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9 Integral Domains

9.1 Factorization in Integral Domains

An integral domain is a unital commutative ring in which the product of any
two non-zero elements is itself a non-zero element.

Lemma 9.1 Let z, y and z be elements of an integral domain. Suppose that
x#0 and xy =xz. Theny = z.

Proof Suppose that these elements x, y and z satisfy zy = zz. Then z(y —
z) = 0. Now the definition of an integral domain ensures that if a product of
elements of an integral domain is zero, then at least one of the factors must
be zero. Thus if x # 0 and z(y — z) = 0 then y — z = 0. But then z = y, as
required. ||

Definition An element u of an integral domain R is said to be a unit if
there exists some element u~! of R such that vu=! = 1.

If w and v are units in an integral domain R then so are ' and uw.

Indeed (uv)(v~'u™!) =1, and thus (uv)™' = v~ 'u~!. The set of units of R
is thus a group with respect to the operation of multiplication.

Example The units of the ring Z of integers are 1 and —1.

Example Let K be a field. Then the units of the polynomial ring Klz| are
the non-zero constant polynomials.

Definition Elements z and y of an integral domain R are said to be asso-
ciates if y = zu (and x = yu™') for some unit w.

An ideal of a ring R is a subset I of R with the property that 0 € I,
r+yel, —xel,reelandar €l forallz,y €l andr € R. A set X
of elements of the ring R is said to generate the ideal I if there is no ideal J
of R for which X € J C I and J # I. The ideal generated by a subset X
of R is the intersection of all ideals of R that contain this subset X. The
following lemma characterizes the elements of ideals generated by subsets of
unital commutative rings.

Lemma 9.2 Let R be a unital commutative ring, and let X be a subset of
R. Then the ideal generated by X coincides with the set of all elements of
R that can be expressed as a finite sum of the form rixi + roxs + - - - + rpxg,
where x1,%o,..., 2 € X and r1,19,...,71 € R.



Proof Let I be the subset of R consisting of all these finite sums. If J is any
ideal of R which contains the set X then J must contain each of these finite
sums, and thus I C J. Let a and b be elements of I. It follows immediately
from the definition of I that 0 € I, a+b € I, —a € I, and ra € [ for all
r € R. Also ar = ra, since R is commutative, and thus ar € I. Thus [
is an ideal of R. Moreover X C I, since the ring R is unital and =z = 1z
for all x € X. Thus [ is the smallest ideal of R containing the set X, as
required. |

Definition A principal ideal of an integral domain R is an ideal (z) gener-
ated by a single element z of R.

Let x and y be elements of an integral domain R. We write x | y if and
only if x divides y (i.e., y = rz for some r € R). Now z | y if and only if
y € (x), where (z) is the principal ideal of R generated by z. Thus x | y if
and only if (y) C (z). Moreover an element u of R is a unit of R if and only
if (u) = R.

Example Non zero integers x and y are associates in the ring Z of integers
if and only if |z| = |y|.

Example Let K be a field. Then non-zero polynomials p(z) and ¢(x) with
coefficients in the field K are associates in the polynomial ring K[z] if and
only if one polynomial is a constant multiple of the other.

Lemma 9.3 Elements x and y of an integral domain R are associates if and
only if x|y and y|x.

Proof If x and y are associates then clearly each divides the other. Con-
versely suppose that z|y and y|z. If £ = 0 or y = 0 there is nothing to
prove. If x and y are non-zero then y = zu and x = yv for some u,v € R. It
follows that * = zuv and thus x(uv — 1) = 0. But then uv = 1, since x # 0
and the product of any two non-zero elements of an integral domain is itself
non-zero. Thus u and v are units of R, and hence = and y are associates, as
required. [

Lemma 9.4 Elements x and y of an integral domain R are associates if and

only if (x) = (y)-
Proof This follows directly from Lemma 9.3. |}

Definition An element x of an integral domain R is irreducible if x is not
a unit of R and, given any factorization of x of the form = = yz, one of the
factors y and z is a unit of R and the other is an associate of x.
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Example An integer n is an irreducible element of the ring Z of integers if
and only if |n| is a prime number.

Definition An element p of an integral domain R is said to be prime if p is
neither zero nor a unit and, given any two elements r and s of R such that
p | rs, either p | rorp]s.

Lemma 9.5 Any prime element of an integral domain is irreducible.

Proof Let x be a prime element of an integral domain R. Then z is neither
zero nor a unit of R. Suppose that z = yz for some y, z € R. Then either x|y
or z|z. If z|y, then it follows from Lemma 9.3 that x and y are associates,
in which case z is a unit of R. If |z then = and z are associates and y is a
unit of R. Thus z is irreducible. |

Let R be an integral domain, and let I be an ideal of R. A finite list
J1, 9o, - - -, g of elements of [ is said to generate the ideal I if

I'={rigi+7r292+ -+ rpge :11,72,...,7x € R}.

The ideal I is said to be finitely-generated if there exists a finite list of
elements of I that generate I. Note that if elements g1, g, . . ., g of an ideal [
generate that ideal, then any element of R that divides each of g1, s, ..., gk
will divide every element of the ideal I.

Proposition 9.6 Let R be an integral domain. Suppose that every ideal of
R is finitely generated. Then any non-zero element of R that is not a unit of
R can be factored as a finite product of wrreducible elements of R.

Proof Let R be an integral domain, and let .S be the subset of R consisting
of zero, all units of R, and all finite products of irreducible elements of R.
Then zy € S for all x € S and y € S. We shall prove that if R\ S is
non-empty, then R contains an ideal that is not finitely generated.

Let x be an element of R\ S. Then x is non-zero and is neither a unit
nor an irreducible element of R, and therefore there exist elements y and z
of R, such that z = yz and neither y nor z is a unit of R. Then neither y
not z is an associate of x. Moreover either y € R\ S or z € R\ 5, since the
product of any two elements of S belongs to S. Thus we may construct, by
induction on n, an infinite sequence xy, zy, x3, ... of elements of R\ S such
that z; = x, x,,; divides x,, but is not an associate of z, for all n € N.
Thus if m and n are natural numbers satisfying m < n, then z,, divides x,,
but z,, does not divide z,,.



Let I = {r € R : x,|r for some n € N}. Then [ is an ideal of R. We
claim that this ideal is not finitely generated.

Let g1, 92, ..., g, be a finite list of elements of I. Now there exists some
natural number m large enough to ensure that that x,,|g; for j =1,2,... k.
If I were generated by these elements g1, 9o, ..., gk, then z,,|r for all r € I.

In particular x,, would divide all x,, for all n € N, which is impossible. Thus
the ideal I cannot be finitely generated.

We have shown that if the set S defined above is a proper subset of some
integral domain R, then R contains some ideal that is not finitely generated.
The result follows. |}

9.2 Euclidean Domains

Definition Let R be an integral domain, and let R* denote the set R\ {0} of
non-zero elements of R. An integer-valued function ¢: R* — Z defined on R*
is said to be a Fuclidean function if it satisfies the following properties:—

(i) ¢(r) >0 for all r € R*;
(ii) if x,y € R* satisfy x|y then p(z) < ¢(y);

(iii) given z,y € R*, there exist ¢, € R such that x = qy + r, where either
r=0or p(r) <ey).

Definition A Fuclidean domain is an integral domain on which is defined
a Euclidean function.

Example Let Z* denote the set of non-zero integers, and let ¢: Z* — Z be
the function defined such that ¢(z) = |z| for all non-zero integers x. Then
@ is a Euclidean function. It follows that Z is a Euclidean domain.

Example Let K be a field, and let K[z] be the ring of polynomials in a
single indeterminate x with coefficients in the field K. The degree degp of
each non-zero polynomial p is a non-negative integer. If p and ¢ are non-zero
polynomials in K|z], and if p divides ¢, then degp < deggq. Also, given any
non-zero polynomials m and p in K[x] there exist polynomials ¢,r € K|z]
such that p = gm + r and either » = 0 or else degr < degm. We conclude
from this that the function that maps each non-zero polynomial in K[z] to
its degree is a Euclidean function for K[z]. Thus K|z] is a Euclidean domain.

Example A Gaussian integer is a complex number of the form x + yv/—1,
where x and y are integers. The set of all Gaussian integers is a subring of the



field of complex numbers, and is an integral domain. We denote the ring of
Gaussian integers by Z[v/—1]. We define ¢(z) = |2|? for all non-zero Gaussian
integers z. Then ¢(z) is an non-negative integer for all non-zero Gaussian
integers z, for if z = x + y/—1, where z,y € Z, then p(2) = 2% +¢% If 2
and w are non-zero Gaussian integers, and if z divides w in the ring Z[\/—_l],
then there exists a non-zero Gaussian integer t such that w = tz. But then
o(w) = p(t)p(z), where p(t) > 1, and therefore ¢(z) < p(w).

Let z and w be non-zero Gaussian integers. Then the ratio z/w lies in
some square in the complex plane, where the sides of the square are of unit
length, and the corners of the square are given by Gaussian integers. There
is at least one corner of the square whose distance from z/w does not exceed
1/ V2. Thus there exists some Gaussian integer ¢ such that

z ’<1
w q_\/ﬁ'

Let r = 2z — qw. Then either r = 0, or else

olr) = Irf? = 2l olw) < Solw) < ().

z 2
= —q( jw]* =
w

Thus the function that maps each non-zero Gaussian integer z to the positive
integer |z|? is a Euclidean function for the ring of Gaussian integers. The
ring Z[v/—1] of Gaussian integers is thus a Euclidean domain.

Each unit of the ring of Gaussian integers divides every other non-zero
Gaussian integer. Thus if u is a unit of this ring then p(u) < ¢(z) for all non-
zero Gaussian integers z. It follows that ¢(u) = 1. Now the only Gaussian
integers satisfying this condition are 1, —1, i and —i (where i = /—1).
Moreover each of these Gaussian integers is a unit. We conclude from this
that the units of the ring of Gaussian integers are 1, —1, ¢ and —i.

Proposition 9.7 FEvery ideal of a Fuclidean domain is a principal ideal.

Proof Let R be a Euclidean domain, let R* be the set of non-zero elements
of R, and let ¢: R* — Z be a Euclidean function. Now the zero ideal of R is
generated by the zero element of R. It remains therefore to show that every
non-zero ideal of R is a principal ideal.

Let I be a non-zero ideal of R. Now

{o(x) : x € I and x # 0}

is a set of non-negative integers, and therefore has a least element. It follows
that there exists some non-zero element m of I with the property that p(m) <

b}



¢(x) for all non-zero elements = of I. It then follows from the definition of
Euclidean functions that, given any non-zero element x of the ideal I, there
exist elements ¢ and r of R such that x = ¢gm + r and either » = 0 or
o(r) < ¢(m). But then r € I, since r = x — gm and z,m € I. But there
are no non-zero elements r of I satisfying o(r) < ¢(m). It follows therefore
that 7 = 0. But then x = gm, and thus x € (m). We have thus shown that
I = (m). Thus every non-zero ideal of R is a principal ideal, as required. |}

9.3 Principal Ideal Domains

Definition An integral domain R is said to be a principal ideal domain (or
PID) if every ideal of R is a principal ideal.

