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1 Results concerning Topological Spaces

1.1 Topological Spaces

Definition A topological space X consists of a set X together with a collec-
tion of subsets, referred to as open sets, such that the following conditions
are satisfied:—

(i) the empty set () and the whole set X are open sets,
(ii) the union of any collection of open sets is itself an open set,
(iii) the intersection of any finite collection of open sets is itself an open set.

The collection consisting of all the open sets in a topological space X is
referred to as a topology on the set X.

Remark If it is necessary to specify explicitly the topology on a topological
space then one denotes by (X, 7) the topological space whose underlying set
is X and whose topology is 7. However if no confusion will arise then it is
customary to denote this topological space simply by X.

1.2 Subsets of Euclidean Space

Let X be a subset of n-dimensional Euclidean space R™. The Fuclidean
distance |x — y| between two points x and y of X is defined as follows:

Z(l’z —v)?,

=1

x -yl =
where x = (21, Z2,...,2,) and y = (y1,92,- .., Yn). The Euclidean distances
between any three points x, y and z of X satisfy the Triangle Inequality:

x —z[ < |x—y|+|y — 2|

A subset V' of X is said to be open in X if, given any point v of V', there
exists some positive real number § such that

{xeX:|x—v|[<dtCV.

The empty set is also considered to be open in X.
Both () and X are open sets in X. Also it is not difficult to show that
any union of open sets in X is open in X, and that any finite intersection



of open sets in X is open in X. (This will be proved in more generality for
open sets in metric spaces.) Thus the collection of open sets in a subset X
of a Euclidean space R" satisfies the topological space axioms. Thus every
subset X of R™ is a topological space with these open sets. This topology on
a subset X of R" is referred to as the usual topology on X, generated by the
Euclidean distance function.

In particular R" is itself a topological space.

1.3 Open Sets in Metric Spaces

Definition A metric space (X, d) consists of a set X together with a distance
function d: X x X — [0, +00) on X satisfying the following axioms:

(i) d(xz,y) >0 for all x,y € X,

(ii) d(z,y) = d(y,x) for all z,y € X,
(ili) d(z,z) < d(z,y)+d(y,z) for all x,y,z € X,
(iv) d(z,y) =0 if and only if z = y.

The quantity d(x,y) should be thought of as measuring the distance be-
tween the points x and y. The inequality d(z, z) < d(z,y)+d(y, z) is referred
to as the Triangle Inequality. The elements of a metric space are usually re-
ferred to as points of that metric space.

An n-dimensional Euclidean space R" is a metric space with with respect
to the Fuclidean distance function d, defined by

for all x,y € R™. Any subset X of R™ may be regarded as a metric space
whose distance function is the restriction to X of the Euclidean distance
function on R™ defined above.

Definition Let (X, d) be a metric space. Given a point z of X and r > 0,
the open ball Bx(x,r) of radius r about x in X is defined by

Bx(z,r) ={2' € X : d(2',x) < r}.

Definition Let (X, d) be a metric space. A subset V' of X is said to be an
open set if and only if the following condition is satisfied:



e given any point v of V there exists some positive real number ¢ such
that Bx(U,5) cV.

By convention, we regard the empty set () as being an open subset of X.
(The criterion given above is satisfied vacuously in this case.)

Lemma 1.1 Let X be a metric space with distance function d, and let xy be
a point of X. Then, for any r > 0, the open ball Bx(xq,r) of radius r about
xo is an open set in X.

Proof Let x € Bx(xo,7). We must show that there exists some positive
real number ¢ such that Bx(x,d) C Bx(zo,7). Now d(x,z¢) < r, and hence
d > 0, where § = r — d(z,z). Moreover if 2’ € Bx(z,J) then

d(z' o) < d(2',z) + d(x,x0) < 0 +d(z,20) =,

by the Triangle Inequality, hence 2’ € Bx(x¢,r). Thus Bx(z,d) C Bx(zo,7),
showing that By (xg,r) is an open set, as required. |

Proposition 1.2 Let X be a metric space. The collection of open sets in X
has the following properties:—

(i) the empty set ) and the whole set X are both open sets;
(i1) the union of any collection of open sets is itself an open set;

(7ii) the intersection of any finite collection of open sets is itself an open set.

Proof The empty set () is an open set by convention. Moreover the definition
of an open set is satisfied trivially by the whole set X. Thus (i) is satisfied.

Let A be any collection of open sets in X, and let U denote the union of
all the open sets belonging to A. We must show that U is itself an open set.
Let x € U. Then z € V for some open set V belonging to the collection A.
Therefore there exists some positive real number ¢ such that Bx(z,0) C V.
But V C U, and thus Bx(z,d) C U. This shows that U is open. Thus (ii) is
satisfied.

Finally let Vi, V5, V3, ..., Vi be a finite collection of open sets in X, and let
V=vinVon---NV,. Let 2 € V. Now 2 € V; for all j, and therefore there
exist strictly positive real numbers 01,09, ..., d; such that Bx(x,0;) C V;
for j = 1,2,...,k. Let 0 be the minimum of 6y,05,...,0;,. Then 6 > 0.
(This is where we need the fact that we are dealing with a finite collection
of open sets.) Moreover Bx(z,d) C Bx(z,d;) C V; for j =1,2,...,k, and
thus Bx(z,0) C V. This shows that the intersection V' of the open sets
Vi, Va, ..., Vj is itself open. Thus (iii) is satisfied. |
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Any metric space may be regarded as a topological space. Indeed let X
be a metric space with distance function d. We recall that a subset V' of X is
an open set if and only if, given any point v of V| there exists some positive
real number ¢ such that

{r e X :d(z,v)<d} CV.

Proposition 1.2 shows that the topological space axioms are satisfied by the
collection of open sets in any metric space. We refer to this collection of open
sets as the topology generated by the distance function d on X.

1.4 Further Examples of Topological Spaces

Example Given any set X, one can define a topology on X where every
subset of X is an open set. This topology is referred to as the discrete
topology on X.

Example Given any set X, one can define a topology on X in which the
only open sets are the empty set () and the whole set X.

1.5 Closed Sets

Definition Let X be a topological space. A subset F' of X is said to be a
closed set if and only if its complement X \ F' is an open set.

We recall that the complement of the union of some collection of subsets
of some set X is the intersection of the complements of those sets, and the
complement of the intersection of some collection of subsets of X is the
union of the complements of those sets. The following result therefore follows
directly from the definition of a topological space.

Proposition 1.3 Let X be a topological space. Then the collection of closed
sets of X has the following properties:—

(i) the empty set ) and the whole set X are closed sets,
(i1) the intersection of any collection of closed sets is itself a closed set,

(111) the union of any finite collection of closed sets is itself a closed set.



1.6 Neighbourhoods, Closures and Interiors

Definition Let X be a topological space, and let = be a point of X. Let
N be a subset of X which contains the point . Then N is said to be a
neighbourhood of the point x if and only if there exists an open set W for
which x € W and W C N.

Lemma 1.4 Let X be a topological space. A subset V' of X is open in X if
and only if V is a neighbourhood of each point belonging to V.

Proof It follows directly from the definition of neighbourhoods that an open
set V' is a neighbourhood of any point belonging to V. Conversely, suppose
that V' is a subset of X which is a neighbourhood of each v € V. Then, given
any point v of V| there exists an open set W, such that v € W, and W, C V.
Thus V' is an open set, since it is the union of the open sets W, as v ranges
over all points of V. |}

Definition Let X be a topological space and let A be a subset of X. The
interior A° of A in X is defined to be the union of all of the open subsets
of X that are subsets of A.

Let X be a topological space and let A be a subset of X. It follows from
the definition of a topological space that the union of open subsets of X is
itself a open subset of X. It follows directly from this that the interior A°
of A in X is the subset of X uniquely characterized by the following two
properties:—

(i) the interior A° of A is an open set contained in A,

(i) if W is any open set contained in A then W is contained in A°.

Lemma 1.5 Let X be a topological space, let A be a subset of X, and let
p be a point of A. Then p belongs to the interior A° if and only if A is a
neighbourhood of the point p.

Proof It follows from the definition of interiors that the point p belongs to
the interior of A if and only if there exists an open set W such that p € W
and W C A. It then follows from the definition of neighbourhoods that this
is the case if and only if the set A is a neighbourhood of the point p. |}

Definition Let X be a topological space and let A be a subset of X. The
closure A of A in X is defined to be the intersection of all of the closed
subsets of X that contain A.



Let X be a topological space and let A be a subset of X. Any intersection
of closed subsets of X is itself a closed subset of X (see Proposition 1.3). It
follows directly from this that the closure A of A in X is the subset of X
uniquely characterized by the following two properties:—

(i) the closure A of A is a closed set containing A,

(ii) if F is any closed set containing A then F contains A.

Lemma 1.6 Let X be a topological space, let A be a subset of X, let A be
the closure of A in X, and let V' be an open set. Then VA = 0 if and only
ifVNA=0.

Proof Suppose that VN A = (. Then A C X \ V. Now the complement
X\ V of Vis a closed set, and A is by definition the intersection of all closed
sets that contain the subset A. It follows that A C X \ V, and therefore
VNA=.

Conversely suppose that VN A = (. Then VN A = (), because A is a
subset of A. The result follows. [

Proposition 1.7 Let X be a topological space, and let A be a subset of
X. Let A° and A denote the interior and closure respectively of A, and
let (X \ A)° and X \ A denote the interior and closure respectively of the
complement X \ A of A in X. Then

X\A=(X\A)° and X\A°=X\A

(i.e., the complement of the closure of A is the interior of the complement of
A, and the complement of the interior of A is the closure of the complement

of A).

Proof The interior (X \ A)° of X \ A is by definition the union of all open
subsets of X that are contained in X \ A. But an open subset V' is contained
in X'\ Aif and only if VN A = (). Tt follows from Lemma 1.6 that V' C X'\ A
if and only if V'.C X \ A. We conclude from this that (X \ A)° C X \ A. But
X\ A is itself an open set contained in X \ A, and therefore X\ A C (X\ A)°.
It follows that

(X\A4)P=X\A

Similarly (X \ B)° = X \ B, where B = X \ 4, and thus A° = X \ B.
Taking complements, we find that

X\A°=B =X\ A

This completes the proof. |}



1.7 Neighbourhoods and Closures in Metric Spaces

Lemma 1.8 Let X be a metric space with distance function d, let p be a point
of X and let N be a subset of X, where p € N. Then N is a neighbourhood
of p in X if and only if there exists some positive real number & for which

{r e X :d(z,p) <d} CN.

