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3 The Transportation Problem

3.1 Transportation in the Dairy Industry

We discuss an example of the Transportation Problem of Linear Program-
ming, as it might be applied to optimize transportation costs in the dairy
industry.

A food business has milk-processing plants located in various towns in a
small country. We shall refer to these plants as dairies. Raw milk is supplied
by numerous farmers with farms located throughout that country, and is
transported by milk tanker from the farms to the dairies. The problem is
to determine the catchment areas of the dairies so as to minimize transport
costs.

We suppose that there are m farms, labelled by integers from 1 to m that
supply milk to n dairies, labelled by integers from 1 to n. Suppose that, in
a given year, the ith farm has the capacity to produce and supply a s; litres
of milk for ¢ = 1,2,...,m, and that the jth dairy needs to receive at least d;
litres of milk for j = 1,2,...,n to satisfy the business obligations.

The quantity Y s; then represents that total supply of milk, and the

=1
n

quantity ) d; represents the total demand for milk.
j=1
We suppose that z; ; litres of milk are to be transported from the ith farm
to the jth dairy, and that ¢; ; represents the cost per litre of transporting this
milk.

Then the total cost of transporting milk from the farms to the dairies is

m n

E :E :Cl}jxi,j'

i=1 j=1

The quantities x; ; of milk to be transported from the farms to the dairies
should then be determined for ¢ = 1,2,...,m and j = 1,2,...,n so as to
minimize the total cost of transporting milk.

However the ith farm can supply no more than s; litres of milk in a given
year, and that jth dairy requires at least d; litres of milk in that year. It
follows that the quantities x;; of milk to be transported between farms and
dairy are constrained by the requirements that

n
megsi fori=1,2,...,m

j=1
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and

inJZd]’ forj:1,2,...,m.
i=1

3.2 The General Transportation Problem

The Transportation Problem can be expressed generally in the following
form. Some commodity is supplied by m suppliers and is transported from
those suppliers to n recipients. The 7¢th supplier can supply at most to s;
units of the commodity, and the jth recipient requires at least d; units of the
commodity. The cost of transporting a unit of the commodity from the ith
supplier to the jth recipient is ¢; ;.

The total transport cost is then

m n
i=1 j=1
where z; ; denote the number of units of the commodity transported from

the 7th supplier to the jth recipient.
The Transportation Problem can then be presented as follows:

determine x; j fori=1,2,...,mand j =1,2,...,n s0 as
minimize )y c; ;x; ; subject to the constraints x;; > 0 for all i
i?j
n m
and j, > x;i; <s; and Y x;; > dj, where s; > 0 for all 1,
j=1 i=1

d; >0 for alli, and ) s; > > d;.
i=1 j=1
3.3 Transportation Problems in which Total Supply
equals Total Demand
Consider an instance of the Transportation Problem with m suppliers and
n recipients. The following proposition shows that a solution to the Trans-

portation Problem can only exist if total supply of the relevant commodity
exceeds total demand for that commodity.

Proposition 3.1 Let s1,S9,...,8, and di,ds,...,d, be non-negative real
numbers. Suppose that there exist non-negative real numbers x; ; be for i =
1,2,....m and j =1,2,...,n that satisfy the inequalities

n m
E T S S; and E X 5 Z dj.
j=1 i=1
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Then

Z:: s

||M3

Moreover if it is the case that

3
3

Zdj :Zsi.

j=1 i=1
then
n
g ;=38 fori=1,2...,m
Jj=1

and

in,j:dj fo‘rjzl,Q,...,n.

i=1
Proof The inequalities satisfied by the non-negative real numbers x; ; ensure

that
Zd <sz” <Zsz

=1 j=1
Thus the total supply must equal or exceed the total demand.

If it is the case that Z x;; < s; for at least one value of ¢ then Z Z Tij
Jj=1 1=1j5=1

>, s;. Similarly if it is the case that Z x;; > d; for at least one value of

i=1
j then Z wa > Z]  d

i=1j=
It follows that if total supply equals total demand, so that

m n
E S; = E dj,
i=1 j=1

then .
me:si fori=1,2,...,m

and

Zl‘i,j:dj for j=1,2,...,n,
i=1

as required. |
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We analyse the Transportation Problem in the case where total supply
equals total demand. The optimization problem in this case can then be
stated as follows:—

determine x; j fori=1,2,...,mand j =1,2,...,n s0 as
minimize y . ¢; ;jx; ; subject to the constraints x; ; > 0 for all i
i’j

n m
and j, Y x;; =s; and Y x;; = d;j, where s; >0 and d; > 0 for
j=1 i=1

alli and j, and ) s; =) d;.
j=1

i=1

Definition A feasible solution to the Transportation Problem (with equality
of total supply and total demand) takes the form of real numbers x; ;, where

[ ) Q:i,jZOfori:1727"'7mandj:172".'7n;

n
° > wij =i
j=1

m
® > xi;=d;
=1

Definition A feasible solution (z; ;) of the Transportation Problem is said
to be optimal if it minimizes cost amongst all feasible solutions of the Trans-
portation Problem.

3.4 Row Sums and Column Sums of Matrices

We commence the analysis of the Transportation Problem by studying the
interrelationships between the various real vector spaces and linear trans-
formations that arise naturally from the statement of the Transportation
Problem.

The quantities z; ; to be determined are coefficients of an m x n matrix X.
This matrix X is represented as an element of the real vector space M, ,,(R)
that consists of all m x n matrices with real coefficients.

The non-negative quantities s, sg,..., S, that specify the sums of the
coefficients in the rows of the unknown matrix X are the components of a
supply vector s belonging to the m-dimensional real vector space R™.

Similarly the non-negative quantities dy, ds, ..., d, that specify the sums
of the coefficients in the columns of the unknown matrix X are the compo-
nents of a demand vector d belonging to the n-dimensional space R™.
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The requirement that total supply equals total demand translates into a
m

requirement that the sum > (s); of the components of the supply vector s
i=1

n
must equal the sum ) (d); of the components of the demand vector d.
7j=1
Accordingly we introduce a real vector space |44 conswtmg of all ordered

pairs (y,z) for which y € R, z € R” and Z( )i = Z(z)j.

j=1
Lemma 3.2 Let m and n be positive integers, and let
W= {(y,z) ER™ X R": ) (y); = Z(z)]} .
i=1 j=1
Then the dimension of the real vector space W ism+n—1. |}

Proof It is easy to see that the vector space W is isomorphic to R™ when
n = 1. The result then follows directly in the case when n = 1. Thus suppose
that n > 1.

Given real numbers yq, 9o, ..., 4, and z1, 2o, ..., z,_1, there exists exactly
one element (y,z) of W that satisfies (y); = y; for i = 1,2,...,m and
(z); = #; for j = 1,2,...,n — 1. The remaining component (z), of the

n-dimensional vector z is then determined by the equation

m m—1
SIS S
i=1 j=1
It follows from this that dim W = m +n — 1, as required. |}

The supply and demand constraints on the sums of the rows and columns
of the unknown matrix X can then be specified by means of linear transfor-

mations

p: My, n(R) — R™
and

o: My, ,(R) = R",

where, for each X € M,,,(R), the components of the m-dimensional vector
p(X) are the sums of the coefficients along each row of X, and the components
of the n-dimensional vector o(X) are the sums of the coefficients along each
column of X.
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Let X € M,;, »(R). Then the ith component p(X); of the vector p(X) is
determined by the equation

p(X); = Z(X)” fori=1,2,...,m,

i=1

for i =1,2,...,m, and the jth component o(X); of o(X) is determined by

the equation
m

o(X); = Z(X)” for j =1,2,...,n.
i=1
for y=1,2,...,n.
The costs ¢; ; are the components of an m x n matrix C, the cost matriz,
that in turn determines a linear functional

fiMpn(R) =R
on the vector space M, ,(R) defined such that
F(X) = trace(CTX) =Y > (C)i; Xy,
i=1 j=1

for all X € M, ,(R).