It follows directly from Proposition 9.7 that every Euclidean domain is a
principal ideal domain.

In particular the ring Z of integers is a principal ideal domain, the ring
K|[z] of polynomials with coefficients in some field K is a principal ideal
domain, and the ring Z[v/—1] of Gaussian integers is a principal ideal domain.

Lemma 9.8 Let x1,29,...,x, be elements of a principal ideal domain R,
where these elements are not all zero. Suppose that the units of R are the
only non-zero elements of R that divide each of xy1,xs,...,xr. Then there
exist elements ay, as,...,ar of R such that a;xy + asxy + -+ 4+ apxy = 1.

Proof Let I be the ideal of R generated by xi,s,..., 2. Then I = (d)
for some d € R, since R is a principal ideal domain. Then d divides x; for
1=1,2,...,k, and therefore d is a unit of R. It follows that I = R. But then
1 € I, and therefore 1 = a;x1 + asxo + - - - + apxy for some aq,aq,...,a; € R,
as required. |}

Lemma 9.9 Let p be an irreducible element of a principal ideal domain R.
Then the quotient ring R/(p) is a field.

Proof Let = be an element of R that does not belong to (p). Then p does
not divide z, and therefore any common divisor of z and p must be a unit
of R. Therefore there exist elements y and z of R such that zy +pz =1
(Lemma 9.8). But then y + (p) is a multiplicative inverse of z + (p) in the
quotient ring R/(p), and therefore the set of non-zero elements of R/(p) is
an Abelian group with respect to multiplication. Thus R/(p) is a field, as
required. |

Theorem 9.10 An element of a principal ideal domain is prime if and only
if it is irreducible.



Proof We have already shown that any prime element of an integral domain
is irreducible (Lemma 9.5). Let p be an irreducible element of a principal
ideal domain R. Then p is neither zero nor a unit of R. Suppose that p | yz
for some y, z € R. Now any divisor of p is either an associate of p or a unit
of R. Thus if p does not divide y then any element of R that divides both p
and y must be a unit of R. Therefore there exist elements a and b of R such
that ap + by = 1 (Lemma 9.8). But then z = apz + byz, and hence p divides
z. Thus p is prime, as required. |

9.4 Unique Factorization in Principal Ideal Domains

A direct application of Proposition 9.6 shows that any non-zero element of a
principal ideal domain that is not a unit can be factored as a finite product
of irreducible elements of the domain. Moreover Theorem 9.10 ensures that
these irreducible factors are prime elements of the domain. The following
proposition ensures that these prime factors are essentially unique. Indeed
this proposition guarantees that if some element x of the domain satisfies

T =pip2- P = 142, ", qi,

where p1,pa,...,pr and q1, qo, . . . , q; are prime elements of R, then [ = k, and
moreover ¢, i, - - ., qr may be reordered and relabelled to ensure that, given
any value 7 between 1 and k, the corresponding prime factors p; and ¢; are
associates. There will then exist units uq, us, ..., u, of R such that ¢; = u;p;
fori=1,2,... k.

Proposition 9.11 Let R be a principal ideal domain, and let x be an non-
zero element of R that is not a unit of R. Suppose that

T =pip2- P = 142, ", qi,

where p1,pa, ...,k and qy,qo, ..., q are prime elements of R. Then | = k,
and there exists some permutation o of {1,2,...,k} such that ¢; and pe
are associates fori=1,2,... k.

Proof Let k£ be an integer greater than 1, and suppose that the stated result
holds for all non-zero elements of R that are not units of R and that can be
factored as a product of fewer than k prime elements of R. We shall prove
that the result then holds for any non-zero element x of R that is not a unit
of R and that can be factored as a product pips - - - pr of k prime elements
D1, P2, - - -, pr of R. The required result will then follow by induction on k.



So, suppose that z is an non-zero element of R that is not a unit of R,

and that
T =p1P2- Pk = q192, -, 41,

where p1, po, ..., pr and q1, qa, . . . , q; are prime elements of R. Now p; divides
the product ¢1¢o, - - -, ¢;, and therefore p; divides at least one of the factors ¢;
of this product. We may reorder and relabel the prime elements ¢, ¢, ... q
to ensure that p; divides ¢;. The irreducibility of ¢; then ensures that p,
is an associate of ¢, and therefore there exists some unit u in R such that
¢1 = pru. But then py(paps -+ pr) = p1(ugags - - - q) and p; # 0, and therefore
pops -+ Pk = (Uga)qs - - - q- (see Lemma 9.1). Moreover ugs is a prime element
of R that is an associate of ¢;. Now it follows from the induction hypothesis
that the desired result holds for the product pops - - - pr. Therefore [ = k and
moreover ¢s,qs, - .., qr can be reordered and relabeled so that p; and ¢; are
associates for ¢ = 2,3, ..., k. The stated result therefore follows by induction
on the number of prime factors occuring in the product p1ps---pr. |}

10 Modules

10.1 Modules over a Unital Commutative Ring

Definition Let R be a unital commutative ring. A set M is said to be a
module over R (or R-module) if

(i) given any z,y € M and r € R, there are well-defined elements = + y
and rx of M,

(ii) M is an Abelian group with respect to the operation + of addition,
(iii) the identities
r(x +y) =rz+ry, (r+ s)x = rx + sx,
(rs)z = r(sx), le=ux
are satisfied for all z,y € M and r, s € R.

Example If K is a field, then a K-module is by definition a vector space
over K.

Example Let (M, +) be an Abelian group, and let x € M. If n is a positive
integer then we define nx to be the sum z 4+ x + - - - + x of n copies of x. If
n is a negative integer then we define nz = —(|n|x), and we define 0z = 0.
This enables us to regard any Abelian group as a module over the ring Z of
integers. Conversely, any module over Z is also an Abelian group.



Example Any unital commutative ring can be regarded as a module over
itself in the obvious fashion.

Let R be a unital commutative ring, and let M be an R-module. A
subset L of M is said to be a submodule of M if x +y € L and rx € L for
all z,y € L and r € R. If M is an R-module and L is a submodule of M
then the quotient group M/L can itself be regarded as an R-module, where
r(L+z)=L+rzforal L+x € M/Land r € R. The R-module M/L is
referred to as the quotient of the module M by the submodule L.

Note that a subset I of a unital commutative ring R is a submodule of R
if and only if I is an ideal of R.

Let M and N be modules over some unital commutative ring R. A
function p: M — N is said to be a homomorphism of R-modules if p(z+y) =
o(x)+¢(y) and p(rx) = ro(x) for all z,y € M and r € R. A homomorphism
of R-modules is said to be an isomorphism if it is invertible. The kernel
ker ¢ and image ¢(M) of any homomorphism ¢: M — N are themselves R-
modules. Moreover if ¢: M — N is a homomorphism of R-modules, and if L
is a submodule of M satisfying L C ker ¢, then ¢ induces a homomorphism
®: M/L — N. This induced homomorphism is an isomorphism if and only if
L =%kerp and N = p(M).

Definition Let M, Ms, ..., M; be modules over a unital commutative ring
R. The direct sum M, ® My @ --- ® M, is defined to be the set of ordered
k-tuples (z1,xs,...,xx), where z; € M; for i = 1,2,... k. This direct sum
is itself an R-module:

($1;I27---7$k)+(y17y27---7yk) = (Il+y17$2+y27--~;$k+yk)a
r(zy, a9, ... x8) = (rey,reg,...,rIE)

for all z;,y; € M; and r € R.
If K is any field, then K™ is the direct sum of n copies of K.

Definition Let M be a module over some unital commutative ring R. Given
any subset X of M, the submodule of M generated by the set X is defined
to be the intersection of all submodules of M that contain the set X. It
is therefore the smallest submodule of M that contains the set X. An R-
module M is said to be finitely-generated if it is generated by some finite
subset of itself.



Lemma 10.1 Let M be a module over some unital commutative ring R,
and let {x1,xz9,..., 21} be a finite subset of M. Then the submodule of M
generated by this set consists of all elements of M that are of the form

X1 + oy + -+ + Ty
for some ri,r9, ..., 1 € R.

Proof The subset of M consisting of all elements of M of this form is clearly
a submodule of M. Moreover it is contained in every submodule of M that
contains the set {x1,xq,...,x;}. The result follows. |}

10.2 Noetherian Modules

Definition Let R be a unital commutative ring. An R-module M is said to
be Noetherian if every submodule of M is finitely-generated.

Proposition 10.2 Let R be a unital commutative ring, and let M be a mod-
ule over R. Then the following are equivalent:—

(i) (Ascending Chain Condition) if Ly C Ly C Lg C --- is an ascending
chain of submodules of M then there exists an integer N such that
L, =Ly foralln > N;

(ii) (Maximal Condition) every non-empty collection of submodules of M
has a mazximal element (i.e., an submodule which is not contained in
any other submodule belonging to the collection);

(iii) (Finite Basis Condition) M is a Noetherian R-module (i.e., every sub-
module of M is finitely-generated).

Proof Suppose that M satisfies the Ascending Chain Condition. Let C be
a non-empty collection of submodules of M. Choose L; € C. If C were to
contain no maximal element then we could choose, by induction on n, an
ascending chain Ly C Ly C L3 C - - - of submodules belonging to C such that
L,, # L, for all n, which would contradict the Ascending Chain Condition.
Thus M must satisfy the Maximal Condition.

Next suppose that M satisfies the Maximal Condition. Let L be an sub-
module of M, and let C be the collection of all finitely-generated submodules
of M that are contained in L. Now the zero submodule {0} belongs to C,
hence C contains a maximal element J, and J is generated by some finite
subset {ay,as,...,a;} of M. Let x € L, and let K be the submodule gen-
erated by {z,a1,as,...,a5}. Then K € C, and J C K. It follows from the

10



maximality of J that J = K, and thus x € J. Therefore J = L, and thus L
is finitely-generated. Thus M must satisfy the Finite Basis Condition.
Finally suppose that M satisfies the Finite Basis Condition. Let L; C
Lo, C L3z C --- be an ascending chain of submodules of M, and let L be the
“+oo
union |J L, of the submodules L,,. Then L is itself an submodule of M.

n=1
Indeed if @ and b are elements of L then a and b both belong to L,, for some

sufficiently large n, and hence a + b, —a and ra belong to L,, and thus to L,
for all € M. But the submodule L is finitely-generated. Let {aq,ao, ..., ax}
be a generating set of L. Choose N large enough to ensure that a; € Ly for
1=1,2,...,k. Then L C Ly, and hence Ly = L,, = L for all n > N. Thus
M must satisfy the Ascending Chain Condition, as required. |}

Proposition 10.3 Let R be a unital commutative ring, let M be an R-
module, and let L be a submodule of M. Then M is Noetherian if and only
if L and M/L are Noetherian.

