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1. Results concerning Topological Spaces (continued)

1.20. Finite Cartesian Products of Compact Spaces

Theorem 1.49

A Cartesian product of a finite number of compact spaces is itself
compact.

Proof

It suffices to prove that the product of two compact topological
spaces X and Y is compact, since the general result then follows
easily by induction on the number of compact spaces in the
product.



1. Results concerning Topological Spaces (continued)

Let V be an open cover of X x Y. Then for each x € X and

y € Y there exists an open set V, , in X x Y belonging to the
open cover V for which (x,y) € Vi, . It then follows from the
definition of the product topology on X x Y that there exist an
open set D, , in X and an open set E, , in Y such that x € D, ,,
y € Exyand Dy, x E,, C Vy,.

Now the compactness of the topological space Y ensures that for
each x € X there exists a finite subset B(x) of Y for which
UyeB(X) Ecy=Y. Let W, = ﬂyeB(X) Dy, . Then W, is the
intersection of a finite number of open sets in X, and is therefore
itself an open set in X. Moreover

W,xY C UYGB(X)WxE,ch (Dxy % Exy)

UyeB(x) Vi

y€B(x)



1. Results concerning Topological Spaces (continued)

It then follows from the compactness of the topological space X
that there exists a finite subset A of X for which |J, ., Wik = X.
Let

C={(x,y) :x€ Aand y € B(x)},

and, for each (x,y) € C, let Vi, be an open set in X x Y
belonging to the open cover V for which D, , x E,, C V. ,. Now
C is a finite set, and

XxY = UX AW xY) UxeAUyeB Yy

— U(W)GC Viy.

Thus (Vi : (x,y) € C) is an open cover of X x Y. Moreover it is
a finite subcover of the open cover V. We have thus shown that
X x Y is compact, as required. |}



1. Results concerning Topological Spaces (continued)

Theorem 1.50

Let K be a subset of R". Then K is compact if and only if K is
both closed and bounded.

Proof

Suppose that K is compact. Then K is closed, since R” is
Hausdorff, and a compact subset of a Hausdorff space is closed (by
Corollary 1.43). For each natural number m, let B, be the open
ball of radius m about the origin, given by

Bm={x€R":|x| < m}. Then {B, : m € N} is an open cover of
R". It follows from the compactness of K that there exist natural
numbers my, mo, ..., my such that K C By, UBnm, U---U Bp,.
But then K C By, where M is the maximum of my, ma, ..., my,
and thus K is bounded.



1. Results concerning Topological Spaces (continued)

Conversely suppose that K is both closed and bounded. Then
there exists some real number L such that K is contained within
the closed cube C given by

C={(x1,x0,...,x7) €R": =L < x; < Lforj=1,2,...,n}.

Now the closed interval [—L, L] is compact by the Heine-Borel
Theorem (Theorem 1.37), and C is the Cartesian product of n
copies of the compact set [—L, L]. It follows from Theorem 1.49
that C is compact. But K is a closed subset of C, and a closed
subset of a compact topological space is itself compact, by
Lemma 1.38. Thus K is compact, as required. |}

Let K be a closed bounded subset of R”. It follows from
Theorem 1.48 and Theorem 1.50 that any continuous function
f: K — Rk is uniformly continuous.
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