An instance of the problem is specified by specifying a supply vector s,
demand vector d and cost matrix C. The components of s and d are required
to be non-negative real numbers. Moreover (s,d) € W, where W is the real
vector space consisting of all ordered pairs (s,d) with s € R™ and d € R"
for which the sum of the components of the vector s equals the sum of the
components of the vector d.

A feasible solution of the Transportation Problem with given supply vec-
tor s, demand vector d and cost matrix C'is represented by an m xn matrix X
satisfying the following three conditions:—

e The coefficients of X are all non-negative;
o p(X)=s;
e o(X)=d.
The cost functional f: M, ,,(R) — R is defined so that
f(X) = trace(CT X)
for all X € M, ,(R).

A feasible solution X of the Transportation problem is optimal if and
only if f(X) < f(X) for all feasible solutions X of that problem.
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Lemma 3.3 Let M,,,(R) be the real vector space consisting of all m x n
matrices with real coefficients, let p: My, n(R) — R™ and o: My, n,(R) — R”
be the linear transformations defined so that the ith component p(X); of p(X)

satisfies
n

p(X); = Z(X)” fori=1,2,...,m,

j=1
fori=1,2,...,m, and the jth component o(X); of o(X) satisfies
o(X); = Z(X>i,j forj=1,2,...,n.
i=1

forj=1,2,....n. Then (p(X),0(X)) € W for all X € M,,,(R), where

W = {(y,Z) ER™ XR": ) (y)i= Z(Z)j}-

Proof Let X € M, ,,(R). Then

n

Zp(X)i = ZZ(X)” = ZO(X)j'

i=1 j=1 j=1

It follows that (p(X),o(X)) € W for all X € M,,,(R), as required. |

3.5 Bases for the Transportation Problem

The real vector space M,, ,(R) consisting of all m x n matrices with real coef-
ficients has a natural basis consisting of the matrices E®9) for i = 1,2,...,m
and j = 1,2,...,n, where, for each i and j, the coefficient of the matrix £
in the ith row and jth column has the value 1, and all other coefficients are

zero. Indeed
m n

DI
i=1 j=1
for all X € M, ,(R).
Let p: My n(R) — R™ and o: M,, ,(R) — R™ be the linear transforma-
tions defined such that (p(X)); = > (X)), fori=1,2,...,mand (¢(X)); =
j=1

(X);; for j =1,2,...,n. Then p(E®)) = bW for i = 1,2,...,m, where

AlNNgE

x|

(@) denotes the ith vector in the standard basis of R™, defined such that
=i 1 ifi=Fk;

@)y, — ’
(™) { 0 if i+ k.
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Similarly o(E®)) = b for j = 1,2,...,n, where b¥) denotes the jth vector
in the standard basis of R", defined such that

. 1 ifj=1;
@)y, — J=45
(b )l_{o if j # 1.

Now (p(X),0(X)) € W for all X € M,,,(R), where

W= {(y,z) ER™ X R": ) (y)i = Z(z)]}.

i=1 j=1
Let I ={1,2,...,m} and J ={1,2,...,n}, and let
BUI) = (B(i) b(j))

for all (i,5) € I x J. Then the elements 3 span the vector space W. It
follows from basic linear algebra that there exist subsets B of I x J such that
the elements 347 of W for which (i,j) € B constitute a basis of the real
vector space W (see Corollary 2.3).

Definition Let I = {1,2,...,m} and J = {1,2,...,n}, where m and n are
positive integers, let

W {<y,z> _— z<y>i:z<z>3}7

i=1 j=1

and, for each (i,7) € I x J, let 8+ = (b bl)), where b®) € R™ and b\ ¢
R” are defined so that the ith component of b and that jth component
of b are equal to 1 and the other components of these vectors are zero.
A subset B of I x J is said to be a basis for the Transportation Problem
with m suppliers and n recipients if and only if the elements 5¢) for which
(i,7) € B constitute a basis of the real vector space W.

The real vector space W is of dimension m+n — 1, where m is the number
of suppliers and n is the number of recipients. It follows that any basis for
the Transportation Problem with m suppliers and n recipients has m+n —1
members.

Proposition 3.4 Let I = {1,2,...,m} and J = {1,2,...,n}, where m

and n are positive integers. Then a subset B of I x J is a basis for the

transportation problem if and only if, given any vectors y € R™ and z € R”

satisfying > (¥)m = Y_(z)n, there exists a unique m X n matriz X with real
i=1 j=1

coefficients satisfying the following properties:—
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(i) é(X)m- —(y)i fori=1,2,...,m;

(i) i(){)m —(z), forj=1,2,....n;
(it) (X);; =0 unless (i,7) € B.

Proof For each (i,j) € I x J, let E()) denote the matrix whose coefficient
in the ¢th row and jth column are equal to 1 and whose other coefficients are
zero, and let p(X) € R™ and o(X) € R” be defined for all m x n matrices X

with real coefficients so that (p(X)); = > (X);; and (o(X)); = > (X)i,-
j=1 i=1
Then p(E®)) = bW for i = 1,2,...,m, where b(®) denotes the vector in R™
whose ith component is equal to 1 and whose other components are zero.
Similarly o(E@)) = bW for j = 1,2,...,n, where b} denotes the vector
in R™ whose jth component is equal to 1 and whose other components are
ZEro.
Let

W = {(y,z) ER™ X R": ) (y); = Z(z)j}.

i=1 j=1

Then (p(X),0(X)) € W for all X € M, ,,(R), and
(p(EED), g(EG)) = gl
for all (¢,7) € I x J where
369 — (B, b)),

Let B be a subset of I x J, let y and z be elements of R™ and R”
respectively that satisfy (y,z) € W, and let X be an m x n matrix with real
coefficients with the property that (X);; = 0 unless (¢, j) € B. Then

pX)= Y (XappE) = 3 (X)a,b"

(3,7)€B (i,7)€B

and

and therefore

(p(X), o(X)) = 3 (X)e8.
(

i,j)€B

21



Suppose that, given any y € R™ and z € R" for which (y,z) € W, there
exists a unique m xn matrix X such that y = p(X), z = ¢(X) and (X);; =0
for all (7, j) € B. Then the elements 37) of W for which (i, j) € B must span
W and must also be linearly independent. These elements must therefore
constitute a basis for the vector space B. It then follows that the subset B
of I x J must be a basis for the Transportation Problem.

Conversely if B is a basis for the Transportation Problem then, given any

(v,z) € W, there must exist a unique m x n matrix X with real coefficients

such that (y,z) = > (X);;8®) and (X);; = 0 unless (i,j) € B. The
(i.)eB

result follows. |}

Lemma 3.5 Let m and n be positive integers, let I = {1,2,...,m} and
J=A{1,2,...,n}, and let K be a subset of I x J. Suppose that there is no
basis B of the Transportation Problem for which K C B. Then there exists
a non-zero m x n matriz Y with real coefficients which satisfies the following
conditions:

M-

Il
i

(Y); =0 fori=1,2,...,m;

J

=

&
Il
—

(Y)i; =0 forj=1,2,...,n;

—

Y)i; =0 when (i,j) ¢ K.

