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Worked Solutions

1. (a) (4 marks) (bookwork, but proved for any finite number of coprime
polynomials) Let I be the ideal in K[x] generated by f; and f.
This ideal I is generated by some polynomial d. Then d divides
all of f; and fo and is therefore a constant polynomial, since these
polynomials are coprime. It follows that I = K[z]. But the ideal [
of K[z] generated by f; and f; coincides with the subset of K|[x]
consisting of all polynomials that may be represented as finite
sums of the form

fi(@)gi(x) + fo(2)g2()

for some polynomials g; and go. It follows that the constant poly-
nomial with value 1 may be expressed as a sum of this form, as
required. [

(b) (4 marks) (bookwork) Suppose that f does not divide g. We must
show that f divides h. Now the only polynomials that divide f
are constant polynomials and multiples of f. No multiple of f
divides g. Therefore the only polynomials that divide both f and
g are constant polynomials. Thus f and g are coprime. It follows
from the result of (a) that there exist polynomials u and v with
coefficients in K such that 1 = ug+wvf. Then h = ugh+vfh. But
f divides ugh + v fh, since f divides gh. It follows that f divides
h, as required.

(c) (6 marks) (bookwork) Let I = (f). Then the quotient ring K|x]/I
is commutative and has a multiplicative identity element I + 1.
Let g € K[z]. Suppose that [ 4+ g # I. Now the only factors of
f are constant polynomials and constant multiples of f, since f
is irreducible. But no constant multiple of f can divide g, since
g ¢ I. It follows that the only common factors of f and g are
constant polynomials. Thus f and ¢ are coprime. It follows from
the result of (a) that there exist polynomials h,k € K[z] such
that fh + gk = 1. But then (I +k)(I +g) =1+ 1 in K[z]/I,
since fh € I. Thus I 4 k is the multiplicative inverse of I 4 g
in K[z]/I. We deduce that every non-zero element of K[z|/I is
invertible, and thus K[x]/I is a field, as required.

(d) (6 marks) (bookwork) Let g(z) = by + bix + box® + -+ + b.a”
and h(z) = ¢y + 1@ + cz® + - + 2%, and let g(x)h(x) = ag +
a1 + asx® + -+ + a,1,2" 5. Let p be a prime number. Then the
polynomials g and h must both have at least one coefficient that

b}



is not divisible by p. Let j and k be the smallest values of ¢ for
which p does not divide b; and ¢; respectively. Then a;, 1 — bjcy is

7j—1 k—1
divisible by p, since aj1r —bjci, = > bicjrr—i+ Y bjrr—ici, where

p divides b; for all ¢ < j and p divid%s ¢; for all Zz’ 0< k. But p does
not divide bjc; since p does not divide either b; or ¢;. Therefore
p does not divide the coefficient a;;; of gh. This shows that the
polynomial gh is primitive, as required.



2. (a) (3 marks) (definitions) An extension L: K of a field K. of K is an
embedding of K in some larger field L. A field extension L: K is
finite if the larger field L is a finite-dimensional vector space over
the smaller field K. The degree [L: K] of a finite field extension
L: K is defined to be the dimension of L considered as a vector
space over K.

(c) (10 marks) (bookwork)

Tower Law. Let M:L and L: K be field extensions. Then the
extension M: K is finite if and only if M:L and L: K are both
finite, in which case [M: K| = [M: L|[L: K].

Proof. Suppose that M: K is a finite field extension. Then L,
regarded as a vector space over K, is a subspace of the finite-
dimensional vector space M, and therefore L is itself a finite-
dimensional vector space over K. Thus L: K is finite. Also there
exists a finite subset of M which spans M as a vector space over
K, since M: K is finite, and this finite subset must also span M
over L, and thus M: L must be finite.

