Module MA3427: Michaelmas Term 2010
Problems

Geodesic Congruences and Jacobi Fields

1. (a) Let V be a smooth torsion-free affine connection on a smooth man-
ifold M, and let QQ and X be smooth vector fields on M. Suppose that
VoQ =0 and [Q, X] = 0. Prove that

VoVeX + R(X,Q)Q =0,
where R is the curvature of the connection V.

The affine connection V is torsion-free, and therefore
VX = VxQ+[Q, X] = VxQ.
It follows that

VQVQX + R(X7 Q)Q = VQVXQ + R(Xa Q)Q
= VxVqoQ — Vixg@ =0,

as required.

(b) Let V be a smooth torsion-free affine connection on a smooth man-
ifold M, and let Q) and X be smooth vector fields on M. Suppose that
VoQ =0 and [Q,X] = 0. Let yv:1 — M be an integral curve for the
vector field Q, and let V(t) = Xy for all t € 1. Explain why v is a
geodesic in M, and also explain why the vector field V:I — TM is a
Jacobi field along the curve 7.

It follows from the definitions of integral curves of vector fields, and of
covariant derivatives of vector fields along curves, that

D (dy D

Thus v: I — M is a geodesic. Also

P (o) (et e,
= Vo, (VeX)
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and therefore
D?*V(t)
dt?

Hence the vector field V' along ~ satisfies the Jacobi equation, and is
thus a Jacobi field along .

+ R(V(1),7'(0)7(1) = (VoVX + R(X, Q)Q)y) = 0.

Constant Curvature Metrics and the Expanding Uni-
verse

2. Let N be a Riemannian manifold with metric tensor g~ , let I be an
open interval in R, let M = N x I, and let m: M — N and 1;: N — M
be defined for all t € I so that

w(p,t) =p, and u(p) = (p,t)

for all p € N and t € I. Let QQ be the vector field % on M whose

integral curves are the curves v,: 1 — M, where v,(t) = (p,t) for all
p e N andt € [. Also, for each smooth vector field X on N, let X°
be the smooth vector field on M defined such that X("m) = 1. X, for all
peN andt e I.

Let a: I — (0,400) be a positive smooth real-valued function on the
open interval I, let q be a real constant, and let g be the Riemannian or
pseudo-Riemannian metric on M characterized by the properties that

9(Q,Q) =q, 9(Q, X°) =0 and
9w (X°,Y°) = alt)’g, (X, Y)

for all smooth vector fields X andY on N (where gV denotes the metric
tensor of the Riemannian manifold N ), so that

g = qdt ®dt+ a(t)? gV,

where (g™ ) (U, V) = g™ (m.U, 7. V) for all vector fields U and V on
M. Also let V and RM denote the Levi-Civita connection and Riemann
curvature tensor respectively on M determined by the metric tensor g.

(a) Explain why [Q, X°] =0 and [X°,Y°] = [X,Y]° for all smooth vec-
tor fields X on N. [Hint: use Lemma 7.6 to prove that m.[Q, X°|py =
0 and 0.[Q, X°]py = 0 for allp € N and t € I, where m: M — N
and o: M — I are the projection functions that satisfy w(p,t) = p and
o(p,t) =t forallpe N andt € 1.]
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The smooth vector fields X° and @) satisfy

d

W*X&)7t) = Xp, O-*X(op7t) = O, Tr*Q(p,t) = 07 U*Q(p,t) — E

It follows from Lemma 7.6 that

T]Q, X%y = 0,  0u[Q, X°] oy =0

and
Ltx [X: Y]p = [X07 Yo] (p,t)>

and thus
@, X°]=0 and [X°Y°]=[X,Y]°

for all smooth vector fields X and Y on N.

(b) By evaluating Q[g(Q, Q)], X°[g9(Q, Q)] and Q[g(Q, X°)], where X

is some smooth vector field on N, or otherwise, show that V@ = 0
and g(VoX°,Q) = 0.

The real-valued functions ¢(Q, @) and ¢(@Q, X°) are constant on M.
Therefore

0 = Q¢(Q, Q)] =9(VqaQ,Q) +9(Q,VqQ) = 29(VoQ,Q),
0 = X°[9(Q,Q)] =29(Vx-Q,Q)

and
0=Qlg(Q, X°)] = 9(VoQ, X°) + (@, Vo X?).
But Vo X° = Vx-Q, because [Q), X°] = 0. It follows that

9(VeQ,Q) =0 and ¢(VoQ, X°) =0

for all smooth vector fields X° on N, and therefore V@ = 0.
(¢) Show that

9(VxY?, Q) = g(Vy-X°,Q)
= —g(VxQ,Y?)
= —9(VoX®,Y7)
= —3Q[g(X°,Y?)]
= —H(t) (X", Y")



for all smooth vector fields X andY on N, where

1 da(t) d(log(a(t))
H(t)_a(t) a—dt

and hence show that
VxeQ=VoX°=H(t) X°
for all smooth vector fields X on N.

Let X and Y be smooth vector fields on N. Then [X° Y°] = [X,Y]°,
and therefore

9(VxY? Q) — g(Vy-X°,Q)
= g([XO’YOLQ) - g([Xv Y]O7Q) =0.

Also g(Y°,Q) = 0, and therefore

0=X[g(Y° Q) = g(VxY*,Q)+g(Y° VxoQ)
== g(VXoYO,Q)—{—g(vXoQ,YO).

Therefore
g(VxeY?, Q) = —g(VxeQ,Y?) = —g(VX°,Y?),
and thus

Qe(X°,Y°)] = g(VoX°Y?) +g(X°, VqY?)
= —g(VxoY°+VyeX°, Q)
= 29<VQX07YO>7

and therefore

§(VaXY?) = 28X ) = 4 (alt?g (X, V)
Aalt) vy yy - L dold) o
— o) TG () = e y)

= H(t)g(X°,Y").

Also g(VgX°,Q) = 0, by (b). It follows that VoX° = H(t)X°, as
required.