Proof Let

W {<y,z> _— z<y>i=z<z>]},

i=1 j=1

let b b ... b be the standard basis of R™ and let b®) b® ... b
be the standard basis of R”, where the ith component of b(® and the jth
component of bY) are equal to 1 and the other components of these vectors
are zero, and let 30 = (b® bWW) for all (i,5) € I x J.

Now follows from Proposition 2.2 that if the elements S for which
(i,7) € K were linearly independent then there would exist a subset B of
I x J satisfying K C B such that the elements 3%7) for which (i,5) € B
would constitute a basis of W. This subset B of I x J would then be a
basis for the Transportation Problem. But the subset K is not contained in
any basis for the Transportation Problem. It follows that the elements 50+
for which (i,j) € K must be linearly dependent. Therefore there exists a
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non-zero m X n matrix Y with real coefficients such that (Y);; = 0 when
(i,7) ¢ K and

D (V)85 = 0w
=1

j=1

Now B9 = (b bW)) for all i € I and j € J. It follows that

(2

m n

i=1 j=1

and
and therefore
and

as required. |

3.6 Basic Feasible Solutions of Transportation Prob-
lems

Consider the Transportation Problem with m suppliers and n recipients,
where the ith supplier can provide at most s; units of some given commod-
ity, where s; > 0, and the jth recipient requires at least d; units of that
commodity, where d; > 0. We suppose also that total supply equals total

demand, so that
m n
IR SN
i=1 j=1

The cost of transporting the commodity from the ith supplier to the jth
recipient 1S ¢; ;.

The concept of a basis for the Transportation Problem was introduced in
Subsection 3.5. We recall some results established in that subsection.

Let I ={1,2,...,m}and J = {1,2,... ,n}. Asubset Bof Ix.Jisa basis
for the Transportation Problem if and only if, given any vectors y € R™ and
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z € R" satisfying > (y); = Y_(z);, there exists a unique matrix X with real
i=1 j=1
coefficients such that > (X);; = (y); fori=1,2,....,m, > (X);; = (z), for
j=1 i=1
j=1,2,...,nand (X);; = 0 unless (¢,j) € B (see Proposition 3.4). A basis
for the transportation problem has m + n — 1 elements.
Also if K is a subset of I x J that is not contained in any basis for the

Transportation Problem then there exists a non-zero m x n matrix Y such
that > (Y),; =0fori=1,2,....,m, > (X);; =0for j =1,2,...,n and
j=1 1=1

(Y);; =0 unless (i,7) € K (see Lemma_3.5).
Definition A feasible solution (x; ;) of a Transportation Problem is said to

be basic if there exists a basis B for that Transportation Problem such that
z;; = 0 whenever (i,7) ¢ B.

Example Consider the instance of the Transportation Problem where m =
n:2, 81:8, 52:3, d1:2, d2:9, 0171:2, 6172:3, 02,1:4and02,2:1.
A feasible solution takes the form of a 2 x 2 matrix

T11 T12
To1 T22

with non-negative components which satisfies the two matrix equations
Ti1 L1 1y (8
To1 Tap 1) \3

(1 1)("51’1 J"1’2):(2 9).

To1 T22

and

A basic feasible solution will have at least one component equal to zero.
There are four matrices with at least one zero component which satisfy the
required equations. They are the following:—

(27) (59) (53) (5'0)

The first and third of these matrices have non-negative components.
These two matrices represent basic feasible solutions to the problem, and
moreover they are the only basic feasible solutions.

The costs associated with the components of the matrices are ¢;; = 2,
cio2 =3, ¢ =4and cpo = 1.

24



The cost of the basic feasible solution ( (2) ? ) is

86172 + 26271 + Coo = 24+8+1=33.

The cost of the basic feasible solution ( g g > is

201’1 -+ 6C1’2 -+ 36272 =4+ 18+ 3 = 25.

11 T12
T21 T22

T11 T12 1 . 8
To1 Tap 1) \3)

() (B ne ) (2 )

Ta21 T22

Now any 2 x 2 matrix ( ) satisfying the two matrix equations

must be of the form

11 T12 . A 8— A\
Ta1 Xeo ) \2—=X 14X
for some real number .
. A 8= . .
But the matrix 29X 14\ has non-negative components if and
only if 0 < X < 2. It follows that the set of feasible solutions of this instance
of the transportation problem is

A 8— A
{(2_)\ 1+)\).)\€Rand0§/\§2}.

The costs associated with the components of the matrices are ¢;; = 2,
c12 =3, ca1 = 4 and ¢y 5 = 1. Therefore, for each real number \ satisfying
. . A 8=X). .
0 < X < 2, the cost f(\) of the feasible solution ( 9\ 14\ ) is given
by
FOA)=2X24+38—=XN)+4(2—-X)+(1+ ) =33 -4\

2

0 g is the optimal solution
of this instance of the Transportation Problem. The cost of this optimal
solution is 25.

Cost is minimized when A = 2, and thus
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Proposition 3.6 Given any feasible solution of the Transportation Problem,
there exists a basic feasible solution with whose cost does not exceed that of
the given solution.

Proof Let m and n be positive integers, and let s and d be elements of

R™ and R™ respectively that satisfy (s); > 0 for i = 1,2,...,m, (d); > 0

for j =1,2,...,n and Y (s); = >_(d);, let C' be an m x n matrix whose
i=1 j=1

components are non-negative real numbers, and let X be a feasible solution

of the resulting instance of the Transportation Problem with cost matrix C'.

Let S; = (S)Z’, dj = (d)j, Ty = (X)Lj and Cij = (O)i,j for i = 1,2, o,

and j = 1,2,...,n. Then z;; > 0 for all ¢ and j, > x;; = s; for i =
j=1

1,2,...,m and ) w;; = d; for j = 1,2,...,n. The cost of the feasible
i=1

solution X is then > > ¢z ;.
i=1j=1
If the feasible solu]tion X is itself basic then there is nothing to prove.
Suppose therefore that X is not a basic solution. We show that there then
exists a feasible solution X with fewer non-zero components than the given
feasible solution.
Let I ={1,2,...,m} and J ={1,2,...,n}, and let

K:{(’L,j)GIXJZL‘Z7J>0}

Because X is not a basic solution to the Transportation Problem, there does
not exist any basis B for the Transportation Problem satisfying K C B. It
therefore follows from Lemma 3.5 that there exists a non-zero m xn matrix Y’
which satisfies the following conditions:—

=

Il
—_

(YV),;=0fori=1,2,...,m;
j

=

@
Il
—

(Y),;=0forj=1,2,...,n;
L4 (Y)i,j = 0 when (Z,]) g K.