Proof Let Bx(p,d) = {x € X : d(x,p) < d} for all positive real numbers 6.
Then the open ball Bx(p,d) in X of radius 6 about the point p is an open set
in X (see Lemma 1.1). It follows from the definition of neighbourhoods of
points in topological spaces that if there exists some positive real number ¢
for which Bx(p,d) C N then N is a neighbourhood of p in X.

Conversely suppose that N is a neighbourhood of p in X. Then there ex-
ists an open set W in X such that p € W and W C N. The definition of open
sets in metric spaces then ensures the existence of a positive real number §
for which Bx(p,d) C W. Then Bx(p,d) C N. The result follows. |

Lemma 1.9 Let X be a metric space with distance function d, let A be a
subset of X, and let p be a point of X. Then p belongs to the closure A of
A in X if and only if, given any positive real number &, there exists some
element x of A that satisfies d(x,p) < 0.

Proof The complement of the closure A of A is the interior of the comple-
ment X \ A of A (see Proposition 1.7). It follows that p € A if and only if p
does not belong to the interior of X \ A. Now a point of X belongs to the
interior of X \ A if and only if X \ A is a neighbourhood of that point (see
Lemma 1.5). It follows that p € A if and only if X \ A is not a neighbourhood
of p in X. It then follows from Lemma 1.8 that p € A if and only if, for all
positive real numbers 9, the open ball in X of radius § about the point p
intersects A. The result follows. |}

1.8 Subspace Topologies

Lemma 1.10 Let X be a topological space with topology T, and let A be a
subset of X. Let T4 be the collection of all subsets of A that are of the form
VNA forVer. Then 14 is a topology on the set A.

Proof The empty set () belongs to 74, because ) is open in X and @ = AN.
Also A € 74, because X is open in itself and A = X N A.

Let C be a collection of subsets of A, where W € 74 for all W € C, and
let Y be the union of the subsets of A belonging to the collection C. Then



for each W € C there exists an open set Vjy in X for which W = AN V.
Let Z be the union of the open sets Vi as W ranges over the collection C.
Then

YZUWGCW:UWGC(AHVW):AOUWGCVW:AHZ.

Moreover Z is open in X. It follows that Y € 74. Thus any union of subsets
of A belonging to 74 must itself belong to 74.

Now let Wy, W, ..., W,, be subsets of A that each belong to the collec-
tion 74. Then there exist open sets Vi, V5, ..., V,, in X such that W, = ANYV;
fori=1,2,...,m. Then

WlﬂWQQHWr:AﬂV,

where

V=vinlh,n.---NV,.
Now V is a finite intersection of subsets of X that are open in X. It follows
that V is itself open in X, and therefore
WinWyn---NW, € 14.
We have thus shown that 74 is a topology on A, as required. |}

Definition Let X be a topological space and let A be a subset of X. The
subspace topology on A is the topology on A whose open sets are characterized
by the following criterion:

A subset W of A is open with respect to the subspace topology
on A if and only if there exists some open set V' in X for which

W=ANYV.

Proposition 1.11 Let X be a metric space with distance function d, let A
be a subset of X, let p be a point of A and let N be a subset of A for which
p € N. Then N is a neighbourhood of p with respect to the subspace topology
on A if and only if there exists some positive real number § such that

{re A:d(x,p) <} C N.

Proof Let
Ba(p.6) = {a € A: d(z.p) < 6}
and

Bx(p,0) ={z € X : d(z,p) < d}
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for all positive real numbers 0. Suppose that there exists some positive real
number ¢ for which B4(p,0) C N. We must show that N is a neighbourhood
of p with respect to the subspace topology on A. Now B4(p,d) = ANBx(p,9),
where Bx(p,d) is the open ball in X of radius ¢ about the point p. Moreover
Bx(p,9) is open in X (Lemma 1.1) and AN Bx(p,d) C N. It follows that
N is a neighbourhood of p in A with respect to the subspace topology on A.

Conversely suppose that N is a neighbourhood of p with respect to the
subspace topology on A. We must show that there exists some positive real
number ¢ for which Bs(p,d) € N. Now the definitions of neighbourhoods
and the subspace topology together ensure the existence of an open set V'
in X for which p € V.and ANV C N. It then follows from the definition
of open sets in metric spaces that there exists some positive real number ¢
for which Bx(p,0) C V. Then Ba(p,0) C ANV C N. This completes the

proof. |}

Corollary 1.12 Let X be a metric space with distance function d, and let
A be a subset of X. A subset W of A is open with respect to the subspace
topology on A if and only if, given any point w of W, there exists some
positive real number & for which

{a € A:d(a,w) <} CW.

Thus the subspace topology on A coincides with the topology on A obtained
on regarding A as a metric space whose distance function is the restriction
to A of the distance function d on X.

Proof The subset W is open in A with respect to a given topology on A
if and only if it is a neighbourhood of all of its points with respect to that
given topology (see Lemma 1.4). The required result therefore follows from
Proposition 1.11. |}

Example Let X be any subset of n-dimensional Euclidean space R"™. Then
the subspace topology on X coincides with the topology on X generated by
the Euclidean distance function on X. We refer to this topology as the usual
topology on X.

Lemma 1.13 Let X be a topological space, let A be a subset of X, and let
B be a subset of A. Then B is closed in A (relative to the subspace topology
on A) if and only if B= ANF for some closed subset F' of X.

Proof Suppose that B = AN F for some closed subset F' of X. Let V =
X \ F. Then V is an open set in X, and

A\B=A\(ANF)=AN(X\F)=ANV.

9



Moreover the definition of the subpace topology on A ensures that ANV is
open in A. Thus the complement A\ B of B in A is open in A, and therefore
the subset B of A is itself closed in A.

Conversely suppose that B is closed in A. Then A\ B is open in the
subspace topology on A, and therefore there exists some open set V in X
such that A\ B=ANV. Let F = X \ V. Then F is closed in X, and

ANF=AN(X\V)=A\(ANnV)=A\(A\B) =B.
The result follows. |

Lemma 1.14 Let X be a topological space, let V' be an open set in X, and
let W be a subset of V.. Then W is open in V if and only if W is open in X.

Proof If W is open in X then W =V N'W and therefore W is open in V.
Conversely suppose that the set W is open in V. It then follows from the
definition of subspace topologies that W = V N E for some open set E in

X. But then W is an intersection of two open sets, and is thus itself open in
X. §

Lemma 1.15 Let X be a topological space, let F' be a closed set in X, and
let G be a subset of F. Then G is closed in F if and only if G is closed in
X.

Proof If G is closed in X then G = F'N G and therefore G is closed in F.
Conversely suppose that the set GG is closed in F. It then follows from

Lemma 1.13 that G = FF'N H for some closed set H in X. But then G is

an intersection of two closed sets, and is thus itself closed in X (see Propo-

sition 1.3). |}

1.9 Hausdorff Spaces

Definition A topological space X is said to be a Hausdorff space if and only
if it satisfies the following Hausdorff Aziom:

e if x and y are distinct points of X then there exist open sets U and V
such that r e U,y € Vand UNV = 0.

Lemma 1.16 Any subset of a Hausdorff space is itself a Hausdorff space
(with respect to the subspace topology).
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Proof Let A be a subset of a Hausdorff space X and let x and y be distinct
points of A. Then there exist open sets U and V in X such that x € U,
yeVand UNV =0. Let Uy = ANU and V4 = ANV. Then Uy and
V4 are subsets of A that are open in the subspace topology on A. Moreover
x €Uy yeVyand Uy NVy = 0. The result follows. |}

Lemma 1.17 All metric spaces are Hausdorff spaces.

Proof Let X be a metric space with distance function d, and let x and y be
points of X, where x £ y. Let ¢ = %d(m,y). Then the open balls Bx(z,¢)
and Bx(y,e) of radius € centred on the points x and y are open sets (see
Lemma 1.1). If Bx(z,¢) N Bx(y,e) were non-empty then there would exist
z € X satisfying d(z, z) < € and d(z,y) < €. But this is impossible, since it
would then follow from the Triangle Inequality that d(z,y) < 2e, contrary to
the choice of e. Thus x € Bx(z,¢), y € Bx(y,¢), Bx(x,e) N Bx(y,e) = 0.
This shows that the metric space X is a Hausdorff space. |}

We now give an example of a topological space which is not a Hausdorff
space.

Example Let X be an infinite set. The cofinite topology on X is defined as
follows: a subset U of X is open (with respect to the cofinite topology) if and
only if either U = ) or else X \ U is finite. It is a straightforward exercise to
verify that the topological space axioms are satisfied, so that the set X is a
topological space with respect to this cofinite topology. Now the intersection
of any two non-empty open sets in this topology is always non-empty. (Indeed
if U and V' are non-empty open sets then U = X'\ F} and V = X \ F;, where
Fy and F, are finite subsets of X. But then UNV = X \ (F} U Fy), which is
non-empty, since F; U F, is finite and X is infinite.) It follows immediately
from this that an infinite set X is not a Hausdorff space with respect to the
the cofinite topology on X.

1.10 Continuous Maps between Topological Spaces

Definition A function f: X — Y from a topological space X to a topological
space Y is said to be continuous if f~1(V') is an open set in X for every open
set V in Y, where

ffV)={ze X : f(z) eV}

A continuous function from X to Y is often referred to as a map from X
to Y.
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Lemma 1.18 Let X, Y and Z be topological spaces, and let f: X — Y and
g:Y — Z be continuous functions. Then the composition go f: X — Z of
the functions f and g is continuous.

Proof Let V be an open set in Z. Then g~1(V) is open in Y (because g is
continuous), and then f~*(g7(V)) is open in X (because f is continuous).
But f~1(g (V) = (g o f)"'(V). Thus the composition function g o f is
continuous. [

Lemma 1.19 Let X and Y be topological spaces, and let f: X — Y be a
function from X to Y. The function f is continuous if and only if f~1(G)
15 closed in X for every closed subset G of Y.

Proof If G is any subset of Y then X \ f7Y(G) = f~4(Y \ G) (i.e., the
complement of the preimage of G is the preimage of the complement of G).
The result therefore follows immediately from the definitions of continuity
and closed sets. |}

Definition Let X and Y be topological spaces, let f: X — Y be a function
from X to Y and let p be a point of X. The function f is said to be continuous
at pif f71(N) is a neighbourhood of p in X for all neighbourhoods N of f(p)
inY.

Proposition 1.20 Let X and Y be topological spaces and let f: X — Y be
a function from X toY. Then the function f is continuous on X if and only
if it is continuous at each point of X.

