimensional vector ¢ € R” such that o(v) = cTv for all
v € R™. Then c’v > 0 for all v € R” satisfying Av > 0. It then follows from
Corollary 5.16 that there exists y € R™ such that y?A = ¢’ and y > 0. Let

gi=(y)ifori=1,2,...,m. Theng; >0fori=1,2,...,mand > g;m = ¢,
il
as required. |

Remark The result of Proposition 5.17 can also be viewed as a consequence
of Proposition 5.13 applied to the convex cone in the dual space R™ of the
real vector space R™ generated by the linear functionals n; for ¢ € I. Indeed
let C' be the subset of R™ defined such that

C:{ngi:giZOforalliel}.

iel

It follows from Proposition 5.12 that C is a closed convex cone in the dual
space R™ of R™. If the linear functional ¢ did not belong to this cone then it
would follow from Proposition 5.13 that there would exist a linear functional
V:R™ — R with the property that V(n;) > 0 for all i € I and V(p) < 0.
But given any linear functional on the dual space of a given finite-dimensional

vector space, there exists some vector belonging to the given vector space such
that the linear functional on the dual space evaluates elements of the dual
space at that vector (see Corollary 2.7). It follows that there would exist
v € R" such that V(1) = ¢(v) for all » € R™. But then n;(v) > 0 for all
i € I and p(v) < 0. This contradicts the requirement that ¢(v) > 0 for
all v € R" satisfying n;(v) > 0 for all ¢ € I. To avoid this contradiction it
must be the case that ¢ € (| and therefore there must exist non-negative
real numbers g; for all ¢ € I such that ¢ = Ziel Gin;i-

Corollary 5.18 Letn be a positive integer, let I be a non-empty finite set, let
@:R™ — R be a linear functional on R™, and, for eachi € I, let n;: R™ — R be
a linear functional on R™. Suppose that there exists a subset Iy of I such that

120



©(v) >0 for all v € R™ with the property that n;(v) > 0 for alli € Iy. Then
there exist non-negative real numbers g; for all i € I such that ¢ = > g;in;

i€l
and g; = 0 when i & I.

Proof It follows directly from Proposition 5.17 that there exist non-negative
real numbers g; for all i € Iy such that o = > gim;. Let g; = 0 for alli € I\ I.
1€l
Then ¢ = > g;m;, as required. |}
i€lp
Definition A subset X is said to be a convex polytope if there exist linear
functionals 1y, 72, ..., My on R™ and real numbers s1, s, . . ., S, such that

X={xeR":n(x)>s; fori=1,2,...,m}.

Let (n; : i € I) be a finite collection of linear functionals on R™ indexed
by a finite set I, let s; be a real number for all 7 € I, and let

X=[{xeR:m(x) > s}

il

Then X is a convex polytope in R™. A point x of R” belongs to the convex
polytope X if and only if n;(x) > s; for all i € I.

Proposition 5.19 Let n be a positive integer, let I be a non-empty finite
set, and, for each i € I, let n;: R™ — R be non-zero linear functional and let
s; be a real number. Let X be the convex polytope defined such that

X = ﬂ{x € R:ni(x) > s}

el

(Thus a point x of R™ belongs to the convex polytope X if and only if n;(x) >
s; for alli € 1.) Let o:R™ — R be a non-zero linear functional on R™, and
let x* € X. Then o(x*) < p(x) for all x € X if and only if there exist

non-negative real numbers g; for all i € I such that ¢ =Y gin; and g; = 0
i€l
whenever n;(x*) > s;.

Proof Let K = {i € I : n;(x*) > s;}. Suppose that there do not exist

non-negative real numbers g; for all i € I such that ¢ = > ¢;n; and g; = 0
i€l

when ¢ € K. Corollary 5.18 then ensures that there must exist some v € R”

such that n;(v) > 0 for all: € I \ K and ¢(v) < 0. Then

ni(xX" 4+ Av) = n;(x") + Ans(v) > s
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foralli € I'\ K and for all A > 0. If i € K then n;(x*) > s;. The set K is
finite. It follows that there must exist some real number )\ satisfying Ay > 0
such that 7;(x* + Av) > s; for all ¢ € K and for all real numbers \ satisfying
0< A< .

Combining the results in the cases when ¢ € [ \ K and when i € K,
we find that n;(x* + Av) > s; for all i« € I and A € [0, )], and therefore
x* + Av € X for all real numbers A satisfying 0 < A < A\g. But

(X" 4 Av) = o(x7) + Ap(v) < p(X7)

whenever A > 0. It follows that the linear functional ¢ cannot attain a
minimum value in X at any point x* for which either K = I or for which K
is a proper subset of [ but there exist non-negative real numbers g; for all

i €I\ K such that p = > g¢;n;. The result follows. ||
i€l\K

5.7 Strong Duality

Example Consider again the following linear programming problem in gen-
eral primal form:—

find values of x1, x2, x3 and x4 so as to minimize the objective
function
C1T1 + Co9 + C3T3 + Cqy

subject to the following constraints:—

® 1171 + 12T + 1373 + a1 4T4 = by;
® A217 + A2 22 + a2 373 + A2 4Xy4 = bg,’
® a31%) + a3 + a3 3T3 + azaxy > bs;
e 1 >0 and z3 > 0.

Now the constraint
a11T1 + a12T2 + a1373 + a1474 = by
can be expressed as a pair of inequality constraints as follows:

1,101 + 12%T2 + a1 373 + a1 4y > by

—Q1,171 — A12T2 — Q1373 — G144 > —b.