Proof Suppose that the R-module M is Noetherian. Then the submodule L
is also Noetherian, since any submodule of L is also a submodule of M and
is therefore finitely-generated. Also any submodule K of M/L is of the form
{L+x : 2 € J} for some submodule J of M satisfying L C J. But J
is finitely-generated (since M is Noetherian). Let xq,xs,..., 2z, be a finite
generating set for J. Then

L+x,L+x9,...,L+xy

is a finite generating set for K. Thus M/L is Noetherian.

Conversely, suppose that L and M /L are Noetherian. We must show that
M is Noetherian. Let J be any submodule of M, and let v(.J) be the image of
J under the quotient homomorphism v: M — M/L, where v(z) = L + « for
all z € M. Then v(J) is a submodule of the Noetherian module M /L and is
therefore finitely-generated. It follows that there exist elements z1, o, ...,z
of J such that v(J) is generated by

L+, L+xo,...,L+ x.

Also J N L is a submodule of the Noetherian module L, and therefore there
exists a finite generating set y1, o, ..., ym for J N L. We claim that

{xlax%'"7xk7y17y27"'7ym}

is a generating set for J.

11



Let z € J. Then there exist r{,7s,...,r, € R such that
v(z) =ri(L+z)+ro(L4x)+- - +r(L+xg) = L4+rixy +roxe+- - -+ 1Tk

But then z— (ryzy +roxg+- - - +rpxx) € JNL (since L = ker v), and therefore
there exist sq, So,...,S,, such that

2 — (r@y +rowe + - -+ 1py) = S1y1 + SoYo + -0+ Sy lm,

and thus i

m
z = E r;X; + SiYi-
i=1 7=1

This shows that the submodule J of M is finitely-generated. We deduce that
M is Noetherian, as required. |

Corollary 10.4 The direct sum My, ® My @ - - - B My, of Noetherian modules
My, Ms, ... N, over some unital commutative ring R is itself a Noetherian
module over R.

Proof The result follows easily by induction on k once it has been proved
in the case k = 2.

Let M; and M, be Noetherian R-modules. Then M;@&{0} is a Noetherian
submodule of M; & M, isomorphic to M7, and the quotient of M; & M, by
this submodule is a Noetherian R-module isomorphic to M. It follows from
Proposition 10.3 that M; @ M, is Noetherian, as required. |

One can define also the concept of a module over a non-commutative
ring. Let R be a unital ring (not necessarily commutative), and let M be an
Abelian group. We say that M is a left R-module if each r € R and m € M
determine an element rm of M, and the identities

r(z+y) =rz+ry, (r+ s)x = ra + sx, (rs)z = r(sz), le=ux

are satisfied for all z,y € M and r,s € R. Similarly we say that M is a right
R-module if each r € R and m € M determine an element mr of M, and the
identities

(z +y)r=ar+yr x(r+s) = ar + xs, x(rs) = (xr)s, rl=1x

are satisfied for all x,y € M and r,s € R. (If R is commutative then the
distinction between left R-modules and right R-modules is simply a question
of notation; this is not the case if R is non-commutative.)

12



10.3 Noetherian Rings and Hilbert’s Basis Theorem

Let R be a unital commutative ring. We can regard the ring R as an R-
module, where the ring R acts on itself by left multiplication (so that r . r/
is the product rr’ of r and ' for all elements r and ’ of R). We then find
that a subset of R is an ideal of R if and only if it is a submodule of R. The
following result therefore follows directly from Proposition 10.2.

Proposition 10.5 Let R be a unital commutative ring. Then the following
are equivalent:—

(i) (Ascending Chain Condition) if Iy C Iy C I3 C --- is an ascending
chain of ideals of R then there exists an integer N such that I, = Iy
for alln > N;

(ii) (Maximal Condition) every non-empty collection of ideals of R has a
mazximal element (i.e., an ideal which is not contained in any other
ideal belonging to the collection);

(iii) (Finite Basis Condition) every ideal of R is finitely-generated.

Definition A unital commutative ring is said to be a Noetherian ring if every
ideal of the ring is finitely-generated. A Noetherian domain is a Noetherian
ring that is also an integral domain.

Note that a unital commutative ring R is Noetherian if it satisfies any
one of the conditions of Proposition 10.5.

Corollary 10.6 Let M be a finitely-generated module over a Noetherian ring
R. Then M 1is a Noetherian R-module.

Proof Let {x1,2,,...,7} be a finite generating set for M. Let R* be the
direct sum of k copies of R, and let ¢: R¥ — M be the homomorphism of
R-modules sending (r1,79,...,75) € R* to

T + ToZg + -0+ TRTg.

It follows from Corollary 10.4 that R* is a Noetherian R-module (since the
Noetherian ring R is itself a Noetherian R-module). Moreover M is isomor-
phic to RF/ker o, since ¢: R¥ — M is surjective. It follows from Proposi-
tion 10.3 that M is Noetherian, as required. |

If I is a proper ideal of a Noetherian ring R then the collection of all
proper ideals of R that contain the ideal I is clearly non-empty (since I
itself belongs to the collection). It follows immediately from the Maximal
Condition that [ is contained in some maximal ideal of R.

13



Lemma 10.7 Let R be a Noetherian ring, and let I be an ideal of R. Then
the quotient ring R/I is Noetherian.

Proof Let L be an ideal of R/I, and let J={x € R: [ +x € L}. Then J
is an ideal of R, and therefore there exists a finite subset {ay,aq, ..., ax} of
J which generates J. But then L is generated by [ +a; for i = 1,2,... k.
Indeed every element of L is of the form I + x for some x € J, and if

T =ria1 +rea + - + TRpag
, where r1,ry, ..., € R, then
I+z=r(I+a)+ro(I+as)+-+re(l+ay),
as required. |

Hilbert showed that if R is a field or is the ring Z of integers, then every
ideal of R[zy, g, ..., x,] is finitely-generated. The method that Hilbert used
to prove this result can be generalized to yield the following theorem.

Theorem 10.8 (Hilbert’s Basis Theorem) If R is a Noetherian ring, then
so is the polynomial ring R[z].

Proof Let I be an ideal of R[z], and, for each non-negative integer n, let
I,, denote the subset of R consisting of those elements of R that occur as
leading coefficients of polynomials of degree n belonging to I, together with
the zero element of R. Then I, is an ideal of R. Moreover I,, C I,11, for if
p(z) is a polynomial of degree n belonging to I then zp(x) is a polynomial of
degree n+1 belonging to I which has the same leading coefficient. Thus Iy C
I, C I, C --- is an ascending chain of ideals of R. But the Noetherian ring
R satisfies the Ascending Chain Condition (see Proposition 10.5). Therefore
there exists some natural number m such that I,, = I, for all n > m.

Now each ideal I, is finitely-generated, hence, for each n < m, we can
choose a finite set {an1,an2, ..., ank, } which generates I,,. Moreover each
generator a,; is the leading coefficient of some polynomial ¢, ; of degree n
belonging to I. Let J be the ideal of R[z] generated by the polynomials g, ;
forall 0 <n <mand1 <17 <k, Then J is finitely-generated. We shall
show by induction on degp that every polynomial p belonging to I must
belong to J, and thus [ = J. Now if p € I and degp = 0 then p is a constant
polynomial whose value belongs to Iy (by definition of Iy), and thus p is a
linear combination of the constant polynomials go; (since the values ag; of
the constant polynomials ¢p; generate Ij), showing that p € J. Thus the
result holds for all p € I of degree 0.

14



Now suppose that p € I is a polynomial of degree n and that the result
is true for all polynomials p in I of degree less than n. Consider first the
case when n < m. Let b be the leading coefficient of p. Then there exist
c1,C2, ..., C, € R such that

b= cian1 + Colnz + - + Ch, On gy,
since @n1,an2, .. ., 0y, generate the ideal I, of R. Then

p(7) = c1Gn1(7) + C2gn2(T) + - + crni(x) +7(2),

where r € I and degr < degp. It follows from the induction hypothesis that
r € J. But then p € J. This proves the result for all polynomials p in [
satisfying degp < m.

Finally suppose that p € [ is a polynomial of degree n where n > m, and
that the result has been verified for all polynomials of degree less than n.
Then the leading coefficient b of p belongs to I,,. But I,, = I,,,, since n > m.
As before, we see that there exist ¢y, cs, ..., ¢, € R such that

b= ciam1+ Cama+ -+ Ch, s
since G, 1, Am 2, - - -, Am i, generate the ideal I, of R. Then
p(x) = 12" " g () + " " gma(x) + - - F k" g (z) + (),

where r € I and degr < degp. It follows from the induction hypothesis that
r € J. But then p € J. This proves the result for all polynomials p in [
satisfying degp > m. Therefore I = J, and thus I is finitely-generated, as
required. |

Theorem 10.9 Let R be a Noetherian ring. Then the ring R[z1, xo, . .., Ty)
of polynomials in the indeterminates x1, o, . .., x, with coefficients in R is a
Noetherian ring.

Proof It is easy to see to see that R[zy,xs,...,2,] is naturally isomorphic
to R[xy,xa,...,%n-1][x,] when n > 1. (Any polynomial in the indeter-
minates xi, T, ...,x, with coefficients in the ring R may be viewed as a
polynomial in the indeterminate x,, with coefficients in the polynomial ring
Rlxy,x9,...,2,-1].) The required results therefore follows from Hilbert’s
Basis Theorem (Theorem 10.8) by induction on n. |

Corollary 10.10 Let K be a field. Then every ideal of the polynomial ring
K[z, x9,...,2,] is finitely-generated.
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11 Algebraic Sets and the Zariski Topology

11.1 Polynomial Rings in Several Variables

A monomial in the independent indeterminates Xy, X», ..., X,, is by defini-
tion an expression of the form X' X3*--- X}» where i1,7s,...,%, are non-

negative integers. Such monomials are multiplied according to the rule
(XX Xir) (XX XE) = XX Xt
n n n °

A polynomial p in the independent indeterminates with coefficients in some
ring R is by definition a formal linear combination of the form

rima + oMo + -+ Mg

where r1,ry, ..., 7 € Rand my, mg, ..., my are monomials in Xy, Xo, ..., X,,.
The coefficients rq,79,...,7, of this polynomial are uniquely determined,
provided that the monomials mq,mo, ..., m; are distinct. Such polynomials

are added and multiplied together in the obvious fashion. In particular

(Z nmi> (Z sjm;) = Z . (ris;)(mgmy),

i=1 j=1 i=1 j=1

where the product m;m/; of the monomials m; and m/ is defined as de-
scribed above. The set of all polynomials in the independent indeterminates
X1, Xs, ..., X, with coefficients in the ring R is itself a ring, which we denote
by R[Xl, Xg, ce 7Xn]

Example The polynomial 2X; X3 — 6X;X,X?2 is the product of the poly-
nomials 2X; X, and X2 — 3X? in the ring Z[X;, X5, X3] of polynomials in
X1, Xy, X3 with integer coefficients.