Proof Suppose that f: X — Y be continuous on X. Let p be a point of X
and let N be a neighbourhood of f(p). Then there exists an open set V' in
Y for which f(p) € V and V C N. The continuity of f ensures that f=(V)
is open in X. Moreover p € f~Y(V) and f~Y(V) C f~'(N). It follows
that f~!(N) is a neighbourhood of p in X. This shows that f: X — Y is
continuous at each point p of X.

Conversely suppose that f: X — Y is continuous at each point of X. Let
V be an open set in Y. Then, given any point p of f~}(V), there exists an
open set W, for which p € W, and W, C f~(V), because the function f
is continuous at p. Then f~'(V) = U,c -1y Wp. Thus f~'(V) is a union
of open subsets of X, and is therefore itself open in X. We conclude that
f: X =Y is continuous on X. |}

Lemma 1.21 Let X andY be topological spaces, let f: X — Y be a function
from X to'Y and let p be a point of X. Then f: X — Y 1is continuous at p
if and only if, given any neighbourhood N of f(p), there exists a neighbour-

hood M of p for which f(M) C N.
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Proof Let N be a neighbourhood of f(p) in Y. Suppose that there exists
a neighbourhood M of p in X for which f(M) C N. The definition of
neighbourhoods of points in topological spaces then ensures that there exists
an open set W in X for which p € W and W C M. Then f(W) C N and
therefore W C f~1(N). It follows that f~!(N) is a neighbourhood of p in
X, and thus the function f is continuous at p.

Conversely suppose that the function f is continuous at p. Let N be a
neighbourhood of f(p) in Y, and let M = f~1(N). Then M is a neighbour-
hood of p in X, because the function f is continuous at p, and f(M) C N.
The result follows. |}

Lemma 1.22 Let X, Y and Z be topological spaces, let f: X — Y and
g:Y — Z be functions, and let p be a point of X. Suppose that f: X — Y
is continuous at p and that g:Y — Z is continuous at f(p). Then the
composition go f: X — Z of the functions f and g is continuous at p.

Proof Let N be a neighbourhood of g(f(p)) in Z. Then g~!(N) is a neigh-
bourhood of f(p) in Y (because g is continuous), and then f~'(g7'(N)) is
a neighbourhood of p in X (because f is continuous). But f~1(¢g7'(N)) =
(go f)~"(N). Thus the composition function g o f is continuous at p. |

Proposition 1.23 Let X and Y be topological spaces and let f: X — Y be
a function from X toY. Then f: X — Y s continuous if and only if, given
any point p of X, there exists some open set W in X such that p € W and
the restriction f\W:W —Y of the function f to W is continuous on W.

Proof Suppose that f: X — Y is continuous. Let W be an open set in X,
and let V be an open set in Y. Then the preimage f~!(V) of V is open in
X. Now (fiW) X (V) = f~Y(V) N W. Tt follows that (f|WW)~ (V) is open
with respect to the subspace topology on W.

Conversely suppose that, given any point p of X, there exists an open
set W in X such that p € W and f|W: W — Y is continuous. Let p be a
point of X and let W be an open set in X for which p € W and f|W:: W — Y
is continuous. Let N be a neighbourhood of f(p) in Y. Then (f|W)~'(N)
is a neighbourhood of p in W. It follows from the definition of the subspace
topology on W that there exists an open set E in X for which p € E and
f(ENW) C N. But then ENW is an open set in X, because both E and
W are open sets in X. It follows that f~!'(N) is an open neighbourhood of
pin X. We have thus shown that the function f is continuous at p. It then
follows from Proposition 1.20 that f: X — Y is continuous, as required. |}
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1.11 The Pasting Lemma

We now show that, if a topological space X is the union of a finite collection of
closed sets, and if a function from X to some topological space is continuous
on each of these closed sets, then that function is continuous on X. The
names Pasting Lemma and Gluing Lemma are both used to refer to this
result.

Lemma 1.24 (Pasting Lemma) Let X and Y be topological spaces, let
f: X =Y be a function from X toY, and let X = AU Ay U---U Ay, where
Ay, Ag, ..., Ag are closed sets in X. Suppose that the restriction of f to the
closed set A; is continuous fori=1,2,..., k. Then f: X — Y is continuous.

Proof Let p be a point of X, and let N be a neighbourhood of f(p). The
continuity of the restriction of f to each closed set A; ensures the existence
of open sets W, for ¢ = 1,2,...,k such that W; N A; = () whenever p &€ A;
and f(W; N A;) C N whenever p € A;. Let

W=wnWyn---NW;

Then W is an open set in X, and p € W. Moreover if x € W then there
exists some integer i between 1 and k for which x € A; and p € A;. Then
x € W;N A;, and therefore f(z) € N. We conclude from this that the
function f is continuous at each point p of X. It follows that the function f
is continuous on X (see Proposition 1.20). |}

Alternative Proof A function f: X — Y is continuous if and only if f~1(G)
is closed in X for every closed set G in Y (Lemma 1.19). Let G be an closed
set in Y. Then f~'(G) N A; is closed in the subspace topology on A; for
1 = 1,2,... k, because the restriction of f to A; is continuous for each 1.
But A; is closed in X, and therefore a subset of A; is closed in A; if and
only if it is closed in X (see Lemma 1.15). Therefore f~!(G) N A; is closed
in X fort=1,2,...,k. Now f~1(G) is the union of the sets f~1(G) N A4,
for i =1,2,... k. Tt follows that f~!(G), being a finite union of closed sets,
is itself closed in X. It now follows from Lemma 1.19 that f: X — Y is
continuous. |

Example Let Y be a topological space, and let a:[0,1] — Y and 5:[0, 1] —
1

Y be continuous functions defined on the interval [0, 1], where a(1) = /5(0).
Let 7:]0,1] — Y be defined by

a(2t)  if0
() = { B2t —1) if L
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Now 7|(0, 3] = avo p where p: [0, 3] — [0, 1] is the continuous function defined

by p(t) = 2t for all t € [0, 1]. Thus 7|[0, 5] is continuous, being a composition
of two continuous functions. Similarly 7|[3,1] is continuous. The subinter-
vals [0, 1] and [3,1] are closed in [0, 1], and [0, 1] is the union of these two
subintervals. It follows from Lemma 1.24 that ~:[0,1] — Y is continuous.
Example Let X be the surface of a closed cube in R? and let f: X — Y be
a function mapping X into a topological space Y. The topological space X
is the union of the six square faces of the cube, and each of these faces is
a closed subset of X. The Pasting Lemma Lemma 1.24 ensures that the
function f is continuous if and only if its restrictions to each of the six faces
of the cube is continuous on that face.

We now present a couple of examples to show that the conclusions of the
Pasting Lemma (Lemma 1.24) do not follow when the conditions stated in
that lemma are relaxed.

Example Let f:R — R be defined so that

0 if z <0,
f(””)_{ 1 ifz >0,

and let Ay = {zr € R: 2 <0} and Ay = {x € R: z > 0}. The restriction
of the function f to each of the subsets A; and Ay of R is continuous on
that subset, but the function f itself is not continuous on R. This does not
contradict the Pasting Lemma because the subset A, of R is not closed in R.

Example Let
1
X:{O}U{—:neZandn>O},
n

and let f: X — R be defined so that f(0) = 0 and f(1/n) = n for all
positive integers n. For each x € X, the set {z} is a closed subset of X,
and the restriction of f to each of these one-point subsets is continuous on
that subset. But the function f itself is not continuous on X. This does not
contradict the Pasting Lemma because the number of these one-point closed
subsets of X is infinite.

1.12 Continuous Functions between Metric Spaces

The following proposition shows that the definition of continuity for func-
tions between topological spaces is consistent with the standard definition of
continuity for functions between metric spaces that is expressed directly in
terms of distance functions on those metric spaces.
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Proposition 1.25 Let X andY be metric spaces with distance functions dx
and dy respectively, let f: X — 'Y be a function from X toY, and let p be a
point of X. Then the following two conditions are equivalent:

(i) given any neighbourhood N of f(p) in Y, there exists a neighbour-
hood M of p in X for which f(M) C N;

(i1) given any positive real number e, there exists some positive real num-
ber § such that dy(f(x), f(p)) < e for all points x of X for which
d(z,p) < 9.

(#i) the function f: X — Y is continuous at p.

Proof Suppose that, given any neighbourhood N of f(p) in Y, there exists
a neighbourhood M of p for which f(M) C N. Let some positive real
number ¢ be given. Then the open ball By (f(p),e) of radius € about the
point f(p) is a neighbourhood of f(p) in Y. It follows that there exists a
neighbourhood M of p for which f(M) C By(f(p),e). There then exists
some positive real number § such that Bx(p,d) C M (see Lemma 1.8). If
x € X satisfies dx(z,p) < 0 then € M and therefore f(x) € By (f(p),e).
But then dy (f(x), f(p)) < e. Thus (i) implies (ii).

Conversely suppose that, given any positive real number e, there exists
some positive real number § such that dy (f(x), f(p)) < ¢ for all points = of X
for which d(z,p) < 6. Let N be a neighbourhood of f(p). Then there exists
some positive real number ¢ for which By (f(p),e) C N, where By (f(p),¢)
denotes the open ball of radius € about the point f(p). There then exists some
positive real number ¢ for which f(Bx(p,d)) C By (f(p),e), where Bx(p,0)
denotes the open ball of radius § about the point p. Let M = Bx(p,d). Then
M is a neighbourhood of p in X and f(M) C N. Thus (ii) implies (i).

The equivalence of (i) and (iii), for functions between general topological
spaces, was proved in Lemma 1.21. This completes the proof. |}

1.13 Homeomorphisms

Definition Let X and Y be topological spaces. A function h: X — Y is said
to be a homeomorphism if and only if the following conditions are satisfied:

e the function h: X — Y is both injective and surjective (so that the
function h: X — Y has a well-defined inverse h™ 1Y — X),

e the function h: X — Y and itsinverse h~!: Y — X are both continuous.

Two topological spaces X and Y are said to be homeomorphic if there exists
a homeomorphism h: X — Y from X to Y.
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If h: X — Y is a homeomorphism between topological spaces X and Y
then h induces a one-to-one correspondence between the open sets of X and
the open sets of Y. Thus the topological spaces X and Y can be regarded
as being identical as topological spaces.

1.14 Bases for Topologies

Proposition 1.26 Let X be a set, let 3 be a collection of subsets of X, and
let T be the collection consisting of the empty set, together with all subsets of
X that are unions of sets belonging to the collection B. Then T is a topology
on X if and only if the following conditions are satisfied:—

(i) the set X is the union of the subsets belonging to the collection [3;

(i1) given subsets By, By € (8, and given any point p of By N By, there exists
some B € B such thatp € B and B C By N Bs.