(d) Show that

RYM(X°,QQ = - (%t(t)JrH(t)?) X°
B 1 d%a(t) .,
T a(t) d X%
and thus
M 70 o dH(t) 2 o yo
R (W;Q,X,Q)——(T—FH(t))g(W,X).

for all smooth vector fields W and X on N. [Hint: use the result of
problem 1(a).]

Let X be a smooth vector fields on N. The equation
VoVeX°® + RM(X°,Q)Q =0,

by problem 1(a). But

VoVeX°® = VQ(H(Zf)XO) = %lft)Xo + H(t)QXO,
where
dH(t) d (1 da(t)\ 12 (da®)\> 1 d2a(t)
dt _E(@ dt) () (dt)JF@ de?
=y L Te)

(e) Prove that
9(VxeY*?, 2°) = a(t)*g" (VXY Z) om = g((VXY)", 2°)

for all vector smooth fields X, Y and Z on N, where VY denotes the
Levi-Civita connection determined by the metric tensor g on N, and
apply this result, together with the results of (c) in order to show that

VxY® = (VYY) — @g(XO,YO) Q

for all smooth vector fields X, Y and Z on N.



It follows from Lemma 9.3 that
20"(VRY,Z) = X[g(Y.2)]+Y[9(X,2)] - Z[9(X.Y)]
+9([X, Y], Z) = 9([X, Z],Y) — g([Y, Z], X)
29(VxeY©, 2% = X°[g(Y°,Z2°)] + Y°[g(X", Z°)]
~ 27X, V) + (X0, Y], 2°)
—g([X°,2°1,Y°) = g([Y*, Z2°], X°)
But
X°lg(ve,2°)] = X°la(t)*(9(Y,Z) om)] = a(t)*X°[(9(Y, Z) o )]
= a(t)’X[(g(Y.Z2))] o
and
g([X°.Y°), 2°) = g([X,Y]", Z°) = a(t)’g([X. Y], Z) o
Therefore
9(VxY?, 2°) = a(t)’¢" (VXY Z) o m = g((VXY), Z°)
for all smooth vector fields X, Y and Z. It follows that
Vx.Y? = (VxY) + fQ,
for some real-valued function f on M. But it then follows from (c) that
qf = g(an Q) = g(vXoyoa Q) = —g<VX°Q7 YO) = _H(t>g(Xoa YO)'
The result follows.
(f) Use the definition of the Riemann curvature tensor and the results
of previous parts of this question to show that
RM(X° Y°)Z° = (RN(X,Y)Z)°
H(t)?
q

<g(ZO’Y0)XO _g(ZO,XO)YO)
and thus
RM(W°,Z°,X°,Y°)
= a(t)’R"(W,Z,X,Y)or
H<t)2 [¢] [¢] [} (o] o [¢] o o]
= (0w X020, ¥) = g, ¥ )g(27, X))
and
RM(Q,2°,X°,Y°) =0

for all smooth vector fields X, Y, Z and W on N, where RN denotes

the Riemann curvature tensor determined by the metric tensor g™
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It follows from (e) and (c) that

H)

VxoVyeZ® = Vxeo ((ng)o— Q(YO,ZO)Q>

— (VYVYZ) - @gm (VYZ))

A0y, - I e 2 x
— w2y - Sy, (v 2y)

- Ty eve, 20 - Ty vie20)Q

CHO? e oy

— (VYVYZ) - ?wv%w% 7Q

H(t)

- TQ(XO,(ng)O) -~ HY)

g(Y°,(VX2)°)Q
2
_ H(t) g(Yo,ZO) Xo
Therefore
RM(XO,YO>ZO == VXovonO _VYOVXOZO—V[XO Yo ZO
H(t> N o N o o o o

H(t)?
_ ( ) (g(YO,ZO) Xo _ g(XO,ZO) Yo>
q
But
(VXY)° = (V§¥X)" = [X° Y] = (VXY = V¥ X — [X,Y])° =0,
because the Levi-Civita connection V¥ on N is torsion-free. Therefore

RM(XO, YO)ZO

— (RM(X,Y)Z) — Hg)2 (g(YO, 7°) X° — g(X°, Z°) Y°>

for all smooth vector fields X, Y and Z on N. The remaining identities
now follow from the relevant definitions.




3. Let S™ be the unit sphere in R"*, let g be the standard flat metric on
R™L defined such that

n+1 n+1 n+1
(Z ”Ja J Z axﬂ> Z”W
J=

for all (vt o) (wh, . w™h) € R where (2t 2?0 2™ s
the standard Cartesian coordinate system on R™', and let g5 denote
the Riemannian metric on S™ obtained on restricting the standard flat
metric g on R™ to the tangent spaces of S™. Let m:R"1\ {0} — S"
be the radial projection map, defined so that w(\~) = |x|~2~ for all

x € R™™\ {0}, and let r:R"™" — R be the function defined such that
r(x) = |x| for all x € R"™'| so that r(x) is the Euclidean distance from
a point x of R"* to the origin.

(a) Ezplain why
g(U, V) = (dr,U) (dr, V) + r?¢° (7, U, V)

for all points x of R and tangent vectors U and V to R at x, so
that
g =dr@dr+r*nr*g°.

Let U and V be tangent vectors to R"™! at some point x of R"*!,

and let T denote the unit vector pointing radially outwards at x whose

Cartesian components are (r~'z;, rlzy, ..., 7 '2""1), where r = |x|.
) )

Then
U= {({dr,U)t +U*, V={(dr,V)t+V*

where U+ and V+ are the components of U and V respectively that
are perpendicular to the radial vector r. Then

g(U, V) = (dr,U)(dr, V) +g(U", V")
= ({dr,U) (dr, V) +r?¢°(x, U+ 7,V1)
= <d7", U> <dT, V> + TQQS(W*Uv ﬂ-*V)a

as required.