Similarly the equality constraint involving b, can be expressed as a pair or
inequality constraints.
Therefore the problem can be reformulated as follows:—
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find values of x1, w9, x3 and x4 so as to minimize the
function
C1X1 + CoTo + C3X3 + C4T4

subject to the following constraints:—

® a; %] + Q12T + a1 373 + a1 474 > by
® —(11%1 — A12T2 — (13%T3 — A1,4T4 = —by;
® (2171 + G22T2 + 2373 + G244 > bo;
® —(21%1 — U22T2 — (23%3 — U 4Ty = —by;

® 3171 + a32T2 + a33T3 + a34T4 > bs;

objective

® I Z 0;
® I3 Z 0.
Let
(1, T2, T3, T4) = C121 + CoTy + C33 + Ca4,
and let
+ _
Ny (1, %2,T3,%4) = G11%1 + A12T2 + A13%3 + A1,4T4,
771_ T1,T2,T3,T4 = _nl(xlal‘%x37m4)7
+ _
Ny (T1,T2,T3,T4) = 2171 + A22T2 + G2 3%3 + A24T4,
Ny

= I,

( )
( )
( )
(T1, 02,23, 24) = —13(21, T2, T3, 24),
( )
( )
( )

x3,

= a3,1%1 + G32%T2 + A33T3 + A3 474,

Then (x1,x9,x3,x4) is a feasible solution to the primal problem if and
only if this element of R* belongs to the convex polytope X, where X is
the subset of R* consisting of all points x of R* that satisfy the following

constraints:—
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e (1(x)>0
e (3(x)>0

An inequality constraint is said to be binding for a particular feasible
solution x if equality holds in that constraint at the feasible solution. Thus
the constraints on the values of 0", n;, 7y and 7, are always binding at
points of the convex polytope X, but the constraints determined by ns3, (3
and (3 need not be binding.

Suppose that the linear functional ¢ attains its minimum value at a point
x* of X, where x* = (z7, 25, %, 2}). It then follows from Proposition 5.19
that there exist non-negative real numbers p{, p, p1, Py, p3, ¢1 and g3 such
that

pim’ +piny + 03y +pany +psis + @+ @G = ¢
Moreover p3 = 0 if n3(x*) > b3, ¢ = 0 if (1(x*) > 0, and g3 = 0 if (3(x*) > 0.
Now 1, = —n{ and 1, = —n; . It follows that

pint +pams +pans 4+ Gl + G =

4
where p; = p — p; and py = p5 — p,. Moreover p3 = 0 if > azjr; > bs,
i=1

¢ =0if 27 >0, and g3 = 0 if 2§ > 0.
It follows that

piai1 + paagy + p3azy < cq,
Di1G12 + P2ag2 + P3aza = Cz,
piai 3 + paas3 +p3azz < cs,
D114 + P2a24 + P3G3za = C4,
p3 = 0

Moreover p3 = 0 if Z asjx; > bs, szaz 1 =c if 27 >0, and szazg C3

it x5 > 0. It follows that (p1, P2, p3) is a feasible solution of the dual problem
to the feasible primal problem.

Moreover the complementary slackness conditions determined by the pri-
mal problem are satisfied. It therefore follows from the Weak Duality Theo-
rem (Theorem 5.5) that (p1, pa, p3) is an optimal solution to the dual problem.

Theorem 5.20 (Strong Duality for Linear Programming Problems with Op-
timal Solutions)
Let x* € R* be an optimal solution to a linear programming problem

Primal(A,b,c, I*, J*)
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expressed in general primal form with constraint matriz A with m rows and
n columns, target vector b, cost vector ¢, inequality constraint specifier I+
and variable sign specifier J*. Then there exists an optimal solution p* to
the corresponding dual programming problem

Dual(4,b,c, It,J7),

and moreover p*'b = cTx*.

Proof Let x* = (z7,25,...,2}),and let A; ; = (A);;, bi = (b); and ¢; = (c¢);

rrn
fort=1,2,...,mand j = 1,2,...,n. Then optimal solution x* minimizes

c’'x* subject to the following constraints:—

o Ax* > b;
o (Ax*); =b; unlessi € I't;
e 15 >0 forall jeJ*.

Let p be a feasible solution to the dual problem, and let p = (p1, pa, - - ., Pm)-
Then p must satisfy the following constraints:—

e pfA<ch;
e p,>0foralliel™;
e (pTA); =c; unless j € JT.

Now the constraints of the primal problem can be expressed in inequality
form as follows:—

o (Ax*); >b; for allie I';
o (Ax*); > b forallie I\I"; (—Ax*); > —b; foralli e I\ I";
o x>0 forall j € J*.
Let .
o(T1, T, ..., x,) = chxj,
j=1

n

Ml aa.w) = S Ay (=1,2,...,m)

Cj(xl,ﬂig,...,.’]?n)Il’j (j21,2,,n)



It follows from Proposition 5.19 that if there exists an optimal solution to
the primal problem then there exist non-negative quantities p; for all i € I,
p; and p_ for all i € I\ I and g; for all j € J* such that

e=Y_pmi+ Y 0f =i+ D 4

ielt ieI\I+ jeJt

Moreover p; = 0 whenever ¢ € I and n;(a},25,...,2%); > b and ¢; = 0
whenever } > 0. Let p* € R™ be defined such that (p*); = p; for all i € I
and (p*); = p —p; foralli € I\ IT. Then (p*7TA); <c¢;forj=1,2,...,n,
(p*); > 0foralli € I't, and (p*TA); = ¢; unless j € J*. Moreover (p*); =0
whenever (Ax*); > b; and ¢; = 0 whenever x; > 0. It follows that p* is a
feasible solution of the dual problem. Moreover the relevant complementary
slackness conditions are satisfied by x* and p*. It is then a consequence
of the Weak Duality Theorem that c’x* = p*’b, and that therefore p*
is an optimal solution of the dual problem (see Corollary 5.6). The result

follows. |}
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