Lemma 11.1 Let R be an integral domain. Then the ring R[z] of polynomi-
als in the indeterminate x with coefficients in R s itself an integral domain,
and deg(pq) = degp + deg q for all non-zero polynomials p,q € R[z].

Proof The integral domain R is commutative, hence so is R[z]. Moreover
R|x] is unital, and the multiplicative identity element of R[z] is the constant
polynomial whose coefficient is the multiplicative identity element 1 of the
unital ring R.

Let p and ¢ be polynomials in R[z], and let a; and b; be the leading
coefficients of p and ¢ respectively, where k = degp and | = degq. Now

k+1

p(x)q(z) = arpbix™" + terms of lower degree.
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Moreover axb; # 0, since ay # 0, by # 0, and the ring R of coefficients is an
integral domain. Thus if p # 0 and ¢ # 0 then pg # 0, showing that R|x] is
an integral domain, and deg(pq) = k 4+ | = degp + degq, as required. |}

Let p be a polynomial in the indeterminates X, Xo,..., X, with coeffi-
cients in the ring R, where n > 1. By collecting together terms involving X7
for each non-negative integer j, we can write the polynomial p in the form

k
p(X1, Xy, .., Xp) = ij(X17X27 o X)X

J=0

where p; € R[Xy, X, ..., X,—1] for j =0,1,..., k. Now the right hand side
of the above identity can be viewed as a polynomial in the indeterminate X,
with coefficients py,ps,...,pr in the ring R[X,..., X, 1]. Moreover the
polynomial p uniquely determines and is uniquely determined by the polyno-
mials p1, po, . .., pr. It follows from this that the rings R[X;, X5, ..., X,,] and
R[X1, Xa, ..., X,—1][X,] are naturally isomorphic and can be identified with
one another. We can use the identification in order to prove results concern-
ing the structure of the polynomial ring R[X7, X, ..., X,] by induction on
the number n of independent indeterminates X;, X5, ..., X,,. For example,
the following result follows directly by induction on n, using Lemma 11.1.

Lemma 11.2 Let R be an integral domain. Then the ring R[ X1, X, ..., X,]
s also an integral domain.

A monomial X' X2 ... X! is said to be of degree d, where d is some
non-negative integer, if i, +io + -+ 4+ 1, = d.

Definition Let R be a ring. A polynomial p € R[X;, Xs, ..., X,] is said to
be homogeneous of degree d if it can be expressed as a linear combination of
monomials of degree d with coefficients in the ring R.

Any polynomial p € R[Xy, Xs,...,X,] can be decomposed as a sum of
the form
PO 4 p ),

where k is some sufficiently large non-negative integer and each polynomial
p® is a homogeneous polynomial of degree i. The homogeneous polynomial
p is referred to as the homogeneous component of p of degree i; it is uniquely
determined by p. A non-zero polynomial p is said to be of degree d if p'» # 0
and p® = 0 for all i > d. The degree of a non-zero polynomial p is denoted

by deg p.
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Lemma 11.3 Let R be a ring, and let p and q be non-zero polynomials
belonging to R[Xy, Xs,..., X,]. Then

deg(p + ¢q) < max(degp,degq), provided that p+ q # 0,
deg(pq) < degp + degq, provided that pq # 0.
Moreover if R is an integral domain then pg # 0 and deg(pq) = degp+degq.

Proof The inequality (p + ¢) < max(degp, deg q) is obvious. Also pVql) is
homogeneous of degree ¢ + j for all 2 and 7, since the product of a monomial
of degree 7 and a monomial of degree j is a monomial of degree i 4+ j. The
inequality deg(pq) < degp + deg ¢ follows immediately.

Now suppose that R is an integral domain. Let k£ = degp and | = degq.
Then the homogeneous component (pq)**!) of pq of degree k + [ is given
by (pg)*+) = p®lg® . But R[X,, X,,...,X,] is an integral domain (see
Lemma 11.2), and p*) and ¢ are both non-zero. It follows that (pg)*+) £ 0,
and thus deg(pq) = degp + degq, as required. |

11.2 Algebraic Sets and the Zariski Topology
Throughout this section, let K be a field.

Definition We define affine n-space A™ over the field K to be the set K"
of all n-tuples (z1,xs,...,x,) with 21,29, ..., 2, € K.

Where it is necessary to specify explicitly the field K involved, we shall
denote affine n-space over the field K by A"(K). Thus A"(R) = R", and
A™(C) =Cn.

Definition A subset of n-dimensional affine space A" is said to be an alge-
braic set if it is of the form

{(x1,29,...,2,) € A" : f(x1,29,...,2,) =0 for all f € S}
for some subset S of the polynomial ring K[X;, Xs,..., X,].
Example Any point of A™ is an algebraic set. Indeed, given any point
(al,ag,...,an) of An’ let fi(X17X27...,Xn) = Xz — Q; for i = 1,2,...,71.
Then the given point is equal to the set

{(z1,29,...,2,) €A™ : fi(x1,29,...,2,) =0fori=1,2,...,n}.
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Example The circle {(z,y) € A*(R) : 2° +y? = 1} is an algebraic set in the
plane A%(R).

Let \: K™ — K be a linear functional on the vector space K™ (i.e., a linear
transformation from K™ to K). It follows from elementary linear algebra that
there exist by, by, ...,b, € K such that

Mz, Tay .o Ty) = iz + bowo + -+ - + by

for all (z1,xs,...,x,) € K™ Thus if A\, Ay, ..., Az are linear functionals on
K", and if ¢q, cq, ..., ¢ are suitable constants belonging to the field K then

{(z1,29...,2,) € A" : Nj(x1, 29, ...,2,) =¢; fori=1,2,... k}

is an algebraic set in A”. A set of this type is referred to as an affine subspace
of A™. It is said to be of dimension n— k, provided that the linear functionals
A1, Ag, ..., Ap are linearly independent. It follows directly from elementary
linear algebra that, if we we identify affine n-space A™ with the vector space
K", then a subset of A" is an m-dimensional affine subspace if and only if it
is a translate of some m-dimensional vector subspace of K" (i.e., it is of the
form v + W where v is a point of A" and W is some m-dimensional vector
subspace of K™).

Lemma 11.4 Let V' be an algebraic set in A", and let L be a one-dimen-
sional affine subspace of A™. Then either L C V or else LNV is a finite
set.

Proof The affine subspace L is a translate of a one-dimensional subspace
of K™, and therefore there exist vectors v and w in K" such that L =
{v+wt:t e K} (on identifying n-dimensional affine space A" with the
vector space K™). Now we can write

V ={(x1,29,...,2,) € A" : f(x1,29,...,2,) =0 for all f € S},

where S is some subset of the polynomial ring KX, Xs, ..., X,,]. Now either
each polynomial belonging to S is zero throughout L, in which case L C V,
or else there is some f € S which is non-zero at some point of L. Define
g € K]Jt] by the formula

g(t) = f(U1 + wqt,ve +wat, ..., v, + wnt)

(where v; and w; denote the ith components of the vectors v and w for
i=1,2,...,n). Then g is a non-zero polynomial in the indeterminate ¢, and
therefore g has at most finitely many zeros. But g(¢) = 0 whenever the point
v + wt of L lies in V. Therefore L NV is finite, as required. |}
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Example The sets
{(z,y) € A*(R) : y = sina}

and
{(z,y) € A*(R) : x>0}

are not algebraic sets in A?(R), since the line y = 0 is not contained in either
of these sets, yet the line intersects these sets at infinitely many points of the
set.

Given any subset S of K[X7, Xs, ..., X,], we denote by V(.S) the algebraic
set in A" defined by

V(S)={xe€A": f(x) =0 for all f € S}.

Also, given any f € K[X1, Xy, ..., X,], we define V(f) = V({f}).
Given any subset Z of A", we define

I(Z)={f e K[X1,Xs,....,X,]: f(x) =0 for all x € Z}.

Clearly S C I(V(S)) for all subsets S of K[X;,Xs,...,X,], and Z C
V(I(Z)) for all subsets Z of A™. If S; and S5 are subsets of K[X7, Xo,..., X,
satisfying S; C Sy then V(S;) € V/(S7). Similarly, if Z; and Z, are subsets
of A" satistying Zy C Zy then I(Z,) C I1(Z).

V(S) for all subsets S of K[X1, Xa,...,X,],

Lemma 11.5 V(I(V(9))) =
= I(Z) for all subsets Z of A™.

and similarly 1(V(1(Z)))

Proof It follows from the observations above that V(S) c V(I(V(95))),
since Z C V(I(Z)) for all subsets Z of A". But also S C I(V(S)), and
hence V(I(V(S))) C V(S). Therefore V(I(V(S5))) = V(S). An analogous
argument can be used to show that I[(V(I(Z))) = I(Z) for all subsets Z of
A" 1

Let I and J be ideals of a unital commutative ring R. We denote by
IJ the ideal of R consisting of those elements of R that can be expressed
as finite sums of the form iyj, + i9jo + - -+ + 4,5, With éy,4o,...,4, € I and
J1,J2, - -+ jr € J. (One can readily verify that I1.J is indeed an ideal of R.)

Proposition 11.6 Let R = K[X;, Xy, ..., X,| for some field K. Then
(i) V({0}) = A" and V(R) = 0;

(i) Maea VUx) =V (X sea In) for every collection {I) : A € A} of ideals
of R;
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(iii) V(H)uV(J)=V({INJ)=V(IJ) for all ideals I and J of R.

Thus there is a well-defined topology on A™ (known as the Zariski topology )
whose closed sets are the algebraic sets in A™.

Proof (i) is immediate.

If o € A then I, C 3,4 In, and therefore V (30,4 1n) € V(). Thus
V (X yean) € Naea V(). Conversely if x is a point of (N, V(1)) then
f(x) = 0 for all A € A and f € I,, and therefore f(x) = 0 for all f €
>sen e Thus My, VL) C V(X ,en In). It follows that (o, V(L) =
V (3 sea In). This proves (ii).

Let I and J beidealsof R. Then INJ C I, INJ C Jand IJ C IN.J, and
thus V(I) c V(INJ), V(J)cV({InJ)and V(INJ) C V(IJ). Therefore

V(I UV(J) CcV(InJ)c V().

If x is a point of A™ which does not belong to V(I) UV (J) then there exist
polynomials f € I and g € J such that f(x) # 0 and g(x) # 0. But
then fg € IJ and f(x)g(x) # 0, and therefore x ¢ V(IJ). Therefore
V(IJ) Cc V(I)UV(J). We conclude that

V(HUV()=VINJ)=V(J).

This proves (iii).

Let us define a topology on A™ whose open sets in A" are the complements
of algebraic sets. We see from (i) that () and A™ are open. Moreover it follows
from (ii) that any union of open sets is open, and it follows from (iii), using
induction on the number of sets, that any finite intersection of open sets is
open. Thus the topology is well-defined. |}

Definition The Zariski topology on an algebraic set V' in A" is the topology
whose open sets are of the form V\V(I) for some ideal I of K[X;, Xs, ..., X,].