Conversely suppose that M: L and L: K are both finite extensions.
Let x1,x,...,x,, be a basis for L, considered as a vector space
over the field K, and let y1, 49, . .., y, be a basis for M, considered
as a vector space over the field L. Note that m = [L: K| and
n = [M:L]. We claim that the set of all products z;y; with
1=1,2,...,mand j =1,2,...,nis a basis for M, considered as
a vector space over K.

First we show that the elements z;y; are linearly independent over

K. Suppose that > > A\ z;y; = 0, where \;; € K for all ¢ and

i=1j=1

j. Then > \jz; € L for all j, and y1,¥9,...,y, are linearly
i=1

independent over L, and therefore ) \j;z; =0 for j =1,2,...,n.
i=1

But z1,2,,...,x,, are linearly independent over K. It follows

that \;; = 0 for all ¢ and j. This shows that the elements x;y; are

linearly independent over K.

Now y1, 42, ..., ¥y, span M as a vector space over L, and therefore
any element z of M can be written in the form 2z = i Y5, where
w; € L for all j. But each p; can be written in Jjﬁk_lé form p; =
il)‘ijxi’ where \;; € K for all i and j. But then z = i i NijZiYj -

i=1j=1



This shows that the products x;y; span M as a vector space over
K, and thus

{riy; 1 <i<mand 1<j<n}

is a basis of M, considered as a vector space over K. We conclude
that the extension M: K is finite, and

[M: K] =mn = [M: L][L: K],

as required.

(c) (7 marks) (not bookwork) Let a be a root of the polynomial p(x)
belonging to L. If the polynomial p(x) were irreducible then it
would be a constant multiple of the minimum polynomial of «
and therefore [K(«): K] = degp(z) = 4. But the Tower Law
would ensure that [L: K| was divisible by [K(«): K], and this is
not possible, because [L: K| is not divisible by 4.

If the polynomial p(x) were to have an irreducible cubic factor then
this cubic factor could not have any roots in L. Indeed if o € L
were a root of an irreducible cubic factor of p(z) then [K(«): K] =
3 and [K(«): K] would divide [L: K], which is impossible. Thus
if the polynomial p(z) were to have an irreducible cubic factor
then it could have at most one root in the field L. But this is not
possible, as the polynomial has at least two roots in L. Thus the
polynomial p(x) cannot have an irreducible cubic factor.

The polynomial p(x) factors as a product of polynomials that are
irreducible over K. We have excluded the possibility that these
irreducible factors could be of degree 3 or 4. So they must all be
of degree at most 2.



3. (a) (3 marks) (definitions) The element « of L is algebraic over K if
it is the root of some non-zero polynomial with coefficients in K.
If « is algebraic over K then the minimum polynomial of a over
K is the monic polynomial of lowest degree with coefficients in K
that has o as a root. (This minimum polynomial divides every
other polynomial with coefficients in K that has a as a root.)

(a) (6 marks) (bookwork, but as part of longer proofs) A polynomial in
K[x] has « as a root if and only if it is divisible by the minimum
polynomial of a over K. Thus f(a) = g(«) if and only if f(z) —
g(x) has « as a root, and this happens if and only if m(x) divides
f(z)—g(z). But then f(5) = g(53), since m(3) = 0. It follows, on
interchanging a and 3 in the above argument, that f(a) = g(«)
if and only if f(3) = g(5). Now every element of K(«) is of the
form f(a) for some f € KJz]. It follows that there is a well-defined
function o: K (o) — K(B) with the property that o(f(«a)) = f(5)
for all f € Kz]. Let \,u € K(«). Then there exist f,g € K|[z]
such that A = f(a) and p = g(«). Then

o(At+p) = o((f+9)(@) = (f+9)(B) = [(B)+9(B) = o (A) +a(p),
o(A) = o((f - g)(@) = (f-9)(B) = F(B)g(B) = a(A)a(p).