(b) By applying the results of problem 2, show that the Riemann curva-
ture tensor R® of the Riemannian metric g° on S™ satisfies the identity

RS(W Z, X? Y) = gS<W?X)gS<Z7 Y) o gS<W7 Y)QS(Zv X)

The Riemann curvature tensor of the flat metric g on R"! is zero. The
required result therefore follows on applying problem 2(f).
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4. A Riemannian manifold M with metric tensor g is said to be a space
of constant curvature Ky, where Ky is some real constant, if the Rie-
mann curvature tensor R determined by the metric tensor g satisfies
the identity

R(W.Z,X,Y) = Ko (g(W, X)g(Z,Y) — g(W,Y)g(Z,X)).

Question 3 shows that the unit sphere in R™™, with the usual Rieman-
nian metric, is a space of constant curvature +1. Moreover Lemma 9.9
ensures that a Riemannian manifold is a space of constant curvature
Ky if and only if all sectional curvatures of M are equal to K.

Let N be a Riemannian manifold of constant curvature Ky, with metric
tensor g~ and Riemann curvature tensor RY, let M = N x I, where
I is an open interval in R, and let g be the Riemannian metric on R
defined as described in problem 2, with ¢ =1, so that

g=dt®dt+ a(t)2 7r*gN,

where m: M — N is the projection function defined such that w(p,t) =
p, the smooth real-valued function t on M corresponds to the projection
map (p,t) — t from M to I, and a:I — R is a smooth everywhere

0
positive function. Also let Q) = ETe so that Q) ts the velocity vector

of the smooth curve s — (p,s) at each point (p,t) of M. And, for each
smooth vector field X on N, let X° denote the smooth vector field on
M defined such that g(Q, X°) = 0 and T X(, 0 = Xp for all (p,t) € M.
(a) Let P be a 2-dimensional vector subspace of the tangent space T(y
to M at some point (p,t) of M. Use the results of problem 2, show that
the sectional curvature Ky (P) of M in the plane P satisfies

Ky(P) = — <d}d]—§t) - H(t)2>

1 d*a(t)

a(t) dt?

if the plane P contains Qp), and that

K(P) = 2 = Hy

_ # (KN - (diz(tt)y)
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if the plane P is orthogonal to Qp), where

1 daf(t)
a(t) dt -

H{(t) =
Now ¢(Q, Q) = 1. It follows from problem 2 that

RM(W°,Q,X°,Q) = — (di—t(t) + H(t)2> g(W°, X°)

) (d{fl_p N H(t)2> g(W°, X)9(Q. Q).

for all smooth vector fields X on M (using the notation of that question,
with ¢ = 1). This immediately yields the required result when the
plane P in T(, )M contains the tangent vector Q).

Also

a(t))RN(W,Z,X,Y)on

= a(t) Ky (" (W, X)g"(2.Y) = g" (W.Y)g"(2.)) o
Ky
a(t)?

for all smooth vector fields W, X, Y and Z on M. It follows from
problem 2(f) that

(9w, x)g(2°,Y*) = g(W°, Y*)g(2°, X7))

RM(W°,Z°, X°,Y°)
- (a[((tj)l _H(t)2> <9(W°7X°)9(Zoayo>

- g<WO7 Yo)g(Z07 XO))

when the plane P is orthogonal to Q).

(b) Show that if the function a satisfies the differential equation

Ky — (d‘(f))Q — Kuwa(t?

where Ky and Ky are real constants, then

d*a(t)
dt?
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Hence or otherwise show that, in the case where Ky > 0 and Ky > 0,
the Riemannian manifold M is a space of constant curvature Ky if

and only if
a(t) =4/ ﬁ((—]\]\; sin(\/ KM(t — to)),

where ty is an arbitrary real constant. Show also that, in the case
where Ky < 0 and Ky > 0, the Riemannian manifold M s a space of
constant curvature Ky if and only iof

a(t) = ,/—% sinh(x/—KM(t - to)),

where ty is an arbitrary real constant. And also show that, in the case
where Ky < 0 and Ky < 0, the Riemannian manifold M is a space of
constant curvature Ky if and only if

a(t) = \/IIE:]\Z cosh(x/—KM(t — t0)>,

The second differential equation satisfied by the function a(t) follows on
differentiating the first. If M is a space of constant curvature M then
both differential equations must be satisfied, and therefore the function
a(t) is of the specified form determined by the signs of Kj; and Ky.
Conversely suppose that these differential equations are satisfied. Let
Ry be the covariant tensor of degree 4 defined by

Ro(VA, V2, Vi, Vi) = Ko (9(VA, Va)g(Va, Vi) = 9(Va, Va)g(Va, V3))
for all Vi, V3, V3, Vy € T,y M. Then
RM(W°,Z°,X°,Y°) = Ry(W°, Z°, X°,Y°)

and
RM(W07 Q7 XO> Q) = RO(Woa Q7 XO> Q)

Moreover it follows from the results of problem 2(f) that
RM(‘/la ‘/27 ‘/37 ‘/4) = RO(‘/b ‘/27 ‘/E’n ‘/;l) = O

when one of the vectors Vi, Vs, V3, V} is parallel to ) and the remaining
vectors are orthogonal to (). And the basic identities satisfied by the
Riemann curvature tensor ensure that the same is true when at least
three of these vectors Vi, V5, V3, Vy are parallel to Q). It follows that
R = Ry, and thus M is a space of constant curvature K, as required.
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5. (Friedman-Robertson-Walker Metrics) Let N be a Riemannian
manifold of constant curvature Ky, with metric tensor g™ and Rie-
mann curvature tensor RN, where

RN(W,Z,X,Y) = Ky (9" (W, X)g"(2,Y)
- gV (W,Y)g" (2, X))

for all vector fields W, X, Y and Z on N. Let M = N x I, where
I is an open interval in R, and let g be the Riemannian metric on
R defined as described in problem 2, with ¢ = —c?, where c is a real
constant (representing the speed of light in General Relativity), so that
g=—cdt®dt+a(t)?rg",

where m: M — N s the projection function defined such that w(p,t) =
p, the smooth real-valued function t on M corresponds to the projection
map (p,t) — t from M to I, and a:I — R is a smooth everywhere

positive function. Also let Q = —, so that Q) 1s the velocity vector

of the smooth curve s — (p, s) at each point (p,t) of M. And, for each
smooth vector field X on N, let X° denote the smooth vector field on
M defined such that g(Q, X°) = 0 and T X(, ) = Xp for all (p,t) € M.