Proof First suppose that 7 is a topology on X. Then X € 7. But any
subset of X that belongs to 7 is a union of sets belonging to 5. Therefore X
is a union of subsets belonging to the collection /3, and thus condition (i) is
satisfied.

Moreover the intersection of any two open subsets of a topological space
is required to be open. Thus if 7 is a topology on X, and if By, By € (3, then
B, By € 7 and therefore B; N By € 7. It follows that By N By is a union of
subsets of X that belong to [, and therefore, given any p € B; N Bs, there
exists B € (8 such that p € B and B C By N By. Thus condition (ii) is
satisfied.

Conversely we must prove that if the collection 5 of subsets of a set X
satisfies conditions (i) and (ii) then the collection 7 of unions of sets belonging
to B is a topology on X.

The empty set belongs to 7. Condition (i) ensures that the whole set X
belongs to 7. It follows directly from the definition of 7 that any union of sets
belonging to 7 is a union of sets belonging to £, and therefore itself belongs
to 7.

It therefore only remains to show that the intersection of any finite col-
lection of sets belonging to 7 belongs to 7. It suffices to prove that the
intersection of two sets belonging to 7 belongs to 7. Let V3, V5 € 7, and let
p € ViNV, Then Vi and V, are union of sets belonging to 5, and therefore
there exist By, By € (8 such that p € By, p € By, By C Vi, and By C V5.
Now condition (ii) ensures the existence of B, € 3 such that p € B, and
B, C BiNB,y. Then B, C Vi NV,. It follows that the set V; NV is the union
of all subsets B of Vi NV; that belong to 3, and therefore V; NV itself belongs
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to 7. It then follows by induction on the number of sets involved that the
intersection of any finite number of subsets of X belonging to 7 must itself
belong to 7. Thus 7 is a topology on the set X, as required. |}

Definition Let X be a set. A collection S of subsets of X is said to be a
base for a topology on X if the following conditions are satisfied:—

(i) the set X is the union of the subsets belonging to the collection f;

(ii) given subsets By, By € 3, and given any point p of By N By, there exists
some B € [ such that p € B and B C B; N Bs.

If  is a base for a topology on X then the topology generated by 3 is the
topology whose open sets are those subsets of X that are unions of sets
belonging to the base 5.

Lemma 1.27 Let X be a set, and let 5 be a base for a topology on X. A
non-empty subset V is open in X with respect to the topology generated by [

if and only if, given any point v of V, there exists B € 8 such that v € B
and B CV.

Proof This result follows directly from the fact that the non-empty open
sets in X are those subsets of X that are unions of sets belonging to the

base . |}

Example Let X be a metric space. Then the collection of all open balls
of positive radius centred on points of X is a base for the topology on X
generated by the distance function on X.

1.15 Product Topologies

The Cartesian product X; x Xy x -+ x X, of sets X1, Xo,..., X, is defined
to be the set of all ordered n-tuples (xy,za,...,x,), where z; € X; for i =
1,2,...,n.

The sets R? and R? are the Cartesian products R x R and R x R x R
respectively.

Let X1, X5, X3,..., X, be topological spaces, and let V; and W, be open
sets in X; for i =1,2,...,n. Then

(VixVox - xV,)N(Wy x Wy x---xW,)=FE; x B3 X -+ x Ey,

where F; =V, N W, for i = 1,2,...,n. The intersection of two open sets in
a topological space is always itself open. Therefore F; is an open set in X;
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fori =1,2,...,n. It follows from this that if 3 is the collection of subsets of
X1 x Xgx---x X, that are of the form V; x V, x --- xV,,, where V; is open in
X, fori=1,2,...,n, then (3 is the base for a topology on X; x Xy x---x X,,.
This topology is the product topology on this Cartesian product of topological
spaces. Lemma 1.27 ensures that a non-empty subset W of X; x Xy x---x X,
is open in X x Xy x- - - x X,, with respect to this product topology if and only
if, given any point (1, xs,...,x,) of W, there exist open sets Vi, V,,...,V,
such that x; € V; for i =1,2,...,n and

VixVox-oxV, CW.

The definition of the product topology is then encapsulated in the follow-
ing formal definition.

Definition Let X, X5,..., X,, be topological spaces. The product topology
on the Cartesian product X; x X5 x --- x X, is the unique topology on this
Cartesian product of sets that satisfies the following criterion:

a non-empty subset W of the Cartesian product X; x Xox---x X,
is open with respect to the product topology if and only if, given
any point (z1,Zs, ..., x,) of W, there exist open sets V; in X for
1=1,2,...,nsuch that z; € V; fort =1,2,...,n and

VixVox--oxV, CcW.

The following result follows directly from the definition of the product
topology.

Lemma 1.28 Let Xy, Xo,..., X,, be topological spaces, let p be a point of
X1 X Xog x---x X, and let N be a subset of X1 x Xg X --- x X,, for which
p € N. Then N is a neighbourhood of p in X if and only if there exist
open sets V; in X; for i = 1,2,...,n for which p € V} x Vo--- x V,, and
VixVyx.--oxV,CN.

Lemma 1.29 Let X, Xs,..., X, and Z be topological spaces. Then a func-
tion f: X1 x Xox---xXX,, = Z is continuous at a point p of X1 x Xgx---xX,
if and only if, and given any open set W in Z containing f(p), there exist
open sets V; in X; fori = 1,2,...,n for which p € V} x Vo--- x V,, and
fWVixVoyx - xV,)CW.

Proof Given any neighbourhood N of f(p), there exists an open set W in
Y such that f(p) € W and W C N. It follows from this that the function f
is continuous at p if and only if f~!(1¥) is a neighbourhood of p in X for
all open sets W in Y for which f(p) € W. The result therefore follows on
applying Lemma 1.28. |}
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Let X1, Xs,..., X, be topological spaces, and let V; be an open set in
X; forv=1,2,... ,n. It follows directly from the definition of the product
topology that Vi x Vo x --- x V,, is open in X; X X5 X --- X X,,.

Proposition 1.30 Let X = X; x Xy x --- X X,,, where X1, Xo,...,X,, are
topological spaces and X is given the product topology, and for each 1, let
pi: X — X, denote the projection function which sends (x1,2a,...,T,) € X
to x;. Let f:Z — X mapping a topological space Z into X and let z be a
point of Z. Then f:Z — X is continuous at z if and only if p; o f: Z — X;
is continuous at z fori=1,2,... n.

Proof Let V be an open set in X;. Then
p;l(v>:X1 Xowes XXl',l XVXX,H,l X "'XXn’

and therefore p; (V) is open in X. Thus p;: X — X is continuous for all i.
It follows that if the function f: Z — X is continuous at a point z of Z then
the composition functions p; o f are also continuous at z for : = 1,2,...,n
(see Lemma 1.22).

Conversely suppose that f: Z — X is a function with the property that
p; o f is continuous at z for ¢ = 1,2,...,n, where z € Z. Let N be a
neighbourhood of f(z) in X. Then there exist Vi, V5, ..., V,, where Vj is
open in X; for i = 1,2,...,n, such that f(z) € Vi x Vo x --- x V,, and
VixVyx---xV, CN (see Lemma 1.28). Let

W. = fi (Vi) nfa (Vo) nee-n 1 (V)

where f; = p; o f for i = 1,2,...,n. Then z € W,, and the continuity
of fi, fa,..., fn ensures that W, is an open set in Z. Moreover f(z') €
Vi x Vo x -+ xV, for all 2/ € W,, and therefore W, C f~1(N). We have
thus shown that f~!(NN) is a neighbourhood of z for all neighbourhoods N
of f(z). It follows that f: Z — X is continuous at z, as required. |}

Proposition 1.31 The usual topology on R™ coincides with the product
topology on R™ obtained on regarding R™ as the Cartesian product R x R x
--+ X R of n copies of the real line R.

Proof We must show that a subset W of R" is open with respect to the
usual topology if and only if it is open with respect to the product topology.

Let W be a subset of R” that is open with respect to the usual topology,
and let g € W. Then there exists some positive real number § such that
B(q,d) C W, where

B(q,0) ={xeR":|x—q| <4}
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Let Jy, Jo, ..., J, be the open intervals in R defined by

o o
Ji=qteR:¢q——=<t<q¢g+—

{ SV “\/ﬁ}

Then Jy, Js, ..., J, are open sets in R. Moreover

{q} C i x Jy x -+ x J, C B(q,0) C W,

since . 52
2 2 2
ot = - < () =
for all x € J; x Jy x --- x J,. This shows that any subset W of R" that is
open with respect to the usual topology on R" is also open with respect to
the product topology on R™.

Conversely suppose that W is a subset of R™ that is open with respect
to the product topology on R”, and let q € W. Then there exist open
sets Vi, Vo, ..., V, in R containing q1, ¢o, . . ., ¢, respectively such that V; x
Vox- - xV, Cc W. Now we can find dy,0s,...,6, such that ¢, > 0 and
(¢ — 0iyq; + ;) C V; for all 7. Let 6 be the minimum of d§1,d2,...,...,0,.
Then 6 > 0, and

B(q,0) CVixVox---xV,CW,

for if x € B(q,d) then |z; — ¢;| < §; for i = 1,2,...,n. This shows that any
subset W of R™ that is open with respect to the product topology on R" is
also open with respect to the usual topology on R™. |}

The following result is now an immediate corollary of Proposition 1.31
and Proposition 1.30.

Corollary 1.32 Let X be a topological space and let f: X — R"™ be a function
from X to R™. Let us write

f(x) = (fu(x), fal2),. ., ful2))

for all x € X, where the components fi, fa, ..., fn of f are functions from X
to R. The function f is continuous if and only if its components f1, fo, ..., fn
are all continuous.

Let f: X — R and g: X — R be continuous real-valued functions on some
topological space X. We claim that f+g¢, f —g and f.g are continuous. Now
it is a straightforward exercise to verify that the sum and product functions
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s:R? — R and p:R?> — R defined by s(x,y) = = + y and p(z,y) = wzy
are continuous, and f + ¢ = soh and f.g = po h, where h: X — R? is
defined by h(z) = (f(z), g(z)). Moreover it follows from Corollary 1.32 that
the function h is continuous, and compositions of continuous functions are
continuous. Therefore f + g and f.¢g are continuous, as claimed. Also —g
is continuous, and f — g = f + (—g), and therefore f — g is continuous. If
in addition the continuous function g is non-zero everywhere on X then 1/g
is continuous (since 1/g is the composition of g with the reciprocal function
t +— 1/t), and therefore f/g is continuous.