It follows from Proposition 11.6 that the Zariski topology on an algebraic
set V' is well-defined and is the subspace topology on V induced by the
topology on A™ whose closed sets are the algebraic sets in A™. Moreover a
subset V; of V is closed if and only if V; is itself an algebraic set. (This
follows directly from the fact that the intersection of two algebraic sets is
itself an algebraic set.)

Example Any finite subset of A" is an algebraic set. This follows from the
fact that any point in A" is an algebraic set, and any finite union of algebraic
sets is an algebraic set.
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In general, the Zariski topology on an algebraic set V' is not Hausdorff.
It can in fact be shown that an algebraic set in A™ is Hausdorff (with respect
to the Zariski topology) if and only if it consists of a finite set of points in
A"

11.3 The Structure of Algebraic Sets

Let K be a field. We shall apply Hilbert’s Basis Theorem in order to study the
structure of algebraic sets in n-dimensional affine space A™ over the field K.
We shall continue to use the notation for algebraic sets in A™ and correspond-
ing ideals of the polynomial ring that was established earlier.

The following result is a direct consequence of the Hilbert Basis Theorem.

Proposition 11.7 LetV be an algebraic set in A™. Then there exists a finite
collection f1, fa, f3, ... of polynomials in n independent indeterminates such
that

V={xeA": fi(x)=0 fori=1,2,...,k}.

Proof The set V is an algebraic set, and therefore V' = V/(I) for some
ideal I of K[Xy, Xy, ..., X,]. Moreover it follows from Corollary 10.10 that
I is generated by some finite set {f1, fo, ..., fx} of polynomials. But then
V =V{fi, fa, .-, fr}), and thus V is of the required form. |}

A algebraic hypersurface in A™ is a algebraic set of A" of the form V'(f)
for some non-constant polynomial f € K[Xy, Xy, ..., X,], where

V(f) = {x € A" : f(x) = 0}.

Corollary 11.8 FEwvery proper algebraic set in A™ is the intersection of a
finite number of algebraic hypersurfaces.

Proof The empty set in A"” can be represented as an intersection of two
hyperplanes (e.g., x; = 0 and z; = 1). Suppose therefore that the proper
algebraic set V' is non-empty. It follows from Proposition 11.7 that there
exists a finite set { f1, fo, ..., fx} polynomials belonging to K[X;, Xs, ..., X,]
such that V- = V({fi, f2,..., fr}). Moreover the polynomials fi, fo,..., fx
cannot all be zero, since V' # A”"; we can therefore assume (by removing
the zero polynomials from the list) that the polynomials fi, fo, ..., fx are
non-zero. They must then all be non-constant, since V' is non-empty. But
then

V=V({)NV(L)N---NV(f),

as required. |
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Proposition 11.9 Let C be a collection of subsets of A" that are open with
respect to the Zariski topology on A™. Then there exists a finite collection
D1, Dy, ..., Dy of open sets belonging to C such that Dy U Dy U ---U Dy, is
the union |Jpeo D of all the open sets D belonging to C.

Proof It follows from the definition of the Zariski topology that, for each
open set D belonging to C, there exists an ideal Ip of K[X7, X, ..., X,] such
that D = A"\ V(Ip). Let I =3, . Ip. Then

UDGC D = UDeC (A"\V(Ip)) = A"\ ﬂDeC V(Ip)
= AV (3, ) =AM\ V()

(see Proposition 11.6). Now the ideal [ is finitely-generated (Corollary 10.10).
Moreover there exists a finite generating set {f1, f2,..., fi} for I with the
property that each generator f; belongs to one of the ideals Ip, since if we
are given any finite generating set for I, then each of the generators can
be expressed as a finite sum of elements taken from the ideals Ip, and the
collection of all these elements constitutes a finite generating set for I which
is of the required form. Choose Dy, Ds, ..., Dy € C such that f; € Ip, for
1=1,2,..., k. Then

I'=1Ip, +1Ip,+ -+ Ip,,

and thus

as required. |

We recall that a topological space is compact if and only if every open
cover of that space has a finite subcover. The following result therefore
follows directly from Proposition 11.9.

Corollary 11.10 FEvery subset of A" is compact with respect to the Zariski
topology.

11.4 Maximal Ideals and Zorn’s Lemma

Definition Let R be a ring. A proper ideal I of R is said to be mazimal if
the only ideals J of R satisfying I C J C R are J =1 and J = R.
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Lemma 11.11 A unital commutative ring R is a field if and only if the only
ideals of R are {0} and R.

Proof Suppose that R is a field. Let I be a non-zero ideal of R. Then
there exists x € I satisfying x # 0. Moreover there exists 2~! € R satisfying
xx~! =1 = z7'z. Therefore 1 € I, and hence I = R. Thus the only ideals
of R are {0} and R.

Conversely, suppose that R is a unital commutative ring with the property
that the only ideals of R are {0} and R. Let = be a non-zero element of R,
and let Rz denote the subset of R consisting of all elements of R that are of
the form rz for some r € R. It is easy to verify that Rz is an ideal of R. (In
order to show that yr € Rx for all y € Rx and r € R, one must use the fact
that the ring R is commutative.) Moreover Rx # {0}, since z € Rx. We
deduce that Rx = R. Therefore 1 € Rx, and hence there exists some element
27! of R satisfying ¥~ 'z = 1. This shows that R is a field, as required. |

Lemma 11.12 A proper ideal I of a unital commutative ring R is mazximal
if and only if the quotient ring R/1 is a field.

Proof Let I be a proper ideal of the unital commutative ring R. Then the
quotient ring R/I is unital and commutative. Moreover there is a one-to-
one correspondence between ideals L of R/I and ideals J of R satisfying
I C J C R: if J is any ideal of R satisfying I C J C R, and if L is the
corresponding ideal of R/I then I 4+ = € L if and only if z € J. We deduce
that I is a maximal ideal of R if and only if the only ideals of R/I are the zero
ideal {I} and R/I itself. It follows from Lemma 11.11 that [ is a maximal
ideal of R if and only if R/I is a field. |

We claim that every proper ideal of a ring R is contained in at least one
maximal ideal. In order to prove this result we shall make use of Zorn’s
Lemma concerning the existence of maximal elements of partially ordered
sets.

Definition Let S be a set. A partial order < on S is a relation on S
satisfying the following conditions:—

(i) z <z for all z € § (i.e., the relation < is reflezive),

(ii) if z,y, 2z € S satisfy © < y and y < z then = < z (i.e., the relation < is
transitive),

(iii) if z,y € S satisfy z < y and y < z then = = y (i.e., the relation < is
antisymmetric).
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Neither of the conditions x < y or y < x need necessarily be satisfied by
arbitrary elements x and y of a partially ordered set S. A subset C of S is
said to be totally ordered if one or other of the conditions x < y and y < x
holds for each pair {x,y} of elements of C.

Example Let & be a collection of subsets of some given set. Then § is
partially ordered with respect to the relation C (where A, B € § satisfy
A C B if and only if A is a subset of B).

Example The set N of natural numbers is partially ordered with respect to
the relation |, where n|m if and only if n divides m.

Let < be the ordering relation on a partially ordered set S. An element u
of § is said to be an upper bound for a subset B of § if < u for all x € B.
An element m of S is said to be mazimal if the only element x of S satisfying
m < x is m itself.

The following result is an important theorem in set theory.

Zorn’s Lemma. Let & be a non-empty partially ordered set.
Suppose that there exists an upper bound for each totally ordered
subset of S. Then § contains a maximal element.

We use Zorn’s lemma in order to prove the following existence theorem
for maximal ideals.

Theorem 11.13 Let R be a unital ring, and let I be a proper ideal of R.
Then there exists a mazximal ideal M of R satisfying [ C M C R.

Proof Let S be the set of all proper ideals J of R satisfying I C J. The set S
is non-empty, since I € §, and is partially ordered by the inclusion relation C.
We claim that there exists an upper bound for any totally ordered subset C
of S.

Let L be the union of all the ideals belonging to some totally ordered
subset C of §. We claim that L is itself a proper ideal of R. Let a and b be
elements of L. Then there exist proper ideals J; and J; belonging to C such
that a € J; and b € Jy. Moreover either J; C Jy or else J; C Ji, since the
subset C of S is totally ordered. It follows that a + b belongs either to J; or
else to Jy, and thus a + b € L. Similarly —a € L, ra € L and ar € L for
all € R. We conclude that L is an ideal of R. Moreover 1 ¢ L, since the
elements of C are proper ideals of R, and therefore 1 &€ J for every J € C. It
follows that L is a proper ideal of R satisfying I C L. Thus L € S, and L is
an upper bound for C.
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The conditions of Zorn’s Lemma are satisfied by the partially ordered
set §. Therefore S contains a maximal element M. This maximal element
is the required maximal ideal of R containing the ideal I. |}

Corollary 11.14 FEvery unital ring has at least one mazximal ideal.

Proof Apply Theorem 11.13 with I = {0}. |}

11.5 Prime Ideals

Definition Let R be a unital ring. A proper ideal [ is said to be prime if,
given any ideals J and K satisfying JK C I, either J C [ or K C I.

The following result provides an alternative description of prime ideals of
a ring that is both unital and commutative.

Lemma 11.15 Let R be a unital commutative ring. An proper ideal I of R
1s prime if and only if, given any elements x and y of R satisfying xy € I,
eitherx € I ory € I.

Proof Let I be a proper ideal of R. Suppose that [ has the property that,
given any elements x and y of R satisfying xy € I, either x € [ or y € I.
Let J and K be ideals of R neither of which is a subset of the ideal I. Then
there exist elements x € J and y € K which do not belong to I. But then xy
belongs to JK but does not belong to I. Thus the ideal JK is not a subset
of I. This shows that the ideal I is prime.

Conversely, suppose that [ is a prime ideal of R. Let 2 and y be elements
of R satisfying xy € I, and let J and K be the ideals generated by x and y
respectively. Then

J=A{rz:r e R}, K ={ry:r € R},

since R is unital and commutative (see Lemma 9.2). It follows easily that
JK = {rzy:r € R}. Now zy € I. It follows that JK C I. But [ is prime.
Therefore either J C I or K C I, and thus eitherx € T ory e I. |}

Example Let n be a natural number. Then the ideal nZ of the ring Z of
integers is a prime ideal if and only if n is a prime number. For an integer j
belongs to the ideal nZ if and only if n divides j. Thus the ideal nZ is prime
if and only if, given any integers j and k such that n divides jk, either n
divides j or n divides k. But it follows easily from the Fundamental Theorem
of Arithmetic that a natural number n has this property if and only if n is
a prime number. (The Fundamental Theorem of Arithmetic states that any
natural number can be factorized uniquely as a product of prime numbers.)
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Lemma 11.16 An ideal I of a unital commutative ring R is prime if and
only if the quotient ring R/I is an integral domain.