(a) Show that

RM(W°,Q,X°,Q) = — (— - H(t)Q) g(W°, X°)

and
RM(We°,Z°,X°,Y°)

= (22 + 200 (s gtz v

— g(W°,Y")g(2°, X))

where L da(t)
a
H(t) = — .
(®) a(t) dt
Verify also that R(Vy, Vs, V3, Vi) = 0 when exactly one of these vector
fields Vi, Vo, Vs, Vi is parallel to QQ and the remaining three are orthog-

onal to Q.
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These results follow from problem 2, parts (d) and (f).

Remark Pseudo-Riemannian manifolds whose metric tensor has the struc-
ture analysed in problems 2 and 5 are used to model the expansion of the
universe, on the assumption that the universe is homogeneous and isotropic
(so that mass, energy and pressure are uniformly distributed). This question
establishes that the Riemann curvature tensor of M is determined by the
two quantities

ciQ (—dzt(t) + H(t)2> and Hg) + &(12)2,

where k is some appropriate constant, which is positive if the universe at any
instant of time is a space of constant positive curvature, zero if the universe
is flat, and negative if the universe at any instance of time is a space of
constant negative curvature. Without loss of generality, we may suppose
that k has one of the three values +1, 0 and —1. The Einstein field equations
of General Relativity relate these quantities to appropriate components of
the stress-energy tensor. In these models describing the expansion of the
universe, the stress-energy tensor is determined by the mass density p and
the pressure p. Alexander Friedmann discovered in 1922 and 1924 equations
that describe the evolution of these cosmological models. Einstein’s field
equations yield the following equations governing the time evolution of a
homogeneous isotropic universe as described by Friedmann’s models:

1 (dH(t) 9 ArG 3p A
(2 gy - o =
c? ( a ®) ) 3c? (p—i— z) " 3
H(t)? N kK &G N
c? a(t)2 3¢ PT3

Here the constant c is the speed of light, the function H is the Hubble param-
eter (whose current value is the Hubble constant that expresses the current
rate of expansion of the universe), G is the gravitational constant, and A is
the cosmological constant (regretfully introduced by Einstein in the hope of
obtaining static solutions to the field equations) which represents dark energy
in the universe. The constant k£ represents the curvature of our model uni-
verse N, and indeed we may choose N so that k has one of the three values
+1, 0 and —1. In the case where k = +1, the universe at time ¢ is compact,
and is isometric to a three-dimensional sphere of radius a(t). In the case
where k£ = 0, the universe is flat at all times. In the case where k = —1 the
universe at time t is non-compact, and is isometric to a three-dimensional
hyperbolic space of curvature —1/a(t)%.
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The cosmological models discussed here were later studied by Georges
Lemaitre in 1927 and in the 1930s by Howard Percy Robertson and Arthur
Geoffrey Walker. Riemannian metrics with the structure described in prob-
lem 5 are often referred to as Robertson-Walker metrics.

We now discuss in more detail how to derive Friedmann’s equations from
Einstein’s field equations. Note that if Ey, F1, Es and E3 are smooth vector
fields over an open subset of M that constitute a Lorentzian moving frame
for M, so that the vector fields Ey, F, Fs, F3 are mutually orthogonal and
satisfy

9(Eo, Ey) = —1, g(Ey, By) = g(Fa, By) = g(Es, B3) =1,
and if this moving frame is chosen such that Ey = @ and FEi, Es, E3 are
orthogonal to ), then the Riemann curvature tensor R of space-time satisfies
R(EI;E27E17E2> - R(E27E3aE27E3) - R(E3)E17E37El)
H(t)? k
+
c? a(t)?
R(E07E17E07E1) = R<E07E27E07E2> = R<E07E37E07E3)

- L (di[l—ft) + H(t)2>

-
1 daf(t)

a(t) dt?
Moreover R(E,, Eg, E,, E5) = 0 unless a # 3 and either v = aand 6 =  or

else v = f and § = a. The Finstein field equations require that the curvature
of the space-time manifold M satisfy the identity

1
Ric(X, ¥) — 50(X.¥)5 = TCT(X,¥) ~ Ag(X.Y)

for all vector fields X and Y on M, where T is the stress-energy tensor, in
covariant form, determined by the matter, electromagnetic fields etc. in the
universe, Ric is the Ricci curvature tensor of M, defined such that

Ric(X,Y) = —R(FEy, X, EyY)+ R(Ey, X, E,Y)
+ R(E2, X, Ey,Y) + R(Es, X, E3,Y),
and S is the scalar curvature, defined such that
S = —Ric(Ey, Ey) + Ric(Ey, Ey) + Ric(FEs, E3) 4+ Ric(Es, Es)
— 2(=R(Bo, By, By, Bx) — R(Eo, By, Fo, )
— R(Ey, Es, Eo, E3) + R(E1, Es, By, Es)
+ R(By, By, By, By) + R(Es, By, Es, By) )
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The Einstein field equations may also be presented in the form

G

Ein(X,Y) = —=T(X,Y) — Ag(X,Y)

ct

where Ein denotes the Finstein tensor, defined such that

Ein(X,Y) = Ric(X,Y) — %g(X, Y)S

for all vector fields X and Y on space-time. Then

Ein(Eo, E[))
Ein(E;, Ey)
Ein(EQ, EQ)

Eil’l(Eg, Eg)

R(E,, Es, Ey, E5) + R(Es, Es, Ey, E3)
+ R(E3, By, E3, EY)

R(Ey, By, Eo, Ey) + R(Ey, E3, Ey, E3)
— R(Es, E3, Es, E3)

R(Ey, Es, Eo, E3) + R(Ey, E1, Ey, E1)
— R(Es, By, E3, Ey)

R(Ey, Ey, Ey, E1) + R(Ey, By, Ey, Es)
— R(E, By, Ey, E5)

Thus, for the Friedmann metric,

RiC(E(), Eo)

RiC(El, El)

EiH(E(), Eo)

Ein(El, El)

—% (dill—it) + H(t)2> ,

RiC(EQ, EQ) = RiC(Eg, Eg)

1 [dH(t) ) 2k 2H(t)?

