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39. Ordinary Differential Equations (continued)

Example
Let us consider the differential equation
d’y | dy
ﬁ + b& + cy = (g + hX)emX
where the real numbers b, ¢, g, h and m are constants and
m? 4+ bm + ¢ # 0. In this case we look for a “particular integral”
of the form

mx

yp = (u+ wx)e
Differentiating using the Product Rule, we find that

dyp _

p ve™ + m(u+ vx)e™ = (v + mu + mvx)e™
x

and
d2y

v 2mve™ + m?(u + vx)e™ = (2mv + m?u + m?vx)e™
x



39. Ordinary Differential Equations (continued)

and therefore

d 2yp d
b——
o2 + o + cyp

= (2mv + m?u + bv + (bm + ¢)u + (m? + bm + c)vx) e™

It follows that yp solves the differential equation if and only if
Cm+byv+ (m*+bm+clu=g
and
(m? 4 bm + c)v = h.
Solving the second of these equations for v, we find that

h

V:m2+bm+c'



39. Ordinary Differential Equations (continued)

Then solving the other equation for u, we find that

1
U= i bmyc & (@mE b))
(m? + bm+ c)g — (2m + b)h

(m? + bm+ ¢)?

Thus

B (m2 + bm+c)(g + hx) — (2m + b)hemx
B (m2 4+ bm + c)? '

yp



39. Ordinary Differential Equations (continued)

The general solution of the differential equation then takes the
form

(m? + bm+c)(g + hx) — 2m+ b)h ..

Y= (m?2 + bm + ¢)? ™+ ye()-

where the complementary function yc satisfies the differential
equation
dyc

d’yc
dX2 +ba+cyc =0.




39. Ordinary Differential Equations (continued)

Example
Consider the differential equation

2
d<y 2@

10y = (3 — 2x)e™.
02 dx+ Oy = (3 —2x)e

This equation is of the form

d’y | dy

&2 + ba +cy = (g + hx)e™

with b= -2, ¢ =10, g =3, h=—2 and m = 4. We have shown
that equations of this form have a particular integral yp that takes
the form

(m? + bm + ¢)(g + hx) — (2m + b)hemx
(m? 4+ bm+ ¢)? ‘

yp =



39. Ordinary Differential Equations (continued)

Substituting the values of b, ¢, g, h and m into this equation, we
find that
m?>+bm+c = 16—2x4+10= 18,
2m+b)h = (2x4-2)x(=2)=-12,

and therefore

_66-36x 4 (11 X\
YP= T30 “\5s " 9)¢



39. Ordinary Differential Equations (continued)

Now the auxiliary polynomial z> — 2z 4 10 has roots 1 4+ /—13
and 1 — 1/—13. It follows that the complementary function y¢ for
this differential equation takes the form

yc(x) = €*(Acos 3x + Bsin 3x).

The general solution to the differential equation thus takes the
form

11 X 4x X i
y = <54— 9> e + e*(Acos 3x + Bsin 3x).



39. Ordinary Differential Equations (continued)

Example
Let us consider the differential equation

d? d
J+b—y+cy:g cos kx + h sin kx
dx? dx

where the real numbers b, ¢, g, h and k are constants.

d
e (coskx) = —ksinkx and — (sin kx) = k cos kx.

dx

We look for a particular integral yp of the form

yp = ucos kx + vsin kx.



39. Ordinary Differential Equations (continued)

Differentiating, we find that

% = kv cos kx — kusin kx
dx
and )
dyp = —k?ucos kx — k®vsin kx,
dx?
and thus
d’yp

d
dX2 + b% + cyp

= ((c — k*)u + bkv) cos kx 4 ((c — k*)v — bku) sin kx.



39. Ordinary Differential Equations (continued)

Therefore u and v should be chosen to satisfy the equations
(c — k?)u+bkv=g and (c— k?v — bku=h.
It follows that

bkg 4 (c — k*)h
= bk((c — k?)u+ bkv) + (c — k*)((c — k?)v — bku)
= (b*K? + (c — K*)?)v

(c — k?)g — bkh
= (c—Kk*)((c — k*)u + bkv) — bk((c — k®)v — bku)
= (b*K* + (c — K*)?)u.



39. Ordinary Differential Equations (continued)

Thus
o (c— k2)g — bkh
- b2 k2 + (C _ k2)2
and
L bkg + (¢ — k2)h
- b2 k2 4 (C— k2)2’
and thus
= ! ((c — k®)g — bkh) cos k
yp = BR2 1 (c — K22 g cos kx

+ (bkg + (¢ — k*)h) sin kx>.



39. Ordinary Differential Equations (continued)

It follows that the general solution of the differential equation

d?y  dy
—_— bi g i
92 + dX+cy g cos kx + h sin kx
takes the form
= ! ((c — k*)g — bkh) cos k
y = I+ (c — K22 c g cos kx

+ (bkg + (¢ — k*)h) sin kx) + yc,

where the complementary function y¢ satisfies the differential
equation

d’yc dyc
b—— =0.
o2 + o +cyc =0



39. Ordinary Differential Equations (continued)

Example
Consider the differential equation

d?y dy .

i 65 4+ 9y = 3cos 2x + 4 sin 2x.
This equation is of the form

d?y

d
ﬁ+bd7§+cy:gcoskx+hsinkx

with b= -6, c=9, k=2, g =3 and h = 4. We have shown that
equations of this form have a particular integral yp that takes the
form

1 2
ypo = b2k2+(ck2)2<((C—k)g—bkh)coskx

+ (bkg + (¢ — k*)h) sin kx>.



39. Ordinary Differential Equations (continued)

Substituting the values of b, ¢, k, g and h into this equation, we
find that

bk = —12
c—k® = 9-4=5

b2k? 4 (c — k?)> = 144 425 =169,

(c — k®)g —bkh = 5x3—(-12) x 4 =15+ 48 = 63,

bkg + (c — k*)h = (—12) x3+4+5x4=—36+20= —16.

and therefore

1 .
YP = 169 (63 cos2x — 16sin 2x) .



39. Ordinary Differential Equations (continued)

Now the auxiliary polynomial z> — 6z 4 9 has a repeated root with
value 3. It follows that the complementary function y¢ for this
differential equation takes the form

ye(x) = (A+ Bx)e™™.

The general solution to the differential equation thus takes the
form

1
y = 155 (63cos2x — 165in2x) + (A + Bx)e™.
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