Proof If I is a proper ideal of the unital commutative ring R then the
quotient ring R/ is both unital and commutative. Moreover the zero element
of R/I is I itself (regarded as a coset of I in R). Thus R/I is an integral
domain if and only if, given elements = and y of R such that (I+z)(I+y) = I,
either [ +x=TorI+y=1 But(I+z)[+y) =1+zyforalzyecR,
and I + x = I if and only if x € I. We conclude that R/I is an integral
domain if and only if I is prime, as required. |}

Lemma 11.17 FEvery maximal ideal of a unital commutative ring R is a
prime ideal.

Proof Let M be a maximal ideal of R. Then the quotient ring R/M is a
field (see Lemma 11.12). In particular R/M is an integral domain, and hence
M is a prime ideal. |}

11.6 Affine Varieties and Irreducibility

Definition A topological space Z is said to be reducible if it can be decom-
posed as a union Fj U Fy of two proper closed subsets F; and Fy. (A subset
of Z is proper if it is not the whole of Z.) A topological space Z is said to
be irreducible if it cannot be decomposed as a union of two proper closed
subsets.

Lemma 11.18 Let Z be a topological space. The following are equivalent:—

(i) Z is irreducible,
(ii) the intersection of any two non-empty open sets in Z is non-empty,
(iii) every non-empty open subset of Z is dense.

Moreover a subset A of a topological space Z is irreducible (with respect to
the subspace topology) if and only if its closure A is irreducible.

Proof The topological space Z is irreducible if and only if the union of any
two proper closed subsets of Z is a proper subset of Z. Now the complement
of any proper closed set is a non-empty open set, and vica versa. Thus on
taking complements we see that Z is irreducible if and only if the intersection
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of any two non-empty open subsets of Z is a non-empty subset of Z. This
shows the equivalence of (i) and (ii).

The equivalence of (ii) and (iii) follows from the fact that a subset of Z
is dense if and only if it has non-empty intersection with every non-empty
open set in Z.

Let A be a subset of Z. It follows directly from the definition of the
subspace topology on A that A is irreducible if and only if, given any closed
sets F| and F, such that A C F} U F;, then either A C I} or A C F5. Now if
F is any closed subset of Z then A C F if and only if A C F. It follows that
A is irreducible if and only if A is irreducible. [

It follows immediately from Lemma 11.18 that a non-empty irreducible
topological space is Hausdorff if and only if it consists of a single point.

Lemma 11.19 Any irreducible topological space is connected.

Proof A topological space Z is connected if and only if the only subsets of Z
that are both open and closed are the empty set () and the whole set Z. Thus
suppose that the topological space Z were not connected. Then there would
exist a non-empty proper subset U of Z that was both open and closed. Let
V =Z\U. Then U and V would be disjoint non-empty open sets. It would
then follow from Lemma 11.18 that Z could not be irreducible. |

Lemma 11.20 Let V' be an algebraic set, and let V| be a proper algebraic
subset of V.. Then there exists f € K[X1, X, ..., X,] such that f(x) =0 for
allx e Vi but f ¢ I(V).

Proof The inclusion Vi C V implies that I(V)) C I(Vy). Now V =V (I(V))
and V; = V(I(V1)). Thus if V] is a proper subset of V' then I(V) # I(V}),
and hence there exists f € I(V}) such that f ¢ I(V). Then f is the required
polynomial. |

Proposition 11.21 A non-empty algebraic set V in A™ is irreducible (with
respect to the Zariski topology) if and only if the ideal I(V') is a prime ideal
OfK[Xl,XQ,. .. 7Xn]

Proof Suppose that the algebraic set V' is irreducible. Let f and g be
polynomials in K[X;, Xs, ..., X,] with the property that fg € I(V). Then
V C V(f)uV(g), since, given any point of V', one or other of the polynomials
f and g must be zero at that point. Let Vi, = VN V(f) and Vo =V NV(g).
Then V; and V5 are algebraic subsets of V', and V = V;UV,. Therefore either
V =Vj or V = V4, since the irreducible algebraic set V' cannot be expressed

28



as a union of two proper algebraic subsets. It follows that either f € I(V)
or else g € I(V). Thus I(V) is prime, by Lemma 11.15.

Conversely, suppose that V' is reducible. Then there exist proper alge-
braic subsets V; and V5 of V such that V = V; U V5. It then follows from
Lemma 11.20 that there exist polynomials f and ¢g in K[X;, X5, ..., X,,] such
that f(x) = 0 for all x € 1}, g(x) = 0 for all x € V5, and neither f nor g
belongs to I(V). But then f(x)g(x) = 0 for all x € V, since V = V; U V4,
and hence fg € I(V). Thus the ideal I(V') is not prime. [

Definition An affine algebraic variety is an irreducible algebraic set in A™.

Theorem 11.22 FEvery algebraic set in A™ can be expressed as a finite union
of affine algebraic varieties.

Proof Let C be the collection of all ideals I of K[X7, X5, ..., X,,] with the
property that the corresponding algebraic set V' (I) cannot be expressed as a
finite union of affine varieties. We claim that C cannot contain any maximal
element.

Let I be an ideal of K[X7, X5, ..., X,] belonging to C. Then the algebraic
set V(I) cannot itself be an affine variety, and therefore there must exist
proper algebraic subsets V; and V5 of V such that V(I) = V3 U V;. Let
I, = I(V1) and I, = [(V,). Then I[(V(I)) C I, and I(V(I)) C I, since
Vi C V(I) and Vo C V(I). Also I C I(V(I)). It follows that I C I; and
I C I,. Moreover V(I;) = V; and V(I) = V4, since V; and V, are algebraic
sets (see Lemma 11.5), and thus V(1) # V(1) and V(I3) # V(I). It follows
that I # I; and I # I,. Thus [ is a proper subset of both I; and I5.

Now Vj and V5 cannot both be finite unions of affine varieties, since V(1)
is not a finite union of affine varieties. Thus one or other of the ideals I; and I,
must belong to the collection C. It follows that no ideal I belonging to C can
be maximal in C. But every non-empty collection of ideals of the Noetherian
ring K[X1, X, ..., X,] must have a maximal element (see Proposition 10.5).
Therefore C must be empty, and thus every algebraic set in A" is a finite
union of affine varieties, as required. |}

We shall show that every algebraic set in A™ has an essentially unique
representation as a finite union of affine varieties.

Lemma 11.23 Let Vi, V5, ..., Vi be algebraic sets in A", and let W be an
affine variety satisfying W Cc ViU Vo U ---U V. Then W C V; for some i.

Proof The affine variety W is the union of the algebraic sets W N V; for
1=1,2,..., k. It follows from the irreducibility of W that the algebraic sets
W NV, cannot all be proper subsets of W. Hence W = W NV, for some 1,
and hence W C V;, as required. |}
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Proposition 11.24 Let V' be an algebraic set in A", and let V =V, UV, U
- Vi, where Vi, Vs, ..., Vi are affine varieties, and V; ¢ V; for any j # i.
Then Vi, Vs, ..., Vi are uniquely determined by V.

Proof Suppose that V' = W UWLU- - - W,,,, where Wy, W, ..., W,, are affine
varieties, and W; ¢ W; for any j # i. Now it follows from Lemma 11.23 that,
for each integer i between 1 and k, there exists some integer o (i) between 1
and m such that V; C W,(;. Similarly, for each integer j between 1 and m,
there exists some integer 7(j) between 1 and k such that W; C V,(;). Now
Vi € Wogy C Vi), But V; ¢ Vi for any @' # i. It follows that ¢ = 7(co (7))
and V; = Wo(;). Similarly W; C V() C W,(-(;)), and thus j = o(7(j)) and
W; = V(;). We deduce that

o:{1,2,...,k} = {1,2,...,m}

is a bijection with inverse 7, and thus k = m. Moreover V; = W), and thus
the varieties Vi, Vs, ..., Vi are uniquely determined by V', as required. [}

Let V be an algebraic set, and let V' = V,UVLU- - - Vi, where Vi, Vs, ..., Vi
are affine varieties, and V; ¢ V; for any j # i. The varieties V1, Vs, ...,V are
referred to as the irreducible components of V.

11.7 Radical Ideals

Definition Let R be a unital commutative ring. An ideal I of R is said to
be a radical ideal if every element z of R with the property that x™ € I for
some natural number m belongs to I.

Lemma 11.25 FEvery prime ideal of a unital commutative ring R is a radical
ideal.

Proof Let I be a prime ideal. Suppose that x € R satisfiesz™ € I. If m =1
then we are done. If not, then either € I or 2™ ! € I, since I is prime.
Thus it follows by induction on m that x € I. Thus [ is a radical ideal.

Lemma 11.26 Let I be an ideal of a unital commutative ring R, and let /1
denote the set of all elements x of R with the property that x™ € I for some
natural number m. Then /T is a radical ideal of R. Moreover I = /T if and
only if I is a radical ideal of R.
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Proof Let z and y be elements of v/I. Then there exist natural numbers m
and n such that 2™ € [ and y" € I. Now

m+n m+n
m+n __ i, m+n—1i
o= (M)
(where ' = 1 = ¢Y), and moreover, given any value of i between 0 and
m + n, either i > m or m +n — i > n, so that either ' € I or y™™" " € I.
Therefore (x4 y)™*" € I, and thus z +vy € VI. Also —z € /T and rz € VI
for all » € R. Thus /T is an ideal of R. Clearly v/T is a radical ideal, and
I = /I if and only if I is a radical ideal. |

The ideal v/T is referred to as the radical of the ideal I.

Lemma 11.27 Let Z be a subset of A". Then I(Z) is a radical ideal of the
polynomial ring K[ X1, X, ..., Xy]. Moreover Z =V (I(Z)) if and only if Z
is an algebraic set in A™.

Proof Note that if g and h are polynomials belonging to K[X7, X, ..., X,]
which are zero throughout the set Z then the same is true of the polynomials
g+ h, —g and fg for all f € K[X;,Xs,...,X,]. Therefore I is an ideal of
K[Xy,Xs,...,X,]. Moreover g™ is identically zero on Z if and only if the
same is true of g. Therefore the ideal I(Z) is a radical ideal. If Z =V (I1(Z))
then Z is clearly an algebraic set. Conversely, if Z is an algebraic set then
Z = V(S) for some subset S of K[X7, Xs,...,X,], and therefore

V(I(2)) = VI (V(5)) = V(5) = Z,
by Lemma 11.5, as required. |}

Lemma 11.28 Let S be a subset of the polynomial ring K[X1, Xs, ..., X,],
and let I be the ideal generated by S. Then V(S) = V(I) = V(V/I), where
VT is the radical of the ideal I. Thus every algebraic set in A™ is of the form
V(I) for some radical ideal I of K[X1, X, ..., X,].