] ( a H() ) * a(t)? e
3k N 3H(t)?

a(t)? A

EiIl(EQ, Eg) = EiH(Eg, Eg)
2 (dH(t) +H(t)2> CH@)?  k

2\ dt ? a(t)?’

c% (—dzgt) + H (t)2> + &?5)2 + 6}[;) :

Also Ric(E,, E) = Ein(E,, Ez) = 0 when a # (.
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Now if the universe is filled with a perfect homogeneous fluid with mass
density p and pressure p, where the world-lines of the particles are integral
curves for the vector field Ey (so that Fy represents the four-velocity of the
particles in the fluid) then

T(Ey, Ey) = pc* and T(Ey, E)) = T(E,, Ey) = T(Es, E3) = p.

It follows from the Einstein field equations that

H(t)? k 1. (G A
2 (i) = gEln(EmEo) =34 T(Ey, Ey) — §9(E0’ Ey)
&G n é
- 362 P 3a
1 (dH(t) ) 1 1
2 (—dt +H(t) ) = 55— 3Ein(Eo, Fo)

B _47TG —i-@ +é
- 3c? p c2 3

We have thus obtained the equations govening the expansion of the universe
in Friedmann’s models. We can eliminate the mass density p from these two
equations to obtain the equation

2 dalt) 1 (da(t))2+ak

Zat) dz T @a(2 \ d OF

2 (—dH(t) + H(t)2> + L0k + u

c? dt

8
= — 7rprrA.
C

The Schwarzschild and Reissner-Nordstrom Metrics

6. Let M be a Riemannian or pseudo-Riemannian manifold with metric

tensor g and Levi-Civita connection V, and let £y, Fs, ..., E, be smooth
vector fields on M, where g(Ej;, Ey) is a constant function for all j and
k.

(a) Explain why

9(VeFEj, Ey) = —g(E;, Vi E)
= g([Ex Eil, E;) — 9(VE, Ei, Ej)

fori, g, k=1,2,...,n.

16



The function g(E;, Ey) is constant on M, and therefore
0= Eilg(E;, Ex)] = 9(VE Ej, Ex) + 9(Ej, Vi, E).
Moreover
9([Ex, Ei], Ej) = 9(V i Ei, Ej) — (Vi By, Ej),
because the Levi-Civita connection V is torsion-free. The results follow.
(b) Show that
9(Ve,Ej, Ex) + 9(Vi, Ei, Ex) = g([Ex, Ei], E;) + 9(Es, [Ek, Ej]),
and therefore

9(Vi, By, Bi) = 3 (9((Exs B By) + 9(Ex. [Bu i) + 9((E: By, B)).

It follows from (a) that

9(VE,Ej, Ex) + 9(VE, Ei, )
= 9([Ex, Ei], Ej) — 9(VE,Ei, Ej) + 9([Ek, Ej], Ei) — 9(E;, Vi Ej)
= 9([Ew, B}, Ej) + 9([Ew, Ej], i) — Ex[g(Ei, Ej))
= g([Ew, B, Ej) + g([Ew, Ej], E3).

Therefore
9(VE,Ej, Ei)
— (o EEs B + 9(Vi, B, i) + 9((Bx, B )
= (9B B E)) + 9B, (B E)) + g((B, B B)).
as required.
(c) Show that
9(Ve Ej, ) = g([E;, Ej], Ei)  and (Vg Ej, Ej) = 0.

This follows directly from (b), or may be verified directly using the
identities E;[g(E;, E;)] = 0 and [E;, E;] = Vg, E; — Vg, E;,

(d) Suppose that there exist smooth real-valued functions w;; fori # j
such that [E;, Ej] = ui; E; — ui By, so that [E;, Ej| is in the linear span
of the vectors E; and E; at each point of M fori,j =1,2,...,n. Show
that g(V g, Ej, Ei,) = 0 whenever the indices i, j and k are distinct.

17



This result follows directly from the formula for ¢(Vg, E;, E)) given in

(b).

. Consider a pseudo-Riemannian metric g on a space-time M that takes
the form

g = —p(r)*dt* + x(r)? dr? + r* d6? + r*sin® 0 dp?,

on the domain U of a local coordinate system t,r,0, @, where (in accor-
dance with traditional notation)

d? =dt®@dt, dr*=dr@dr, di*=do®dh, dp*=dp® dp,

and where 1 and k are smooth real-valued functions defined on {r €
R :7r > ro} for some rog > 0. Let By, E,, Ey and E, be the smooth
vector fields on U defined such that

10, 1o 10 L 1)

(u(r) ot k(r) or’ rdd 7 rsinfoyp’

so that the vector fields E;, E,, Ey and E, are mutually orthogonal,
and
g(Et7 Et) = _1

and

(a) Show that

1 du(r)
E. FE|l = — E
S T BT
1
E., E = - Ey,
[ d rr(r) o
1
E,. FE = — E
B, E,| re(r) 7
[EtaEG] = 07
[EbESO] = 0,
1
[Bp, ] = rtanf Ep:

These follow by direct calculation using Lemma 7.6.

18



(b) Using the results of (a) and of problem 6, or otherwise, show that
Vi B =V B, =V Ey=VgE, =0,
Ve Ey=Vg, by =VgE,=Vg E=VgE, =0,

B 1 dp(r) _ 1 du(r)
VEtET_I{(T),u(T) dr Ee, VEtEt_“(T)M(T) dr

E,,

1 1
Yy E, — Eo, Vi Ep— E.
Ee r&(r) o Eo 6 r&(r)
Ve E 1 E \V4 = !
Bp = — ri(r) Ee™0 = L tang ~®
1 1
Ve, B, =—

re(r) " rtang "

It follows from (a) that if X and Y are distinct vector fields chosen
from the list £y, E,, By, E, then [X,Y] = hX 4+ kY for some real-valued
functions h and k. It then follows from the results of problem 6 that

g(vaaX):g([va]?X>7 g(vaay):_g([X7Y]7X>a

g(VxY,Y)=0 and ¢(VxY,Z)=0

for all mutually orthogonal vector fields X, Y and Z chosen from the
list £y, E,, By, E,. The stated results then follow from (a).