We can assume without loss of generality that > > ¢ ;(Y);; > 0, be-
i=1j=1
cause otherwise we can replace Y with —Y.
Let Zy = X — AY for all real numbers A. Then (Z));; = x;; — Ay;; for
i=1,2,...,mand j =1,2,...,n, where z; ; = (X);; and y; ; = (Y); .
Moreover the matrix Z, has the following properties:—
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n

o > (Z2)ij = si;
j=1
. ;(ZA) g =dj;
e (Z))i; =0 whenever (i,j) ¢ K;
° iicm(z\ )ij < ZZCH )i.j Whenever A > 0.

i=1 j=1 =1 j=1

Now the matrix Y is a non-zero matrix whose rows and columns all sum
to zero. It follows that at least one of its coefficients must be strictly positive.
Thus there exists at least one ordered pair (7, 7) belonging to the set K for
which y; ; > 0. Let

Ao = minimum {% :(4,7) € K and y; ; > O} .
i,j

Then Ag > 0. Moreover if 0 < A < Xg then z; ; — Ay, ; > 0 for all (4,5) € K,

and if A > Xy then there exists at least one element (ig, jo) of K for which

Lig,jo — )‘yio,jo < 0. It follows that Tij — )\Ogli,j > 0 for all (Z,]) < K, and

Lig,jo — Aoyio,jo =0.

Thus Z), is a feasible solution of the given Transportation Problem whose
cost does not exceed that of the given feasible solution X. Moreover Zy, has
fewer non-zero components than the given feasible solution X.

If Z,, is itself a basic feasible solution, then we have found the required
basic feasible solution whose cost does not exceed that of the given feasible
solution. Otherwise we can iterate the process until we arrive at the required
basic feasible solution whose cost does not exceed that of the given feasible
solution. |

A given instance of the Transportation Problem has only finitely many
basic feasible solutions. Indeed there are only finitely many bases for the
problem, and any basis is associated with at most one basic feasible solution.
Therefore there exists a basic feasible solution whose cost does not exceed the
cost of any other basic feasible solution. It then follows from Proposition 3.6
that the cost of this basic feasible solution cannot exceed the cost of any other
feasible solution of the given instance of the Transportation Problem. This
basic feasible solution is thus a basic optimal solution of the Transportation
Problem.

27



The Transportation Problem determined by the supply vector, demand
vector and cost matrix has only finitely many basic feasible solutions, be-
cause there are only finitely many bases for the problem, and each basis can
determine at most one basic feasible solution. Nevertheless the number of
basic feasible solutions may be quite large.

But it can be shown that the Transportation Problem always has a basic
optimal solution. It can be found using an algorithm that implements the
Simplex Method devised by George B. Dantzig in the 1940s. This algorithm
involves passing from one basis to another, lowering the cost at each stage,
until one eventually finds a basis that can be shown to determine a basic
optimal solution of the Transportation Problem.

3.7 An Example illustrating the Procedure for finding
an Initial Basic Feasible Solution to a Transporta-
tion Problem using the Minimum Cost Method

We discuss the method for finding a basic optimal solution of the Trans-
portation Problem by working through a particular example. First we find
an initial basic feasible solution using a method known as the Minimum Cost
Method. Then we test whether or not this initial basic feasible solution is
optimal. It turns out that, in this example, the initial basic solutions is not
optimal. We then commence an iterative process for finding a basic optimal
solution.

Let ¢; ; be the coefficient in the ith row and jth column of the cost ma-
trix C', where

8 4 16
3 7 2
¢= 13 8 6
5 7 8

and let
S1 = 13, So = 8, S3 = 1]., S4 = ]_3,
di =19, dy =12, d3=14.
We seek to non-negative real numbers z;; for ¢« = 1,2,3,4 and j = 1,2,3
4 3

that minimize ) ) ¢; ;x;; subject to the following constraints:
i=1j=1

3
Y wy=s for i=1,234,
j=1
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4
in’j = d]' for j = 1,2,3,
i=1

and z; ; > 0 for all ¢ and j.

For this problem the supply vector is (13, 8,11, 13) and the demand vector
is (19,12,14). The components of both the supply vector and the demand
vector add up to 45.

In order to start the process of finding an initial basic solution for this
problems, we set up a tableau that records the row sums (or supplies), the
column sums (or demands) and the costs ¢; ; for the given problem, whilst
leaving cells to be filled in with the values of the non-negative real numbers
x; ; that will specify the initial basic feasible solution. The resultant tableau
is structured as follows:—

C@j \‘ .CL};J H 1 ‘ 2 ‘ 3 H S;
1 8 4 16
? ? ? 113
2 3 7 2
? ? ? 8
3 13 8 6
? ? ? |11
4 5 7 8
? ? ? 113
d; 19] 12 14 | 45

We apply the minimum cost method to find an initial basic solution.

The cell with lowest cost is the cell (2,3). We assign to this cell the
maximum value possible, which is the minimum of sy, which is 8, and ds,
which is 14. Thus we set z33 = 8. This forces x9; = 0 and x25 = 0. The
pair (2,3) is added to the current basis.

The next undetermined cell of lowest cost is (1,2). We assign to this cell
the minimum of s;, which is 13, and dy — 292, which is 12. Thus we set
212 = 12. This forces 32 = 0 and 245 = 0. The pair (1, 2) is added to the
current basis.

The next undetermined cell of lowest cost is (4, 1). We assign to this cell
the minimum of s, — 45, which is 13, and dy — 221, which is 19. Thus we set
241 = 13. This forces x4 3 = 0. The pair (4, 1) is added to the current basis.

The next undetermined cell of lowest cost is (3,3). We assign to this
cell the minimum of s3 — 39, which is 11, and d3 — x93 — 243, Which is 6
(=14 —8—0). Thus we set x33 = 6. This forces x1 3 = 0. The pair (3,3) is
added to the current basis.
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The next undetermined cell of lowest cost is (1,1). We assign to this cell
the minimum of s; — 219 — 13, which is 1, and d; — x2; — 24,1, which is 6.
Thus we set x1; = 1. The pair (1,1) is added to the current basis.

The final undetermined cell is (3,1). We assign to this cell the common
value of s3 — 39 — 233 and d; — x11 — T21 — 41, Which is 5. Thus we set
x31 = 5. The pair (3, 1) is added to the current basis.

The values of the elements z;; of the initial basic feasible solution are
tabulated (with basis elements marked by the e symbol) as follows:—

Cij \(Ii,j H 1 ‘2 ‘ 3 H S;
1 § e |4 e |16
1 12 013
2 3 7 2 o
0 0 8| 8
3 13 e |8 6 e
3 0 6 || 11
4 5 e |7 8
13 0 0|13
d; | 19] 12] 1445

Thus the initial basis is B where

B:{(171)7 (172)7 (2’?))7 (371)’ (373)v (471)}'

The basic feasible solution is represented by the 6 x 5 matrix X, where

1 12 0
0 0 8
X = 5 0 6
13 0 0

The cost of this initial feasible basic solution is
8X14+4x124+2x8+13x5+6x%x6
+5x 13
= 8448+ 16+ 65+ 36 4+ 65
= 238.

3.8 An Example illustrating the Procedure for find-

ing a Basic Optimal Solution to a Transportation
Problem

We continue with the study of the optimization problem discussed in the
previous section.
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We seek to determine non-negative real numbers xz; ; for i = 1,2, 3,4 and

4 3

J = 1,2,3 that minimize ) ) ¢; ;x;;, where ¢; ; is the coefficient in the ith
i=1j=1

row and jth column of the cost matrix C', where

8 4 16
3 7 2
=113 38 ¢
5 7 8

subject to the constraints

3
Y wig=s (i=1,2,3,4)
j=1

and
4
S wmy=d; (j=1,2,3),
i=1
where
s1 =13, s9=38, s3=11, s4 =13,
di =19, dy =12, d3 = 14.