Proof Theideal I(V(S)) of KXy, Xo, ..., X,] contains the set S. Therefore
I C I(V(S)), where I is the ideal generated by S. Moreover if f € /T then
f™ € I for some natural number m, and thus f™ € I[(V(S)). But I(V(5))
is a radical ideal (see Lemma 11.27). Therefore f € I(V(.S)). Thus

SclcVIcIV(s)).
It follows that
V(I(V(S)) c V(VI)c V() c V(S).
(

But V(I(V(S))) = V(S) (see Lemma 11.5). Therefore V(S) = V(I) =
V(VI), as required. |
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12 Finitely-Generated Modules over
Principal Ideal Domains

12.1 Linear Independence and Free Modules

Let M be a module over a unital commutative ring R, and let xq, 2o, ..., 2
be elements of M. A linear combination of the elements x1, xs, ..., xp with
coefficients ri,ry, ..., 1) is an element of M that is represented by means of

an expression of the form
Ty 4 Telo + -+ TETk,
where 71,75, ..., 1, are elements of the ring R.

Definition Let M be a module over a unital commutative ring R. The
elements of a subset X of M are said to be linearly dependent if there exist
distinct elements xy, xo, ...,z of X (where x; # x; for i # j) and elements
r1,79,...,7, of the ring R, not all zero, such that

r1m1+r2x2+--~+rkcck:0M,

where 0;; denotes the zero element of the module M.
The elements of a subset X of M are said to be linearly independent over
the ring R if they are not linearly dependent over R.

Let M be a module over a unital commutative ring R, and let X be a
(finite or infinite) subset of M. The set X generates M as an R-module if and
only if, given any non-zero element m of M, there exist xq,x9,..., 2, € X
and rq,79,...,7x € R such that

m:T11’1+T2$2+"'+Tk.Z‘k

(see Lemma 10.1). In particular, a module M over a unital commutative
ring R is generated by a finite set {xy,zy,..., 2} if and only if any ele-
ment of M can be represented as a linear combination of xq, xo, ..., z; with
coefficients in the ring R.

A module over a unital commutative ring is freely generated by the empty
set if and only if it is the zero module.

Definition Let M be a module over a unital commutative ring R, and let
X be a subset of M. The module M is said to be freely generated by the
set X if the following conditions are satisfied:
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() i the elements of X are linearly independent over the ring R;

() ii the module M is generated by the subset X.

Definition A module over a unital commutative ring is said to be free if
there exists some subset of the module which freely generates the module.

Definition Let M be a module over a unital commutative ring R. Elements
X1, T, ..., T, of M are said to constitute a free basis of M if these elements are
distinct, and if the R-module M is freely generated by the set {x1, zo, ..., zx}.

Lemma 12.1 Let M be a module over an unital commutative ring R. Ele-
ments T, X, ..., T of M constitute a free basis of that module if and only
if, given any element m of M, there exist uniquely determined elements
r1,79, ...,k of the ring R such that

m =112y + reZo + - -+ Ty

Proof First suppose that x1,xo,..., 2, is a list of elements of M with the
property that, given any element m of M, there exist uniquely determined
elements rq,79,...,7, of R such that

m:T1[E1+T2$2—|—"'+TkZL’}C.

Then the elements xq,xs, ...,z generate M. Also the uniqueness of the
coefficients 71,7, ..., r, ensures that the zero element 0, of M cannot be
expressed as a linear combination of xq,x»,...,x; unless the coeffients in-

volved are all zero. Therefore these elements are linearly independent and
thus constitute a free basis of the module M.

Conversely suppose that x1, xs, ...,z is a free basis of M. Then any ele-
ment of M can be expressed as a linear combination of the free basis vectors.
We must prove that the coefficients involved are uniquely determined. Let
ri,7o, ..., and s1, Sg, ..., s be elements of the coefficient ring R satisfying

Ty + 71Xy + -+ +TETr = S1X1 + Soko + -+ - + SLTk.
Then
(7’1 — 51)1'1 -+ (7"2 — 82).1'2 + e 4 (T’k — Sk)iL'k = OM

But then r; —s; = 0 and thus r; = s; for j = 1,2,...,n, since the elements of
any free basis are required to be linearly independent. This proves that any
element of M can be represented in a unique fashion as a linear combination
of the elements of a free basis of M, as required. |}
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Proposition 12.2 Let M be a free module over a unital commutative ring R,
and let X be a subset of M that freely generates M. Then, given any R-
module N, and given any function f: X — N from X to N, there exists a
unique R-module homomorphism o: M — N such that | X = f.

Proof We first prove the result in the special case where M is freely gen-
erated by a finite set X. Thus suppose that X = {z1,x9,..., 2%}, where
the elements xq,xs, ...,z are distinct. Then these elements are linearly
independent over R and therefore, given any element m of M, there exist
uniquely-determined elements 71,79, ..., 7, of R such that

m =17rixy +reXg + - + rgl.

(see Lemma 12.1). It follows that, given any R-module N, and given any
function f: X — N from X to NV, there exists a function ¢: M — N from M
to N which is characterized by the property that

(rixy + 1oz + -+ rpay) = rf (@) + raf (x2) + -+ e f ().

for all 71,79, ..., 7. It is an easy exercise to verify that this function is an R-
module homomorphism, and that it is the unique R-module homomorphism
from M to N that extends f: X — N.

Now consider the case when M is freely generated by an infinite set X. Let
N be an R-module, and let f: X — N be a function from X to N. For each
finite subset Y of X, let My denote the submodule of M that is generated
by Y. Then the result we have just proved for modules freely generated
by finite sets ensures that there exists a unique R-module homomorphism
vy: My — N from My to N such that ¢y (y) = f(y) for ally € Y.

Let Y and Z be finite subsets of X, where YNZ # (). Then the restrictions
of the R-module homomorphisms ¢y: My — N and @z: Mz — N to Mynyz
are R-module homomorphisms from Mynz to N that extend f|YNZ:YNZ —
N. But we have shown that any extension of this function to an R-module
homomorphism from My~; — N is uniquely-determined. Therefore

§0Y|MYmZ = SOZlMYﬂZ = Yynz-

Next we show that My N My, = Mypny. Clearly Myn~y; C My and Mynz C
My. Let Y UZ = {xy,x9,...,x}, where 1,9, ..., x are distinct. Then,
given any element m of My N My, there exist uniquely-determined elements
ri1,7a,...,7, of R such that

m =1ryxy +reolg+ -+ rpli.
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But this element m is expressible as a linear combination of elements of
Y alone, and as a linear combination of elements of Z alone. Therefore,
for each index i between 1 and k, the corresponding coefficient r; is zero
unless both z; € Y and z; € Z. But this ensures that z is expressible as
a linear combination of elements that belong to Y N Z. This verifies that
MY N MZ = Msz.

Let m € M. Then m can be represented as a linear combination of the
elements of some finite subset Y of X with coefficients in the ring R. But
then m € My-. It follows that M is the union of the submodules My as Y
ranges over all finite subsets of the generating set X.

Now there is a well-defined function ¢: M — N characterized by the
property that ¢(m) = ¢y (m) whenever m belongs to My for some finite
subset Y of X. Indeed suppose that some element m of M belongs to both
My and M, where Y and Z are finite subsets of M. Then m € My, since
we have shown that My N My = Mynz. But then ¢y (m) = ¢ynz(m) =
©wz(m). This result ensures that the homomorphisms ¢: My — N defined on
the submodules My of M generated by finite subsets Y of X can be pieced
together to yield the required function ¢: M — N. Moreover, given elements
x and y of M, there exists some finite subset Y of M such that x € My and
y € My. Then

ox+y) =y +y) =ev(@)+oy(y) = o)+ e(y),

and
p(rz) =y (rz) = roy(z) = ro(z)

for all r € R. Thus the function p: M — N is an R-module homomor-
phism. The uniqueness of the R-module homomorphisms ¢y then ensures
that ¢: M — N is the unique R-module homomorphism from M to N that
extends f: X — N, as required. |}

Proposition 12.3 Let R be a unital commutative ring, let M and N be R-
modules, let F' be a free R-module, let m: M — N be a surjective R-module
homomorphism, and let pF' — N be an R-module homomorphism. Then
there exists an R-module homomorphism ¢: F' — M such that ¢ = mo .

Proof Let X be a subset of the free module F' that freely generates F'. Now,
because the R-module homomorphism 7: M — N is surjective, there exists
a function f: F' — M such that 7(f(z)) = ¢(x) for all x € X. It then follows
from Proposition 12.2 that there exists an R-module homomorphism ¢: F' —
M such that ¢(z) = f(z) for all x € X. Then n(¢(z)) = 7(f(z)) = p(x)
for all x € X. But it also follows from Proposition 12.2 that any R-module
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homomorphism from F to N that extends ¢|X — X — N is uniquely
determined. Therefore m o1 = ¢, as required. |

Proposition 12.4 Let R be a unital commutative ring, let M be an R-
module, let F' be a free R-module and let m: M — F be a surjective R-module
homomorphism. Then M = kerm & F'.

Proof It follows from Proposition 12.3 (applied to the identity automor-
phism of F') that there exists an R-module homomorphism v¢: F — M with
the property that w(¢(f)) = f for all f € F. Let O:kerm & F — M be
defined so that 6(k, f) = k + ¢ (f) for all f € F. Then 6:kerm & F — M is
an R-module homomorphism. Now

7(m — (m(m))) = 7(m) — (7 0 ¥)(m(m)) = 7(m) — 7(m) = O

where O denotes the zero element of F. Therefore m — ¢(n(m)) € kerm
for all m € M. But then m = 0(m — ¢ (n(m)), w(m)) for all m € M. Thus
O:kerm & F — M is surjective.

Now let (k, f) € ker 6, where k € kerm and f € F. Then ¢(f) = —k. But
then f = 7w(¢¥(f)) = —n(k) = 0p. Also k = ¥(Op) = 07, where 0y, denotes
the zero element of the module M. Therefore the homomorphism 6: ker 7 &
F — M has trivial kernel and is therefore injective. This homomorphism
is also surjective. It is therefore an isomorphism between ker 7w & F' and M.
The result follows. |}

12.2 Free Modules over Integral Domains

Definition A module M over an integral domain R is said to be a free
module of finite rank if there exist elements b, bo, ..., by € M that constitute
a free basis for M. These elements constitute a free basis if and only if, given
any element m of M, there exist uniquely-determined elements 1,75, ..., 7%
of R such that

m = lel + Tgbg +---+ kak.

Proposition 12.5 Let M be a free module of finite rank over an integral
domain R, let by, by, ..., by be a free basis for M, and let my,mg,...,my, be
elements of M. Suppose that p > k, where k is the number elements con-
stituting the free basis of m. Then the elements my, ma, ..., m, are linearly
dependent over R.

Proof We prove the result by induction on the number %k of elements in the
free basis. Suppose that £ = 1, and that p > 1. If either of the elements
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my or my is the zero element 0, then my, mo, ..., m, are certainly linearly
dependent. Suppose therefore that m; # 0y, and mgy # 03;. Then there exist
non-zero elements s; and sy of the ring R such that m; = s1b1, and my = s9b1,
because {b; } generates the module M. But then symi—s;my = 0y. It follows
that the elements m; and ms are linearly dependent over R. This completes
the proof in the case when k = 1.

Suppose now that M has a free basis with k& elements, where k£ > 1, and
that the result is true in all free modules that have a free basis with fewer
than k elements. Let by, bs, ..., b be a free basis for M. Let v: M — R be
defined such that

I/(?“lbl -+ T'sz + -+ kak) =1T.