Also if ¢ € K then c is the value, at both « and (, of some
constant polynomial in K[z], and therefore o(c) = ¢. It follows
that o: K (o) — K(f) is a K-homomorphism. On interchanging
the roles of a and (3 we see that this homomorphism has a well-
defined inverse o', where o7!(f(8)) = f(«) for all f € K|z].
Thus o: K (o) — K(f) is a K-isomorphism.

(c) (5 marks) (definitions) A field extension L: K is said to be normal
if every irreducible polynomial in K[z| with at least one root in
L splits over L. An algebraic field extension L: K is said to be
separable over K if the minimum polynomial of each element of
L is separable over K. (An irreducible polynomial is separable if
and only if it has no repeated roots.) The Galois group I'(L: K)
of a field extension L: K is the group of all automorphisms of the
field L that fix all elements of the subfield K.

(d) (6 marks) (essentially bookwork, but worded differently as part of
longer proof) Let m(z) be the minimum polynomial of « over
K. Then all roots of m(x) belong to K(«), because the simple
extension is normal. Moreover m(z) has no repeated roots, be-
cause the simple extension is separable. Let the roots of m(z) be
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aq,Q9, ..., 0q, where a1 = a and d = degm. It follows from (b)
that there is a K-automorphism o; of K («) that sends «; to «;, for
1 =1,2,...,d. This K-automorphism ¢; is uniquely determined,
since 0;(f(a)) = f(«;) for all f € K[z], and belongs to the Galois
group of the extension.

NK(a):K)={o;:i=1,2,...,d},

and thus |I'(K(«): K)| = d. But d = degm(z) = [K(«): K|. The
result follows.

10



4. (a) (3 marks) (bookwork) Let o € I'(L: K), and let M be the fixed
field of o. Suppose that o fixed o, 3, v and §. Then K C M and
a, 3,7v,6 C M. However it follows from the definition of splitting
fields that L has no proper subfield that contains K C {a, 3,7,d}.

Therefore M = L, and therefore o is the identity automorphism
of L.

(b) (3 marks) (not bookwork)

ToT () To(B) =7(y) =34,
To7(8) = 7o(a)=7(0) =q,
Tor(y) = 70(8) =7(a) = 5,
To7(0) = T0o(y) =7(0) = 1.

It follows that 707 = 3.

(c) (6 marks) (not bookwork) Note that
oW =v, o) =p o) =X

TA) =X\, T(p)=p, 7V)=r

It follows that A\, u and v are fixed by ¢, 7, 02, and o?7. These

are the elements of the subgroup of I'(L: K') whose fixed field is
K (X, p,v): K. Now the Galois Correspondence ensures that

[2:M] = [T(L: M),
for all fields M satisfying K: M: L. Now if M = K (A, u,v) then
D(L: M) = {1,7,0% 0T}

It follows that [L: M| = 4. But [L: K| = [L: M][M: K] by the
Tower Law. Also [L: K| = |['(L: K)| = 8. It follows that

(KA, p,v): K] =[M: K| =2.

(d) (2 marks) (not bookwork) The Galois Correspondence ensures that
K is the fixed field of the Galois group I'(L: K). It follows that
an element of L belongs to K if and only if it is fixed by both o
and 7. Clearly € K, but A and v do not belong to K.

11



(e) (6 marks) (not bookwork)
o(N) =p+iy—0§—ia=—il

It follows that o(A?) = A%, and thus A* belongs to the fixed field
of 0. Moreover this fixed field is the fixed field of the subgroup
of I'(L: K) generated by o: this subgroup is of order 4. Thus
A € F, where F is the fixed field of . Moreover [L: F|| = 4
and thus [F: K] = 2. Now the Tower Law ensures that [K(\?): K]
divides [F: K]. Moreover [K(\): K] is the degree of the minimum
polynomial of A\* over K. Therefore this minimum polynomial is
of degree 1 or 2, as required.