Lemma 1.33 The Cartesian product X1 x Xo X ... X,, of Hausdorff spaces
X1, Xo, ..., X, is Hausdorff.

Proof Let X = X; x Xy x ..., X, and let u and v be distinct points of X,
where u = (z1,29,...,2,) and v = (Y1,Y2,...,Yn). Then z; # y; for some
integer ¢ between 1 and n. But then there exist open sets U and V in X;
such that x; € U, y; € V. and UNV = ) (since X; is a Hausdorff space).
Let p;: X — X; denote the projection function. Then p; ' (U) and p; *(V) are
open sets in X, since p; is continuous. Moreover u € p; ' (U), v € p; 1 (V),
and p; *(U) Np; (V) = 0. Thus X is Hausdorff, as required. ||

1.16 Identification Maps and Quotient Topologies

Definition Let X and Y be topological spaces and let ¢: X — Y be a
function from X to Y. The function ¢ is said to be an identification map if
and only if the following conditions are satisfied:

e the function ¢: X — Y is surjective,

e asubset U of Y is open in Y if and only if ¢ *(U) is open in X.

It follows directly from the definition that any identification map is con-
tinuous. Moreover, in order to show that a continuous surjection ¢: X — Y
is an identification map, it suffices to prove that if V' is a subset of Y with
the property that ¢~'(V) is open in X then V is open in Y.

Lemma 1.34 Let X be a topological space, let'Y be a set, and let g: X — Y
be a surjection. Then there is a unique topology on'Y for which the function
q: X — Y s an identification map.

Proof Let 7 be the collection consisting of all subsets U of Y for which

¢ Y(U) is open in X. Now ¢ (@) = 0, and ¢ }(Y) = X, so that () € 7 and
Yer.
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Let {V,, : a € A} be a collection of subsets of Y indexed by a set A. Then
it is a straightforward exercise to verify that

U ' va=a' (U, ")
ﬂaeA (Vo) =q" <ﬂaeA Va)

(i.e., given any collection of subsets of Y, the union of the preimages of the
sets is the preimage of the union of those sets, and the intersection of the
preimages of the sets is the preimage of the intersection of those sets). It
follows easily from this that unions and finite intersections of sets belonging
to 7 must themselves belong to 7. Thus 7 is a topology on Y, and the
function ¢: X — Y is an identification map with respect to the topology 7.
Clearly 7 is the unique topology on Y for which the function ¢: X — Y is an
identification map. |}

and

Definition Let X be a topological space, let Y be a set, and let ¢: X — Y
be a surjection. The unique topology on Y for which the function ¢ is an
identification map is referred to as the quotient topology (or identification
topology) on Y.

Lemma 1.35 Let X and Y be topological spaces and let ¢: X — Y be an
identification map. Let Z be a topological space, and let f:Y — Z be a
function from'Y to Z. Then the function f is continuous if and only if the
composition function foq: X — Z is continuous.

Proof Suppose that f is continuous. Then the composition function fogq is
a composition of continuous functions and hence is itself continuous.

Conversely suppose that f o ¢ is continuous. Let U be an open set in Z.
Then ¢! (f~1(U)) is open in X (since foq is continuous), and hence f~1(U)
is open in Y (since the function ¢ is an identification map). Therefore the
function f is continuous, as required. |

Example Let S' be the unit circle in R?, and let ¢:[0,1] — S* be the
map that sends ¢ € [0,1] to (cos2nt,sin27t). Then ¢:[0,1] — S is an
identification map, and therefore a function f:S' — Z from S! to some
topological space Z is continuous if and only if fogq:[0,1] — Z is continuous.

Example Let S™ be the n-sphere, consisting of all points x in R"! satisfying
x| = 1. Let RP™ be the set of all lines in R"™! passing through the origin
(i.e., RP™ is the set of all one-dimensional vector subspaces of R™"™!). Let
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q: S™ — RP"™ denote the function which sends a point x of S™ to the element
of RP™ represented by the line in R"*! that passes through both x and the
origin. Note that each element of RP™ is the image (under ¢) of exactly two
antipodal points x and —x of S™. The function ¢ induces a corresponding
quotient topology on RP™ such that ¢: S™ — RP™ is an identification map.
The set RP™, with this topology, is referred to as real projective n-dimensional
space. In particular RP? is referred to as the real projective plane. It follows
from Lemma 1.35 that a function f:RP™ — Z from RP" to any topological
space Z is continuous if and only if the composition function f o q:S™ — Z
is continuous.

1.17 Compact Topological Spaces

Let X be a topological space, and let A be a subset of X. A collection of
subsets of X in X is said to cover A if and only if every point of A belongs to
at least one of these subsets. In particular, an open cover of X is collection
of open sets in X that covers X.

If YV and W are open covers of some topological space X then W is said to
be a subcover of V if and only if every open set belonging to W also belongs
to V.

Definition A topological space X is said to be compact if and only if every
open cover of X possesses a finite subcover.

Lemma 1.36 Let X be a topological space. A subset A of X is compact (with
respect to the subspace topology on A) if and only if, given any collection V
of open sets in X covering A, there exists a finite collection Vi, Vo, ..., V. of
open sets belonging to V such that AC ViUV U---UV,.

Proof A subset B of A is open in A (with respect to the subspace topology
on A) if and only if B = ANV for some open set V in X. The desired result
therefore follows directly from the definition of compactness. |

We now show that any closed bounded interval in the real line is compact.
This result is known as the Heine-Borel Theorem. The proof of this theorem
uses the Least Upper Bound Principle which states that, given any non-
empty set S of real numbers which is bounded above, there exists a least
upper bound (or supremum) sup S for the set S.

Theorem 1.37 (Heine-Borel Theorem in One Dimension) Let a and
b be real numbers satisfying a < b. Then the closed bounded interval [a,b] is
a compact subset of R.
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Proof Let V be a collection of open sets in R with the property that each
point of the interval [a, b] belongs to at least one of these open sets. We must
show that [a, ] is covered by finitely many of these open sets.

Let S be the set of all 7 € [a, b] with the property that [a, 7] is covered
by some finite collection of open sets belonging to V, and let s = sup S. Now
s € W for some open set W belonging to V. Moreover W is open in R, and
therefore there exists some positive real number 0 such that (s—d, s+49) C W.
Moreover s — ¢ is not an upper bound for the set S, hence there exists some
T € S satisfying 7 > s — §. It follows from the definition of S that [a, 7] is
covered by some finite collection Vi, Vs, ...V, of open sets belonging to V.

Let t € [a,b] satisfy 7 <t < s+ 4. Then

la,t] C[a,7]U(s—=6d,s+d) CViUVLU---UV,UW,

and thus t € S. In particular s € S, and moreover s = b, since otherwise s
would not be an upper bound of the set S. Thus b € S, and therefore |a, b|
is covered by a finite collection of open sets belonging to V, as required. |}

Lemma 1.38 Let A be a closed subset of some compact topological space X .
Then A is compact.

Proof Let V be any collection of open sets in X covering A. On adjoining
the open set X \ A to V, we obtain an open cover of X. This open cover
of X possesses a finite subcover, since X is compact. Moreover A is covered
by the open sets in the collection V that belong to this finite subcover. It
follows from Lemma 1.36 that A is compact, as required. |}

Lemma 1.39 Let f: X — Y be a continuous function between topological
spaces X and Y, and let A be a compact subset of X. Then f(A) is a
compact subset of Y.

Proof Let V be a collection of open sets in Y which covers f(A). Then A is
covered by the collection of all open sets of the form f~1(V') for some V € V.
It follows from the compactness of A that there exists a finite collection
Vi, Vo, ..., Vi of open sets belonging to V' such that

AcC [ MU (Va)U---U fH(Vh).
But then f(A) C ViUV, U---UVj. This shows that f(A) is compact. |}

Lemma 1.40 Let f: X — R be a continuous real-valued function on a com-
pact topological space X. Then f is bounded above and below on X.
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Proof Let V; = {# € X : —j < f(z) < j} for all positive integers j.
For each integer j the subset V; of X is the preimage under the continuous
map f of the open interval (-7, j), and moreover (—7,j) is open in R. It
follows from the continuity of f that V; is an open set in X for all positive
integers 7. Moreover the compact topological space X is covered by these
open sets. It follows from the compactness of X that there exist positive
integers j1, Jo, - - ., Jx such that

X:‘G1U%2U-'-U‘/jk.

Let N be the largest of the positive integers ji, j2, . . ., jx. Then —N < f(z) <
N for all € X. The result follows. |}

Proposition 1.41 Let f: X — R be a continuous real-valued function on a
compact topological space X . Then there exist points u and v of X such that
f(u) < f(2) < f(v) for all z € X.

Proof The function f: X — R is bounded on X (Lemma 1.40). Let m =
inf{f(z):x € X} and M = sup{f(z) : © € X}. For each positive integer j
let V; ={x € X : f(x) < M —1/j5}. Then the set V; is an open set in X,
being the preimage of an open interval in R under the continuous map f. If
J1,J2, - - -, Jr are positive integers then

V}lUVjQU“'Uij:VN

where N is the largest of the positive integers ji, ja, ..., jr. Moreover Vy is a
proper subset of X, because M —1/N is not an upper bound on the values of
the function f on X. It follows that X cannot covered by any finite collection
of sets from the collection (V; : j € N). It then follows from the compactness
of X that (V; : j € N) is not an open cover of X, and therefore there exists
v € X for which f(v) = M. Applying this argument with f replaced by
—f, we conclude that there also exists u € X for which f(u) = m. Then
fu) < f(z) < f(v) for all z € X, as required. |}

1.18 Compact Subsets of Hausdorff Spaces

Proposition 1.42 Let X be a Hausdorff topological space, and let K be a
compact subset of X. Let x be a point of X \ K. Then there exist open sets
V and W in X such thatz € V, K CW and VW = (.

Proof For each point y € K there exist open sets V,,, and W, , such that
€ Vyy,y € Wyy and V,, N W, , = 0 (since X is a Hausdorff space). But
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then there exists a finite set {y1,ys,...,y,} of points of K such that K is
contained in Wy, UW,,, U---UW,,  since K is compact. Define

V=Ve NV N---N Vo, W =Wz UWay, U UW, .
Then V and W are open sets, z € V, K C W and VNW = (), as required. |
Corollary 1.43 A compact subset of a Hausdorff topological space is closed.

Proof Let K be a compact subset of a Hausdorff topological space X. It
follows immediately from Proposition 1.42 that, for each z € X \ K, there
exists an open set V,, such that x € V, and V, N K = (). But then X \ K is
equal to the union of the open sets V. as x ranges over all points of X \ K,
and any set that is a union of open sets is itself an open set. We conclude
that X \ K is open, and thus K is closed. |}

Lemma 1.44 Let f: X — Y be a continuous function from a compact topo-
logical space X to a Hausdorff space Y. Then f(K) is closed in'Y for every
closed set K in X.

