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1 Topological Spaces and Smooth Manifolds

1.1 Euclidean Spaces

We denote by R™ the set consisting of all n-tuples (z,xs,...,x,) of real
numbers. The set R"™ represents n-dimensional Fuclidean space (with respect
to the standard Cartesian coordinate system). Let x and y be elements of
R™, where

X:(xbx?w"axn)a y:<ylay27"'7yn)7

and let A be a real number. We define

x+y = (14 y1,T2+Y2, .. s Ty + Yn),

XxX—y = (1 —y1,%2 — Y2y, Ty, — Yn),
AX = (Ax1, Axe, ..., A1),

Xy = T1Y1 +ToYs + -+ TpYn,

x| = \/x%—kx%—i----—l—x%.

The quantity x -y is the scalar product (or inner product) of x and y, and
the quantity |x| is the Euclidean norm of x. Note that |x|> = x - x. The
FEuclidean distance between two points x and y of R" is defined to be the
Euclidean norm |y — x| of the vector y — x.

(&) < (£7) (£7)

for all real numbers zy, xs, ..., x, and y1,ys, ..., y,. It follows that [x-y| <
1x||y| for all x,y € R™. This basic inequality is known as Schwarz’s Inequal-
ity. It follows easily from Schwarz’ Inequality that |x 4+ y| < |x| + |y| for all
x,y € R™. Indeed

x+yl = (x+y).x+y)=x+]y +2x-y
< JxP + lylP 4 2x|ly] = (%] + [y])*.

It follows that
z—x|<|z—y|[+ |y — x|

for all points x, y and z of R". This important inequality is known as the
Triangle Inequality. It expresses the geometric fact that the length of any
side of a triangle in a Euclidean space is less than or equal to the sum of the
lengths of the other two sides.



1.2 Continuity

Definition Let X and Y be subsets of R™ and R respectively. A function
f: X = Y from X to Y is said to be continuous at a point p of X if and
only if the following criterion is satisfied:—

given any real number ¢ satisfying £ > 0 there exists some real
number 0 satisfying 6 > 0 such that |f(x) — f(p)| < ¢ for all
points x of X satisfying |x — p| < 0.

The function f: X — Y is said to be continuous on X if and only if it is
continuous at every point p of X.

It is a straightforward exercise to verify from this formal definition of
continuity that any composition of continuous functions is continuous (in the
particular case under consideration here where the domains and codomains
of the functions in question are subsets of Euclidean spaces). Moreover sums,
differences, products and quotients of continuous real-valued function defined
over subsets of of Euclidean spaces are themselves continuous.

Let X and Y be a subset of Euclidean spaces R™ and R" respectively, and
let f: X — Y be a function from X to Y. Then the function f is determined
by its components fi, fa, ..., fn, where each component f;: X — R is a real-
valued function on X, and where

f(X) = (fl(x)7f2(x)v cee 7fn(x))

for all x € X. It is a straightforward exercise to verify from the definition
of continuity that the function f: X — Y is continuous if and only if all its
components fi, fa, ..., f, are continuous.

1.3 Limits of Functions

The concept of the limit of a function is closely related to continuity. Let
f: X — R"™ be a function defined on some subset X of R™, and let p be
a point of R™. We seek to define the concept of the limit of f(x) as the
point x tends to p within the set X. Now, in order to get a sensible and
useful definition of the limit, we must impose a restriction on the location
of the point p in relation to the domain X of the function. Specifically, we
require the point p to be a limit point of X: a point p of R™ is a limit point
of X if and only if, given any positive real number §, there exists at least one
point of the set X which is not equal to p but which lies within a distance ¢
of the point p. It is not difficult to prove that a point p of R™ is a limit
point of a subset X of R™ if and only if there exists an infinite sequence of
distinct points of X which converges to the point p.



Example Let B be the open unit ball in R? consisting of all points that lie
within the sphere of unit radius centred on the origin, so that

B={(z,y,2) e R*: 2” +¢* + 2> < 1}.

Then all points of the ball B are limit points of B. Also all points on the
unit sphere
{(z,y,2) ER*: 2? +¢y* + 22 =1}

are limit points of B, though these points do not belong to B itself.

Definition Let X be a subset of a Euclidean space R™, let f: X — R”
mapping X into a Euclidean space R", let p be a limit point of X, and let
q be a point of R™. We say that q is the limit of f(x) as x tends to p in X
if, given any real number ¢ satisfying € > 0, there exists some real number ¢
satisfying § > 0 such that |f(x) — q| < € for all points x of X satisfying
0 < |x —p| < 4. If the point q is the limit of f(x) as x tends to p in X, then
we denote this fact by writing: q = )1(1_1)1; f(x).

Let X and Y be subsets of Euclidean spaces R™ and R™ of dimensions m
and n respectively, let f: X — Y be a function from X to Y, let p be a limit
point of the domain X of this function, and let q be a point of R™. Then the
function f: X — Y determines a function f: X U {p} — Y U {q}, where

; q ifx=p;
X) = .
f(x) { f(x) ifxe X\ {p}.
On comparing the definition of limits of functions with the definition of conti-

nuity, one can verify that lim f(x) = q if and only if the associated function f
X—Pp

is continuous at the point p. In consequence of this, many standard results
concerning limits of functions can be deduced as consequences of correspond-
ing results that concern continuity.

1.4 Open Sets in Euclidean Spaces

Given a point p of R" and a non-negative real number r, the open ball B(p, )
of radius r about p is defined to be the subset of R™ given by

B(p,r)={xeR": |x—p|<r}.

(Thus B(p,r) is the set consisting of all points of R™ that lie within a sphere
of radius r centred on the point p.)



Definition A subset V' of R” is said to be open in R™ if and only if, given
any point p of V, there exists some § > 0 such that B(p,d) C V.

By convention, we regard the empty set () as being an open subset of R".
(The criterion given above is satisfied vacuously in the case when V' is the
empty set.)

Example Let H = {(x,y,2) € R® : 2 > ¢}, where ¢ is some real number.
Then H is an open set in R3. Indeed let p be a point of H. Then p = (u, v, w),
where w > ¢. Let § = w — c¢. If the distance from a point (z,y,2) to the
point (u,v,w) is less than § then |z — w| < 4, and hence z > ¢, so that
(x,y,z) € H. Thus B(p,d) C H, and therefore H is an open set.

Example Let p be a point of n-dimensional Euclidean space R™. Then, for
any positive real number 7, the open ball B(p,r) of radius r about p is an
open set in R™. Indeed let x be an element of B(p,r). If we set § = r—|x—p|
then § > 0, and B(x,0) C B(p,r). Indeed if y € B(x,0) then the Triangle
Inequality ensures that

y—p|<|y—x[+[x—p|<d+|x—p|=r1,

and therefore y € B(p,r). This shows that the open ball B(p, ) is indeed
an open set.

Example Let p be a point of n-dimensional Euclidean space R™. Then, for
any non-negative real number r, the set {x € R" : |x — p| > r} is an open
set in R™. Indeed let x be a point of R™ satisfying |[x — p| > r, and let
d = |x—p|—r. Then § > 0 and the Triangle Inequality can be used to show
that B(x,d) C B(p,r).

Proposition 1.1 The collection of open sets in n-dimensional Euclidean
space R™ has the following properties:—

(i) the empty set O and the whole space R™ are both open sets;
(i) the union of any collection of open sets is itself an open set;

(iii) the intersection of any finite collection of open sets is itself an open set.

Proof The empty set () is an open set by convention. Moreover the definition
of an open set is satisfied trivially by the whole space R™. Thus (i) is satisfied.

Let A be any collection of open sets in R", and let U denote the union of
all the open sets belonging to A. We must show that U is itself an open set.
Let x € U. Then x € V for some open set V belonging to the collection A.
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Therefore there exists some § > 0 such that B(x,d) C V. But V C U, and
thus B(x,0) C U. This shows that U is open. Thus (ii) is satisfied.

Finally let Vi, V5, Vs, ..., Vi be a finite collection of open sets in R”, and
let V=VinVon---NV; Let x € V. Now x € V; for all j, and therefore
there exist strictly positive real numbers 6y, do, . . . , 05, such that B(x,d;) C V;
for j = 1,2,...,k. Let 0 be the minimum of d1,05,...,0;,. Then § > 0.
(This is where we need the fact that we are dealing with a finite collection
of open sets.) Moreover B(x,0) C B(x,d;) C V; for j = 1,2,...,k, and
thus B(x,d) C V. This shows that the intersection V' of the open sets
Vi, Va, ..., Vi is itself open. Thus (iii) is satisfied. |

Example The set {(x,y,2) € R® : 22 + y? + 22 < 4 and z > 1} is an open
set in R?, since it is the intersection of the open ball of radius 2 about the
origin with the open set {(z,y,2) € R®: 2 > 1}.

Example The set {(z,y,2) € R®: 2% + y* + 22 < 4 or z > 1} is an open set
in R3, since it is the union of the open ball of radius 2 about the origin with
the open set {(z,y,z) € R®: 2 > 1}.

Example The set
{(z,y,2) cR?: ($—n)2+y2+z2 < i for some n € Z}

is an open set in R3, since it is the union of the open balls of radius % about
the points (n,0,0) for all integers n.

Example For each natural number £, let
Vi ={(z,9,2) € R®: k*(2? + v* + 2*) < 1}.

Now each set V}, is an open ball of radius 1/k about the origin, and is therefore
an open set in R®. However the intersection of the sets Vj, for all natural
numbers k is the set {(0,0,0)}, and thus the intersection of the sets V}, for all
natural numbers k is not itself an open set in R®. This example demonstrates
that infinite intersections of open sets need not be open.

1.5 Continuous Functions and Open Sets

Let f: X — Y be a function from a set X to a set Y. Given any subset V' of
Y, we denote by f~1(V) the preimage of V under the map f. This preimage
is defined such that

ffV)={xeX: f(x)eV}.



Proposition 1.2 Let X be an open subset of R™, and let f: X — R" be a
function from X to R™. The function f is continuous if and only if f=1(V)
1s an open subset of R™ for every open subset V' of R™.

Proof Suppose that f: X — R" is continuous. Let V be an open set in R™.
We must show that the subset f~(V) of X is an open set. Let p € f~1(V).
Then f(p) € V. But V is open, hence there exists some ¢ > 0 with the
property that the open ball B(f(p), ¢) of radius ¢ centred on f(p) is contained
in V. But X is an open set in X, and the function f: X — R" is continuous
at p. Therefore there exists some 6 > 0 such that the open ball B(p,d)
of radius ¢ is contained in X and |f(x) — f(p)| < e for all points x of X
satisfying |x — p| < 6. Then f(x) € V for all x € B(p,J) and therefore
B(p,d) C f~%V). This proves that f~!(V) is an open subset of R™ for
every open subset V' of R™.

Conversely suppose that f: X — R” is a function with the property that
f7H(V) is an open set for every open subset V of R". Let p € X. We
must show that f is continuous at p. Let some positive real number £ be
given. Then the open B(f(p),e) of radius £ about p is an open set in R”"
and therefore the subset f~' (B(f(p),e)) of X is an open set in R™ which
contains the point p. It then follows that there exists some positive real
number ¢ such that Bx(p,d) C f~' (B(f(p),s)). Thus, given any ¢ > 0,
there exists some ¢ > 0 such that f maps Bx(p,d) into B(f(p),e). But then
|f(x) — f(p)| < ¢ for all points x of X that satisfy |x — p| < §. We conclude
that the function f: X — R" is continuous at p, as required.

Proposition 1.2 is applicable to functions whose domain is an open set
in a Euclidean space R™. The result can be generalized so as to apply to
functions whose domain is a subset of R™, irrespective of whether or not that
subset is open in R™. It can be shown that a function f: X — R”, defined
over some subset X of R™ and mapping that subset into R”, is continuous
if and only if, given any open set V' in R", there exists some open set W of
R™ such that f~1(V) =X NW.

The relationship between open sets and continuous functions described
in Proposition 1.2 motivates the introduction of the concept of a topological
space. A topological space is a set which is provided with a special collection
of subsets. This collection of subsets is required to satisfy certain conditions
that satisfied by the collection of open sets in a Euclidean space. A function
f: X — Y between topological spaces X and Y is then said to be continuous
if and only if the preimage of every open set in Y is an open set in X.



1.6 Topological Spaces

Definition A topological space X consists of a set X together with a collec-
tion of subsets, referred to as open sets, such that the following conditions
are satisfied:—

(i) the empty set ) and the whole set X are open sets,
(ii) the union of any collection of open sets is itself an open set,
(iii) the intersection of any finite collection of open sets is itself an open set.

The collection consisting of all the open sets in a topological space X is
referred to as a topology on the set X.

Definition A function f: X — Y from a topological space X to a topological
space Y is said to be continuous if f~1(V') is an open set in X for every open
set V in Y, where

' V)={zeX: flz)eV}.

A continuous function from X to Y is often referred to as a map from X
to Y.

Let X, Y and Z be topological spaces, and let f: X — Y and g:Y — Z
be continuous functions. It follows directly from the definition of continuity
given above that the composition g o f: X — Z of the functions f and ¢ is
continuous.

Let X be a topological space, and let A be a subset of X. We say that
a subset U of A is open in A, if and only if there exists some open set W
in X such that U = AN W. The collection consisting of all subsets of A
that are open in A satisfies all the requirements stated in the definition of
a topological space, and thus constitutes a topology on A. This topology is
referred to as the subspace topology on A. In this fashion, every subset of a
topological space may be regarded as a topological space in its own right.

Let A be a subset of a topological space X. A subset of A that is open
in A need not be open in the larger topological space X. However, in the
special case where the subset A of X is itself open in X, a subset of A is
open in A if and only if it is open in X. This is an immediate consequence
of the fact that the intersection of any two open sets in a topological space
is guaranteed to be itself an open set.

In particular, let X be a subset of a Euclidean space R™ of dimension m.
Then X carries a natural topology, which is the subspace topology defined
in the manner described above: a subset U of X is open in X if and only if



there exists some open set W in R™ such that U = X N W. This subspace
topology is referred to as the usual topology on X. In the special case where
X is an open set in the ambient Euclidean space R the subsets of X that
are open in X are those that are open in R™.