12



SECTION B

. [Note that this question is not literal bookwork. It is however basically
a re-working of the ideas in the proof of one of the propositions in the
course material that is an essential step in the proof that a polynomial
is solvable by radicals if its Galois group is a solvable group. In par-
ticular, the linear operators 7;, and the vector subspaces V,, did not
appear explicitly in the proof of the proposition referred to. However
the quantities whose values are here denoted by T,,(«) did appear in
that proof.]

(a) (6 marks) (not bookwork) Let o, 3 € L. Then ¢/ (a+3) = o/ (a) +
o’(B) d’(ca) = col(a) for all ¢ € K, and for all non-negative
integers j, 07 is a K-automorphism of L. It follows that T}, (a +
B) = Th(a) + Tyn(6) and T, (ca) = Tp(a) for all a, B € L and
¢ € K. Thus T}, is a linear operator on L. Also

p—1 p—1
Z Tm( - 77p Z (Z wij-J ) - 77p Z Sjo-j (&)7
m=0 7=0

where

p—1
- E Jjm
S]—— w’.
m=0

However it follows from (a) that so = p and s; =0 for 0 < j < p.

Therefore
p—1
Y Tula) = nypo’(a) =a
m=0
for all « € L.
(b) (6 marks) (not bookwork) If 8 € V,, then 8 = T,,(«) for some
a € L. Then
p—1 p—1
o) = o (anwjma] > pZJ (W™ (
=0 =0

p—1 p—1
= 7, ijmo_jJrl(a) _ wfmT]p Z w(j+1)m0.j+1(a>
j=0 j=0

p—2
— w_mnp (Z w(j+1)maj+1(a) +wpmap(a))
j=0

13



= W (a) :j;mﬁ.
(c) (4 marks) (not bookwork) If i, 3 € M then
o(a+ ) =o(a) +o(f) =a+p,

o(af) = o(a)o(B) = af,
and therefore a + 3 € M and a8 € M. Also K C M. Thus

p—1
M is a subfield of L. If @ € M then To(a) =7, Y @ = a, and
j=0
therefore a € V. Conversely if o € Vj then it follows from (b)
that o(a) = a and thus a € M. Thus M = V. Also if g € V,,
then o() = w™™p3, by (c), and therefore o(f?) = (W ™B)P =
w™™P[EP = BP and thus gP € M.
(d) (4 marks) (result is bookwork, approach is modified) If o # ¢ then
M # L. Choose v € L\ M. Then v = > T,.(y). Now
To(y) € M, because M = Vy. But v ¢ M. It follows that

Ton(y) # 0 for some m satisfying 0 < m < p. Let o = T,,,(7).
Then a ¢ M and o € M by the results of (d).

14



6. (a) (3 marks) (not bookwork, but implicit in course material) Note
that fg € IJ for all f € I and g € I. In particular 0 € IJ,
since the zero polynomial belongs to I (and to J). The sum of

two polynomials expressible in the given form is expressible in this
form. Let h € I.J. Then

h = figi + fago + -+ fegk

for some fi1, fo,..., fr € I and g1,92,...,9x € J. Then

rh = (rfl)gl + ('f’f2)92 + o+ (Tfk)gk

and rfi,rfy,...,rfr € I. It follows that rh € [J for all r € R
and h € IJ. In particular, on applying this result when r is the
constant polynomial with value —1g, we see that —h € I.J. This
completes the verification that I.J is an ideal of R.

(b) (6 marks) (bookwork) If x is a point of A™ which does not belong
to either V(I) or V(J) then there exist polynomials f € I and
g € J such that f(x) # 0 and g(x) # 0. But then fg € IJ
and f(x)g(x) # 0, and therefore x ¢ V(I.J). Therefore V(I.J) C
V(I)UV(J).
But InJ C I,InJ C Jand IJ C INJ, and thus V(I) C V(INJ),
V(J)cV(InJ)and V(INJ) C V(IJ). Therefore

ViIHhuV(J))cVvInJ)cV(IJ).
We conclude that
VIHUV(J)=V(InJ)=V(1J]).

