Course MA2C02: Hilary Term 2011.
Assignment III.

To be handed in by Wednesday 9th March, 2011.
Please include both name and student number on any work

handed in.
1. Find the general solution of the differential equation
d’y dy
prhe 2% + 4y = cos 3x.

The general solution y to this differential equation is of the form yp+y¢,
where yp is a particular integral, and where yo is a complementary
function satisfying the differential equation

d’y dy

— —2— +4y = 0.

dx? dr Y
Now the auxiliary polynomial s —2s-+4 associated with this differential
equation has roots 1 + iv/3. Tt follows that

Yo = €* (A cosv/3z + Bsin \/5:15) .

We look for a particular integral yp of the form yp = p cos 3z + ¢ sin 3.
Now

yp = pcosdr + gsindz

/

Yp = 3qcosdz — Ipsindz

/"

yp = —9Ypcos3z — 9gsin 3z

and therefore

yp —2yp+4yp = (—9p — 6q + 4p) cos 3z + (—9q + 6p + 4q) sin 3z
= (—5p — 6q) cos 3z + (—5q + 6p) sin 3.
Therefore —5p — 6¢g = 1 and —5g + 6p = 0. It follows that ¢ = gp and

5p + 2£p = —1, and therefore 61p = (25 + 36)p = —5. Thus p = -

61
and ¢ = —6—61, and thus yp = —% cos 3xr — % sin 3z. We conclude that

the general solution y to the differential equation is of the form
5 6
Y= —6—1008395 — asin?)x +e” (Acosx/gx + Bsin\/gx) ,
where A and B are arbitrary real constants.
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2. Any function y of a real variable x that solves the differential equation

d4y
—~ — 16y =0
dz? Y

may be represented by a power series of the form

where the coefficients yo, Y1, Y2, Y3, . . . of this power series are real num-
bers.

Find values of these coefficients y, forn = 0,1,2,3,4,... that yield a
solution to the above differential equation with yo =1 and y; = 0 and
yo = —4 and y3 = 0. Hence or otherwise, find the solution to this
differential equation.

On differentiating, we find that
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for all positive integers k. Thus if the function y satisfies the differential
equation then

+oo
§ :yn+4 - 16yn n
—x
n!
n=0

for all real numbers z, and therefore y,, .4 —16y,, = 0 for all non-negative
integers n. Thus y,,4 = 2%y, for all non-negative integers n. Given
that y; = y3 = 0, it follows that y,, = 0 whenever n is odd. Given that
Yo = 1, it follows that y, = 2" whenever n is a multiple of 4. Also,
given that ¢y, = —4 = —22, it follows that v, = —2" whenever n = 2
mod 4, i.e., when n = 2,6,10, 14, .... It follows that

o= +oo mo22m +o0 m m
y = Z Yom xzmzzﬁxm:zw

<= (2m)! (2m)! (2m)!

= cos2z.

m=



3. Let (z, : n € Z) be the doubly-infinite 3-periodic sequence with zg = 1,
21 =2, 2o = —2. Find values of cg, c1, co such that
2n = Co + W™ + cow"

for all integers n, where i = \/—1 and

. 2 2 1
w = /3 :cos?7T —I—z’sin?7T = 5(—1—}—\/32’).

The standard formulae for the discrete Fourier transform ensure that

(s0+ 21+ 22) = -
C = —| Z z Z = —
0 glatata) =g
1 1
€1 = 5(20 +wltz + W_QZQ) = g(zo +w?z + wzs)
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