1.7 Closed Sets

Definition Let X be a topological space. A subset F' of X is said to be a
closed set if and only if its complement X \ F' is an open set.

Now the complement of the union of some collection of subsets of some
set X is the intersection of the complements of those sets, and the comple-
ment of the intersection of some collection of subsets of X is the union of
the complements of those sets. The following result therefore follows directly
from the definition of a topological space.

Proposition 1.3 Let X be a topological space. Then the collection of closed
sets of X has the following properties:—

(i) the empty set ) and the whole set X are closed sets,
(i) the intersection of any collection of closed sets is itself a closed set,

(iii) the union of any finite collection of closed sets is itself a closed set.

A function f: X — Y between topological spaces X to Y is continuous
if and only if the preimage of every open set in Y is an open set in X.
Now f~1(Y\ B) = X \ f~1(B) for all subsets B of Y (i.e., the preimage of
the complement of a subset of Y is the complement of the preimage of that
subset). Also subsets of a topological spaces are open if and only if their
complements are closed. On combining these observations, it follows directly
that a function f: X — Y between topological spaces X and Y is continuous
if and only if the preimage of every closed set in Y is a closed set in X.

1.8 Hausdorff Spaces

Definition A topological space X is said to be a Hausdorff space if and only
if it satisfies the following Hausdorff Aziom:

e if z and y are distinct points of X then there exist open sets U and V'
such that z € U,y € Vand UNV = 0.



A subset of a Euclidean space (with the usual topology) is guaranteed
to be a Hausdorff space. Indeed there is a more general class of topological
spaces known as metric spaces in which the collection of open sets is deter-
mined by a distance function satisfying appropriate axioms. The definition
of an open set in a metric space generalizes that of an open set in a Euclidean
space. All metric spaces are Hausdorff spaces.

Many basic properties of metric spaces are shared by Hausdorff spaces,
but may not hold in more general topological spaces. One such property is
the uniqueness property of limits of convergent infinite sequences. An infinite
sequence x1, T, T3, ... of points of a topological space X is said to converge
to some point p of that space if and only if, given any open set V' containing
the point p, there exists some natural number N such that z; € V' whenever
J > N. The limit of a convergent sequence in a Hausdorff topological space is
guaranteed to be unique. Indeed let p and ¢ be distinct points of a Hausdorff
topological space X. Then there exist open sets U and V such that p € U,
geVand UNV = 0. A member z; of an infinite sequence xy, z2,x3, . ..
cannot belong to both U and V, since these open sets are disjoint. Therefore
the infinite sequence x1, x5, x3,... cannot simultaneously converge to both
p and ¢q. Thus the uniqueness property of limits of convergent sequences is
guaranteed to hold in any Hausdorff space. But this property does not hold
in all topological spaces.

1.9 Homeomorphisms

Let f: X — Y be a function from a set X to aset Y. A function f~%Y — X
from Y to X is said to be the inverse of the function f if and only if the
composition function f~! o f is the identity function of the set X and the
composition function f o f~!is the identity function of the set Y.

A function f: X — Y has a well-defined inverse if and only if it is both
injective and surjective. A function f: X — Y is said to be injective if it
maps distinct elements of the set X to distinct elements of Y. Thus, for
the function f: X — Y to be injective, we require that f(u) # f(v) for all
elements v and v of X with v # v. A function f: X — Y is said to be
surjective if f(X) =Y. Thus f: X — Y is surjective if and only if, given any
element y of Y, there exists some element x of X such that f(z) = y.

Definition Let X and Y be topological spaces. A function h: X — Y is said
to be a homeomorphism if and only if the following conditions are satisfied:

e the function h: X — Y is invertible;

e the function h: X — Y is continuous;



e the inverse function h~1: Y — X is also continuous.

Two topological spaces X and Y are said to be homeomorphic if there exists
a homeomorphism h: X — Y from X to Y.

If h: X — Y is a homeomorphism between topological spaces X and Y
then h induces a one-to-one correspondence between the open sets of X and
the open sets of Y. Thus the topological spaces X and Y can be regarded
as being essentially identical as topological spaces.

When two topological spaces are homeomorphic, topological properties of
one space are replicated in the other. Let X and Y be topological spaces that
are homeomorphic, let A: X — Y be a homeomorphism between X and Y,
and let Z be some topological space. Then, each continuous map f: X — Z
from X to Z determines a corresponding continuous map ¢g: Y — Z from Y to
7, where f = goh and g = foh™!. A similar correspondence exists between
continuous maps into the topological spaces X and Y. And any convergent
sequence in the topological space X corresponds under the homeomorphism
h: X — Y to a convergent sequence in the topological space Y, and vice
versa.

1.10 Countability

Sets may be categorized as finite sets and infinite sets. A finite set is only
that has only finitely many elements.

The mathematician Dedekind (1831-1916) came up with a characteriza-
tion of finiteness expressed in terms of functions from a set to itself.

We recall that a function f: X — Y is said to be injective if it maps
distinct elements of X to distinct elements of Y (so that if u,v € X satisfy
u # v then f(u) # f(v)). Now an injective function f: X — Y determines
a one-to-one correspondence between the elements of the domain X of the
function and the elements of the range f(X) of the function. It follows that
if the domain X of the injective function f: X — Y is a finite set with m
elements, then the range f(X) of the function is also a finite set with m
elements. Thus if Y is a finite set with the same number of elements as X,
and if f: X — Y is an injective function, then this function is surjective,
since the range f(X) of the function is a subset of the codomain Y which
has exactly the same number of elements as the codomain, and is therefore
the whole of the codomain. In particular, any injective function from a finite
set to itself is guaranteed also to be surjective. It is also the case that any
surjective function from a finite set to itself is guaranteed also be injective.

The properties of functions from a finite set to itself stated above do not
hold for functions from an infinite set to itself. Let X be an infinite set.
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Then there exists an infinite sequence 1, T2, x3, ... of distinct elements of X.
We can define a function f: X — X, such that f(z;) = x4, for all natural
numbers j, and f(z) = z for all elements z of X that are not included in
the infinite sequence x1,xs,x3,.... The function f: X — X defined in this
fashion is an injective function. But it is not surjective since the element z
of X does not belong to the range of the function.

From these observations it follows that a set is infinite if and only if there
exists an injective function from the set to itself which is not surjective. This
is Dedekind’s characterization of infinite sets, expressed in contemporary
mathematical terminology.

Now, in addition to the dichotomy between finite sets and infinite sets,
there is an important dichotomy between countable sets and uncountable sets.

A set X is said to be countable if there exists some infinite sequence
x1,T9, T3, ... that includes every element of the set. In other words, a set
is countable if there exists a surjection f:N — X from the set N of natural
numbers to the set X. All finite sets are countable. The sets N, Z and Q
of natural numbers, integers and rational numbers are also countable. Sets
that are not countable are said to be uncountable. Important examples of
uncountable sets are the sets R and C of real numbers and complex numbers
respectively. This distinction between countable and uncountable sets was
first explored by the mathematician Georg Cantor (1845-1918) who devel-
oped an extensive theory concerned with infinite sets and transfinite cardinal
and ordinal numbers. The proof of the uncountability of the set R of real
numbers is an important result that is due to Cantor.

Any superset of an uncountable set is uncountable. It follows that all
Euclidean spaces R™ with positive dimension n are uncountable sets. Also
any non-empty open set in a Euclidean space of positive dimension contains
an non-empty open ball, and such an open ball is homeomorphic to the entire
Euclidean space. It follows that any non-empty open set in a Euclidean space
of positive dimension is an uncountable set.

A collection may be considered to be a set whose elements are the mem-
bers of the collection. Thus collections can be countable or uncountable. It
can be shown that the union of any countable collection of sets is itself a
countable set. Also the Cartesian product of any finite number of countable
sets is a countable set. Subsets of countable sets are countable sets. And if
f: X — Y is a surjective function whose domain X is a countable set, then
the range Y of the function is also a countable set. With these results, it
becomes a trivial exercise to verify that the set Z of integers and the set Q
of rational numbers are countable sets.
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1.11 Topological Manifolds

Definition A topological manifold of dimension n is a Hausdorff topological
space M which is the union of a countable collection of open sets, where
each of the open sets in the collection is homeomorphic to an open set in
n-dimensional Fuclidean space R".

Example The unit sphere S™ of dimension n is representable as the unit
sphere in Euclidean space R™"*! of dimension n + 1, and is defined as follows:

Sn:{($1,x2,...,l’n+1) c Rttt 3J7§+I3+---+xi+1:1}.

This space S™ is a topological manifold of dimension n. Indeed let n and s
be the points of S™ defined such that

n=(0,0,...,0,1), s=1(0,0,...,0,—1),
and let P be the hyperplane in R**!, defined so that
P={(z1,29,...,0041) € R 12, =0},

Now S™ is the union of the complements S™\ {n} and S™\ {s} of the points
n and s. And these two subsets of S™ are both homeomorphic to R™. Indeed
there is a well-defined homeomorphism ¢: S™ \ {n} — P defined so that,
for each x € S™ \ {n}, the point ¢(x) is the point where the line passing
through n and x intersects the hyperplane P. Similarly there is a well-
defined homeomorphism :S™ \ {s} — P defined so that, for each x €
S™\ {s}, the point ¢(x) is the point where the line passing through s and
x intersects the hyperplane P. The geometric construction whereby the
open subsets S™ \ {n} and S™\ {s} are mapped onto the hyperplane P by
means of the homeomorphisms ¢ and 1 is known as stereographic projection.
Straightforward calculations show that

( ) 1 To Ty 0
T1,T9, ... Ty, Tpyl) = , R, ,
i 7 . 1- Tnt1 1- Tni1 1- Tnt1
and
)= (B B B
e 2+ 1 [yP+17 T yP+ 17 y2+ 1

(where |y|> = y? +y3 + - - + y2).
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Let M be a topological manifold of dimension n. Then, given any point m
of M, there exists an open set U containing the point m which is homeomor-
phic to an open set in R™. Thus every point of a topological manifold has
open neighbourhoods that have the same topological properties as open sets
in R™.

A topological manifold is also required to be a Hausdorff space. Were this
not the case, it would be possible to construct examples of topological mani-
folds in which an infinite sequence of points converges simultaneously to two
distinct limits. In classical mechanics and general relativity, one determines
the trajectory of moving particles by solving systems of ordinary differen-
tial equations on a smooth manifold. (A smooth manifold is a topological
manifold with extra structure that allows one to differentiate functions and
solve differential equations.) Provided that appropriate technical conditions
are met, one expects the solution of such a system of ordinary differential
equations to be completely determined by appropriate initial conditions. For
example, in classical mechanics and in general relativity, the trajectory of
a particle is determined by its initial position, its initial velocity, and by
the forces which act on it as it moves. There are basic theorems that ensure
that, under appropriate technical conditions, solutions to systems of ordinary
differential equations are uniquely determined by initial conditions. But if
the manifold upon which the motion takes place were not required to be a
Hausdorff space, then such theorems would fail to hold. And, as a result,
many standard results and techniques used in the study of differential geom-
etry and its applications to mechanics would no longer be valid. Thus the
requirement that topological manifolds be Hausdorff spaces is necessary to
ensure the validity of many results that play an important role in the study
of both geometrical problems and applications to mechanics.

A further topological requirement is that it should be possible to cover a
topological manifold with a countable collection of open sets, where each of
these open sets is homeomorphic to an open set in a Euclidean space. Given
the other topological conditions which a topological manifold must satisty,
this countability condition is equivalent to the requirement that there must
exist a countable basis for the topology of the manifold. A collection of open
sets in a topological space is a basis for the topology if every other open set
can be expressed as a union of open sets belonging to the basis. For example
the collection of all open balls in n-dimensional Euclidean space R"™ is a
basis for the (usual) topology on R"™. However this basis is not a countable
basis for the topology on R™. But if we consider the collection of all such
open balls where the centres of the balls have Cartesian coordinates that
are rational numbers, and where the radii of the balls are positive rational
numbers, then the collection of all such open balls is a countable collection,
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and is a countable basis for the topology on R"™. Moreover the subcollection
consisting of those open balls that are contained in some open subset V
of R™ is a countable basis for the topology on V. It is a straightforward
exercise to verify from this that if a topological space is a union of a countable
collection of open sets, where each of those sets is homeomorphic to an open
set in R™, then it has a countable basis. Conversely, if a Hausdorff space
has a countable basis, and if every point is contained in some open set that
is homeomorphic to an open subset of R”, then it is possible to cover the
space by countably many such open sets, and therefore the Hausdorff space
is a topological manifold of dimension n. Topological manifolds are required
to satisfy this countability requirement in order to ensure the validity of
certain technical results that are necessary in order to develop the theory of
integration over manifolds, and to ensure certain other useful results.

1.12 Differentiability

The definition of a topological manifold gives meaning to the notion of a
continuous function that is defined on a manifold, or that maps into the
manifold. It also gives meaning to the notion of convergence of sequences of
points in a topological manifold. It also places restrictions on the topolog-
ical structure of the manifold, requiring in particular that sufficiently small
portions of the manifold have the topological properties of open subsets of
Euclidean spaces. However the definition of a topological manifold as a topo-
logical space with specified properties does not in itself provide the concept
of a topological manifold with sufficient structure to apply notions of dif-
ferentiability or smoothness to functions defined on a topological manifold,
or mapping into a topological manifold. The manifold needs to be endowed
with additional structure that enables the application of concepts of differ-
entiability and smoothness to functions between manifolds.

We first review the definition of differentiability for functions of several
real variables.

Definition Let U be a subset of m-dimensional Euclidean space R™, let
p:U — R™ be a function mapping U into R”, and let p be a point of U.
The function ¢ is said to be differentiable at p if there exists some linear
transformation 7: R™ — R™ with the property that

gnﬁ (p(p + ) — p(p) — Th) = 0.