Proof If K is a closed set in X, then K is compact (Lemma 1.38), and
therefore f(K) is compact (Lemma 1.39). But any compact subset of a
Hausdorff space is closed (Corollary 1.43). Thus f(K) is closed in Y, as
required. ||

Theorem 1.45 A continuous bijection f: X — Y from a compact topological
space X to a Hausdorff space Y is a homeomorphism.

Proof Let ¢:Y — X be the inverse of the bijection f: X — Y. If U is
open in X then X \ U is closed in X, and hence f(X \ U) is closed in Y
(see Lemma 1.44). But f(X \U) = ¢ (X \U) =Y \ g ' (U). Tt follows
that g~ *(U) is open in Y for every open set U in X. Therefore g: Y — X is
continuous, and thus f: X — Y is a homeomorphism. |}

Proposition 1.46 A continuous surjection f: X —'Y from a compact topo-
logical space X to a Hausdorff space Y is an identification map.

Proof Let U be a subset of Y. We claim that Y \ U = f(K), where K =
X\ f7YU). Clearly f(K) C Y \U. Also, given any y € Y \ U, there exists
x € X satisfying y = f(z), since f: X — Y is surjective. Moreover z € K,
since f(z) € U. Thus Y \ U C f(K), and hence Y \ U = f(K), as claimed.
We must show that the set U is open in Y if and only if f~*(U) is open
in X. First suppose that f~!(U) is open in X. Then K is closed in X, and
hence f(K) is closed in Y, by Lemma 1.44. It follows that U is open in Y.
Conversely if U is open in Y then f~1(U) is open in X, since f: X — Y is
continuous. Thus the surjection f: X — Y is an identification map. |}
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Example Let S' be the unit circle in R?, defined by S* = {(z,y) € R?:
2 +y* = 1}, and let ¢:[0,1] — S' be defined by q(t) = (cos 2nt, sin 27t)
for all ¢ € [0, 1]. It has been shown that the map ¢ is an identification map.
This also follows directly from the fact that ¢:[0,1] — S’ is a continuous
surjection from the compact space [0,1] to the Hausdorff space S*.

1.19 The Lebesgue Lemma and Uniform Continuity

Definition Let X be a metric space with distance function d. A subset A
of X is said to be bounded if there exists a non-negative real number K
such that d(z,y) < K for all z,y € A. The smallest real number K with
this property is referred to as the diameter of A, and is denoted by diam A.
(Note that diam A is the supremum of the values of d(z,y) as x and y range
over all points of A.)

Lemma 1.47 (Lebesgue Lemma) Let (X,d) be a compact metric space
and let V be an open cover of X. Then there exists a positive real number &
such that every subset of X whose diameter is less than ¢ is contained wholly
within one of the open sets belonging to the open cover V.

Proof Every point of X is contained in at least one of the open sets belonging
to the open cover V. It follows from this that, for each point x of X, there
exists some 0, > 0 such that the open ball B(x,2d,) of radius 2§, about
the point x is contained wholly within one of the open sets belonging to the
open cover V. But then the collection consisting of the open balls B(x, d,)
of radius 9, about the points x of X forms an open cover of the compact
space X. Therefore there exists a finite set xy, xo, ..., z, of points of X such
that
B(I‘l,(gl) U B(IQ,(SQ) U---u B(xr,ér) = X,

where 6; = 0,, for © = 1,2,...,r. Let 0 be the minimum of 4, ds,...,0d,.
Then 6 > 0. Suppose that A is a subset of X whose diameter is less than ¢.
Let u be a point of A. Then u belongs to B(x;, d;) for some integer i between
1 and r. But then it follows that A C B(z;, 24;), since, for each point v of A,

d(v,z;) < d(v,u) + d(u, z;) <+ 6; < 20;.

But B(x;,26;) is contained wholly within one of the open sets belonging to
the open cover V. Thus A is contained wholly within one of the open sets
belonging to V, as required. |

Let V be an open cover of a compact metric space X. A Lebesgue number
for the open cover V is a positive real number ¢ such that every subset of X
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whose diameter is less than ¢ is contained wholly within one of the open sets
belonging to the open cover V. The Lebesgue Lemma thus states that there
exists a Lebesgue number for every open cover of a compact metric space.

Definition Let X and Y be metric spaces with distance functions dx and dy
respectively, and let f: X — Y be a function from X to Y. The function f is
said to be uniformly continuous on X if and only if, given £ > 0, there exists
some positive real number § such that dy(f(z), f(z')) < e for all points =
and o’ of X satisfying dx(x,z’) < d. (The value of 6 should be independent
of both x and z'.)

Theorem 1.48 Let X and Y be metric spaces. Suppose that X is compact.
Then every continuous function from X to 'Y is uniformly continuous.

Proof Let dx and dy denote the distance functions for the metric spaces X
and Y respectively. Let f: X — Y be a continuous function from X to Y.
We must show that f is uniformly continuous.

Let € > 0 be given. For each y € Y, define

V, = {r € X :dy(f(x),y) < e}

Note that V,, = f! (By(y, %5)), where By (y, %5) denotes the open ball of
radius %6 about y in Y. Now the open ball By (y, %5) is an open set in Y,
and f is continuous. Therefore V,, is open in X for all y € Y. Note that
r € Vi forall z € X.

Now {V, : y € Y} is an open cover of the compact metric space X.
It follows from the Lebesgue Lemma (Lemma 1.47) that there exists some
positive real number ¢ such that every subset of X whose diameter is less
than 0 is a subset of some set V). Let z and 2’ be points of X satisfying
dx(z,2") < d. The diameter of the set {z, 2’} is dx(z, "), which is less than
. Therefore there exists some y € Y such that x € V, and 2’ € V. But
then dy (f(z),y) < ie and dy(f(2'),y) < ie, and hence

dy (f(z), f(2)) < dy(f(x),y) + dy(y, f(z')) <e.

This shows that f: X — Y is uniformly continuous, as required. |}

1.20 Finite Cartesian Products of Compact Spaces

Theorem 1.49 A Cartesian product of a finite number of compact spaces is
itself compact.
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Proof It suffices to prove that the product of two compact topological spaces
X and Y is compact, since the general result then follows easily by induction
on the number of compact spaces in the product.

Let V be an open cover of X x Y. Then for each x € X and y € Y there
exists an open set V,, in X x Y belonging to the open cover V for which
(z,y) € Vyy. It then follows from the definition of the product topology on
X xY that there exist an open set D, , in X and an open set I, , in Y such
that v € Dy, y € By and Dy X By C V.

Now the compactness of the topological space Y ensures that for each
x € X there exists a finite subset B(z) of Y for which (J,cp(,) Ezy =Y. Let
W, = ﬂye B(x) D, ,. Then W, is the intersection of a finite number of open
sets in X, and is therefore itself an open set in X. Moreover

w)(W:C x Ey,) C U (@(Dw X Eyy)

yeB( yeB

It then follows from the compactness of the topological space X that there
exists a finite subset A of X for which (J,., W, = X. Let

C={(z,y): € Aand y € B(z)},

and, for each (z,y) € C, let V., be an open set in X x Y belonging to the
open cover V for which D, , x E,, C V,,. Now C is a finite set, and

AxY = UxeA(Wx xY)C UmeA UyGB(m) Ve

- U(z,y)EC Vey:

Thus (V,, : (x,y) € C) is an open cover of X x Y. Moreover it is a finite
subcover of the open cover V. We have thus shown that X x Y is compact,
as required. |}

Theorem 1.50 Let K be a subset of R™. Then K is compact if and only if
K is both closed and bounded.

Proof Suppose that K is compact. Then K is closed, since R" is Hausdorff,
and a compact subset of a Hausdorff space is closed (by Corollary 1.43). For
each natural number m, let B,,, be the open ball of radius m about the origin,
given by B,, = {x € R": |x| <m}. Then {B,, : m € N} is an open cover of
R™. It follows from the compactness of K that there exist natural numbers
my, My, ..., my such that K C B,,, UB,,, U---U B, . But then K C By,
where M is the maximum of mq, mo, ..., ms, and thus K is bounded.
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Conversely suppose that K is both closed and bounded. Then there exists
some real number L such that K is contained within the closed cube C' given
by

C={(z1,29,...,2,) e R": =L < x; < Lfor j=1,2,...,n}.

Now the closed interval [—L, L] is compact by the Heine-Borel Theorem
(Theorem 1.37), and C' is the Cartesian product of n copies of the com-
pact set [—L, L]. It follows from Theorem 1.49 that C' is compact. But K is
a closed subset of (', and a closed subset of a compact topological space is
itself compact, by Lemma 1.38. Thus K is compact, as required. |

Let K be a closed bounded subset of R™. It follows from Theorem 1.48
and Theorem 1.50 that any continuous function f: K — RF is uniformly
continuous.

1.21 Connected Topological Spaces

Definition A topological space X is said to be connected if the empty set ()
and the whole space X are the only subsets of X that are both open and
closed.

Lemma 1.51 A topological space X is connected if and only if there do not
exist non-empty open subsets V- and W of X for which both VUW = X and
VW =9.

Proof Suppose that X is connected. Let V and W be open subsets of X.
HVUW =X and VAW =0 then V = X \ W, and thus the subset V
of X is both open and closed. It follows from the connectedness of X that
either V' =0 or else V = X. Moreover W = X in the case when V = (), and
W = () in the case when V' = X. Thus the sets V and W cannot both be
non-empty. We conclude that if the topological space X is connected then
there cannot exist non-empty open sets V' and W for which both VW = X
and VW = 0.

Conversely let X be a topological space that does not contain non-empty
open sets V and W with the property that both VUW = X and VNW = (.
Let V be a subset of X that is both open and closed, and let W = X \ V.
Then the sets V and W are both openin X, VUW = X and VW = 0. It
follows that the open sets V' and W cannot both be non-empty, and therefore
either V = () or else W = 0, in which case V = X. This shows that X is
connected, as required. |}

The following two lemmas are immediate consequences of Lemma 1.51
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Lemma 1.52 A topological space X 1is connected if and only if it has the
following property: if U and V' are non-empty open sets in X such that
UUV =X, then UNYV 1s non-empty.

Lemma 1.53 A topological space X is connected if and only if it has the
following property: if U and V are non-empty open sets in X such that
UNV =0, then UUYV is a proper subset of X.

Definition A topological space D is discrete if every subset of D is open in
D.