Then v: M — R is a well-defined homomorphism of R-modules, and ker v
is a free R-module with free basis by, b3, ...,b;. The induction hypothesis
therefore guarantees that any subset of ker v with more than k£ — 1 elements
is linearly dependent over R.

Let my, ma,...,m, be a subset of M with p elements, where p > k. If
v(m;) = Og for j = 1,2,...,p, where O denotes the zero element of the
integral domain R, then this set is a subset of ker v, and is therefore linearly
dependent. Otherwise v(m;) # O for at least one value of j between 1 and
p. We may assume without loss of generality that v(my) # Og. Let

my = v(my)m; —v(my;)my for j=2,3,...,p.

Then v(m/;) = 0, and thus m/ € kerv for j =2,3,...,p. It follows from the

induction hypothesis that the elements msy, my, ..., m;, of kerv are linearly
dependent. Thus there exist elements r9,73,...,7, of R, not all zero, such
that

p
Z rjm;- = 0.
=2
But then

P P
- (Z le/(mj)> my + erl/(ml)mj = Oy
j=2 Jj=2

Now v(mq) # Ogr. Also r; # Og for at least one value of j between 2 and
p, and any product of non-zero elements of the integral domain R is a non-
zero element of R. It follows that r;v(m;) # Og for at least one value of j
between 2 and p. We conclude therefore that the elements m;, mo, ..., m, are
linearly dependent (since we have expressed the zero element of M above as a
linear combination of my, ms, ..., m, whose coefficients are not all zero). The
required result therefore follows by induction on the number k£ of elements

in the free basis of M. |}
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Corollary 12.6 Let M be a free module of finite rank over an integral do-
main R. Then any two free bases of M have the same number of elements.

Proof Suppose that by, bs, ..., b is a free basis of M. The elements of any
other free basis are linear independent. It therefore follows from Proposi-
tion 12.5 that no free basis of M can have more than k£ elements. Thus the
number of elements constituting one free basis of M cannot exceed the num-
ber of elements constituting any other free basis of M. The result follows. |

Definition The rank of a free module is the number of elements in any free
basis for the free module.

Corollary 12.7 Let M be a module over an integral domain R. Suppose
that M 1is generated by some finite subset of M that has k elements. If some
other subset of M has more than k elements, then those elements are linearly
dependent.

Proof Suppose that M is generated by the set g1, g, . .., gr. Let 0: R¥ — M
be the R-module homomorphism defined such that

k

O(r1,79, ... 1) = ergj

J=1

for all (r1,79,...,7;) € R¥. Then the R-module homomorphism 6: R — M
is surjective.

Let my,mo,...,m, be elements of M, where p > k. Then there exist
elements ty,ts,...,t, of R* such that 6(¢t;) = m; for j = 1,2,...,p. Now
RF is a free module of rank k. It follows from Proposition 12.5 that the
elements 1, %,...,t, are linearly dependent. Therefore there exist elements
r1,T2,...,7p of R, not all zero, such that

7“1t1 + T2t2 + 4 rptp
is the zero element of R¥. But then
rimy + remy + - -+ rpymy, = 0(rity +raty + -+ 1pty) = O,

where 0;; denotes the zero element of the module M. Thus the elements
my,Ma, ..., m, are linearly dependent. The result follows. |}
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12.3 Torsion Modules

Definition A module M over an integral domain R is said to be a torsion
module if, given any element m of M, there exists some non-zero element r
of R such that rm = 0,, where 0, is the zero element of M.

Lemma 12.8 Let M be a finitely-generated torsion module over an integral
domain R. Then there exists some non-zero element t of M with the property
that tm = Oy for all m € M, where 0y denotes the zero element of M.

Proof Let M be generated as an R-module by mq, mas, ..., mg. Then there
exist non-zero elements 71,7y,...,7, of R such that r,m; = 0y, for 1 =
1,2,...,k. Let t = riry---7rp. Now the product of any finite number of
non-zero elements of an integral domain is non-zero. Therefore ¢t # 0. Also
tm; =0y for e =1,2,...,k, because r; divides t. Let m € M. Then

m = S1Mq + SoMo + + -+ + SpMyg
for some s1, S9,...,S8; € R. Then

tm = t(51m1 + Sogmg + -+ - + skmk)
= 81(257711) + Sg(tm2> + -+ sk(tmk) = OM,

as required. |

12.4 Free Modules of Finite Rank over Principal Ideal
Domains

Proposition 12.9 Let M be a free module of rank n over a principal ideal
domain R. Then every submodule of M is a free module of rank at most n
over R.

Proof We prove the result by induction on the rank of the free module.

Let M be a free module of rank 1. Then there exists some element b of
M that by itself constitutes a free basis of M. Then, given any element m
of M, there exists a uniquely-determined element r of R such that m = rb.
Given any non-zero submodule N of M, let

I={reR:rbe N}.

Then I is an ideal of R, and therefore there exists some element s of R such
that I = (s). Then, given n € N, there is a uniquely determined element r

39



of R such that n = rsb. Thus N is freely generated by sb. The result is
therefore true when the module M is free of rank 1.

Suppose that the result is true for all modules over R that are free of
rank less than k. We prove that the result holds for free modules of rank k.
Let M be a free module of rank k£ over R. Then there exists a free basis
bi,ba, ..., by for M. Let v: M — R be defined such that

v(riby + raby + -+ 1bg) = 71

Then v: M — R is a well-defined homomorphism of R-modules, and ker v is
a free R-module of rank £ — 1.

Let N be a submodule of M. If N C ker v the result follows immediately
from the induction hypothesis. Otherwise v(N) is a non-zero submodule of
a free R-module of rank 1, and therefore there exists some element n; € N
such that v(N) = {rv(n;) : r € R}. Now N Nkerv is a submodule of a free
module of rank k£ — 1, and therefore it follows from that induction hypothesis
that there exist elements ns,...,n, of N Nkerv that constitute a free basis
for NNkerv. Moreover p < k, because the induction hypothesis ensures that
the rank of N Nker p is at most £ — 1

Let n € N. Then there is a uniquely-determined element r; of R such
that v(n) = rv(ny). Then n —riny € N Nkerv, and therefore there exist
uniquely-determined elements r9, ..., 7, of R such that

N — TNy = ToNg + - - TpNyp.

It follows directly from this that ni,ng,...,n, freely generate N. Thus N is
a free R-module of finite rank, and

rank N = p < k = rank M.

The result therefore follows by induction on the rank of M. |}

12.5 Torsion-Free Modules

Definition A module M over an integral domain R is said to be torsion-
free if rm is non-zero for all non-zero elements r of R and for all non-zero
elements m of M.

Proposition 12.10 Let M be a finitely-generated torsion-free module over
a principal ideal domain R. Then M is a free module of finite rank over R.

Proof It follows from Corollary 12.7 that if M is generated by a finite set
with k elements, then no linearly independent subset of M can have more
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than k elements. Therefore there exists a linearly independent subset of
M which has at least as many elements as any other linearly independent
subset of M. Let the elements of this subset be by, bs,...,b,, where b; # b;
whenever ¢ # 7, and let F' be the submodule of M generated by by, bs, ..., b,.
The linear independence of by, by, ..., b, ensures that every element of F' may
be represented uniquely as a linear combination of by, by, ...,b,. It follows
that F'is a free module over R with basis by, b, ..., b,.

Let m € M. The choice of by,bs,...,b, so as to maximize the number
of members in a list of linearly-independent elements of M ensures that
the elements by, by, ...,b,,m are linearly dependent. Therefore there exist
elements sy, s2,...,5, and 7 of R, not all zero, such that

51by + s9by + - - - + 5,0, —rm = 0y

(where 0y denotes the zero element of M). If it were the case that r = Og,
where Or denotes the zero element of R, then the elements by, by, . .., b, would
be linearly dependent. The fact that these elements are chosen to be linearly
independent therefore ensures that r # 0g. It follows from this that, given
any element m of M, there exists a non-zero element r of R such that rm € F.
Then r(m+ F) = F in the quotient module M/F. We have thus shown that
the quotient module M/F' is a torsion module. It is also finitely-generated,
since M is finitely generated. It follows from Lemma 12.8 that there exists
some non-zero element ¢ of the integral domain R such that ¢(m + F) = F
for all m € M. Then tm € F for allm € M.

Let ¢: M — F be the function defined such that p(m) = tm for all
m € M. Then ¢ is a homomorphism of R-modules, and its image is a
submodule of F'. Now the requirement that the module M be torsion-free
ensures that tm # 0p; whenever m # 0y,. Therefore p: M — F' is injective.
It follows that (M) =2 M. Now R is a principal ideal domain, and any
submodule of a free module of finite rank over a principal ideal domain is
itself a free module of finite rank (Proposition 12.9). Therefore ¢(M) is a
free module. But this free module is isomorphic to M. Therefore the finitely-
generated torsion-free module M must itself be a free module of finite rank,
as required. |}

Lemma 12.11 Let M be a module over an integral domain R, and let
T ={me& M :rm =0y for some non-zero element r of R},
where 0y denotes the zero element of M. Then T is a submodule of M.

Proof Let mq,my € T. Then there exist non-zero elements s; and sy of R
such that s;m; = 0p; and somg = 0. Let s = s155. The requirement that
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the coefficient ring R be an integral domain then ensures that s is a non-zero
element of R. Also sm; = 0y, sma = Oy, and s(rmq) = r(smy) = 0y for
all r € R. Thus m; + me € T and rmy € T for all r € R. It follows that T
is a submodule of R, as required. |

Definition Let M be a module over an integral domain R. The torsion
submodule of M is the submodule T of M defined such that

T ={m e M : rm = 0y for some non-zero element r of R},

where 0j; denotes the zero element of M. Thus an element m of M belongs
to the torsion submodule 7" of M if and only if there exists some non-zero
element r of R for which rm = 0y,.

Proposition 12.12 Let M be a finitely-generated module over a principal
tdeal domain R. Then there exists a torsion module T over R and a free
module ' of finite rank over R such that M =T & F.

Proof Let T be the torsion submodule of M. We first prove that the quotient
module M/T is torsion-free.

Let m € M, and let r be a non-zero element of the ring R. Suppose
that m € T. Then there exists some non-zero element s of R such that
s(rm) = 0p. But then (sr)m = 0p; and sr # Or (because R is an integral
domain), and therefore m € T It follows that if m € M, r # 0g and m ¢ T
then rm ¢ T. Thus if m + T is a non-zero element of the quotient module
M/T then so is rm + T for all non-zero elements r of the ring R. We have
thus shown that the quotient module M /T is a torsion-free module over R.

It now follows from Proposition 12.10 that M /T is a free module of finite
rank over the principal ideal domain R. Let F' = M/T, and let v: M — F
be the quotient homomorphism defined such that v(m) = m + T for all
m € M. Then kerv = T'. It follows immediately from Proposition 12.4 that
M =T ® F. The result follows. |}
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