If a function ¢: U — R" is differentiable at some point p of its domain U,
where U is an open set in R™, then there is a unique linear transformation
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T:R™ — R" for which

Jim o (4(p-+b) — (p) ~ Th) =0,

Indeed suppose that T:R™ — R"™ and S:R™ — R” are linear transforma-
tions, and that

mﬁ( <p+h>—so<p>—Th>—gnﬁ< (p+h) — (p) — Sh) =

Then

11,13%) |h| (Sh —Th)

= Jim i (6o ) = ¢(p) = Th)
- Jim i (62 + 1) — o(p) — S
= 0,
and therefore 1
lim — (S(th) — T'(th)) = 0.

t—0t t|h|
But S and T are linear transformations, and therefore
1 1 1

gy (S(th) = T(th)) = 77 (65 (h) —t7(h)) = 7 (S(h) — T(W).

It follows that S(h) — 7'(h) = 0 for all h € R™, and therefore S = T.

Definition Let U be a subset of m-dimensional Euclidean space R™, let
p:U — R™ be a function mapping U into R”, and let p be a point of U.
Suppose that the function ¢ is differentiable at p. The derivative (or total
derivative) of the function ¢ at p is defined to be the unique linear transfor-
mation 7:R™ — R" with the property that

lim o (£(p ) — o(p) ~ Th) =

Let : U — R™ a function, defined over an open subset U of R™, which
is differentiable, with derivative T:R":R", at some point p of U, and let
v € R™. Then

P_{%%(SO(pﬂLtv)_SO(p)) -Tv = P_I%%(SD(P—FW)—SO(P)—T(W))
= VI Jim i (o(p ) —o(p) = Ty
= 0,
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and therefore .
Ty =lim~ (w(p +tv) — w(p))-
Linear transformations from R™ to R"™ can be represented by n x m
matrices in the usual fashion. The entries of the matrix representing the

derivative of a differentiable function p: U — R™ at a point p of U are the
partial derivatives of the components of the function ¢. Indeed suppose that

p(x) = (f1(x), f2(x), ..., fu(x)),

for all x € U, where fi, fo,..., f, are real-valued functions on U. Let
T:R™ — R" be the derivative of ¢ at p, and let T}; denote the entry in the ith
row and jth column of the matrix representing the linear transformation 7.
Then T;; is the 7th component of the vector T'e;, where e, eq,...,...€,, is
the standard basis of the vector space R™, defined such that

e =(1,0,0,...,0), ey =1(0,1,0,...,0), ... e,=/(0,0,...,0,1).
But

t—0

Tej = lim % (w(p + tej) — sﬁ(p)>~

It follows that

T,; = lim fZ(p +tej> - fz(p) _ 8fi($1,l’2, - ,xm)
=0 t Oz,

X=p

Thus the derivative T:R™ — R"™ of the function ¢: U — R" at the point p
is the linear transformation represented by the Jacobian matrix

on on o
Oxry 0%y 0T,
O 0fr  Of
O0xry  O0xo 0L,
of, Ofn Ofn
Ors Oxa  Om

evaluated at the point p.
If the function ¢: U — R is differentiable at some point p of the open

dfi :
set U then all partial derivatives 8_f are well-defined at the point p. The
Lj

converse result is not generally true: there are examples of functions where all
these partial derivatives are well-defined at some point p, though the function
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itself is not differentiable at that point. Nevertheless it can be shown that if

. .. Of; .
the partial derivatives a—fz of the components fi, fs,..., f, of the function
T
p: U — R™ are continuous functions defined throughout the open set U, then
the function ¢ is differentiable at each point of p.

Let f:U — R be a real-valued function defined over some open set U in

0
R™. Suppose that the partial derivatives a—f are defined throughout U and
Lj

of
8xj

: o 0 . .
themselves have partial derivatives — ( ) that are continuous functions

(9xk
defined throughout U. Then

o (of\ 0 [0f
Oxy, <8xj>  Ox;j <8xk>

for all values of 7 and k between 1 and m, i.e.,

r>f  0*f
8%8% n (()I]al’k

1.13 Smoothness

Definition A real-valued function f:U — R defined on an open subset U
of a Euclidean space R™ is said to be smooth if the partial derivatives of f
of all orders are defined throughout U.

A function ¢: U — R™ mapping an open subset U of R™ into R" is said
to be smooth if its components are smooth functions.

A smooth function is differentiable. Indeed the fact that the second order
partial derivatives of a smooth function f:U — R are defined throughout
its domain U ensures that the first order partial derivatives of the function
are continuous, and this in turn is enough to ensure that the function is
differentiable.

The space L(R™,R") of linear transformations from a Euclidean space R™
to a Euclidean space R™ may itself be regarded as a Euclidean space of
dimension mn. Thus if p: U — R™ is a function defined over an open subset U
of R™ and if ¢ is differentiable at each point of p, then the function which
maps points p to U to the derivative of ¢ at those points is itself a function
mapping U into a Euclidean space L(R™,R"). If this derivative function is
itself differentiable, then the original function ¢ is twice differentiable. This
function ¢: U — R is smooth if and only if it is k-times differentiable for all
positive integers k.

17



1.14 Diffeomorphisms

Definition Let U and V be open sets in n-dimensional Euclidean space R".
A function ¢: U — V is said to be a diffeomorphism if it satisfies the following
conditions:

e the function ¢: U — V is invertible;
e the function ¢: U — V is smooth;

e the inverse function ¢~1:V — U is also smooth.

Note that any diffeomorphism is a homeomorphism. Moreover a home-
omorphism is a diffeomorphism if and only if both it and its inverse are
smooth.

1.15 Continuous Charts and Transition Functions

Definition Let M be a topological manifold of dimension n. A continuous
chart (V) for M consists of an open subset V' of M together with a con-
tinuous map ¢:V — R”, where the range ¢(V') of the function is an open
set in R"™, and where the function ¢ establishes a homeomorphism between

V and ¢(V).

Let M be a topological manifold of dimension n, and let (V,¢) be a
continuous chart for M. Then V is an open set in M, and the continuous
map ¢: V — R" gives rise to an n-tuple of continuous real-valued functions
y',y?, ..., y" defined over the open set V, where

e(m) = (y'(m),y*(m),...,y"(m)).

for all m € V. Note that these functions are indexed by superscripts: this
is a standard notational convention in differential geometry; the reasons for
employing it should become apparent when we discuss tensor fields on smooth
manifolds. These functions y', 4?2, ...,y" constitute a continuous coordinate
system defined over V. If u and v are distinct points of V' then at least one of
the functions y*, y?, ..., y" takes on distinct values at v and v. (This ensures
that ¢: V' — R" is injective.) Moreover, given any point p of ¢(V), there is
a unique point m of V for which

(y'(m),y*(m),...,y"(m)) = p,

and moreover the point m of V' determined by p in this fashion depends
continuously on p as p ranges over the open set p(V).
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Given any continuous chart (V,¢) on a topological manifold M of di-
mension n, there is a one-to-one correspondence between open subsets of the
domain V' of the chart and open subsets of the range ¢(V') of the chart: a
subset W of V is an open set in M if and only if ¢(W) is an open set in
R™. This is an immediate consequence of the requirement that the function
mapping m € V to ¢(m) € (V) be a homeomorphism between V and ¢(V).

Let ', %2, ..., 9" be continuous real-valued functions defined over an open
set V' which determine a continuous chart (V, ¢), where

e(m) = (y'(m),y*(m),...,y"(m))

for all w € V, and let g: V' — R be a real-valued function defined over the
domain V' of this continuous chart. Then the function g determines a real-
valued function G: (V) — R defined over ¢(V'), where

for all m € V. This function G: (V) — R is continuous if and only if the
function g: V' — R is continuous.

Let (V,¢) and (W, 1) be continuous charts on a topological manifold M
of dimension n. Then then V N W is an open subset of both V and W,
and therefore p(V NW) and ¢(V N W) are both open subsets of R", and
the function ¢ and 1 determine homeomorphisms from V NW to (VN W)
and ¢ (V NW). It follows that there is a homeomorphism 6: p(V N W) —
Y(VNW) between o(VNW) and ¢(VNW) characterized by the requirement
that 6(¢(m)) = ¢ (m) for all m € V. N W. This homeomorphism 6 is the
transition function determined by the charts ¢ and ¥. Now these charts can
be represented in terms of continuous real-valued functions y!, 42, ..., y™ and
24 2% .., 2", where

for all m € V, and

for all m € W. Then the transition function 6: (VN W) — (VN W) is
characterized by the requirement that

forallmeVnw.
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1.16 Smooth Atlases

In order to employ manifolds in the study of both differential geometry and
physics, where calculus is an essential tool, it is neccessary to formulate
concepts of differentiability and smoothness that can be applied to functions
defined over manifolds, and to functions mapping into manifolds. This would
in particular allow one to study trajectories on manifolds that are determined
by systems of ordinary differential equations, and to study functions over
manifolds that are solutions of partial differential equations. The necessary
structure is obtained by associating with the manifold an atlas of smoothly
compatible charts.

Definition Let (V, ¢) and (W, ) be continuous charts on a topological man-
ifold M of dimension n, and let 0: (VNW) — (V NW) be the homeomor-
phism from (V NW) to ¢(V NW) characterized by the requirement that
0(e(m)) = 1p(m) for m € VN W. The continuous charts (V, ) and (W, )
are said to be smoothly compatible if and only if this transition function
O:p(VNW) —(VNW)is a diffetomorphism.

If the domains V' and W of the continuous charts (V,¢) and (W, ) are
disjoint (i.e., if V. N W = ) then the charts are considered to be smoothly
compatible.

Let M be a topological manifold of dimension n, and let (V) and (W, ¢)
be continuous charts on M which are smoothly compatible. Then there is a
diffeomorphism 6: o(VNW) — (VN W) between p(VNW) and (VNW)
characterized by the requirement that 0(¢(m)) = ¥(m) for all m € VN W.
Now the charts ¢ and v can be represented in terms of continuous real-valued
functions y', y2,...,y" and z',2%,..., 2", where

for all m € V, and

for all m € W. Also there are smooth real-valued functions H', H?,... H"
defined on ¢(V N W) such that

0(x) = (H'(x), H*(x), ..., H"(x))

for all z € (V NW). Then



for all m € V. NW, and therefore

zj(m) = Hj(yl(m)ayQ(m)v cee ,yn(m))

for j =1,2,...,n and for all m € V. N W. Thus if two continuous coordi-
nate charts are smoothly compatible then the values of coordinate functions
determining one chart can be expressed as smooth functions of the values
of the coordinate function determining the other chart. Indeed two contin-
uous coordinate charts are smoothly compatible if and only if the values
of the coordinate functions of either one of the charts can be expressed as
smooth functions of the values of coordinate functions of the other over the
intersection of the domains of the charts.

Definition Let M be a topological manifold of dimension n. A smooth atlas
on M is a collection of continuous charts on M where the domains of the
charts cover M, and where any two charts belonging to the atlas are smoothly
compatible.

Let M be a smooth manifold of dimension n. The requirement that the
domains of the charts belonging a smooth atlas on M cover the manifold M
ensures that each point of M belongs to the domain of at least one chart
belonging to the atlas.

Let A be a smooth atlas on a smooth manifold M of dimension n, let
f:U — R be a real-valued function defined over some open subset U of M,
and let p € U. Then the point p belongs to the domain V' of some chart
(V, ) belonging to the smooth atlas. There is then a real-valued function
F:p(UNV) — R, defined over the open subset ¢(U N'V) of R™, such that
f(m)=F(p(m)) foralmeUnNV.

Definition Let M be a manifold of dimension n that is provided with some
smooth atlas A, let f:U — R be a real-valued function defined over some
open set U in M, and let p € U. The function f is said to be smooth around
p with respect to the smooth atlas A if and only if there is a chart (V)
belonging to this smooth atlas and a smooth function F: o(UNV) — R such
that p € V and f(m) = F(¢(m)) forallm e UNV.

Lemma 1.4 Let M be a manifold of dimension n that is provided with some
smooth atlas A, and let f:U — R be a real-valued function defined over
some open set U in M that is smooth around some point p of U. Let (V, p)
be a chart belonging to the smooth atlas A, and let F:o(UNV) — R be
the real valued function on (U N'V') characterized by the requirement that
F(p(m)) = f(m) for allm € UNV. Then the function F is smooth around

o(p).
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Proof The definition of smoothness ensures the existence of a chart (W, )
belonging to the smooth atlas A and a smooth function G: (U N W) — R
such that f(m) = G()(m)) for all m € U N W. Moreover the charts (V, )
and (W, 1) are smoothly compatible, since both charts belong to the smooth
atlast A. It follows that the transition function 0: o(V NW) — (VN W)
determined by this pair of charts is a diffeomorphism, where 6(¢(m)) = 1 (m)
for all m € V.NW. Then

F(p(m)) = f(m) = G(¥(m)) = G(0(¢(m)))
forallm e UNV NW, and thus F(x) = G(A(x)) for all x € (U NV NW).
Thus the restriction of the function F' to (U NV NW) can be expressed as
the composition of smooth functions, and therefore this function is smooth
around ¢(p), as required. |

Lemma 1.5 Let M be a manifold of dimension n that is provided with some
smooth atlas A, and let (V, ) and (W) be continuous charts on M. Sup-
pose that these charts are smoothly compatible with all charts belonging to
the atlas A. Then they are smoothly compatible with each other.

Proof If VNW = () then there is nothing to prove. Suppose that VW # ().
Let p € V.NW. Then there exists a chart (U, y) belonging to the atlas .4
such that p € U. Let 0:o(VNW) — (VN W) be the transition function
relating the charts ¢ and ¥, let £ (U NV) — x(U N V) be the transition
function relating the charts ¢ and y, and let n: x(U N W) — (U NW) be
the transition function between the clarts y and ¢, so that

w(m) = 0(e(m)) forallm e VN W,

x(m) = &(p(m)) forallm e UNV,
w(m) = n(x(m)) forallme UNW,

Then
0(p(m)) = n(x(m)) = n(§(e(m))
for all m € UNV N W, and therefore

9|¢(UmvmW) = 77|x(UmvmW) o §’¢(Umvrwv)-

But the functions ¢ and 1 are smooth around ¢(p) and x(p) respectively,
because the charts (V) and (W, ) are both compatible with (U, x). Also
any composition of smooth functions between open sets in Euclidean space
is itself smooth. It follows that the transition function € is smooth around
¢(p). Similarly the inverse ! of this transition function is smooth around
¥(p). Therefore the charts (V, ) and (W,4) are smoothly compatible, as
required. |
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1.17 Smooth Manifolds

Let M be a topological manifold, let A be a smooth atlas on M, and let A«
be the collection of all continuous charts on M that are smoothly compatible
with all charts that belong to the smooth atlas A. It follows immediately
from Lemma 1.5 that any two charts that belong to this collection A .x
are smoothly compatible with each other. Moreover A C A,,.x, the collec-
tion Apax of continuous charts on M is a smooth atlas, and any continuous
chart on M that is smoothly compatible with all charts belonging to the
atlas A.x must itself belong to this atlas.