Example The set Z integers with the usual topology is an example of a
discrete topological space. Indeed, given any integer n, the set {n} is open
in Z, because it is the intersection of Z with the open ball in R of radius
: about n. Any non-empty subset S of Z is the union of the sets {n} as n
ranges over the elements of S. Therefore every subset of Z is open in Z, and

thus Z, with the usual topology, is a discrete topological space.

Proposition 1.54 Let X be a topological space, and let D be a discrete
topological space with at least two elements. Then X is connected if and only
if every continuous function from X to D is constant.

Proof Suppose that X is connected. Let f: X — D be a continuous function
from X to D, let d € f(X), and let Z = f~'({d}). Now {d} is both open and
closed in D. It follows from the continuity of f: X — D that Z is both open
and closed in X. Moreover Z is non-empty. It follows from the connectedness
of X that Z7 = X, and thus f: X — D is constant.

Now suppose that X is not connected. Then there exists a non-empty
proper subset Z of X that is both open and closed in X. Let d; and dy be
elements of D, where d; # ds, and let f: X — D be defined so that

| dy fzeX\Z
If V is a subset of D then f~!(V) is one of the following four sets: (), Z, X\ Z,
X. Tt follows that f~'(V') is open in X for all subsets V of D. Therefore

f: X — D is continuous. But the function f: X — D is not constant, because
Z is a non-empty proper subset of X. The result follows. |}

The following results follow immediately from Proposition 1.54.

Corollary 1.55 A topological space X is connected if and only if every con-
tinuous function f: X — {0,1} from X to the discrete topological space {0,1}
18 constant.
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Corollary 1.56 A topological space X is connected if and only if every con-
tinuous function f: X — Z from X to the set Z of integers is constant.

Example Let X = {(z,y) € R? : z # 0}. The topological space X is not
connected. Indeed if f: X — Z is defined by

1 ifx>0,
fmy)_{ 1 ifx <0,

then f is continuous on X but is not constant.

Definition A subset [ of the set R of real numbers is said to be an interval
if(1—t)c+tdelforallcel, delandte€|0,1].

Using the Least Upper Bound Property of the real number system one
can show that a non-empty subset of the set R of real numbers is an interval
if and only if it can be expressed in one of the following forms: [a,b], [a,b),
(a,b], (a,b), [a,+00), (a,+00), (—00,b], (—00,b), (—o0, 0).

Theorem 1.57 Every interval in the set R of real numbers is connected.

Proof An interval consisting of a single real number is clearly connected.

Throughout the remainder of the proof let I be an interval with more
than one element, and let V' and W be disjoint non-empty subsets of I that
are both open in I. We shall show that IV UW must then be a proper subset
of I.

Now there must exist real numbers ¢ and d belonging to the interval [
and satisfying ¢ < d for which ¢ belongs to one of the sets V' and W and d
belongs to the other. We may suppose, without loss of generality, that ¢ € V'
and d € W.

Let z = sup([e, d]NV). If t € [¢,d]NV then there exists some positive real
number ¢ such that (t—0d,t+0)N[c, d] C V, and therefore ¢ # z. It follows that
z ¢ V. Similarly if t € [¢, d|NW then there exists some positive real number §
such that (¢t — 6,t +0) N [c,d] € W, But then (t —6,t +0) N [e,d NV =0,
because V NW = (), and therefore ¢ # 2. It follows that z & W.

We have now shown that z ¢ V UW. But z € I. It follows that VU W
is a proper subset of I. We conclude that the interval I is connected (see
Lemma 1.51, see also Lemma 1.53). |

Corollary 1.58 Let f:1 — Z be a continuous integer-valued function de-
fined on an interval I in the real line. Then f: I — 7Z is a constant function.
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Proof The result follows directly on combining the results of Corollary 1.56
and Theorem 1.57. |}

Lemma 1.59 Let X be a topological space, and let A be a subset of X. Then
A is connected (with respect to the subspace topology on A) if and only if,
given open sets V and W in X for which ANV # 0, ANW # 0 and
ACVUW, the set ANV NW is non-empty.

Proof A subset of A is open in the subspace topology if and only if it is of
the form ANV for some open set V in X. It follows from Lemma 1.52 that
A is connected if and only if, given any open sets V and W in X for which
ANV £ 0, ANW # ( and (ANV)U(ANTW) = A, the set (ANV)N(ANTW)
is the emptyset. Now (ANV)U(ANW) = Aif and only if A C VUW, and
(ANV)N(ANW) =0 if and only if ANV NW = (). The result therefore
follows directly on applying Lemma 1.52. |}

Lemma 1.60 Let X be a topological space and let A be a connected subset
of X. Then the closure A of A is connected.

Proof Let V and W be open sets in X for which VN A # (, WN A # 0,
and A C V UW. The definition of the closure of A in X ensures that if A is
a subset of a closed subset F of X then A is also a subset of F. Now X \ V
and X \ W are closed subsets of X and A is not a subset of either X \ V
or X \ W. It follows that A is not a subset of either X \ V or X \ W and
therefore VN A # () and WN A # () (see Lemma 1.6). Also AC VUW. It
follows from the connectedness of A that ANV NW # () (see Lemma 1.59).
Therefore ANV NW # (). We conclude from this that A is connected, as
required. ||

Alternative Proof Let f: A — 7 be a continuous function mapping the
closure A of A into the set Z of integers. It follows from Corollary 1.56 that
the restriction of the function f to the connected set A is constant. Therefore
there exists some integer n such that f(z) =n for all z € A.

Let B ={xz € A: f(x) =n}. Now {n} is closed in Z. It follows from
the continuity of f that the set B is closed in the subspace topology on A.
Therefore B = AN F for some closed subset F of X. But A is itself closed in
X. Tt follows that B is closed in X, and therefore A C B. Thus B = A, and
therefore the continuous function f: A — Z is constant on A. The required
result therefore follows from Corollary 1.56. |}

Lemma 1.61 Let f: X — Y be a continuous function between topological
spaces X and Y, and let A be a connected subset of X. Then f(A) is con-
nected.
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Proof Let V and W be open sets in Y for which VN f(X) # 0, WNf(X) # 0
and f(X) C VUW. Then f~5V) #0, f!(W) #0 and X C f~H(V)U
f7H(W). Tt follows from the connectedness of X that f~1(V)n f~1(W) # 0.
Let z € f~1(V)Nf~Y(W). Then f(x) € VNW, and therefore f(X)NVNW #
(. Tt follows from Lemma 1.59 that the subset f(X) of Y is connected, as
required. |

Alternative Proof Let g: f(A) — Z be any continuous integer-valued func-
tion on f(A). Then go f: A — Z is a continuous integer-valued function on A.
It follows from Corollary 1.56 that go f is constant on A. Therefore g is con-
stant on f(A). We deduce from Corollary 1.56 that f(A) is connected. |}

1.22 Products of Connected Topological Spaces

Lemma 1.62 The Cartesian product X XY of connected topological spaces
X and'Y is itself connected.

Proof Let f: X XY — Z be a continuous integer-valued function from X xY
to Z. Choose zg € X and yo € Y. The function x — f(z,y) is continuous
on X, and is thus constant. Therefore f(z,v0) = f(xo,yo) for all z € X. Now
fix . The function y — f(z,y) is continuous on Y, and is thus constant.
Therefore

f(xay) = f(x>y0) = f(x(byo)

for all x € X and y € Y. We deduce from Corollary 1.56 that X x Y is
connected. |

We deduce immediately that a finite Cartesian product of connected topo-
logical spaces is connected.

1.23 Connected Components of Topological Spaces

Proposition 1.63 Let X be a topological space. For each x € X, let S, be
the union of all connected subsets of X that contain x. Then

(1) Sy is connected,
(i1) S, is closed,
(iii) if x,y € X, then either S, = S, or else S, NS, = 0.
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Proof Let f:S, — Z be a continuous integer-valued function on S, for
some z € X. Let y be any point of S,. Then, by definition of S,, there exists
some connected set A containing both x and y. But then f is constant on A,
and thus f(x) = f(y). This shows that the function f is constant on S,.
We deduce that S, is connected. This proves (i). Moreover the closure S, is
connected, by Lemma 1.60. Therefore S, C S,. This shows that S, is closed,
proving (ii).

Finally, suppose that « and y are points of X for which S, NS, # (). Let
f:5; US, — Z be any continuous integer-valued function on S, U S,. Then
f is constant on both S; and S,. Moreover the value of f on S, must agree
with that on Sy, since S, N S, is non-empty. We deduce that f is constant
on S; US,. Thus S, U S, is a connected set containing both x and y, and
thus S, US, C S, and S, US, C S,, by definition of S, and S,. We conclude
that S, = S,. This proves (iii). |}

Given any topological space X, the connected subsets S, of X defined as
in the statement of Proposition 1.63 are referred to as the connected com-
ponents of X. We see from Proposition 1.63, part (iii) that the topological
space X is the disjoint union of its connected components.

Example The connected components of {(z,y) € R? : x # 0} are
{(z,y) €eR*:2 >0} and {(z,y) € R*:x < 0}.
Example The connected components of
{t e R: [t —n| < i for some integer n}.

are the sets J, for all n € Z, where J,, = (n — 1, n+1).

1.24 Path-Connected Topological Spaces

A concept closely related to that of connectedness is path-connectedness. Let
xo and x1 be points in a topological space X. A path in X from zy to z; is
defined to be a continuous function 7: [0, 1] — X such that v(0) = z¢ and

v(1) = 1.

Definition A topological space X is said to be path-connected if and only
if, given any two points xy and x; of X, there exists a continuous map
v:[0,1] — X from the closed unit interval [0, 1] to the space X for which
7(0) = 0 and (1) = ;.

Proposition 1.64 Fuvery path-connected topological space is connected.
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Proof Let X be a path-connected topological space, and let V' and W be
non-empty subsets of X that are open in X and satisfy VNW = (). We show
that V U W is a proper subset of X.

Now X is path-connected. Therefore there exists a continuous map
7v:10,1] = X for which (0) € V and (1) € W. Then the preimages v~ (V)
and (W) of V and W are open in [0, 1], because the map + is continuous.
Moreover 4y~ (V) and v~ (W) are non-empty and 4~ (V)Ny~1 (W) = 0. Now
the interval [0,1] is connected (Theorem 1.57). Therefore v~ (V') U~ 1(WW)
must be a proper subset of [0, 1] (see Lemma 1.53).