(c) (2 marks) (definition) The Zariski topology on an algebraic set V/
in A™ is the topology whose open sets are of the form V' \ V(1) for
some ideal I of K[X7, Xs,..., X,].

(d) (5 marks) (bookwork) We can write
V ={(z1,29,...,2,) € A" : f(x1,29,...,2,) =0 for all fe€ S},

where S is some subset of the polynomial ring K[X;, Xo,..., X,].
Now either each polynomial belonging to S is zero throughout L,
in which case L C V, or else there is some f € S which is non-zero
at some point of L. Define g € K[t] by the formula

g(t) = f(ur +wit,ve + wat, ..., v, + wyt)

15



(where v; and w; denote the ith components of the vectors v and
w for i = 1,2,...,n). Then g is a non-zero polynomial in the
indeterminate ¢, and therefore g has at most finitely many zeros.
But g(t) = 0 whenever the point v + wt of L lies in V. Therefore
LNV is finite, as required. |

(e) (4 marks) (not bookwork, similar problems on past papers)

(i) Algebraic. Note that if 272 = 1 + 2% + y? then 2% > 0, and
therefore z > 0. The given set is therefore identical to the
hypersurface

{(z,y,2) € A*(R) : 2°(1 + 2° +4°) — 1 =0},

and is therefore an algebraic set.
(ii) Not algebraic. Let V' be the given set, and let L be the line

{(z,y,2) € A(R) : z =2z and y = 0}.

Then L ¢ V and L NV is an infinite set. (Indeed VN L =
{(z,y,2) € L:z>0}.) It follows from the result of (d) that
V' is not an algbraic set.

16



7. (a) (2 marks) (definition) A unital commutative ring is said to be a
Noetherian ring if every ideal of the ring is finitely-generated.

(b) (18 marks) (bookwork) Let I be an ideal of R[z], and, for each non-

negative integer n, let I,, denote the subset of R consisting of those
elements of R that occur as leading coefficients of polynomials of
degree n belonging to I, together with the zero element of R. Then
I,, is an ideal of R. Moreover I,, C 1,1, for if p(x) is a polynomial
of degree n belonging to I then zp(x) is a polynomial of degree
n+ 1 belonging to I which has the same leading coefficient. Thus
Iy Cc I C I, C ---is an ascending chain of ideals of R. But
the Noetherian ring R satisfies the Ascending Chain Condition.
Therefore there exists some natural number m such that I, = I,,
for all n > m.
Now each ideal I, is finitely-generated, hence, for each n < m,
we can choose a finite set {an1,an2,..., a0k, } which generates
I,,. Moreover each generator a,,; is the leading coefficient of some
polynomial g,,; of degree n belonging to I. Let J be the ideal
of R[x] generated by the polynomials ¢, ; for all 0 < n < m and
1 < i < k,. Then J is finitely-generated. We shall show by
induction on degp that every polynomial p belonging to I must
belong to J, and thus I = J. Now if p € I and degp = 0 then p is
a constant polynomial whose value belongs to I (by definition of
Iy), and thus p is a linear combination of the constant polynomials
qo.; (since the values ag; of the constant polynomials g ; generate
Iy), showing that p € J. Thus the result holds for all p € I of
degree 0.

Now suppose that p € I is a polynomial of degree n and that
the result is true for all polynomials p in I of degree less than
n. Consider first the case when n < m. Let b be the leading
coefficient of p. Then there exist ¢y, ca,...,cp, € R such that

b= cian1 + Caan2 + -+ + Cp,n ki,
since a1, an2, . - ., ank, generate the ideal I, of R. Then
P(x) = 1Gn1 () + C2n2(®) + -+ + ChGni() +7(2),

where r € [ and degr < degp. It follows from the induction
hypothesis that » € J. But then p € J. This proves the result for
all polynomials p in I satisfying degp < m.