Definition Let M be a smooth manifold. A smooth atlas on M is said to
be maximal if every chart that is smoothly compatible with all charts in the
atlas itself belongs to the atlas.

It follows easily from the results and remarks described above that any
smooth atlas A on a topological manifold M is contained in a unique max-
imal smooth atlas A,.x. This maximal smooth atlas is the collection of all
continuous charts on M that are smoothly compatible with all charts belong-
ing to the smooth atlas 4. The uniqueness of this maximal smooth atlas is
an immediate consequence of the following result.

Lemma 1.6 Let M be a topological manifold, and let A and B be smooth
atlases on M. Suppose that A C B. Then B C Apax, where Apax denotes the
maximal smooth atlas on M consisting of all continuous charts on M that
are smoothly compatible with all the charts that belong to the smooth atlas A.

Proof Any continuous chart on M that belongs to the smooth atlas B is
smoothly compatible with all continuous charts belonging to B. In particular
it is smoothly compatible with all continuous charts belonging to A, and
therefore belongs to Apnax.- ||

Definition A smooth manifold (M, T, A) of dimension n consists of a topo-
logical manifold M of dimension n, with topology 7, which is provided with
a maximal smooth atlas A. This maximal smooth atlas represents the dif-
ferentiable structure on the smooth manifold M.

It is customary to refer to a smooth manifold (M, 7, A) as ‘the smooth
manifold M’, unless it is necessary to make explicit reference to the topology
or maximal smooth atlas on M.

Definition Let M be a smooth manifold. A continuous chart (V) ¢) on M
is said to be smooth if and only if it belongs to the maximal smooth atlas
that represents the differentiable structure on M.

23



Note that any two smooth charts on a smooth manifold M are guaranteed
to be smoothly compatible, since they both belong to the maximal smooth
atlas that represents the differentiable structure of M.

1.18 Smooth Maps between Smooth Manifolds

Let f: M — N be a function between smooth manifolds M and N, let (V)
be a smooth chart on M, and let (W, 1)) be a smooth chart on M. Then the
function f and the charts ¢ and ¢ determine a function

Frp(V O f=H (W) — &(W)

characterized by the property that F(p(v)) = ¢(v) for all v € V N f~1(W).
We shall refer to this function F' as the function which represents f: M — N
with respect to the smooth charts (V,¢) and (W, ). Note that the domain
©(V N f~1(W)) and the codomain (W) of this function F are open sets in
R™ and R"™ respectively, where m = dim M and n = dim V.

Definition Let M and N be smooth manifolds. A function f: M — N
is said to be smooth around a point p of M if and only if there exists a
smooth chart (V,¢) on M and a smooth chart (W,v) on N, where p € V
and f(p) € W, such that the function F:p(V N f~HW)) — (W) which
represents the function f with respect to the smooth charts (V, ¢) and (W, )
is smooth around the point ¢(p).

Lemma 1.7 Let f: M — N be a function between smooth manifolds M and
N, and let p be a point of M, let (V, @) be a smooth chart on M, wherep € V,
and let (W,4) be a smooth chart on N, where f(p) € W. Then the function f
is smooth around p if and only if the function F: o(VOf~YW)) — (W) that
represents [ with respect to the smooth charts (V@) and (W,4) is smooth
around o(p).

Proof The definition of smoothness ensures that if the representing func-
tion F' is smooth, then the function f: M — N is smooth, where F(p(v)) =
P(v) for all v € V.0 f~HWV)

Conversely suppose that the function f: M — N is smooth around p.
Then there exist smooth charts (Vi,¢1) and (Wi,4,), where p € Vi and
f(p) € Wy, such that the function Fy:oy(Vi N f~H(Wy)) — (W) repre-
senting f: M — N with respect to the smooth charts (V3, ¢1) and (W7q, 1)
is smooth. Now the function F' may be represented around ¢(p) as the com-
position of the transition function relating the charts (V, ¢) and (Vi, ¢1), the
smooth function F; that represents f with respect to the charts (V1, ¢1) and
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(W1,1), and the transition function relating the charts (Wi, ;) and (W, 1)).
The transition functions involved are smooth around the relevant points, and
have smooth inverses. Also compositions of smooth functions are smooth. It
follows that the function F' is also smooth, as required. |

Note that a function f: M — N between smooth manifolds M and N is
smooth throughout M if and only if, given any smooth chart (V,¢) on M,
and given any smooth chart (W, %) on N, the function that represents f with
respect to these charts is a smooth function.

Let f: M — N be a function between smooth manifolds M and N, let
p be a point of M, let (V,¢) be a smooth chart around p, and let (W, 1))
be a smooth chart around f(p). The smooth chart (V,¢) is represented by
coordinate functions y!,y?,...,y™ defined over V, where m = dim M and

o) = (y' (), y*W),...,y"()) forallve V.

Similarly the smooth chart (1)) is represented by by coordinate functions

24 22, ..., 2™ defined over W, where n = dim N and

Y(w) = (1 (w), 22(w), ..., 2"(w)) for allw € W.

There are then real-valued functions F*:p(V N f~Y(W)) — R for k =
1,2,...,n characterized by the property that

() = FEy' (v),9°(v), ..., y" (v))

for all v € V. The function f is then represented with respect to the smooth
charts (V, @) and (W, ) by the vector-valued function F: (VN f~1(W)) —
(W) where

F(x) = (Fl(x), F2(x), ... F”(x))

for all x € (V N f~1(WW)). Then the function f is smooth at p if and only
if the function F is smooth at ¢(p), and this is the case if and only if the
components F1, F? ... F" of F are smooth functions at ¢(p).
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2 Tangent Spaces and Derivatives

2.1 Partial Derivatives with respect to Local Coordi-
nates

Let ¢: U — R™ be a smooth chart defined over an open set U in M. Then

there are smooth real-valued functions x!, 22, ..., 2" on U such that

p(u) = (' (u), 2%(w),. .., 2"(u))

for all u € U. The functions x', 2% ... 2" determined by the chart (U, )
constitute smooth local coordinate functions defined over the domain U of
the chart. Now the function ¢ maps the open set U homeomorphically onto
an open set V' in R™, where

V =oU) = {(z'(u),2*(u),...,2"(u)) :u € U}.

Every real-valued function f:U — R on U determines a corresponding real-
valued function F: V' — R on ¢(U), where

fw) = Fp(u) = F(z' (u),2*(u), ..., 2"(u))

for all w € U. Moreover the function f is smooth on U if and only if if the
corresponding function F' is smooth on V. This set V' is an open set in the
Euclidean space R", and therefore the function F' has well-defined partial

derivatives with respect to the standard Cartesian coordinates s!, s?, ..., s™.

Definition Let x!, 22 ..., 2" be smooth local coordinates defined over an
open set U in a smooth manifold M of dimension n, and let V' be the corre-
sponding open set in R™ defined such that

V = {(z"(u),2*(v),...,2"(u)) :u € U}.

The partial derivatives

af  af of
oxl’ 0x2” " Oam
of f with respect to the coordinate functions x!, 22,..., 2" are defined to be

the real-valued smooth functions on U that satisfy

af| _ OF (s, s%,...,s")
oxd u_ 0sJ

(sl 752 7777 Sn):p

for all w € U, where F:V — R is the smooth real-valued function on the
open set V' characterized by the property that

f(u) = F(z'(u),2*(w), ..., 2" (u))
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for all uw € U, and where

p = (' (u), 2%(u),...,2"(u)).

Lemma 2.1 Let 2,22, ..., 2" be a smooth local coordinate system defined
over an open set U in a smooth manifold M of dimension n, let v:1, — M
be a smooth curve in M, defined over some open interval I, in the real line,
where y(I,) C U, and let f:U — R be a smooth function defined over U.

Then .
dz’ (v(1))
dt

%wawzﬁfii

J=1

7(t)
Proof There exists a smooth function F:V — R, where

V= {('(w),2%(w), . ..,a"(u) : u € U},
such that f(u) = F(z'(u), 2*(u),...,x"(u)) for all u € I. It follows that

Lr6m) = (P aw).260)....2"60))
_ "L OF(s',s2%,...,8") dz? (y(t))
; O @ )iy O
_&f| )
j=1 Ox? v(t) dt

as required. |

0
We see therefore that the value of the partial derivative —f] of a smooth

function at some point of the domain U of a smooth local coo%dinate system
' 2% ... 2" is (as the notation would suggest) the rate of change of the
value of the function f along a curve passing through that point, where the
coordinate functions x* are constant along the curve for k # j, and where
the coordinate function 7 increases at a uniform unit rate along the curve.

2.2 Smooth Submanifolds of Euclidean Spaces

Smooth functions y', 4?2, ..., y* defined over an open set U in R* are said to
constitute a smooth curvilinear coordinate system over U if and only if these
functions are the component functions of a smooth chart with domain U. It
follows that the smooth functions 3,42, ..., y* constitute a smooth curvilin-
ear coordinate system over U if and only if the function from U to R¥ that
sends u € U to (y'(u),y*(n),...,y"(u)) defines a diffeomorphism mapping
U onto an open set in R¥.
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Definition Let M be a subset of k-dimensional Euclidean space R¥. Then
M is said to be a smooth submanifold of R* of dimension n (where n < k), if
and only if, given any point p of M, there exists an open set U in R*, and a
smooth curvilinear coordinate system y', 42, ..., y* defined over U such that
p € U and

MNU={uecU:y(u)=0 for j >n}.

Let M be a smooth submanifold of R* of dimension n, let p € M, and let
y',y2, ..., y* be a smooth curvilinear coordinate system defined over some
open set U in R¥ such that p € U and

MNU={uecU:y(u)=0forj>n}

The restrictions of the functions y', 42, ..., y" to M NU determine a continu-
ous chart with domain M NU. Moreover any two charts on M constructed in
this fashion are smoothly compatible, and thus the collection consisting of all
such charts constitutes a smooth atlas on M. Moreover it is not difficult to
show that M can be covered by the domains of countably many such charts.
It follows that any submanifold of R* of dimension n is a smooth manifold
of dimension n.

Let o', 22,... 2% be the standard Cartesian coordinate system on RF,
characterized by the property that

p = (z'(p),2*(p),...,2"(p))

for all p € R*. Now the function that sends each point u of U to

(z'(u), z%(u),..., 2% ())

maps U diffeomorphically into an open set in R*. It follows that the Jacobian
matrix of this diffeomorphism is a non-singular matrix at each point of U.
This Jacobian matrix is the £ X £ matrix whose entry in the 7th row and jth

ox’
- Its inverse is the matrix whose entry in the jth row and ith

U

. o0y

column is ==—.

ox’

Let M be a smooth n-dimensional submanifold of R*¥. A smooth curve
in M is represented by a smooth function v:I, — M defined over some
open interval I, in R. This function parameterizes points along the curve
by elements of the interval I,. It is convenient to conceptualize this smooth
curve as being parameterized by time, so that, for each value t of the time
parameter in I, the point v(¢) represents the position at time ¢ of a particle

traversing the curve,

column is
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Now, because the manifold M is embedded in R¥, we can differentiate
dy(t)
dt

smooth curve at position (¢) and time t.

this function. The derivative then represents the velocity vector of the

Definition Let M be a smooth n-dimensional submanifold of R¥, and let p
be a point of M. The tangent space T, M to M at the point p is defined to
be the subspace of R¥ consisting of all vectors in R* that can be represented
at the velocity vectors

dr(t)

dt |,_,
of smooth curves y: I, — M in M for which 0 € I, and v(0) = p.

Lemma 2.2 Let M be a smooth submanifold of R* of dimension n, and let
y'y?, .. yF be a smooth curvilinear coordinate system defined over some
open set U in R* such that

MNU={ueU:y (u)=0 for j >n}.

Given any point p of MNU, the tangent space to M at p is an n-dimensional
subspace of R¥, and is the vector subspace of R¥ that is spanned by the vectors

ar
Oy

ar
0ya

P
OYn

p | o P
where P: M — RF¥ is the inclusion function of M in R¥. These vectors are
linearly independent at each point of U, and

dy(t) = 0P| dy(y(1))
i T 2ayl, A

v(t)

for all smooth curves v: 1, — M NU in M NU.

Proof The inclusion function P: M — R satisfies

for all p € M, where z',22%,..., 2" is the standard Cartesian coordinate
system on R¥. Therefore

op _ (0«1 0a? 0"
dy;  \Oy’ oyl Oy
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0
for j = 1,2,...,n. It follows that, for each p € M N U, the vectors a—P
Yilp
for j = 1,2,...,n represent the first n columns of the non-singular £k x k

matrix with entries that is the Jacobian matrix at p of the transition

0
function between the zmooth curvilinear oordinate systems (u/) on U and
the Cartesian coordinate system (2*). Therefore these vectors are linearly
independent, and thus span an n-dimensional subspace of R*.
Let v: I, — M be a smooth curve in M, where 0 € I, and v(I,) C MNU,
and let v(0) = p. Then (t) = P(y(t)) for all t € I,, and

dy(t) _ dP(y(t) _ (dl’l(v(t)) dr?(v(t)) dfck(v(t))’) .