We have found an initial basic feasible solution by the Minimum Cost
Method. This solution satisfies x; ; = (X);; for all ¢ and j, where

ot O =
—_
[\]

1

w
o O O
O O 00 O

We next determine whether this initial basic feasible solution is an optimal
solution, and, if not, how to adjust the basis to obtain a solution of lower
cost.

We determine uy, ug, us, us and vy, v, v3 such that ¢;; = v; — u; for all
(i,7) € B, where B is the initial basis.

We seek a solution with u; = 0. We then determine ¢; ; so that ¢;; =
vj —u; + q;; for all ¢ and j.
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We therefore complete the following tableau:—

Ciyj N iy H 1 ‘ 2 ‘ 3 ‘ U;

1 8 e|4 o] 16 0
0 ?
2 3 7 2 e ?
? ? 0
3 13 o |8 6 e 7
0 ? 0
4 5 e|7 8 ?
0 ? ?
Uj ? ? ?

Now u; =0, (1,1) € B and (1,2) € B force v; = 8 and vy = 4.
Then v; =8, (3,1) € B and (4,1) € B force u3 = —5 and uy = 3.
Then ug = —5 and (3,3) € B force vz = 1.

Then vs = 1 and (2,3) € B force ug = —1.

After entering the numbers u; and v;, the tableau is as follows:—

Cij \( qi.j H 1 ‘ 2 ‘ 3 ‘ U;
1

8§ e|4 e]16 0
0 0 ?
2 3 7 2 eo|—1
? ? 0
3 13 |8 6 e|—5
0 ? 0
4 5 |7 8 3
0 ? ?
(% 8 4 1

Computing the numbers ¢; ; such that ¢; ; +u; = v; + ¢; j, we find that
C]L3 = 15, qu = —67 q272 = 2, Q372 = —17 Q472 = 6 and Q4’3 = 10
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The completed tableau is as follows:—

Ci j \( qi.j H 1 ‘ 2 ‘ 3 ‘ U;
8 e |4 e |16 0

0 0 15
2 3 7 2 e | —1

—6 2 0
3 13 e |8 6 e |—5

0 -1 0
4 5 e |7 8 3

0 6 10

Uj 8 4 1

The initial basic feasible solution is not optimal because some of the
quantities g;; are negative. To see this, suppose that the numbers 7; ; for
1=1, 2 3,4and j = 1,2, 3 constitute a feasible solution to the given problem.

Then me—slforz—l ,3 and Zx”—d for 7 =1,2,3,4. It follows

j=1 =
that

4 3 4 3
> iy = D> (05— i+ qi))Tiy
=1

=1 j=1 i=1 j=1

= Z vid; — Z w;S; + Z Z Qi jTi ;-

i=1 j=1

Applying this identity to the initial basic feasible solution, we find that
25:1 vid; — Zle u;s; = 238, given that 238 is the cost of the initial ba-
sic feasible solution. Thus the cost C of any feasible solution (z; ;) satisfies

C =238 + 15T, 3 — 6T + 2Ton — T3 + 6T4g + 10743

One could construct feasible solutions with Z>; < 0 and z;; = 0 for
(1,7) € BU{(2,1)}, and the cost of such feasible solutions would be lower
than that of the initial basic solution. We therefore seek to bring (2,1) into
the basis, removing some other element of the basis to ensure that the new
basis corresponds to a feasible basic solution.

The procedure for achieving this requires us to determine a 4 x 3 matrix Y
satisfying the following conditions:—

® Yo = 1;
e yi; =0 when (i,7) € BU{(2,1)};
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e all rows and columns of the matrix Y sum to zero.

Accordingly we fill in the following tableau with those coefficients y; ; of
the matrix Y that correspond to cells in the current basis (marked with the
e symbol), so that all rows sum to zero and all columns sum to zero:—

vig |1 ]2 |3 |

1 |7 |7 e 0

2 |1 o 7 o0

37 e ? 0

4 |7 e 0
[o Jo fo o

The constraints that yo; = 1, y; ; = 0 when (4, j) ¢ B and the constraints
requiring the rows and columns to sum to zero determine the values of y; ;
for all y; ; € B. These values are recorded in the following tableau:—

vig | 1 ]2 |3 |
1 0O |0 e 0
2 1 o —1 |0
3 ||—1 e 1 o]0
4 0 e 0
fo Jo Jo o

We now determine those values of A for which X+\Y is a feasible solution,
where

1 12 0
A0 8—)

XFA =15y 0 642
13 0 0

In order to drive down the cost as far as possible, we should make A as
large as possible, subject to the requirement that all the coefficients of the
above matrix should be non-negative numbers. Accordingly we take \ = 5.
Our new basic feasible solution X is then as follows:—

1 12 0
5 0 3
X = 0 0 11
13 0 0
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We regard X of as the current feasible basic solution.
The cost of the current feasible basic solution X is

8X14+4x124+3x5+2x34+6x11
+5x 13

= 8448+ 15+6+ 66+ 65

= 208.

The cost has gone down by 30, as one would expect (the reduction in the
cost being —Agq1 where A =5 and ¢z = —6).
The current basic feasible solution X is associated with the basis B where

B={11), (1,2), (2,1), (2,3), (3,3), (4 1)},

We now compute, for the current feasible basic solution We determine, for
the current basis B values uy, ug, uz, uqy and vy, v9, v3 such that ¢; ; = v; — u;
for all (7, j) € B. the initial basis.

We seek a solution with u; = 0. We then determine ¢; ; so that ¢;; =
v; — u; + q;; for all 7 and j.

We therefore complete the following tableau:—

Cij "\ Gij H 1 ‘ 2 ‘ 3 ‘ U;

1 8 e e |16 0
0 0 ?

2 3 e|7 2 e 7
0 ? 0

3 13 8 6 eof?7
? ? 0

4 5 e|7 8 ?
0 ? ?

V; ? ? ?

Now u; =0, (1,1) € B and (1,2) € B force v; = 8 and vy = 4.

Then v, =8, (2,1) € B and (4,1) € B force uy = 5 and uy = 3.

Then uy =5 and (3,3) € B force vy = 7.

Then vs =7 and (3,3) € B force ug = 1.

Computing the numbers ¢, ; such that ¢; ; + u; = v; + ¢;;, we find that
013=9,q2=28,q31 =06, q32 =5, qu2 =06 and g4 3 = 4.
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The completed tableau is as follows:—

Ciyj N iy H 1 ‘ 2 ‘ 3 ‘ U;

1 e e |16 0
0 0 9

2 3 e|7 2 e| 5
0 8 0

3 13 8 6 eof 1
6 ) 0

4 5 e|7 8 3
0 6 4

Uj 8 4 7

All numbers ¢; ; are non-negative for the current feasible basic solution.
This solution is therefore optimal. Indeed, arguing as before we find that the
cost C' of any feasible solution (7; ;) satisfies

C =208+ 9713 + 8Ta2 + 6T31 + 5T32 + 6Ty 0 + 474 3.

We conclude that X is an basic optimal solution, where

1 12 0
5 0 3
X = 0 0 11
13 0 0
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3.9 A Result concerning the Construction of Bases for
the Transportation Problem

The following general proposition ensures that certain standard methods for
determining an initial basic solution of the Transportation Problem, including
the Northwest Corner Method and the Minimum Cost Method will succeed
in determining a basic feasible solution to the Transportation Problem.

Proposition 3.7 Let I = {1,2,...,m} and J = {1,2,...,n}, where m
and n are positive integers, let i1,19,...,imin_1 be elements of I and let
J15J2s -+ -y Jman—1 be elements of J, and let

B={(ix,jx) : k=1,2,...,m+n—1}.