(¢) Show that

R(E,, Eg)E, = R(Ey, E,)E, = R(E,, E,)Ey = 0,
R(E,, Eg)E, = R(Ey, E,)E; = R(E,, E,)Ey = 0,
R(E, E,)E, = R(E,,E,)E, = R(E,, E)E, =0,
R(E,, E,)Ey = R(E,, Eg)E, = R(Ey, E))E, = 0

It follows from (b) that
Ve By =VEg E,=VgEy=VgE,=VgE, =0,

Vg By =Vg,Ey=Vg E =0.

Also [E,, Ey| is parallel to Ey, [E,, E,| and [Ey, E,] are parallel to E,,
[Ey, E,] is parallel to Ey, and [E;, Ey] = 0, and therefore

Vig, 5Bt = VB, e B = Vg, g, Bt = Vig, g Ep = 0,

19



V[Et,ET]EB — V[Et,Er]Elp — V[EhEe]ElP — 0

It then follows from the definition of the Riemann curvature tensor that

R(E,, Ey)E, = R(E,, E,)E; = R(Ey, E,)E, = R(E,, Ey)E, = 0,

R(Ei, E.)Ey = R(Ey, E,)E, = R(E:, Ey)E, = 0.

Also

R(E,,E,)E,

= Vg Ve, Lo — Vg, e,Ee

1 1
= —F — E
Vi, (r tan 0 g0) * r(r) Vi Eo
1 d 1
- 4 Bot——E
K(r) dr (rtan@) ot r2k(r) tanf ¥
= 0.

Note that this latter result can also be justified as following from
the identity R(E,, Ep)E, = 0 on symmetry grounds, since a rotation
through an angle of 7/2 about a radial axis will preserve the metric
tensor, and will send the vectors Ey and E, to E, and —FEjy respectively
at points that lie on the axis of rotation.

Also

R(E, E,)Ey =

R(E, E)E, =

R(E, E,)E, =

R(Ey, E,)E, =

1 1
VeVe Ey =V (—E ) - VgE,

rtand 7 rtand @ O
0,

VEtvEQET - vEngtET - V[EhEG]ET

Ve (1<> E) ~ Vs (ﬁ(r)lﬂ(r) i E)

1 1 dp(r)
— Ey — E
rr(r) VLo k(r)u(r) dr Ve b
0,

vEtvaEr - VELP vEt Er - V[Et,ELP}ET

e (57 ) = 7% (e i )

1 1 du(r)

_ E, — E
r(r) Vi Ep k(r)u(r) dr Vi, B
0,

Ve, Ve, B — Vg, Vg, Er — Vg, B, Er
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1

e (L

K(r)
1

1
B) v (L

K(r)
E, Er

2

1
———F
r2k(r) tanf

rtan 6

1
K(r (Ve B = Ve Eo) +
1 1
+ ———F
ri(r) r2k(r) tanf 7
0.

)

<

[Eg,E ]

Alternatively, these last four identities follow from previously proved
identities and the Bianchi Identity. Indeed

R(E,,E,)Ey = —R(E,, Eg)E, — R(Ey, E)E, =0,
R(Ey, Eg)E, = —R(Ey, E.)E; — R(R,,E;)Ey =0,
R(E, E,)E, = —R(E,, E,)E;— R(R,,R)E, =0,
R(E,, Ey)E, —R(Ep, E,)E, — R(E,, E,)Eg =0
(d) Ezplain why
0 0
R(—,E. |E = — —
(at’ ) Ve VE g
0 0
il E = — il
R (897 T) T VE'[‘VET 86
0 0
R(—,FE.|E., = —Vg Vg —
(390’ ) TR
Hence or otherwise, show that
1 d 1 d
R(E, E)E, = ———Fs— — ) ) E
o B sy (s (400))
1 d 1
Ey E)E, = ——|—— | E
R( 05 r) r o0 d?”( ()2> 05
1 d 1
E,,E)E, = ——— E,.

The vector fields 2 2 and i satisfy

ot

00 D
0 0 0
{E“a} - [E“%} = [E%]
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It follows that these vector fields satisfy the Jacobi equation along the
geodesics whose velocity vector at each point of M is F,.. Indeed

VETVET% = VETV%Er =R (Er7 %) E, + V%VETET
- R (%,E,) E,.
and similarly
VETVET% = —R (%,Er) E,,
vET»VET% = —R (%, Er) E,.

Now

ViV 5 = V5 Vi (i) E) = Vi (BB = EE W)

because Vg, F; = 0. Similarly

0 0 )
VETVE,,% = E,.[E.[r]|Ey and VE,.VE,.% = E,[E,[r sin]|E,.
It follows that
1
E, EVE, = ——E,|FE E.
R( ts 7“) r IU(T) 7“[ T[M(T)H t

R(E97 ET’)ET = -

R(E,, E.)E. = — E.[E,[r sinf]] E,

3




(d) Show (e.g., by direct calculation using the results of (a) and (b)
that

1 1
R(Eg, E@)Ea — (2— — —2> ELp

r?k(r)2  r

R(Ey, E,)E, = (712_#(7*)»

&

R(E: Bp)Ey = _27“/1(7")12@(7“)2 d%(’“‘(?")?) Ee
R B, = _2rf£(r)12u(7’)2 r(0) B
R(E:, Bp)E: = _2r/<(r)12p(7‘)2 %(’“‘(”2) Eo
R Be)Be = _2rm(r)12u(7’)2 r (10) 2.