. dt a a7 dt
Now 4 . ' '
da'(y(t)) N~ 0| dy’(h(D))
dt 8y () dt
It follows that
dry(t) 2”: dy’ (v(t))
dt = 03/3 () dt
This establishes the formula for the velocity vector df;it) to the curve v at
time t.
Now .
d'y(t) By [

dr(t)
t

It follows that the velocity vector belongs to the n-dimensional
t=0

vector subspace of R* spanned by the vectors

P P P
oyl Oyl Dyl
Let a',a?,...,a" be real numbers. Then there exists a smooth curve v: I, —

M in M, defined over some sufficiently small open interval /., containing zero,
such that

v (7(t)) =y (p) + at
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dy’ ((1))
dt

"L oP
=3

t=0 j=1

=a for j =1,2,...,n,
t=0

fort € I, and j = 1,2,...,n. Then

and therefore

P

Thus every element of the vector subspace of R¥ spanned by

opP| 9P opP
oy 0y OYn

P P P
is the velocity vector of some smooth curve in M passing through the point p.
The result follows. |

Lemma 2.3 Let M be a smooth submanifold of R* of dimension n, let
f:V — R be a smooth real-valued function defined over some subset V of
M that is open in M, and let p € V. Then the function f determines a lin-
ear functional dfp: Ty M — R on the tangent space T, M to M at the point p
characterized by the property that

dry(t
Ao (% _ dt

) _ df(0)

t=0

for all smooth curves v: Iy — V in V' for which 0 € I, and v(0) = p.

Proof Let y', 9%, ...,9y" be a smooth curvilinear coordinate system defined
over some open set U in R¥, where p € U and

MNU={ueU:y (u)=0forj>n},

and let v: I, — M be a smooth curve in M, where 0 € I,, 7v(0) = p and
v(I,) C MNUNV. Then it follows from Lemma 2.1 and Lemma 2.2 that

d " Of
= t =N "o L
~ (o) Z iR
where .
L)
dt —o
for j=1,2,...,n. But
i) _sn 0P
dt |—y S oy |,




where P: M — RF denotes the inclusion function of M in R*. Then

d o~ Of
— (@) —Z ol
It follows that
LIGIO) (dv_(t) )
R P ’ dt |/’

where dfp: Tp,M — R is the function from 7, M to R defined such that

9P "oy
(S 5] ) -5 o

j=1 j=1 P
for all (a',a?,...,a") € R". Now the tangent space T,M to M at p is an
n-dimensional vector space with basis

oP oP P
and therefore the function from 7, M to R"™ that sends the tangent vector
Zaj S_CZ to (a',a? ...,a") for all a',a? ...,a" € R is an isomorphism
(J)?real VGCEOI‘ spaces. A}Lso the function from R™ to R that sends the n-
tuple (at,a?,...,a") to Z a’ g—yfj is a linear functional on R™. It follows
j=1 P

that dfp: T,M — R is a linear functional on the tangent space T, M. This
linear functional is independent of the choice of the curvilinear coordinate
system y*, 42, ..., 4" on the open set U, since it can be characterized (without
reference to any such curvilinear coordinate system) as the linear functional

d t
d‘;ﬂ to 4 (1) for all smooth
t =0 dt |-,

curves v: I, — M in M for which 0 € I, and v(0) =p. |

on T, M that maps the velocity vector

The set of all linear functionals on a real vector space is itself a real vector
space; it is the dual space of the vector space on which the linear functionals
are defined. The dual of the tangent space T, M to a smooth submanifold M
of a Euclidean space at a point p of M is referred to as the cotangent space
to M at the point p, and is denoted by 7M. The elements of the cotangent
space T; M therefore represent linear functionals on the tangent space T, M.
It follows from Lemma 2.3 that any smooth function f:V — R defined over
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an open set V' in M determines at each point p of M an element df}, of the
cotangent space T35 M; this element of T7M is referred to as the differential
of the function f at the point p.

Let f and g be smooth real-valued functions defined over an open set V'
in the smooth submanifold M of R¥, and let f - g denote the product of the
functions f and g, where (f - g)(v) = f(v)g(v) for all v € V. It follows
directly from Lemma 2.3 and the Product Rule for differentiation that

d(f - 9)p = 9(p) dfp + f(P) dgp

for all p € V. Moreover if f and g are smooth real-valued functions on
this open set V' which satisfy f(v) = g(v) at all points v of some open
neighbourhood of a given point p of V' then df, = dgp.

Let f:V — R be a smooth real-valued function defined over some open
set V' in a smooth submanifold M of some Euclidean space, and, given any
point p of V, let df, € T; M be the differential of f at the point p. Then
dfp is a linear functional that maps tangent vectors at the point p to real
numbers. Given any vector X, belonging to the tangent space T,M to M
at the point p we define X,[f] and (dfp, X,) such that

Xp[f] = <dfanp> = dfp(Xp)

for all tangent vectors X, € T, M and for all smooth real-valued functions f
defined around the point p of the submanifold M. We refer to X, [f] as the
directional derivative of the smooth function f along the vector X,,.

One can readily verify that the directional derivatives of real-valued func-
tions along a tangent vector X, at a point p of a smooth submanifold of some
Euclidean space satisfy the following properties:

(i) Xplaf + Bg] = aXp[f] + BXplg) for all real numbers a and 3 and
smooth functions f and g defined around the point p,

(i) Xplf - 9] = Xplflg(p) + f(p) Xplg] for all smooth functions f and g
defined around the point p,

(iii) if f and g are smooth real-valued functions defined around p, and if
fIV = g|V for some open set V' containing the point p, then X,[f] =

Xp[g]‘

2.3 Tangent Spaces to Smooth Manifolds

Let M be a smooth n-dimensional manifold of some Euclidean space R*.
Then each point p of M determines an n-dimensional vector subspace 1, M
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of the ambient space R¥ that represents the tangent space to the smooth
submanifold M at the point p. The elements of this tangent space are tangent
vectors to M at the point p, and may be represented as velocity vectors
of smooth curves in M passing through the point p. Moreover, given any
smooth real-valued function f defined over an open subset of M that contains
the point p, and given any tangent vector X, at the point p, we have defined
a quantity Xp,[f] that represents the directional derivative of the function f
along the tangent vector X,,.

The tangent space T, M to a smooth submanifold M of R* at a point p of
M has thus been represented as a vector subspace of the ambient space R*.
It is desirable however to extend the notions and basic properties of tangent
spaces and tangent vectors to smooth manifolds that do not come embedded
as submanifolds of Euclidean spaces. In particular one may wish to apply
the concepts of differential geometry to the study of General Relativity and
String Theory. But the four-dimensional curved space-time underlying the
theory of General Relativity does not have a natural embedding in any flat
finite-dimensional Euclidean space. And many examples of smooth manifolds
occur in mathematics that have no natural representation as submanifolds
of Euclidean spaces.

In order to effect this generalization, we represent tangent vectors at a
point p of a smooth n-dimensional manifold M as operators (or functions)
that map smooth functions defined around the point p to real numbers. These
tangent vectors satisfy certain basic properties that suffice to characterize
linear first order differential operators at the point p. We shall then prove
that these tangent vectors are the elements of an n-dimensional real vector
space T, M. This vector space is the tangent space to the smooth manifold M
at the point p.

We now set out this construction of tangent spaces in more detail.

Definition Let M be a smooth manifold of dimension n, and let p be a point
of M. We define a tangent vector X, at the point p to be a operator that
associates a real number X,,[f] to each smooth real-valued function f defined
throughout some open neigbourhood of p, where this operator satisfies the
following conditions:—

(i) Xplaf+08g] = aX,[f]+5X,[g] for all real numbers a and 3 and smooth
functions f and ¢ defined around the point p;

(i) X,[f - gl = Xp[flg(p) + f(p) X,[g] for all smooth functions f and g
defined around the point p;
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(iii) if f and ¢ are smooth real-valued functions defined around p, and if
fIV = g|V for some open set V' that contains the point p, then X,[f] =

Xp 9]

(Here f-g denotes the product of the functions f and g, defined such that (f-
g)(m) = f(m)g(m) for all m € M, and f|V and g|V denote the restrictions
of the functions f and g to the open set V.)

The quantity X, [f] is referred to as the directional derivative of the func-
tion f along the vector X,,.

We say that a real-valued function f is defined around a point p of a
smooth manifold M if f is defined throughout some open neighbourhood of
p in M. A tangent vector to M at the point p is thus an operator X, that
sends each smooth real-valued function f defined around the point p to a
real number X, [f], where this operator satisfies conditions (i), (ii) and (iii)
above.

If X, and Y}, are tangent vectors at the point p then, for any real numbers
A and p, AX, + pY), is also a tangent vector at the point p, where (AX, +
pY) [ fl = AX,[f] + nY,[f] for all smooth real-valued functions f defined
around p. Moreover the operations of addition of tangent vectors and of
multiplication of tangent vectors by real numbers satisfy all the axioms that
must be satisfied by the algebraic operations on a real vector space. It
follows that the collection of all tangent vectors at the point p constitutes a
real vector space T, M, referred to as the tangent space to M at the point p.

Lemma 2.4 Let M be a smooth manifold, and let X, be a tangent vector
at some point p of M. let ¢ be a real-valued function on M that is constant
throughout M. Then X,[c] = 0.

Proof Let ¢; denote the constant function on M with value 1. Then
Xpler] = Xopler - a1] = 2¢1(p) Xplaer] = 2X,[ca],

and therefore X,[c;] = 0. Thus if ¢ = A¢; for some A € R then X,[c] =
AX,lc1] = 0. The result follows. |

Let ¢: U — R" be a smooth chart defined over an open set U in M. Then
there are smooth real-valued functions x', 22, ..., 2" on U such that

for all u € U.
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Given any real numbers a', a?, ..., a", the operator sending any smooth
real-valued function f defined around some point p of U to

1 Of 2 Of n Of
al 95 9]

+a
1 2 n
ox » ox » ox

T ta

p

satisfies conditions (i)—(iii) and therefore represents a tangent vector at p
which we denote by

al—

axlp _I_..._|_a

_I_agi

2
&vp

oxm™

p

Conversely, we shall show that any tangent vector at p is of this form for
suitable real numbers a',...,a". The following lemma establishes the basic
result needed to prove this fact.

Lemma 2.5 Let M be a smooth manifold of dimension n and let p be a point
of M. Let f be a smooth function defined over some neighbourhood of the
point p. Let (x', 22 ... 2") be a smooth coordinate system defined around the
point p. Then there exist smooth functions g1, g, ..., gn, defined over some
suitable open set U containing the point p, such that

flu) = fp) + Z (2" (u) = 2'(p)) gi(u)

for allw e U. Moreover

0
Gi (p) = 89{"

fori=1,2,... . n.

p

Proof Without loss of generality, we may assume that f is a real-valued
function defined over some open ball B about the origin in R”. We must
show that there exist smooth real-valued functions ¢, ¢, ..., g, on B such
that

f(x) = f(0) + 2! g1 (%) + 2°g2(x) + - - - + 2" gn (%)
for all x € B. Now
£ = 1(0) = [ (s de =Y [ @i,

where 0, f = g—f Let
.TZ

9i(x) :/0 (0:f)(tx) dt

fori=1,2,...,n. Then g1, go, ..., g, satisfy the required conditions. [
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Proposition 2.6 Let M be a smooth manifold of dimension n, and let X,
be a tangent vector at some point p of M. Let (z',2%,...,2"™) be a smooth

coordinate system around the point p. Then

0
X, = at —
ozt »

_’_a2i

+--+a”
2
ox »

n
8$p

where o' = X,[z']. If (y',y?, ...,y") is another smooth coordinate system
around p then

0 0 0
X, =b — [ —— e —
P 8y + 8y2p+ + 8y"p’
where .
b = E 1 =1,2, ... )
CL axl (j ) b 7n)

Proof Let f be a smooth real-valued function defined around p. It fol-
lows from Lemma 2.5 that there exist smooth functions ¢, go, . . ., g, defined
around p such that

+Z )gl()

for all points u belonging to some sufficiently small open set containing p.
Moreover
of

9:(p) = 55

fori=1,2,...,n

Let hi(u) = z'(u) — 2'(p). Now the operator X, annihilates constant func-
tions, by Lemma 2.4. Therefore X,[h'] = X, [z'] = a for all 4, and hence

X,[f] = Z (Xp[hi] 9:(p) + h'(p) Xp[giD - Za gg{z

i=1 i=1

If (y', 42, ...,y") is another smooth coordinate system around p then
—~ dy’ df
8:0’ 8:(:z ayﬂ

by the Chain Rule for partial derivatives, and therefore

9, 9, 0

), e T oy,

X, =b" —| +b0* —
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where
n

. . Oy
N:;aa—ii

p

as required. |

Corollary 2.7 Let M be a smooth manifold of dimension n. Then the tan-
gent space T,M to M at any point p of M has dimension n. Moreover, given

any smooth coordinate system (z',x?,... x") around p, the tangent vectors
0 0 0
el 0 g2l n
ox » ox » ox »

constitute a basis for the tangent space T,M .

Proof It follows immediately from Proposition 2.6 that these tangent vectors
span the tangent space T,,M. It thus suffices to show that they are linearly
independent. Suppose that

Zagxi -

=1

p

for some real numbers a',a?,...,a". Then

' (Za %) ] =2 =

:aj
p

i=1 i=1

for j =1,2,...,n. Thus the tangent vectors
0

dat

0

g 2
p8x

0
, Y ) axn

p
are linearly independent, as required. |}

Definition Let v:I — M be a smooth curve in the smooth manifold M,
where I is some open interval in R. Then Given ¢t € I, we define the velocity

vector of the curve 7 at () to be the tangent vector 7/(¢) at the point (¢),
defined such that
df (v(t))

/
t —
Yl =
for all smooth real-valued functions f whose domain is an open subset of M

containing the point 7(t).
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Lemma 2.8 Let M be a smooth manifold, and let p be a point of M. Then
every tangent vector at p is the velocity vector of some smooth curve passing
through the point p.