Suppose that there exist subsets Iy, Iy, ..., Iin_1 of I and Jo, J1, ..., Jmint1
of J such that Iy = I, Jy = J, and such that, for each integer k between 1
and m +n — 1, exactly one of the following two conditions is satisfied:—

(1) ix & I, Jx € Ji, L1 = I Ui} and Ji—1 = Ji;

(i4) ix € Iy, jr & Jiy Te—1 = Ix and Jp_1 = Jp U {jr};
Then, given any real numbers ay,ay, ..., ay, and by, by, ... b, satisfying

m

D =) b
j=1

1=1

there exist uniquely-determined real numbers x; ; for alli € I and j € J such
that > x;; = a; foralli € I, Y x;; =0b; forallj € J, and x; ; = 0 whenever
jeJ iel

(i,J) € B.

Proof We prove the result by induction on m + n. The result is easily seen
to be true when m = n = 1. Thus suppose as our inductive hypothesis that
the corresponding results are true when I and J are replaced by I; and Ji,
so that, given any real numbers a; for i € I, and b for j € J; satisfying

> a; = ) b, there exist uniquely-determined real numbers x; ; for i € I
ieh jen
and j € Jy such that ) x;; =a;foralli e [y and ) x;; =b; forall j € I;.
JjeN iclqy
We prove that the corresponding results are true for the given sets I and J.
Now the conditions in the statement of the Proposition ensure that either
le Q Il or else jl € Jl.
Suppose that iy € I. Then I = I; U{i1} and J; = J. Now [ and J, are
subsets of I1 and J; for k = 1,2,...,m+n—1. Moreover (i, jx) € Ip_1 X Jp_1
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for all integers k satisfying 1 < k < m +n + 1. It follows that ¢, € I; and
therefore iy, # i1 whenever 2 < k < m. It follows that the conclusions of
the proposition are true if and only if there exist uniquely-determined real
numbers z; ; for ¢ € I and j € I such that

Tiygji = Qigs

zi,; = 0 whenever j # j;,
E x;; = a; whenever i # iy,
jed
E :xZJI = bjl - ail’
i€l
E x” = b; whenever j # j,
i€l

z;; = 0 whenever (i,j) € B

The induction hypothesis ensures the existence and uniqueness of the real
numbers x;; for ¢ € I; and j € J determined so as to satisfy the above
conditions. Thus the induction hypothesis ensures that the required result
is true in the case where i; & I;.

An analogous argument shows that the required result is true in the case

where j; & J;. The result follows. |}

Proposition 3.7 ensures that if I = {1,2,...,m} and J = {1,2,...,n}
and if a subset B of I x J is determined so as to satisfy the requirements of
Proposition 3.7, then that subset B of I x J is a basis for the Transportation
Problem with m suppliers and n recipients.

The algorithms underlying the Minimal Cost Method and the Northwest
Corner Method give rise to subsets I and J; of I and J respectively for
k=0,1,2,...,m+n—1 that satisfy the conditions of Proposition 3.7. This
proposition therefore ensures that Minimal Cost Method and the Northwest
Corner Method do indeed determine basic feasible solutions to the Trans-
portation Problem.

Remark One can prove a converse result to Proposition 3.7 which estab-
lishes that, given any basis B for an instance of the Transportation Problem
with m suppliers and n recipients, there exist subsets I, of I and .J; of J,
fori=1,2,... . m4+n—1, where I ={1,2,...,m} and J = {1,2,...,n}, so
that these subsets I, and J; of I and J are related to one another and to the
basis B in the manner described in the statement of Proposition 3.7.
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3.10 The Minimum Cost Method

We describe the Minimum Cost Method for finding an initial basic feasible
solution to the Transportation Problem.
Consider an instance of the Transportation Problem specified by pos-

itive integers m and n and non-negative real numbers sy, ss,...,S, and
m

di,da,...,d,, where > s; = > d;. Let I = {1,2,...,m} and let J =
i=1 j=1
{1,2,...,n}. A feasible solution consists of an array of non-negative real
numbers z; ; for i € I and j € J with the property that ) z;; = s; for all
jed
i€l and ) x;,; =d; for all j € J. The objective of the problem is to find
i€l
a feasible S(e)lution that minimizes cost, where the cost of a feasible solution
(Jii’j rel andj S J) is Z Z Cij i j-
i€l jeJ

In applying the Minimal Cost Method to find an initial basic solution to
the Transportation we apply an algorithm that corresponds to the determi-
nation of elements (i1, j1), (2, 72); - - -y (fmtn—1, Jmin—1) of I X J and of subsets
Iy, I, ..., Lyyipn_1 of I and Jy, J1, ..., Jyin_1 of J such that the conditions of
Proposition 3.7 are satisfied.

Indeed let Iy = I, Jy = J and By = {0}. The Minimal Cost Method
algorithm is accomplished in m +n — 1 stages.

Let k£ be an integer satisfying 1 < k < m+n — 1 and that subsets I, _; of
I, J,_q1 of J and By_; of I x J have been determined in accordance with the
rules that apply at previous stages of the Minimal Cost algorithm. Suppose
also that non-negative real numbers z; ; have been determined for all ordered
pairs (i,7) in I x J that satisfy either ¢ € Iy_1 or j & Ji_1 so as to satisfy
the following conditions:—

e > x;; <s; wheneveri € I;_i;
JEINIk-1

e > z;;=s; whenever i € I}_q;
jEJ

e > x;; <dj whenever j € Jy_q;
(ST AV P

e > u;; = d; whenever j & Jj_;.
il

The Minimal Cost Method specifies that one should choose (i, jx) € Ix_1 X
Ji—1 so that
Cirge < Ciy forall (4,5) € Iy1 X Jy1,
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and set By = By_1 U {(ix, jx)}- Having chosen (i, jx), the non-negative real
number z;, j, is then determined so that

Ty, = MIN | S — E Ty gy djp — E Tijy

JENTk-1 i€l\Ip_1

The subsets I, and J, of I and J respectively are then determined, along
with appropriate values of z; ;, according to the following rules:—

(i)

(iii)

if
Siy — E Ty g < dyj, — E T,
JEIN\Jk—1 1€I\Ij,_1

then we set [, = I \ {ix} and J, = Jy_1, and we also let z;, ; =0
for all j € Jr_1 \ {x};

if
Sip — E Ty g > dy, — E | Tig,

JENIK—1 ieIl\I_q
then we set Jy = Jr—1 \ {jx} and I = [;_1, and we also let z;;, =0
for all i € I, 1 \ {ix};
if
Siy, — Z Tipj = djy, — Z i ju
J€NIR—1 ieIl\Ip_q

then we determine I and Jj; and the corresponding values of z; ; ei-
ther in accordance with the specification in rule (i) above or else in
accordance with the specification in rule (ii) above.

These rules ensure that the real numbers x; ; determined at this stage are all
non-negative, and that the following conditions are satisfied at the conclusion
of the kth stage of the Minimal Cost Method algorithm:—

> x;; <s; whenever i € I;
JEIN Ik

> x;j = s; whenever i & I;
jET

> x;; <d; whenever j € Ji;
iEI\Ik

> x;j = d; whenever j & Jj.

el
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At the completion of the final stage (for which &k = m + n — 1) we have
determined a subset B of I x J, where B = B,,,,_1, together with non-
negative real numbers x;; for ¢« € I and j € I that constitute a feasible
solution to the given instance of the Transportation Problem. Moreover
Proposition 3.7 ensures that this feasible solution is a basic feasible solution
of the problem with associated basis B.