Let s be a real number satisfying 0 < s < 1 that does not belong to
either v~1(V) or v~*(W). Then 7(s) € X \ (V UW). Thus there cannot
exist non-empty open subsets V and W of X for which both VNW = () and
VUW = X. It follows that X is connected (see Lemma 1.51). |

The topological spaces R, C and R™ are all path-connected. Indeed, given
any two points of one of these spaces, the straight line segment joining these
two points is a continuous path from one point to the other. Also the n-sphere
S™ is path-connected for all n > 0. We conclude that these topological spaces
are connected.

Definition A subset X of a real vector space is said to be convez if, given
points u and v of X, the point (1—¢)u+tv belongs to X for all real numbers ¢
satisfying 0 <t < 1.

Corollary 1.65 All convex subsets of real vector spaces are connected.

Remark Proposition 1.64 generalizes the Intermediate Value Theorem of
real analysis. Indeed let f:[a,b] — R be a continuous real-valued function on
an interval [a, b], where a and b are real numbers satisfying a < b. The range
f(Ja, b)) is then a path-connected subset of R. It follows from Proposition 1.64
that this set is connected. Let ¢ be a real number that lies strictly between

f(a) and f(b) and let

V={ye f(la,b]):y<c}t and W={ye [f([a,b]):y>c}

Then V' and W are non-empty open subsets of f([a,b]), and V NW = 0. Tt
follows from the connectness of f([a,b]) that V UW must be a proper subset
of f([a,b]) (see Lemma 1.53), and therefore ¢ € f([a,b]). Thus the range of
the function f contains all real numbers between f(a) and f(b).

Example Let f:R — R be defined so that

(1Y .
o) = sin (E) it z # 0,
0 if v =0,
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and let
X ={(z,y) eR*:y = f(x)}.
We show that X is a connected set. Let

X, ={(z,y) eR*:z>0and y = f(x)}

and
X_={(z,y) eR?*:x<0andy = f(x)}.

Now the restriction of the function f to the set of (strictly) positive real
numbers is continuous on the set of positive real numbers. It follows from
this that the set X, is path-connected. It then follows that the set X,
is connected (see Proposition 1.64). The connectedness of X can also be
verified by noting that it is the image of the connected space {x € R : z > 0}
under a continuous map and is therefore itself connected (see Lemma 1.61).
Similarly the set X _ is path-connected, and is therefore connected.

Let p, = (1/7n,0) for all natural numbers n. Then p, € X for all
natural numbers n, and p,, — (0,0) asn — +o0. It follows that (0, 0) belongs
to the closure X, of X, in X. Connected components of a topological space
are closed (see Proposition 1.63). Thus the connected component of X that
includes the connected subset X, also contains the point (0,0). Similarly
the connected component of X that includes X + — also contains the point
(0,0). Therefore the unique connected component of X that contains the
point (0,0) is the whole of X and thus X is a connected topological space.

However X is not a path-connected topological space. If v:[0,1] - X is a
continuous map from the closed unit interval [0, 1] into X, and if v(0) = (0, 0),
then v(¢) = (0,0) for all ¢ € [0, 1]. Indeed let

s =sup{t € [0,1] : v(t) = (0,0)}.

It follows from the continuity of v that v(s) = (0,0). There then exists some
positive real number 6 such that |y(t) — (0,0)| < % for all t € [0, 1] satisfying
[t —s| < 0. But v([0,1] N [s,s + 0)) must also be a connected subset of
X. It follows that ~(t) = (0,0) for all t € [0, 1] satisfying s < ¢t < s+ 4,
and therefore s = 1 and (¢t) = (0,0) for all ¢ € [0,1]. (Essentially, the
path v cannot get from (0,0) to any other point of X because continuity
prevents from getting over intervening humps where the function f takes
values such as +1.) We conclude that the connected topological space X is
not path-connected.
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1.25 Locally Path-Connected Topological Spaces

Definition A topological space X is said to be locally connected if, given
any point x of X, and given any open set N in X for which x € N, there
exists some connected open set V' in X such that z € V and V C N.

Definition A topological space X is said to be locally path-connected if,
given any point x of X, and given any open set N in X for which x € N,
there exists some path-connected open set V' in X such that x € V and
V CN.

Every path-connected subset of a topological space is connected. (This
follows directly from Proposition 1.64.) Therefore every locally path-con-
nected topological space is locally connected.

Proposition 1.66 Let X be a connected, locally path-connected topological
space. Then X 1is path-connected.

Proof Choose a point xg of X. Let Z be the subset of X consisting of all
points x of X with the property that x can be joined to xg by a path. We
show that the subset Z is both open and closed in X.

Now, given any point x of X there exists a path-connected open set N,
in X such that x € N,. We claim that if x € Z then N, C Z, andif z € Z
then N, N Z = 0.

Suppose that x € Z. Then, given any point 2’ of N,, there exists a path
in N, from 2’ to x. Moreover it follows from the definition of the set Z that
there exists a path in X from x to xg. These two paths can be concatenated
to yield a path in X from 2’ to xg, and therefore 2’ € Z. This shows that
N, C Z whenever x € Z.

Next suppose that © &€ Z. Let 2/ € N,. If it were the case that 2’ € Z,
then we would be able to concatenate a path in N, from x to 2’ with a path
in X from 2’ to xg in order to obtain a path in X from z to xy. But this is
impossible, as z € Z. Therefore N, N Z = () whenever x ¢ Z.

Now the set Z is the union of the open sets N, as x ranges over all points
of Z. It follows that Z is itself an open set. Similarly X \ Z is the union of
the open sets N, as x ranges over all points of X \ Z, and therefore X \ Z is
itself an open set. It follows that Z is a subset of X that is both open and
closed. Moreover xy € Z, and therefore Z is non-empty. But the only subsets
of X that are both open and closed are () and X itself, since X is connected.
Therefore Z = X, and thus every point of X can be joined to the point xg
by a path in X. We conclude that X is path-connected, as required. |
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1.26 Contractible and Locally Contractible Spaces

Definition A topological space X is said to be contractible if there exists a
point p of X and a continuous map H: X x [0,1] — X such that H(z,0) =«
and H(z,1) =pforall z € X.

Lemma 1.67 Convex sets in Fuclidean spaces are contractible.

Proof Let X be a convex set in a Euclidean space, and let p be a point of
X. Let Let H: X x[0,1] — X be defined such that H(x,t) = (1 —t)x+tp for
all pe X and t € [0,1]. Then H(x,0) = x and H(x,1) = p for all x € X.
It follows that the convex set X is contractible, as required. |}

Corollary 1.68 Open and closed balls in Euclidean spaces are contractible.

Lemma 1.69 FEvery contractible topological space is path-connected, and is
therefore connected.

Proof Let X be a contractible topological space. Then there exists a point p
of X and a continuous map H: X x [0,1] — X such that H(z,0) = z and
H(xz,1)=pforall z € X.

Let w and v be points of X, and let v: [0, 1] — X be defined such that

— 27

(0 = [ H(w20 if0<t<?i
=L Hw,2—2t) ifs<t<1;

(Note that the formulae defining ~(¢) for ¢ < % and for t > % are consistent

with each other, because H(u,2t) = p = H(v,2 — 2t) when t = 1.) Now
the restrictions 7|[0, 5] and 7|[3,1] of the function v to the closed intervals
[0, ] and [3, 1] are continuous on those intervals. It follows from the Pasting
Lemma (Lemma 1.24) that the function 7:[0,1] — X is continuous. More-
over 7(0) = uw and (1) = v. We conclude from this that the topological
space X is path-connected. It then follows from Proposition 1.64 that the

topological spaces X is connected, as required. [
Example The Comb Space X is defined so that
X ={(z,y) €[0,1] x[0,1] :y=0o0r z =0 or z = n"" for some n € N}.

This topological space is the union of one horizontal line, from (0, 0) to (1, 0),
and an infinite number of vertical lines. First we show that the Comb Space
is contractible. Let H: X x [0,1] — X be defined such that

{ (z,(1=2t)y) if0<t<

H(@9):0 = (2= 20)e0) it <t<1.
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The Pasting Lemma (Lemma 1.24) ensures H: X x [0, 1] — X is a continuous
map from X x [0, 1] to X. Moreover H((x,y),0) = (z,y) and H((x,y),1) =
(0,0) for all (z,y) € X. Thus X is contractible.

Next we show that the Comb Space X is not locally connected. Let v be
a real number satisfying 0 < v < 1, and let

N ={(z,y) € X :y > 0}.

Then N is an open set in X, and (0,v) € N. Let W be an open set in X for
which (0,v) € W and W C N. Then there exists a positive integer n large
enough to ensure that (n=!,v) € W. Let ¢ be a positive real number chosen
to ensure that 1/q is not an integer and 0 < ¢ < n~!, and let

Vi = {(z,y) e W 2 <gq},
Vo = {(z,y) €W 2> q}.

Now there is no point (z,y) of W for which x = ¢. It follows that V] and V,
are non-empty open subsets of W for which Vi NV, =0 and V; UV, = W.
It follows that W is not connected. We conclude from this that the Comb
Space X is not locally connected.

Now suppose that we remove the point (0,v) from the Comb Space X,
where 0 < v < 1. The resultant subset X\ {(0,v)} of X is then connected but
not path-connected. Indeed let Y = X \ {(0,v)}. Then the point (n™!,1)
of Y can be joined to (0,0) by a path in Y, and therefore belongs to the
same connected component of Y as the point (0,0). Also every open set in
Y containing the point (0,1) contains points (n~!,0) for sufficiently large
positive integers n, and thus the point (0,1) belongs to the closure of the
connected component of Y that contains the point (0,0). But connected
components of topological spaces are closed (Proposition 1.63). Therefore
the point (0, 1) belongs to the same connected component of Y as the point
(0,0). Moreover every point of Y can be joined by a path to at least one of
the points (0,0) and (0,1). It follows that Y is connected. But there is no
path in Y from (0,0) to (0,1), and therefore Y is not path-connected.

Definition A topological space X is said to be locally contractible if, given
any point p of X, and given any open set N for which p € N, there exists a
contractible open set W for which p € W and W C N.

Definition A topological space is said to be locally Euclidean of dimension n
if, if, given any point p of X, and given any open set NV for which p € N, there
exists an open set W satisfying p € W and W C N that is homeomorphic to
an open set in R”.
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Lemma 1.70 Locally Fuclidean topological spaces are locally contractible,
and are therefore locally path-connected and locally connected.

Proof The result follows directly on combining the relevant definitions with
the result stated in Lemma 1.69. |}

Definition A topological manifold of dimension n is a Hausdorff space with
a countable base of open sets that is locally Euclidean of dimension n.

It follows from Lemma 1.70 that topological manifolds are locally con-
tractible, and are therefore locally path-connected and locally connected.
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