Proof Let (z!,22,...,2") be a smooth coordinate system around the point p
chosen such that z'(p) = 0 for i = 1,2,...,n. Let X, be a tangent vector at
the point p. It follows from Proposition 2.6 that

0 0
X,=d" =—| +a® | + - +a" —|,
oz, x|, da™ |,
where a’ = X, [z'] fori =1,2,...,n. Let v: (—&,&) — M be the smooth curve
in M, defined on the open interval (—¢, ) determined by some suitably small
positive number €, which satisfies 2°(y(t)) = a't for i = 1,2, ..., n and for all
t € (—e,e). It follows from the Chain Rule that
df (v(t)) ~ Of | d(a'(v(1) —~ ; 0f
(0)[f] = _ _ N9l —x
you= TGP =3 gk T =Y gr =l

for all smooth real-valued functions f defined around p. Thus ~/(0) = X,.
The result follows. |}

2.4 Cotangent Spaces and Differentials

Let M be a smooth manifold of dimension n, let f: M — R be a smooth real-
valued function on M, and let p be a point of M. Then f determines a linear
functional df,: T,M — R on the tangent space T,M to M at the point p,
where df,(X,) = X,|[f] for all X,inT,M. Now the linear functionals on 7, M
constitute a real vector space T M which is the dual space of T,M. This
vector space T M is referred to as the cotangent space to M at the point p,
and its elements are often referred to as covectors. The linear functional df,
on T, M is thus an element of the cotangent space T;M to M at the point p.

We use the notation (., .) to denote the natural pairing between the cotan-
gent space T7M and the tangent space T,M to M at the point p, which is
defined such that

(0p, Xp) = 0p(X5)

all 0, € T;M and X, € T,M.
Definition Let M be a smooth manifold of dimension n, let p be a point

of M, and let f be a smooth real-valued function defined over some open
neighbourhood of the point p in M. The differential df, of the function f at
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the point p is the element of the cotangent space Ty M which is defined such
that

<dfp7Xp> = dfp(Xp) = Xp[f]
for all X, € T,M.

Lemma 2.9 Let M be a smooth manifold of dimension n, let p be a point
of M, let (x', 22 ... 2") be a smooth coordinate system defined over an open
netghbourhood of p in M, and let f be a smooth real-valued function that is
also defined over an open neighbourhood of p in M. Then

b =2 50
1=1 p

where df, is the differential of the smooth function f at p, and where dx; is
the differential of the coordinate function z* at p.

i
dz,,

Proof Let X, € T,M. Then there exist real numbers a',a?, ..., a" such

that .
X, =Y 9
L oxJ
j=1 p

It follows from the definition of the differential df, of f at p that

(df,, X, Z aJ

On replacing the smooth function f by the coordinate function z?, we find
that

= ai.

dx , Xp) Zaﬂ 8xﬂ

It follows that
"of| > " of
S %)=y
<i:1 O p : i=1 O p
We have thus shown that

<; 8a:ip

_ n o
(dat), Xp) = > a ag{' = (df,, X,).

i=1

p

dx;',, Xp> = (df,, X,)
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for all X, € T,M. It follows that

as required. |

Lemma 2.10 Let M be a smooth manifold of dimension n, let p be a point
of M, and let (z*,2?,...,2™) be a smooth coordinate system defined over an
open neighbourhood of p in M. Then

<ZZ:1: bz dI‘p, ;CLJ %

for all (a*,a?,...,a"), (bi,bs,...,b,) € R".

> = Zn: biai
p i=1

Proof

<;bidl’p, ;G]@

p> = ;bl<dl’p, ;Gj@
= ;;Z)ILCLJ%

n

i

= E bia )
=1

)

p

as required. |}

2.5 Derivatives of Smooth Maps

Lemma 2.11 Let o: M — N be a smooth map between smooth manifolds
M and N, and let X,, be a tangent vector at some point p of M. Let

(@*Xp)[g] = Xp[g o ¢

for all smooth real-valued functions g that are defined throughout some open
neighbourhood of ¢(p) in N. Then the operator ¢.X, is a tangent vector at

o(p).
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Proof Let g and h be smooth real-valued functions defined around ¢(p),
and let a and § be real numbers. Then

(puXp)lag + Bh] = Xpla(go )+ B(how)]l = aX,[gow]+ BX,[ho ]
= a(p.X,)lg] + B(psXp)[R],
(e Xp)lg-h] = Xplgo@lh(p(p)) + g(p(p)) Xplh o ¥]
= @ Xplglh(p(p)) + 9(0(p)) (0:Xp)[R]

Moreover if the functions g and h agree on some open set in N containing
©(p) then the functions g o ¢ and h o ¢ agree on some open set containing p
(since p: M — N is continuous), and therefore (p.X,)[g] = (¢«X,)[h]. Thus
the operator ¢, X, is a tangent vector at p(p). |

Definition Let ¢p: M — N be a smooth map between smooth manifolds M
and N, and let p be a point of M. The derivative of the smooth map ¢
at the point p is defined to be the linear transformation ¢,:T,M — T, N
characterized by the property that

(e Xp)[g] = Xplg 0 ]

for all smooth real-valued functions g that are defined throughout some open
neighbourhood of ¢(p) in N.

Lemma 2.12 Let p: M — N be a smooth map between smooth manifolds
M and N, let p be a point of M, let (z',...,2") be a smooth coordinate
system defined throughout some open neighbourhood U of the point p in M,
let (y',...,y*) be a smooth coordinate system defined throughout some open
neighbourhood V' of the point o(p) in N, and let F*, F? ... F* be the smooth
functions of n real variables, defined throughout some open neighbourhood of
the point (x'(p),x*(p),...,x™(p)) in R™, that represent the smooth map ¢
around p with respect to the coordinate systems on M and N, so that

v (p(u) = FI (2 (u),2° (), ..., 2" (u))
forj=1,2,....k and for allu € UNye (V). Then

n k a
- (Z Oz ) Zl a_yjAO(p)

i=1

where




Proof Let g be a smooth real-valued function defined throughout some open

neighbourhood of ¢

i=1

where

It follows that

as required. |

(p) in N. Then

)[9] = (Zai 8iz‘

oxt

Let ¢o: M — N be a smooth map between smooth manifolds M and N,

and let p be a point

of M. Lemma 2.12 shows that the derivative p,: T,M —

T, N of the map ¢ at the point p is represented, with respect to the bases
of the tangent spaces T,M and T, N determined by smooth coordinate
systems around p and ¢(p), by the Jacobian matrix of the smooth map

between open sets i

n Euclidean spaces that represents the map ¢ around p

with respect to these coordinate systems defined around p and ¢(p).
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3 Submanifolds of Smooth Manifolds

3.1 Submanifolds

Definition Let M be a smooth manifold of dimension n, let S be a subset
of M, and let r be an integer satisfying 0 < r < n. The subset S of M is
said to be a smooth submanifold of M of dimension r if, given any point p of
S, there exists a smooth chart (U, ¢) for M, defined over some open set U
in M, such that p € U and

UnS=Uny¢ *(P),

where |
P ={(s",s%...,s") €R": s/ =0 when r < j <n}.

Lemma 3.1 Let M be a smooth manifold of dimension n, let S be a subset
of M, and let r be an integer satisfying 0 < r < n. The subset S is a smooth
r-dimensional submanifold of M if and only if, given any point p of S, there
exists an open set U and a smooth coordinate system y*,y%, ..., y" for M
defined over U such that

UNS={ucU:y(u)=0 whenr < j<n}
Proof Let p be a point of M. Let (U, ¢) be a smooth chart for M and let
p(u) = (y' (w), ¥’ (w), ..., y" ()
for all w € U. Then UNS = U Ny (P,), where
P ={(s',5%...,8") €R": s’ =0 when r < j < n},

if and only if S is the subset of U which is the set of common zeros of the
coordinate functions y" ™1 ... 4™ on U. The result follows. |

Proposition 3.2 Let M be a smooth manifold of dimension n and let S
be a smooth submanifold of M of dimension r. Then S is itself a smooth
manifold of dimension r. The topology on this smooth manifold S is the
subspace topology. A smooth coordinate system for S around a point p of S
may be obtained by taking a coordinate system y',y?,...,y" for M defined
over some open subset U of M, where p € U and

UNS={ucU:y(u)=0whenr <j<n},

and then restricting the coordinate functions y',y* ...,y" to UNS so as to
obtain a coordinate system for S defined around the point p.
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Proof A subset of a Hausdorff space is itself a Hausdorff space (with the
subspace topology). Also there is some countable collection of open sets in M
that is a basis for the topology on M. (Every open set in M is then a count-
able union of open sets belonging to this countable basis.) The intersection
of the open sets in this countable basis with the submanifold S constitute a
countable basis for the subspace topology on S. Now any point p of S, there
exists a smooth chart (U, ¢) for M such that UNS = U N '(P,). Then
the restriction ¢g of ¢: U — R™ maps U N.S homeomorphically onto an open
subset of P.. We conclude that S is a topological manifold of dimension r.

Moreover there is a smooth atlas for M consisting of those continuous
charts that are the restrictions (U N S, ¢g) to S of smooth charts (U, ¢) for
M that satisfy UNS = U N Y(P,). Indeed if (U, ) and (V,v) are smooth
charts for M, and if UNS =UNe HP,)and VNS =V Ny (P,), then
the charts (U, ) and (V,1) are smoothly compatible, and therefore their
restrictions to S are also smoothly compatible. Thus S, with the subspace
topology, and with the smooth structure determined by the smooth atlas just
described, as a smooth manifold of dimension r. |

3.2 The Inverse Function Theorem

Theorem 3.3 Inverse Function Theorem. Let p: U — R™ be a smooth func-
tion defined over some open set U of R™, and let p € U. Suppose that
the Jacobian matriz representing the derivative of ¢ at the point p is non-
singular. Then there exists an open set W in R", wherep € W and W C U,
which is mapped diffeomorphically by ¢ onto an open set (W) in R™.

We do not present a proof of this theorem here. The following two results
(Theorem 3.4 and Corollary 3.5) are results concerning smooth manifolds
and smooth maps that are equivalent to the Intermediate Value Theorem.

Theorem 3.4 Let M and N be smooth manifolds of the same dimension,
let o: M — N be a smooth map, and let p € M. Suppose that the derivative
@ TyM — Ty, N of ¢ at the point p is an isomorphism. Then there exists
an open set W in M, where p € W, which is mapped diffeomorphically by
onto an open set p(W) in N.

Proof Let n be the common dimension of M and N, let 2%, 22, ..., 2" be a

smooth local coordinate system for the smooth manifold M, defined through-
out some open neighbourhood of the point p, and let 3% 4%, ...,9y" be a
smooth local coordinate system for the smooth manifold N defined around
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the point ¢(p). Then there exist smooth functions F', F? ... F", defined
around the point (z'(p), z%(p), ..., 2" (p), such that

Y (e(w) = F/ (2" (u), 2% (u), . .., 2" (u))

for all points u of some sufficiently small open neighbourhood of U in p. But

then
0 ~ OF/
- <a_ ) =2 Gur

j=1
(see Lemma 2.12). Thus if ¢, T,M — T, N is an isomorphism then the
Jacobian matrix

K
p ayj

»(p)

or
oxk

is non-singular. The result then follows on applying the Inverse Function
Theorem (Theorem 3.3).

p

Corollary 3.5 Let M be a smooth manifold of dimension n, let U be an
open set in M, and let x*, 22, ..., 2™ be smooth real-valued functions defined
over U. Suppose that the differentials

1 2 n
dx,, dz,,. .., dz,

of these functions at some point p of M are linearly independent and thus
constitute a basis of the cotangent space Ty M to M at the point p. Then
there exists an open set W in M, where p € W, such that the restrictions
of the smooth functions x',x2,... 2" to W constitute a smooth coordinate

system defined over M.

Proof Let o:U — R" be defined such that

for all p € U, and let y',42,...,y™ be a smooth coordinate system for M
defined around p. Then

- "L O
dx) = E | dyt.
P k| “p
= oVl
(see Lemma 2.9). Now the differentials
dyll,, dyi, oy dyy
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constitute a basis of the cotangent space T M to M at the point p. It follows
that if the differentials

1 2 n
dz,, dz,, ..., dz,

also constitute a basis of this vector space then the Jacobian matrix with en-
oz’
tries s is a non-singular matrix. It then follows from the Inverse Function
Y lp
Theorem (Theorem 3.3) that the map expressing x!, 22 ..., 2" in terms of
vy, y?, ..., y" maps some open neighbourhood of (y'(p), y*(p),...,y™(p)) dif-
feomorphically onto some open neighbourhood of (z*(p), z%(p), ..., 2™ (p)) in
R"™. It follows from this that the restrictions of the smooth real-valued func-
tions o', 22, ..., 2" to some sufficiently small open neighbourhood W of p are

the components of some smooth chart for M with domain W, as required. |}

3.3 Zero Sets of Smooth Functions

Proposition 3.6 Let M be a smooth manifold of dimension n, and let
S={peM:fi(p)=0forj=12,... kb,

where fY, f2,..., f* are smooth real-valued functions on M. Suppose that,
given any point p of S, the differentials

dfy, dfy...., dfy

of fi, fa, ..., fr at the point p are linearly independent elements of the cotan-
gent space TYM. Then S is a smooth submanifold of M of dimension n — k.

Proof Let p be a point of S, and let ', 22, ..., 2™ be smooth local coordi-
nates defined around the point p. Then the differentials

1 2 n
dr,, dx,, ..., dz;

constitute a basis of the cotangent space. Now the differentials

dfy, dfy,..., dfy

are linearly independent. It follows from basic linear algebra that there exist

distinct indices 1, %9, . .., %y, such that the differentials
dx;}, ,dxfj, ey da:;"*’“, df;, df;, ey df;f

constitute a basis of the cotangent space Ty M. We may relabel the smooth
coordinate functions z',z? ... 2" so that i; = j for j = 1,2,...,n — k.
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It then follows from Corollary 3.5 that there exists an open set W, where
p € W, such that the restrictions of the smooth functions

—k k
x17x27"'7xn 7f17f27"'7f

This proves that S is a smooth submanifold of M, of dimension n — k (see
Lemma 3.1). |}

Proposition 3.7 Let M and N be smooth manifolds of dimensions m andn
respectively, let o: M — N be a smooth map, let () be a smooth submanifold
of N of dimension k, and let P = ¢=(Q). Suppose that

TomN = @u(T,M) + Ty Q
forallp € P. Then P is a smooth submanifold of M of dimension m+k—n.

Proof Let pg be a point of P. It follows from the definition of submanifolds
that there exists an open set U in N, where ¢(pg) € U, and smooth functions
g, g%, ...,9" % on U such that

dgt,dg®, ... dg" "
are linearly independent at each point of U and
UNQ={ucU:g(u)y=0fori=1,2,....,n—k}.