R(Ey,Ey)Ey = Vg, Vp,Ey—Vg, Ve, Ey— Vg, 5,15

1 1
= E —F
Ve, (rtan@ ¢) + Ve, (7“/1 r) T)
1

- Ltang}

_|_

—~

—E —E
T2k (1)? @+r2tan 20"

1 1 1
. E
( 2smZf r2k(r)? T tan? (9) ¥

1 1
= (5= E
(r2n<r>2 ) ’
R(Ey,E,)E, = Vg,Vp,E,—Vg, Vg, E,—VE,5,E,

1 1 1
= -V ——FkE,+—FE —— Vg E
Fo (7"/1(7’) " rtan 6 9> * rtand = ¥

1 1 1
= Ey — Vg, E, — — Vg, L
r2sin20 " re(r) rtang 0
Ve, E
rtanf e

23



R(E:, Ey)Eqg

R(Et’ ESD)EW

R(E;, Ey)E,

R(E, E,)E,

1 1 1 5
r2sin0  r2k(r)2  r2tan?d) "’

(7~ )

Ve Ve Es— Vi, VEEs — Vg, ) Eo

o ()

1 dp(r) E,

re(r)?u(r) dr
1 d 9
2rR(r)2u(r)? %("(T) > B
Ve Ve, E,— Ve, Vi E, — Vg e,)E,

1 1
Ve —E - —E
Ve (’I“I{(T) rtan 6 6)
1 d

2
S E
2rk(r)?u(r)? dr <,u(7") > ¢
Ve VEE —VE,VEE — Vg, £ Et

Ve </€(T)1/~t(7’) i E)

1 d 9
2rR(r)2u(r)? E('u(r) > Eo
Ve Ve, — Vi, Vi B — Vg, B, L

Ve (r»(r)lu( i E)

2
S (07) B

Note that general properties of the Riemann curvature tensor ensure

that

g(ngR(E@?EsO)EB) +g(E97R(E97E<p)E<p) =
9(Et, R(Ey, Eg)Eg) + g(Eg, R(Ey, Ep)Ey) = 0.
g(EtuR(Et’ELP>E§0) +g<E<p7R(EtaE<p)Et) = 0.

(see Proposition 9.7, property (iii)). Moreover the metric tensor g is
invariant under rotations about an plane of symmetry along which the
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coordinate functions 6§ and ¢ are constant. A rotation through an angle
of 3 about a point p on this plane of symmetry fixes the tangent vectors
(E;), and (E,), at that point, whilst it sends (Ejp), and (E,), to (E,),
and —(Ejy), respectively. It follows that

g(Eta R(Et7 E0>E9) = g(Eta R(Et7 EQO)EQD)
Therefore
R(Ey, E,, EQ,ESO) = —R(EWEQ, EQ’ESO)

and

R(EtaEeuEtaE9> == R(Et7ELp7Et7E<p) = _R(EeuEhEhE@)
- _R(EgaaEtaEhE(p)'

Thus symmetry considerations together with basic properties of the
Riemann curvature tensor ensure that these six components of the Rie-
mann curvature tensor are determined by the values of

R(Ey, E,, Ey, E,) and R(Ey, Ey, Ey, Ey).

. (The Schwarzschild and Reissner-Nordstrom Metrics)  Let
the four-dimensional pseudo-Riemannian manifold M, the smooth real-
valued functions k and i, the metric tensor g, the smooth local coordi-
nates t, v, 0 and ¢ and the smooth vector fields Fy, E,, Ey and E,, be
defined as in problem 7, so that

g=—u(r)?dt* + x(r)*dr® +r*d6* + r*sin® 0 dp?,

and

1 0 10 1 0
B=rmar P wmar v BT remoap

The Ricci tensor of M 1is the covariant tensor Ric of degree 2 on
M defined such that, given X,,Y, € T,M, the quantity Ric(X,,Y,)

p» =P
is the trace of the linear operator on T,M that sends V,, € T,M to
R(Vp, Yp) Xp.

(a) Explain why
Ric(X,Y) = —R(E,X,E,Y)+ R(E,, X, E,.Y)
+ R(Eyg, X, Ey,Y)+ R(E,, X, E,,Y)
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Let X,,Y,,V, € T,M. Then Let X, Y and V be vector fields on M.
Then

R(V,Y)X = —-R(E,X,VY)E, +R(E,,X,V,Y)E,
+ R(Ey, X, V.Y)Ey+ R(E,, X,V,Y) E,,
because the vector fields EFy, E,, Ey and E,, are orthogonal and satisfy
g(EtuEt) = _]-7 g(E'I‘aET) :g(E97E9) :g<E<p7E<P) =1

It follows that the diagonal elements of the matrix representing the
linear operator V,, — R(V,Y)X with respect to the basis E;, E,, Ey, E,
are

_R(EtaXa Etvy)a R(ET7X7 ET‘?Y)?
R(Ey, X,Ey.Y), R(E,,X,E,.Y),

and therefore the trace of the matrix representing the linear operator
V, — Ric(V,, Y)X is the sum of these four real numbers, as required.

(b) Using the results of problem 7, show that

I et Carard o)
)

Ric(E,, E,) — _%%(;i@(r)z))

Ric(Fy By) = ——~ 4 (u(r)Q)

Ric(E,, E,) = _;i(u(Ty)



Ric(E, E,) = Ric(E,, Ey) = Ric(E,, E,) = Ric(E,, Ey)
— Ric(E,, E,) = Ric(Ey, E,)
— 0.

The properties of the Riemann curvature tensor ensure that
R(Et, Et7 Et7 Et) - O
It therefore follows from problem 7, parts (b) and (d), that

Ric(Ey, Ey) = R(E,, Ey, E., E) + R(Ey, Ey, Ey, Ey)
+ R(Egm Et7 Elpy Et)

1 d 1 dy
= sy i o (10))

1 d 9
* rr(r)2u(r)? 5('%7“) >’
Ric(E,, E,) = —R(E,E,, B, E,)+ R(Ey, E,, Ey, E,)
+ R(E,, B, E,, E,)

1 d 1 ody
= i i G (1))

_ 1d 1
rdr \k(r)2)’
Ric(Ey, Ey) = —R(Ey, By, By, Ey) + R(E,, Ey, Er, Ey)

+ R(E,, Ey, E,, Ey)
— e 3 (0 - 3 5 (o)

1 1
r?2  r2g(r)?’
RiC(EW, Ew) = —R(Et, E(p, E,, E‘p) + R(ET, Etpv E,., Ew)

+ R(Ey, E,, Ey, E,)

- _27’/<a(r)12u(r)2 %(“(”2) N % d% (ﬁ(jﬂy)
1 1
2 r2(r)?