3.11 The Northwest Corner Method

The Northwest Corner Method for finding a basic feasible solution proceeds
according to the stages of the Minimum Cost Method above, differing only
from that method in the choice of the ordered pair (i, jx) at the kth stage
of the method. In the Minimum Cost Method, the ordered pair (i, jx) is
chosen such that (i, jx) € Ix_1 X Jx_1 and

Cik,dk < Ci,j for all (17]) € Ik—l X Jk—l

(where the sets I_1, Jx_1 are determined as in the specification of the Mini-
mum Cost Method). In applying the Northwest Corner Method, costs asso-
ciated with ordered pairs (7, 7) in I x J are not taken into account. Instead
(ix, jx) is chosen so that iy is the minimum of the integers in I and ji is the
minimum of the integers in J;_;. Otherwise the specification of the North-
west Corner Method corresponds to that of the Minimum Cost Method, and
results in a basic feasible solution of the given instance of the Transportation
Problem.

3.12 The Iterative Procedure for Solving the Trans-
portation Problem, given an Initial Basic Feasible
Solution

We now describe in general terms the method for solving the Transportation
Problem, in the case where total supply equals total demand.

We suppose that an initial basic feasible solution has been obtained. We
apply an iterative method (based on the general Simplex Method for the
solution of linear programming problems) that will test a basic feasible solu-
tion for optimality and, in the event that the feasible solution is shown not
to be optimal, establishes information that (with the exception of certain
‘degenerate’ cases of the Transportation Problem) enables one to find a basic
feasible solution with lower cost. Iterating this procedure a finite number of
times, one should arrive at a basic feasible solution that is optimal for the
given instance of the the Transportation Problem.
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We suppose that the given instance of the Transportation Problem in-
volves m suppliers and n recipients. The required supplies are specified by
non-negative real numbers s, sg, ..., Sy, and the required demands are spec-
iﬁed by non-negative real numbers dy,ds, ..., d,. We further suppose that

Z s = Y- i1 dj A feasible solution is represented by non-negative real

n
numbers z;; for i = 1,2,...,m and j = 1,2,...,n, where ) z;; = s; for
Jj=1

1=1,2,.. mande”—d for j=1,2,.

Let I = {1,2,.. m} and J = {1,2,. n} A subset B of I x J is a
basis for the Transportatlon Problem if and only if, given any real numbers
Y1, Y2, -y Ym and 21, 2o, . . ., Zn, there exist uniquely determmed real numbers

x”forzelandJGJsuChthat lex”—ylforzel Zx”—zj for j € J,
J 1=

where 7; ; = 0 whenever (i, j) € B (see Proposition 3.4).

A feasible solution (z; ;) is said to be a basic feasible solution associated
with the basis B if and only if x;; = 0 for all ¢« € I and j € J for which
(i,7) & B.

Let z;; be a non-negative real number for each ¢ € I and j € J. Sup-
pose that (z;;) is a basic feasible solution to the Transportation Problem
associated with basis B, where B C I x J.

m n
The cost associated with a feasible solution (z; ; is given by > >~ ¢; jz; ;,
i=1j=1
where the constants ¢; ; are real numbers for all 7 € I and j € J. jA feasible
solution for the given instance of the Transportation Problems is an optimal
solution if and only if it minimizes cost amongst all feasible solutions to the
problem.

In order to test for optimality of a basic feasible solution (z; ;) associated
with a basis B, we determine real numbers uq, us, ..., u,, and vy, vs,...,v,
with the property that ¢;; = v; — w; for all (4,j) € B. (Proposition 3.10
below guarantees that, given any basis B, it is always possible to find the
required quantities u; and v;.) Having calculated these quantities u; and v;
we determine the values of ¢; ;, where ¢; ; = ¢;; —v; +u; for all ¢ € I and
j € J. Then ¢, ; = 0 whenever (i, j) € B.

We claim that a basic feasible solution (x; ;) associated with the basis B
is optimal if and only if ¢;; > O for all ¢ € I and j € J. This is a consequence
of the identity established in the following proposition.

Proposition 3.8 Letz,; ;, c¢;; and g;; be real numbers defined fori =1,2, ...
and 7 =1,2,...,n, and let uy,us, ..., Uy, and vi,vq,...,v, be real numbers.
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Suppose that
Cij = Uj — Ui + Qij

foro=1,2....mandj=1,2,...,n. Then

m n
E g Ci,jxi] E vjd - E U;S; + E E Q'L,sz,p
i=1 j=1 =1 j=1

where s; = Y0 iy fori=1,2,....,mandd; =3" x;; forj=1,2,...,n.

Proof The definitions of the relevant quantities ensure that

m n m n
YD) SIS 3) pURIEERE
i=1 j=1 i=1 j=1

— Z ( led> — Z (uZsz,;)

= = =1
+ Qi,szj
=1 jfl
= Z’U] Zu,s, + Z Z Qi,j i 5,
=1 j5=1

as required. |}

Corollary 3.9 Let m and n be integers, and let I = {1,2,...,m} and J =
{1,2,...,n}. Let x;; and c;; be real numbers defined for all i € I and

7 €1, and let uy, us, ..., Uy, and vy, vy, ..., v, be real numbers. Suppose that
¢ij =v; —u; for all (i,5) € I x J for which xz; ; # 0. Then

m n m n
> D cigrig =y dvy— Y s,
i=1 j=1 i—1 =

n m
where s; = Y x;j fori=1,2,... mandd; =) x;; forj=1,2,....n
=1 i=1

Proof Let ¢;; = ¢; j+u;—wv; forall7 € I and j € J. Then ¢;; = 0 whenever
x;; 7 0. It follows from this that

Z Z ¢ijri; =0

i=1 j=1
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It then follows from Proposition 3.8 that

chiijiyj = ZZ( —U; + QZ] X5 = Zd vj — Zsiuz‘,

i=1 j=1 i=1 j=1 j=1
as required. |}

Let m and n be positive integers, let I = {1,2,... ,m}and J = {1,2,...,n},
and let the subset B of I x J be a basis for an instance of the Transportation
Problem Wlth m suppliers and n recipients. Let the cost of a feasible solution

(T; ) be Z Z ¢ ;Tij. Now Z T;; = s; and Z T;; = d;, where the quanti-
i=1j=
ties s; and d; are determmed by the speaﬁcatlon of the problem and are the

same for all feasible solutions of the problem. Let quantities u; for ¢+ € I and
vj for j € J be determined such that ¢;; = v; — u; for all (,j) € B, and let
¢ij=C¢C;+u —v;foralieland je J. Then ¢;; =0 for all (i, j) € B.