Let f* be the smooth real-valued function on ¢! (U) defined such that f*=
g' o . Then

Pﬁgp‘l(U) ={ve o N U): fillv)=0fori=1,2,...,n— k}.
We now show that the differentials
dft,df*, ... df* "

are linearly independent at each point p of PNy ~(U). Now the differentials
dg',dg?, ..., dg" " are linearly independent at ¢(p) and therefore there exist
tangent vectors

(Z0) o) (Z21) o) - (Zn-r) o)
to N at o(p) which satisfy

<dgfp(p); (Zj>so(p)> = 5;'7
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where 5; is the Kronecker delta, equal to 1 when ¢ = 7, and equal to zero
otherwise. Now T, N = @ (T,M) + T,;,»@Q. It follows that there exist
tangent vectors

(Xl)pv (Xl)pv s (Xn—k)p

to M at p and tangent vectors
(Yl)w(p% (Yl)so(p)7 s (Yn—k)w(p)
to N at ¢(p) such that
(Zi)¢(p) = gO*(XZ-)p —+ (Y;)go(p) for 1 = 1, 2, e, n— k.
Then
5§ = <d9<ip(p)a (Zj)ew)) = <d9iﬁ(p)’ P« (X)) + <d9;(p)’ (Yiew)) = <df1§’ (X5)p)
fori,j =1,2,...,n — k, because

<dg<ip(p)a Pi(X;)p) = (d(g o 90);7 (Xj)p) = <df;> (X))

and '
(dgi(p)s 0+ Yo(p)) = 0 for all Yo € T N.
n—k
Thus if ¢1, ¢a, . . ., ¢, are real numbers which satisfy > ¢; df; = 0 then

1=1
n—=k n—=k
0=> ¢ {dfi, (X)), =) abi=¢
=1 1=1

for j = 1,2,...,n — k. Thus the differentials df', df?,...,df" " are linearly
independent at the point p of PNy ~1(U). It then follows from Proposition 3.6
that P N ¢~ Y(U) is a submanifold of M of dimension m —n + k. We have
thus shown that each point pg of P has an open neighbourhood V' in M such
that P NV is a submanifold of M of dimension m — n + k. It then follows
from the definition of submanifolds that P is itself a submanifold of M of
dimension m — n + k, as required.  |j

Corollary 3.8 Let M and N be smooth manifolds of dimensions m and n
respectively, let ¢: M — N be a smooth map, let q be a point of N, and let
P =¢'({q}). Suppose that the derivative p.: T,M — T,N of ¢ is surjective
at each point p of P. Then P is a smooth submanifold of M of dimension
m—n.
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4 Fibre Bundles and Vector Bundles

4.1 Introduction to Tangent Bundles

Let M be a smooth manifold of dimension n. Given a point p of M, the
tangent space T, M to M at p is defined to be the real vector space of dimen-
sion n whose elements are operators X, that associate a real number X,[f]
to each smooth real-valued function f defined around p, and that satisfy the
following three conditions:—

(i) X,laf+Bg] = aX,[f]+6X,[g] for all real numbers v and § and smooth
functions f and ¢ defined around the point p;

(i) X,[f -9l = Xplflg(p) + f(p) Xp[g] for all smooth functions f and g
defined around the point p;

(iii) if f and g are smooth real-valued functions defined around p, and if
f|V = g|V for some open set V' that contains the point p, then X,[f] =

Xplgl-

(Here f-g denotes the product of the functions f and g, defined such that (f-
g)(m) = f(m)g(m) for all m € M, and f|V and g|V denote the restrictions
of the functions f and g to the open set V.)

If (x',22,...,2"™) is a smooth local coordinate system defined around the
point p, and if X, is a tangent vector at the point p, then there exist real
numbers v!, v?, ..., v" such that

0
X I 2 n
p=0 a$1p+v 8.:1:2p+ +v Gx“p
Then of o/ o/
_— 1_ 2_ .« o e 7/L_
Xplf]=v 8m1p+v 0x2p+ v 8x”p

for all smooth functions f defined around the point p. Moreover the function
from R" to T, M that sends each element (v',v?,...,v") of R" to the tangent
vector Z v/ —| is an isomorphism of real vector spaces.
= ozl |
Let p and ¢ be points of M where p # ¢. Then the tangent spaces T,M
and T, M are disjoint, since the elements of T,M and T,M are operators
acting on smooth real-valued functions defined around the points p and ¢

respectively. Let T'M be the union UpE v IpM of all the tangent spaces of
the smooth manifold M. Then there is a surjective function wpp;: TM — M,
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where 77y(X,) = p for all p € M and X, € T,M. Note that 7;,({p}) =
T,M for all p € M.

Now M is a smooth manifold, and therefore there exists a smooth atlas for
M which we can represent as a collection ((Uy, pa) : a € A) of smooth charts
for M, indexed by some set A. The domains of the charts in this smooth
atlas cover the manifold M and thus M = |J,c4 Ua. Moreover, for each
a € A, the function ¢,: U, — R™ maps the open set U, diffeomorphically
onto an open set in R™, and therefore there are smooth real-valued functions

x[la], :1:[204, e ,x?a] defined over U, such that

Pa(p) = (2,)(D), 27y (D), - - -, 2oy (1))

for all p € U,. The partial derivative operators determined by this smooth
coordinate system then determine a basis

9
ox f‘a]

0

; 2
) Oxf,)

0
8x’[104

p p

for the tangent space T),M at each point p of U,. It follows that the smooth
chart (U,, o) determines a function v¢,: U, X R" — TM from U, x R" to
TM, where

0

1
8x[a]

4+ "
p

+ 02
p

wOZ(p? (U17U2a e 7vn>> = vl

2 n
ox o] ox o]

p
for all p € U, and (v',v?%,...,v") € R™. Then 7ry(¢a(p,v)) = p for all
p € U, and v € R". Moreover the function 1, determines a one-to-one
correspondence between elements of the set U, x R™ and elements of the set
72 (Us) of tangent vectors to M at points of Ul,.

Let p be a point of U, N Uz for some a, 3 € A, and let X, be a tan-

gent vector to M at p. Then there exist real numbers v, v2, ... 0" and
wt, w?, ..., w" such that
- 0
_ 1,2 _ '
Xp = a(p, (W, w*, ..., w")) = Zwl e
=1 [a] p
and

Now




and therefore

o 0| xS B 9
;w 8xfa] ) =Xp= ZZIJZIU 83:{/6} , ax’['a] p‘
It follows that .
w' = (Jas(p))j’,
j=1
and thus w = J,5(p)(v), where
v=(vv% ... ,v") and w=(w' w? ..., w")

and where J,5(p): R™ — R™ is the invertible linear operator on R" represented

by the non-singular n x n matrix whose entry (Jos(p))} in the ith row and

axfa]

jth column is the value of the partial derivative at the point p. Thus

J
Ll

Ys(p,v) = Xp = Ya(p, W) = Ya(p, Jas(p) (V).

We deduce from this that

Vs(p,v) = Ya(p, Tap(p, v))

for all p € U, NUg and v € R”, where 7,5: (U, N Uz) x R — R™ is the
smooth map defined such that

Tap(p, V) = Jap(p) (V)

for all p e U, NUg and v € R™.

Let us now summarize the main features of the configuration that we have
been investigating. Given a smooth manifold M, we have constructed a set
TM and a surjective function 7wy : T'M — M. The elements of the set T'M
are the tangent vectors to the smooth manifold M, and the function w7y, is
defined such that mrp(X,) = p for all p € M and for all X, € T,M. Also
the subset 7,1,({p}) of {p} is a real vector space for all p € M.

Given a smooth atlas for M, represented by an indexed family ((U,, ¢a)
a € A) of smooth charts for M, we have constructed functions ¢,: U, x R" —
TM that satisfy mrar(Ya(p,v)) = p for all p € U, and v € R". Moreover,
given any point p of U,, the function from R" to T,,M that sends v € R" to
a(p,v) is an isomorphism of real vector spaces. We have also shown that,
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given o, 8 € A for which U, N Up is non-empty, there exists a smooth map
Tog: (Us NUg) x R — R™ such that

¢ﬁ<pa V) = 77Z)a(pv Taﬂ(p7 V))

for all p € U, NUg and v € R™. Moreover the function sending v to 7(p, v)
is an invertible linear operator on R" for all for all p € U, N Ug.

We have not so far introduced any topology or smooth structure on the
set T'M of tangent vectors. However one can define a natural topology on
the set T'M which gives this set the structure of a topological manifold of
dimension 2n, where n is the dimension of the smooth manifold M. Moreover
this manifold admits a natural smooth atlas which gives it the structure of a
smooth manifold. Let T'M therefore be regarded as a smooth manifold, with
this natural topology and smooth structure. Then the surjective function
mrym: TM — M is a smooth function, and, for each o € A, the function
Vo:Uy X R" — TM is smooth, and moreover it maps its domain U, X
R" diffeomorphically onto the open subset 7,1,(U,) of TM. The smooth
manifold 7'M and the smooth map wpy;: TM — M constitute the tangent
bundle of the smooth manifold M.

It is not difficult to describe a collection of charts on T'"M that constitutes
a smooth atlas defining the smooth structure on 7M. Indeed let p: U — R"
be a smooth chart, mapping some subset U of M diffeomorphically onto
an open set in R”, and let a', 22, ..., 2" be the corresponding coordinate
functions on U, where

Pa(p) = (1), 270y (D), - - - 2y (P))

for all p € U. Then there is a function @: 77,(U) — R?*" defined such that

~ - i a
(o

i=1

) - (xl(p)>$2(p)a ce 7$n(p)’vl’v2’ U ’Un)

for allp € U and (v',v?,... v™) € R™. This function ¢ is then a smooth chart
for the smooth manifold TM defined over m.,,(U), where TM is provided
with natural topology and smooth structure referred to above.

Now we could continue this discussion of the tangent bundle of a smooth
manifold by introducing directly the definition of the natural topology and
smooth structure on the set T'M and proving that T'M, with this topology
and smooth structure, is indeed a smooth manifold of dimension 2m. How-
ever the tangent bundle of a smooth manifold is just one example of a smooth
vector bundle over that manifold. It makes sense therefore to establish the
existence and properties of the topology and smooth structure on TM as a
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special case of a more general result concerning vector bundles. Moreover
a vector bundle is a special type of fibre bundle. We therefore develop the
theory of smooth fibre bundles, which can then be applied to vector bundles
in general and, in particular, to the tangent bundle of a smooth manifold.

4.2 Products of Smooth Manifolds

Let M and N be topological manifolds of dimensions m and n respectively.
The Cartesian product M x N of M and N carries a topology, known as
the product topology, which is determined by the topologies on M and N. A
subset of M x N is open with respect to the product topology if and only
if it is a union of subsets of M x N that are of the form U x V', where U is
open in M and V is open in N. Thus if U and V' are open sets in M and N
respectively, then U x V is an open set in M x N. An open set in M x N
need not itself be of the form U x V', where U and V' are open in M and N
respectively, but it will always be a union of sets of this form.

Proposition 4.1 Let M and N be topological manifolds of dimensions m
and n respectively. Then the Cartesian product M x N of M and N, with
the product topology, is a topological manifold of dimension m + n.

Proof First we verify that M x N is a Hausdorff space. Now M and N are
both Hausdorff spaces. Let (p1, q1) and (pa, g2) be points of M x N. Suppose
that (p1,q1) # (p2,q2). Then either p; # py or else 1 # qo. If p1 # po,
then there exist open sets U; and Us in M such that p; € Uy, py € Uy and
Uy NUs = 0, because M is a Hausdorff space. But then (p1,q1) € Uy X N,
(p2,q2) € Us X N, the sets Uy x N and Uy x N are open in M x N, and
(Uy x N)N (Uy x N) = (. Similarly if ¢; # ¢o then there exist open sets
Vi and V5 in N such that ¢ € Vi, ¢2 € Vo and Vi NV, = 0, because N is
a Hausdorff space. But then (p1,q1) € M X Vi, (p2,q2) € M x Vs, the sets
M x Vi and M x Vy are open in M X N, and (M x V)N (M x V) = (. We
conclude that the product space M x N is indeed a Hausdorff space.

The definition of topological manifolds also ensures that there are count-
able collections C and D of open sets in M and N respectively which cover
these manifolds, where each of the open sets in the collection C is homeo-
morphic to an open set in R™, where m = dim M, and where each of the
open sets in the collection D is homeomorphic to an open set in R", where
n = dim N. The collection of subsets of M x N that are of the form U x V,
where U € C and V € D, is then a countable collection of open sets which
covers the product space M x N, and moreover U x V' is homeomorphic to an
open set in R™*" for all U € C and V' € D. Thus the product M x N of the
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topological manifolds M and N it itself a topological manifold of dimension
m + n, as required. |

Lemma 4.2 Let M and N be topological manifolds of dimensions m and n
respectively, let A be a smooth atlas on M, let B a smooth atlas on N, and
let C be the collection of charts on the product manifold M x N of the form
(U xV,px1), where (U, ¢) € A and (V,¢) € B, and where o x :U XV —
R™ x R™ is defined such that (¢ X ¥)(u,v) = (p(u),¥(v)) for allu € U and
veV. Then C is a smooth atlas on M x N.

Proof The product space R™ x R" is isomorphic, as a real vector space,
to R™*" and moreover the natural isomorphism between these real vector
spaces of dimension m+mn is also a homeomorphism. Each map (U XV, ¢ x 1))
belonging to the collection C is a continuous chart mapping the open set U x V'
in M x V homeomorphically onto an open set in R™ x R"™. The domains of
these charts cover the product space M x N. It only remains to verify that
any two continuous charts in the atlas C are smoothly compatible.