Also it follows from problem 7, part (c), that if X and Y are distinct
vectors from the list £y, E,, Ey, E, then Ric(X,Y) = 0.
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(c) Verify that
2

.

Ric(Ey, Ey) = —Ric(E,, E,) = Ric(Ey, Ey) = Ric(E,, E,) = -2

rd

in the spectal case where

pr) 1 s g
c? K(r)? r r2

for some positive real constants ¢ and rg, and thus
2 rs 7’% 2 1 2
g = A1-24+5)d*+ ———dr
r T
1-=42
rooor
+ 72 df? 4+ r? sin” 0 d?.
If the functions p and x determining the metric tensor satisfy the equa-
tion pu(r)k(r) = ¢, where ¢ is some positive constant, then the equa-

tions for the components of the Ricci curvature reduce to the following
equations:—

. L@ N 1 d
Ric(Ey B) = 555 (#0)) + o o (s()?),
1 d? 1 d
51 = e ) L)
Ric( ) 52 72 1)) = = ()
= —RiC(Et,Et>
: _ L d 2 1 pu(r)?
Ric(Ep, Ey) = —%5@(7’))%—5(1— )
Ric(E,, E,) = Ric(Ep, Ep)
Thus if
(r)? = ¢ —2(1-5 @
a CR(r)2 roor?
then
1 d2 2 TS STQ
2 7 (K0?) = —5+
1 d 9 _Ts 27%2
Ea ) = F
1 pu(r)? rs g
2T e ) T o



and therefore

2
T
Ric(Ey, By) = —Ric(E,, E,) = Ric(Ey, Ey) = Ric(E,, E,) = -

rd’
as required.

(d) Suppose that the Ricci curvature of the metric tensor g satisfies the
identities

Ric(E,, E;) = —Ric(E,, E,) = Ric(Ey, Ey) = Ric(E,, E,).

Prove that the functions p and k determining the metric tensor satisfy

the identities
p(r)? 1 rs A

c? :H(T)QZ o 2

for some constants ¢, rs and A.

It follows from (b) that
Ric(E,, E;) + Ric(E,, E,)
- 7%(7’)1;;(7")2 d%(u(r)Q) B %dir (n(i)2>
1 1 dy o, 1 ody/
h rr(r)?u(r)? (,u(?”)2 %(,u(r) > K(r)? %(H(r) ))

_l’_
_ md% (log(ﬂ(r)%(”z))'

Thus if Ric(FE,, E,) = —Ric(Fy, E;) then k(r)u(r) = ¢ for some real
constant c. But then

. , 1 N L ds
Ric(E:, Ey) = —Ric(E,, E,) = 22 W(u(r) ) + = %(,u(r) ),
. o 1. 2y, 1 p(r)?
Ric(Ey, Ey) = Ric(E,, E,) = = ar <u(7’) ) + o (1 a2 )
Thus if

Ric(E;, E;) = —Ric(E,, E,) = Ric(Ey, Eg) = Ric(E,, E,).

then
(1) e (0007 = i () 4 (1 £
2¢2 dr? c2r dr c2r dr r? c2 ’
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and therefore

2 C;'l—; (nr?) +4r 4 ((r)?) + 20(r)* — 22 = 0,

On solving this differential equation for the function u(r)? — ¢? we find
that ) 2 4
r)—c =——>+4+ —.
p(r) —t
where ¢, rg and A are real constants, and thus
2 2 Ts A
r) =c(1——+—<],
p(r) ( . T2>
as required.

Remark FEinstein published his Theory of General Relativity in 1915. A
month later Karl Schwarzschild found the first non-flat exact solution to the
Einstein field equations. It describes the geometry of space-time away from
a stationary non-rotating uncharged star or black hole. The Schwarzschild
metric takes the form

g:—02<1—r75) dt?* +

1
1 —

dr? + 12 df* + r?sin® 0 dy?.

Ts
.
The calculations of problem 8 establish that this metric has zero Ricci tensor.
This is the basic requirement for satisfying the Einstein field equations in the
absence of matter and energy.

The metric that describes the geometry of spacetime around a charged
non-rotating spherically symmetric body was obtained by Hans Reissner in
1916 and Gunnar Nordstrom in 1918. Suppose that there is no magnetic
field and that the electric field points radially outwards. Let e denote the
electric field strength. It can be shown that if £, E,, Ey, I, is a Lorenzian
moving frame, where FE, is pointed in the time direction and FE, is pointed
in the radial direction, then the Ricci curvature of the metric tensor must
satisfy

Ric(E,, E;) = ke?, Ric(E,, E,) = —kée?,

Ric(Ey, Ey) = ke®, Ric(E,, E,) = ke?,
where k is an appropriate physical constant. It then follows from the results
of problem 8 that the metric tensor takes the form

2 rs 7’% 2 1 2

= —c - =4+ = 4+ _dr
g 1 5 | dt d

T T TS

1-=4 2

r r2

+ 12 df? 4+ r? sin? 0 dy?,
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obtained by Reissner and Nordstrom. Moreover the electric field strength e
is proportional to 7~2. This requirement that the electric field strength be
proportional to =2 is what one would expect on generalizing Maxwell’s equa-
tions to curved spacetimes, since it ensures that the surface integral of the
electric field over the sphere of area 47r? over which the coordinates t and r
are constant is independent of the parameter r that determines the intrinsic
curvature and area of the sphere, and this is what one would expect if the
surface integral of the electric field over the sphere is to be proportional to

the charge enclosed within the sphere.
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