Finally suppose that p € [ is a polynomial of degree n where
n > m, and that the result has been verified for all polynomials of
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degree less than n. Then the leading coefficient b of p belongs to
I,. But I, = I,,,, since n > m. As before, we see that there exist
€1,C2 ..., Cr, € R such that

b= cCiam1 + Colmp + -+ + Cr, Ok,
since a1, Am2, - - - Am k,, generate the ideal 1, of R. Then
p(l’) - Clxn_QO,l(l‘)+02xn_QO,2(x)+' : '+Ckxn_QO,k: ([E)—f-?“(l’),

where r € [ and degr < degp. It follows from the induction
hypothesis that » € J. But then p € J. This proves the result for
all polynomials p in [ satisfying degp > m. Therefore I = J, and
thus [ is finitely-generated, as required. |
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8. (a) (3 marks) (definitions) A principal ideal of an integral domain R
is an ideal (z) generated by a single element z of R. An integral
domain R is said to be a principal ideal domain if every ideal of
R is a principal ideal.

(b) (4 marks) (bookwork) Let M be generated as an R-module by
my, Mo, ...,mg. Then there exist non-zero elements ry,7ry,..., 7%
such that r;m; = 0y for i = 1,2,..., k. Let t = riry---r,. Now
the product of any finite number of non-zero elements of an in-
tegral domain is non-zero. Therefore ¢t # 0. Also tm; = 0y, for
1=1,2,...,k, because r; divides t. Let m € M. Then

m = S$1my + SaMg + - - - + SpMmy
for some si, S9,...,S; € R. Then

tm = t(symy + somo + -+ - + Spmy)
= s1(tmy) + so(tma) + - - - + sp(tmy) = Opy,

as required.

(c) (3 marks) (definition) A module M over an integral domain R
is said to be a free module of finite rank if there exist elements
bi,bs, ..., b, € M that constitute a free basis for M. These ele-
ments constitute a free basis if and only if, given any element m
of M, there exist uniquely-determined elements r1, 75, ...,7, of R
such that

m = lel + T2b2 + -+ T’kbk.

The rank of a free module is the number of elements in any free
basis for the free module.

(d) (10 marks) (bookwork) We prove the result by induction on the
rank of the free module.

Let M be a free module of rank 1. Then there exists some ele-
ment b of M that by itself constitutes a free basis of M. Then,
given any element m of M, there exists a uniquely-determined el-
ement r of R such that m = rb. Given any non-zero submodule N
of M, let

I={reR:rbe N}

Then I is an ideal of R, and therefore there exists some element s
of R such that I = (s). Then, given n € N, there is a uniquely
determined element r of R such that n = rsb. Thus N is freely
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generated by sb. The result is therefore true when the module M
is free of rank 1.

Suppose that the result is true for all modules over R that are
free of rank less than k. We prove that the result holds for free
modules of rank k. Let M be a free module of rank k£ over R.
Then there exists a free basis by, by, ..., by for M. Let v: M — R
be defined such that

v(riby 4+ roby + -+ - + 1riby) =711

Then v: M — R is a well-defined homomorphism of R-modules,
and ker v is an R-module of rank k£ — 1.

Let N be a submodule of M. If N C kerv the result follows
immediately from the induction hypothesis. Otherwise v(N) is a
non-zero submodule of a free R-module of rank 1, and therefore
there exists some element n; € N such that v(N) = {rv(ny) : r €
R}. Now N Nkerv is a submodule of a free module of rank k£ — 1,
and therefore it follows from that induction hypothesis that there
exist elements ng,...,n, of N Nkerv that constitute a free basis
for NNkerv. Let n € N. Then there is a uniquely-determined
element r of R such that v(n) = mwv(ny). Then n — rin; €
N Nker v, and therefore there exist uniquely-determined elements
ro,...,7p of R such that

N —TiNy = TaNg + - TpNp.

It follows directly from this that ni,ng,...,n, freely generate V.
The result therefore follows by induction on the rank of M.

20