Let (U; x Vi,01 X ¢1) and (Uy X Va, @9 X 1h3) be charts belonging to
the atlas C on M x N, where (Uy, 1) and (Us, ¢2) are smooth charts on
M belonging to the atlas A, and where (Vi,17) and (Va,1)) are smooth
charts on N belonging to the atlas B. The charts (Uy, 1) and (Us, p2)
are also smoothly compatible, and therefore there exists a diffeomorphism
o: 1 (U NUs) — (U NUy) such that o(p(u)) = wa(u) for all uw € Uy NUs.
Similarly there exists a diffeomorphism 7: (V4 N V) — (V4 N V3) such
that 7(¢1(v)) = ¥2(v) for all v € Vi NV, Let (0 x 7)(x,y) = (0(x),7(y))
for all x € p1(U; NU,) and for all y € ¢1(V; N'V5). Then

o X 1:01(U NUy) X (Vi N Vo) — po(U NTU3) X 1he(V1 N VL)

is a diffeomorphism. This diffeomorphism is the transition function between
the continuous charts (U; x Vi, 1 X 1) and (Uy X Vs, 9 X 1b9) on M x N.
Therefore these continuous charts belonging to C are smoothly compatible.
It follows that C is a smooth atlas on M x N. |

Let M and N be smooth manifolds of dimension m and n respectively.
It follows from Proposition 4.1 and Lemma 4.2 that the Cartesian product
M x N may be regarded as a smooth manifold of dimension m + n. The
topology on this smooth manifold is the product topology. Let U be an open
set in M which is the domain of a smooth chart represented by smooth local
coordinate functions z',22,...,2™. Also let V be an open set in N which
is the domain of a smooth chart represented by smooth local coordinate
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functions y',9%,...,y". Let 2%, 2%,...,2™™ be the real-valued functions on
U x V defined such that

i, v) = 27 (u) if 1 <j<m;
YT ) fm+1<j<m+n.

Then U x V is the domain of a smooth chart on M x N represented by the

smooth local coordinate functions z!, z2,..., 2™,

4.3 Topological Fibre Bundles

Definition Let F', E and B be a topological spaces, and let 7g: F — B be a
continuous surjective map. The topological space E and the continuous map
mg: E — B constitute a topological fibre bundle over B with total space F,
base space B, fibre F' and projection map ng: E — B provided that, given
any point p of B, there exists an open set U containing p and a continuous
map ¢: U x F — FE which satisfies the following conditions:

(i) the function ¥ maps U x F homeomorphically onto 75" (U);
(ii) 7g(¥(u, f)) =u for allu € U and f € F;

Proposition 4.3 Let B and F' be topological spaces, let E be a set, let
g B — B be a surjective function, let (U, : a € A) be collection of open
sets in B indexed by a set A, and, for all o, 3 € A, let U, X F'— E and
Top: (UaNUg) X F' — F be functions that satisfy the following conditions:—

(1) UaGA Ua = B’
(i) mp(Ya(u, f)) =u forala € A, u e U, and f € F;

iii) the function v¥: Uy x F — E maps U x F bijectively onto 75" (Uy) for
E
all a € A;

(iv) Ys(u, f) = Yalu, Tap(u, f)) for ala,f € A, u e U,NUg and f € F;
(v) the function Tap: (Uy NUg) X F' — F is continuous for all a, f € A.

Then there exists a topology on the set E characterized by the property that,
for each o € A, the function v,: Uy X F — E maps U, X F homeomorphically
onto m' (Uy). The surjective function wg: E — B is continuous with respect
to this topology, and the topological space E and the continuous map ng: K —
B together constitute a topological fibre bundle over the topological space B.
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Proof We first define a topology on E. The open sets in F in this topology
are those subsets W of E with the property that ¢, (W) is open in U, x F
for all & € A. Note that the empty set and the whole set are open in E. For
each a € A the preimage under v, of any union of open sets in E is the union
of those preimages and is thus a union of open sets in U, x F'. But any union
of open sets in a topological space is an open set. It follows that the preimage
of any union of open sets in £ under each function ¢,:U, X F — FE is an
open set in U, X F. Therefore any union of open sets in F is itself an open
set. Also, for each v € A, the preimage under 1), of any finite intersection of
open sets in F is the intersection of those preimages and is thus an open set
in U, x F', and therefore any finite intersection of open sets in F is itself an
open set. We have thus verified that there is a well-defined topology on F,
where a subset W of E is open in F if and only if ¢! (W) is open in U, X F
for all a € A.
The composition function g o 1,: U, x I — U is continuous, since

WE(wa(ua f)) =u
for all u € U,. It follows that 1! (75"(V)) is open in U, x F for every open
set V in B. The definition of the topology on E then ensures that ng(U )
is open in the topological space E for every open set V' in B. We conclude
from this that the function ng: £ — B is continuous.

Next we show that, for each oo € A, the function ¢,:U, x F — E maps
its domain U, x F homeomorphically onto 75'(U,). Now the definition of
the topology on E ensures that the function ¢, is continuous. This function
also maps U, x F bijectively onto 7n5'(U,). A continuous bijection is a
homeomorphism if and only if it maps open sets to open sets. Thus, in order
to prove that ¥, maps U, x F' homeomorphically onto its image in F, it only
remains to show that ¢, (V) is open in E for every open set V in U, x F.

Now, given a, € A, there is a continuous map 7,4: (U, N Up) X F — F
such that ¢Yg(u, f) = Yo (u, Tap(u, f)) for all u € U, NUg and f € F. The
map 7,5 then determines a continuous map xag: (UsNUg) X F' — (U,NUg) X F
from (U,NUpg) x F' to itself, where x(u, f) = (u, Tap(u, f)) for all u € U,NUp
and f € F. Now if (u,f) € Ug x F, (W, f") € Uy, x F and if ¢g(u, f) =
Yo (v, f') then

u=mp(s(u, f)) = me(a(d, ') =
and

Ya(u, f/) = 1/}[3(1% f) = talu, Taﬁ(uv f));
and therefore u € U, N Ug and f" = 1,4(u, f). Thus if V' is an open set in
U, x F then

U5 (Wa(V)) = {(u, f) € (Ua NUp) X F: (u, Tap(u, f)) € V} = x55(V)
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for all B € A, and therefore w/gl(wa(V)) is an open set in Ug x F' for all 5 € A.
It follows from the definition of the topology on E that 1, (V') is an open set
in E for all & € A and for all open sets V' in U, x F. Thus the continuous
injective function ,:U, X ' — E maps open subsets of U, X F' to open
subsets of F. This function therefore maps U, x F' — E homeomorphically
onto its range 75" (Us). i

Lemma 4.4 Let B and F be Hausdorff spaces, let E be a topological space,
and let mg: E — B be a topological fibre bundle over B with fibre F' and total
space E. Then the total space E of this fibre bundle is a Hausdorff space.

Proof Let e; and ey be points of E, where e; # es. Suppose that mg(e;) #
mr(ez). The topological space B is a Hausdorff space. Therefore there exist
open sets V; and V5 in B such that wg(ey) € Vi, mg(e) € Vo and ViNVy = 0.
Now we have already shown that the function mg: F — B is continuous. It
follows that 7' (V;) and 7' (V3) are open sets in E. Moreover e; € n5'(V}),
es € m5' (Vo) and w5 (Vi) Nyt (Va) = 0. Next suppose that e; # e; but
mr(e1) = mg(ez). Then there exists some open set U in B containing the
point p, where p = wg(e;) = mg(es2), and a continuous map ¢:U x F — E
from U x F to E that maps U x F' homeomorphically onto 7' (U) and satisfies
7e(Y(u, f)) = u for all w € U and f € F. Then there exist fi, fo € F such
that e; = ¥(p, f1) and ey = ¥(p, f2). Moreover f; # fo. Also the fibre F' of
the bundle is a Hausdorff space. It follows that there exist open sets WW; and
Wy in F such that f; € Wi, fo € Wo and WiNW, = (). Then e; € (U x W),
es € Y(U x Wa) and (U x W) Np(U x Wa) = . Moreover (U x W7) and
(U x W3) are open sets in E. We have thus shown that, given e;,es € E,
where e; # es, there exist two disjoint open sets in E, where one of these
open sets contains the point e; and the other contains ey. It follows that E
is a Hausdorff space, as required. |}

4.4 Smooth Fibre Bundles

Definition Let F', E and M be a smooth manifolds, and let 7p: £ — M
be a smooth surjective map. The smooth manifold E and the smooth map
mr: B — M constitute a smooth fibre bundle over M with total space E, base
space M, fibre F' and projection map ng: E — M provided that, given any
point p of M, there exists an open set U containing p and a smooth map
Y:U x F' — E which satisfies the following conditions:

(i) the function ¥ maps U x F diffeomorphically onto 75" (U);
(ii) mp(¢Y(u, f)) =wufor all w € U and f € F;
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Proposition 4.5 Let M and F be topological manifolds, let E be a topo-
logical space, and let mg: E — M be a topological fibre bundle over M with
fibre F' and total space E. Then the total space E of this fibre bundle is a
topological manifold of dimension n + k, where n = dim M and k = dim F'.

Proof The topological manifolds M and F' are Hausdorff spaces. It follows
from Lemma 4.4 that the total space E of the fibre bundle is a Hausdorff
space. In order to show that F is a topological manifold of dimension n + k,
where n = dim M and k = dim F', we must show that £ can be covered by
a countable collection of open sets, where each of these open sets is home-
omorphic to an open set in a Euclidean space of dimension n + k, where
n =dim M and k = dim F.

Now there exists a countable basis that generates the topology of the
topological manifold M. This countable basis is by definition a countable
collection of open sets in M, and any open set in M is a union of subsets
that belong to the countable basis. Also there exists a collection (U, : o € A)
of open sets in M that covers M, where WEI(UQ) is homeomorphic to U, x F’
for all @ € A. Now each open set U, in the indexed collection (U, : a € A) is
a union of open sets that belong to the countable basis. It follows that there
exists an infinite sequence of open sets By, By, Bs, ... in M that belong to the
countable basis, and a corresponding infinite sequence a(1), «(2), a(3), ... of

+o00
elements of the indexing set A such that M = |J B; and B; C Uy, for all
i=1

+00
positive integer i. Then M = J Uy Now, for each positive integer i, the
i=1

preimage WEI(Ua(i)> of Uy in E' is an open subset of £ that is homeomorphic
to the product manifold U, x F'. This product manifold has dimension n+ k.
It follows that, for each positive integer i, the open subset WEl(Ua(Z-)) of Fis
a union of a countable collection of open sets in F/, where each of open sets
in the collection is homeomorphic to an open set in R"**. Therefore F can
itself be covered by a countable collection of open sets, where each of the
open sets in the collection is homeomorphic to an open set in R"**. This
completes the proof that F is a topological manifold of dimension n+ k. |}

Proposition 4.6 Let M and F be smooth manifolds, let E be a set, let
wg: E — M be a surjective function, let (U, : o € A) be collection of open
sets in M indexed by a set A, and, for all o, B € A, let 1, Uy X F' — E and
Top: (UaNUg) X F' — F be functions that satisfy the following conditions:—

(1) UseaUa =M,
(i) mp(Ya(u, f)) =u forala € A, u e U, and f € F;
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iii) the function ¥,: U, X F'— E maps U X F bijectively onto 7= (U, for
E
all v € A;

(iv) Yp(u, f) = Ya(u, Tap(u, f)) foralla,f € A, uc Uy, NUs and f € F;
(v) the function Top: (Uy NUg) X F' — F is smooth for all a, 5 € A.

Then there exists a topology and smooth structure on the set E with respect to
which E is a smooth manifold, ng: E — M 1is a smooth map and the function
Va: Uy X F — E maps U, x F diffeomorphically onto ;' (Uy,) for all a € A.
The smooth manifold E and the smooth map wg: E — M then constitute a
smooth fibre bundle over the smooth manifold M. Moreover dim £ = n + k,
where n = dim M and k = dim F.

Proof It follows from Proposition 4.3 and Proposition 4.5 that there exists
a topology on the set F with respect to which E is a topological manifold,
mg: B — M is a continuous map and the function v,:U, x F' — E maps
U, x F homeomorphically onto 7' (U,) for all & € A. The topological
manifold £ and the continuous map mg: E — M then constitute a topological
fibre bundle over the topological manifold M. Moreover dim ' = n+k, where
n =dim M and k = dim F.

Let A be the collection consisting of all continuous charts ¢: V' — Rk,
where V' is some open set in F, and where, for each o € A, the composition
function that sends (u, f) to ©(¥q(u, f)) for all (u, f) € ¥;1(V) is a smooth
chart for U, X F defined over the open set ¢, '(V). We show that A is a
smooth atlas on F.

Let o € A, and let (W) be a smooth chart for the smooth manifold
U, x F. The domain W of this chart is then an open set in U, x F'. Moreover
the function ¢,:U, x F — E maps this open set homeomorphically onto
an open set V in E, where W = (U x F) in E. It follows that there
is a continuous chart (V) for E, defined over the open set V', which is
characterized by the property that ¢(¢,(w)) = &(w) for all (u, f) € W. Let
G € A. Then

p(pu, f)) = ¢(Ya(u; Tap(u, 1)) = E(u, Tap(u, f))

for all (u, f) € w/gl(V). The smoothness of the maps 7,45: (U, NUs) X ' — F
and & W — R™"* then ensures that p(¢5(u, f) is a smooth function of (u, f)
on ¢§1(V). We conclude that the continuous chart (V,¢) belongs to the
collection A. It follows from this that the domains of the continuous charts
belonging to the collection A cover the topological manifold E. Moreover
it follows easily from the definition of A that any two continuous charts for
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the topological manifold £ that belong to the atlas A are smoothly compat-
ible. It follows that The atlas A is a smooth atlas. It is in fact a maximal
smooth atlas, and thus gives the total space E of the topological vector bundle
mg: E — M the structure of a smooth manifold. Moreover, for each o € A,
the map 1,: U, X F' — E is smooth and maps its domain U, x F' diffeomor-
phically onto an open set in E. Moreover the projection map ng: £ — M is
smooth, since its composition with 1), is the smooth map sending (u, f) to
u for all w € U, and f € F. We have therefore shown that 7p: £ — M is a
smooth fibre bundle, as required. |}

Remark Note that conditions (i)—(iv) are identical in the statements of
Propositions 4.3 and 4.6. With regard to condition (v) of those propositions,
we note that continuity of the functions 7,4 is the basic requirement in order
to obtain a topological fibre bundle, whereas smoothness of those functions
is the basic requirement in order to obtain a smooth vector bundle.

61