It follows from Proposition 3.8 that

>3 ety = Y Zu D3 T
=1

i=1 j=1 =1 j=1

Now if the quantities z;; for ¢ € I and j € J constitute a basic feasible
solution associated with the basis B then x;; = 0 whenever (i,j) ¢ B. It

follows that Y > ¢; ;7;; = 0, and therefore

i=1j=1

m n
E ’Ujdj — E U;S; = C,
=1 j=1

where
m n
C=> > i
i=1 j=1

The cost C of the feasible solution (7; ;) then satisfies the equation
m n m n
=D > T =C+ Y D 6Ty
i=1 j=1 i=1 j=1

If g; > 0forallic I andj e J,then the cost C' of any feasible solution
(%; ;) is bounded below by the cost of the basic feasible solution (z;;). It
follows that, in this case, the basic feasible solution (z; ;) is optimal.
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Suppose that (i, jo) is an element of I x J for which g;,,;, < 0. Then
(i0, o) € B. There is no basis for the Transportation Problem that includes
the set BU{(ig, jo)}. A straightforward application of Lemma 3.5 establishes
the existence of quantities y; ; for ¢« € I and j € J such that y;, j, = 1 and
y;; =0 for all i € I and j € J for which (¢,7) € B U {(i,70)}-

Let the m x n matrices X and Y be defined so that (X);; = z;,; and
(Y)ij = y;j forall i € I and j € J. Suppose that x;; > 0 for all (z,7) €
B. Then the components of X in the basis positions are strictly positive.
It follows that, if A is positive but sufficiently small, then the components
of the matrix X + AY in the basis positions are also strictly positive, and
therefore the components of the matrix X 4+ AY are non-negative for all
sufficiently small non-negative values of A. There will then exist a maximum
value )¢ that is an upper bound on the values of A\ for which all components
of the matrix X 4+ \Y are non-negative. It is then a straightforward exercise
in linear algebra to verify that X + A\gY is another basic feasible solution
associated with a basis that includes (i, jo) together with all but one of the
elements of the basis B. Moreover the cost of this new basic feasible solution
is C'+ XoGi,jo, Where C' is the cost of the basic feasible solution represented
by the matrix X. Thus if ¢, ;, < 0 then the cost of the new basic feasible
solution is lower than that of the basic feasible solution X from which it was
derived.

Suppose that, for all basic feasible solutions of the given Transportation
problem, the coefficients of the matrix specifying the basic feasible solution
are strictly positive at the basis positions. Then a finite number of iterations
of the procedure discussed above with result in an basic optimal solution of
the given instance of the Transportation Problem. Such problems are said
to be non-degenerate.

However if it turns out that a basic feasible solution (z; ;) associated with
a basis B satisfies z;; = 0 for some (i, j) € B, then we are in a degenerate
case of the Transportation Problem. The theory of degenerate cases of linear
programming problems is discussed in detail in textbooks that discuss the
details of linear programming algorithms.

We now establish the proposition that guarantees that, given any basis B,
there exist quantities uy, us, ..., u,, and vy, vs, ..., v, such that the costs ¢; ;
associated with the given instance of the Transportation Problem satisfy
¢;; = v; —u; for all (4,5) € B. This result is an essential component of
the method described here for testing basic feasible solutions to determine
whether or not they are optimal.

Proposition 3.10 Let m and n be integers, let I = {1,2,...,m} and J =
{1,2,...,n}, and let B be a subset of I x J that is a basis for the transporta-

45



tion problem with m suppliers and n recipients. For each (i,j) € B let ¢; ; be
a corresponding real number. Then there exist real numbers u; for v € I and
vj for j € J such that ¢; j = vj —w; for all (i,7) € B. Moreover if ; and v,
are real numbers for i € I and j € J that satisfy the equations ¢; ; = U; — u;
for all (i,j) € B, then there exists some real number k such that u; = u; + k
foralli e I and v; =v; +k for all j € J.

Proof Let
W = {(y,z) ER™ x R": f(y)i = Zn?(Z)j} :

let p: My, n(R) — R™ and o: My, ,(R) — R” be the linear transformations

m

defined such that p(X); = Z( )ijfori=1,2 ..., mando(X); = > (X):;

= i=1

for j=1,2,...,n, let
Mp ={X € M, »,(R) : (X);; = 0 whenever (i,j) ¢ B},

and let C' be the m x n matrix defined such that (C);; = ¢;; for all € I
and j € J.

Now, given any element (y,z) of W, there exists a uniquely-determined
m xn matrix X such that > (X),;; = (y);fori =1,2,....,m, > (X);; = (2);

j=1 i=1

for j = 1,2,...,n and (X);; = 0 unless (i,j) € B (see Proposition 3.4).
Then X is the unique matrix belonging to Mp that satisfies p(X) = y and
o(X) = z. We define

m

g(y,z) = trace(CTX) = Z Z ci;(X

=1 j5=1

We obtain in this way a well-defined function g: W — R characterized by the
property that
9(p(X),0(X)) = trace(C" X)
for all X € Mp. Now p(AX) = Ay and o(AX) = Az for all real numbers A.
It follows that
9(My,z)) = Agly, z)

for all real numbers A. Also, given elements (y’,z’) and (y”,z") of W, there
exist unique matrices X’ and X" belonging to Mp such that p(X') =y,
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p(X") =y", o(X') =2 and 0(X") = 2". Then p(X'+ X") =y’ +y” and
o(X'+ X") =2+ 2", and therefore

gy, 2) + (y",2")) = trace(CT(X' + X"))
= trace(CTX') + trace(CTX")
— g(y/’zl) +g(y//,Z//>‘

It follows that the function g: W — R is a linear transformation. It is thus a
linear functional on the real vector space W.

For each integer i between 1 and m, let b® denote the vector in R™ whose
1th component is equal to 1 and whose other components are zero, and, for
each integer j between 1 and n, let b¥) denote the vector in R™ whose
jth component is equal to 1 and whose other components are zero. Then
(b —b® 0) e Wfori=1,2,...,mand (b, b)) c Wforj=1,2,...,n.
We define u; = g(b® — b® 0) for i = 1,2,...,m and v; = g(b®™, b)) for
j=12,...,n. Then u; =0 and

Vj —U; = 9(5(1)7 b(])) - g(B(l) - B(Z)v O)
= g ((E(l)’ b@) — (bM — b, 0))
g(B(i)’ b(j))
foralli eI and j € J.
If (i,j) € B then b® = p(E9)) and bW = ¢(E@)), where E@) is the
m X n matrix whose coefficient in the ith row and jth column is equal to 1

and whose other coefficients are zero. Moreover E() € Mp for all (i, j) € B.
It follows from the definition of the linear functional g that

v — u; = g(B(i), b(j)) = trace(C’TE(i’j)) = Cij

for all (4, ) € B.
Now let w; and 7; be real numbers for ¢ € I and j € J that satisfy the
equations ¢;; = 7; — u; for all (4,7) € B. Let

9(y,z) = Z%’(Z)j - Zuz’(}’)i

for all y € R™ and z € R". Then

g(p(E(i’j)), U(E(i’j))) — §<B(i)7 b(j)) T

I
2|
<

for all (,j) € I x J. It follows that

g(p(EW),0(B™)) =7;—1; = ¢iy = g(p(E), o(EWY))  for all (i, j) € B.
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Now the matrices E®7) for all (i, ) € B constitute a basis of the vector space
My . It follows that

9(p(X),0(X)) = g(p(X),0(X))

for all X € Mp. But every element of the vector space W is of the form
(p(X),0(X)) for some X € Mpg. (This follows Proposition 3.4, as discussed

earlier in the proof.) Thus
9(y,2) = 9(y,2)
for all (y,z) € W. In particular
4 — i = b — b, 0) = g(bY — b, 0) = u; — uy
for all i € I, and

T~y = g(E(l)’ b(j)) — g(B(l), b(j)) = —u

forall j€ J. Let k =4, —u;. Thenw; =u; +kforalli € [ and v; =v; +k
for all j € J, as required. |}
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