Course MA2C01: Michaelmas Term 2010.

Assignment II.

Worked solutions.

1. (a) Let * denote the binary operation on the set R® of ordered triples
of real numbers defined such that

((1,1, a2, (13) * (bla b27 b3)

= (a1b3 + a2b2 + agbl, a161 + a2b3 + a3b2, a1b2 + CLle + CLgbg).

Prove that R3, %) is a monoid. Is this monoid a group? [Justify your
answers. |

Let (a1, as,asz) (by, by, b3) and (cy, o, c3) be elements of R3. Then

((aq, as,as) * (b, by, b3)) * (c1, 2, 3)
= (arbs + asby + aghy, arby + azby + asbs, arby + azby + ashy
* (1,09, 03)
= <(a1b3 + asbs + azby)cs + (a1by + asbs + azhy)cs
+ (a1bg + azby + azbs)ey,
(a1bs + asbs + azby)cy + (a1by + asbs + ashy)cs
+ (a1by + azby + asbs)cy,
(@103 + agby + agby)ca + (a1by + asbs + azbe)cy
+ (a1bg + azby + a3b3)03>,

= <G1b303 + asbocs + agbics 4 ar1bica + asbses + asbacy
+ a1bscy 4+ asbicy + asbsey,
arbzcy + agbacy + agbicy 4 arbics + agbscs + agbacs
+ arbycy + agbicy + agbsces,
a1bzca + asbaca + asbica + arbicy + asbscy + asbacy

+ a1bycs + asbics + asb303),
and

(ah ag, a3) * ((bb ba, b3) * (617 Ca, 03))

= (a17a27a3) *



bics + baco + bscy, bicy + bacs + bsca, bico + bacy + 5303>

(
= (al(blcg + bocy + bscg) + ag(bier + bocs + bsca)
+ az(bycg + bacy + byey),
a1 (bycs 4 baca + bser) + as(bica + bacy + byes)
+ as(bici + bacs + bscy),
ay(bycy + bacs + bzca) + as(bics + baco + bsey)

+ as(bicoy + bacy + 5303))

= <a1b102 + ai1bycy + ajbscs + asbicy + asbacs 4+ asbscs
+ agbics 4+ azbaco + asbsey,
arbics 4+ a1baca + arbser + agbica 4 asbacy + asbscs
+ asbicy + agbacz + azbzcs,
arbicy + arbacs + arbsca + asbics + asbaca + asbscy

+ asbicy + agbacy + a3b303>

= ((&17 a2, aS) * <b17 b27 bS)) * (Cl7 Ca, 03)

It follows that the binary operation * on R? is associative. Now

(a1, as,a3) * (0,0,1) = (a1, az, as)

and
(0,0,1) * (a1, az, a3) = (a1, ag, as)
for all (ay,as,a3) € R3. Therefore (0,0,1) is an identity element for
the binary operation * on R?. We have thus shown that (R?, %) is a
monoid.
Note that
(1,1,1) % (by,ba,b3) = (¢, c,c)

for all (by,by,b3) € R3, where ¢ = by + by + bs. It follows that there
cannot exist any element (by, by, b3) of R? for which (1, 1, 1)%(by, by, b3) =
(0,0,1). It follows that the element (1,1,1) of R?® is not an invertible
element of this monoid. Therefore the monoid is not a group.

(b) Let f:R® — C be the function defined such that

1 )
f(a1,az2,a3) = az — 5(611 +a2) + 7(% —as)i



for all ay,as, a3 € R, where i> = —1. Prove that f is a homomorphism

between the monoids (R3, %) and (C, X), where X denotes the standard
multiplication operation on the set C of complexr numbers.

f((a1, az, az) * (by, by, b3))

f<a1b3 + szg + (Zgbl, (Zlbl + CLng + agbz, albz + a2191 + CLgbg)
= ai1by + asb; + asbs

1
— §(a1b3 + agby + aszby + a1by + asbs + aszbs)

3
+ 7(0,11)3 + a2b2 + a;;bl — Clel — a2b3 — ang)i

and

f(a17a27a3) * f(blab% bd)

1 V3 .
= <CL3 — 5(&1 + CL2) + 7(@1 — CLQ)Z)

1 V3 .
X (bg — 5(()1 + b2> + 7([)1 — bQ)Z)

1
= a3b3 — §(a3b1 + Clgbg + Cllbg + agbg)

+ %(Ch + az)(by + bg) — 2(‘11 — a)(by — by)

+ ? (ag(bl —by) + (ay — a2)53>i

N \/Tg <(a1 +a2) (b1 = b2) + (a1 — az)(by + b2)>i

1
a3b3 — 5(&31)1 + agbg + a163 + a2b3)

1

-+ Z(albl + a1b2 -+ Clgbl -+ (Ing)
3

— Z(albl — a1b2 — a2b1 + (lgbg)

V3

-+ 7(@3[)1 — CL3b2 + CL1b3 — agbg)i

V3 .
— 7(&1[)1 — CLsz)’L



1
= a3b3 + CleQ + CLle — 5(@361 + CLgbz + a1b3 + Clgbg + a1b1 + azbg)

3
+ g(agh + Cle3 + CLng — a3b2 — a2b3 — albl)z’

= f((a1,az,a3) * (b1, b2, b3))

Thus f:R?® — C is a homomorphism.

. (a) Describe the language over the alphabet {0,1} generated by the
context-free grammar whose non-terminals are (S) and (A), whose start
symbol is (S) and whose productions are

(S) — (SY(A), (S)—1, (A)— 0l

Is the context-free grammar a reqular grammar?
The language generated by this grammar consists of those strings

1, 101, 10101, 1010101,...

of binary digits in which the digits 0 and 1 alternate, and which start
and end with the digit 1.

A typical derivation of one of these strings from the grammar is the
following:

(S) (9){A) = (S){A){A) = (S)(A){A)(A4)

=
= (S){A)(A)01 = (S){A)0101 = (S)010101 = 1010101

This grammar is not a regular grammar. The production (S) — (S )(A)
does not match any of the forms allowed for a production in a regular
grammar.

(b) Let L be the language over the alphabet {0,1} consisting of those
finite strings of binary digits in which neither 010 nor 101 occurs as a
substring. Give the description of a finite state acceptor for the lan-
gquage L, specifying the starting state, the finishing state or states, and
the transition table for this finite state acceptor.

The finite state acceptor specification is as follows:
e internal states: S, A, B, C, D, E
e start state: S
e finishing states: S, A, B, C, D
e transition table:
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(The empty string is considered as one of the finite strings in the lan-
guage L. If only non-empty strings are allowed, omit the state S from
the list of finishing states.)

The machine is placed in one of the states A and D at any stage where
the last digit input is 0 and no error has occurred. The machine is
placed in one of the states B and C at any stage where the last digit
input is 1 and no error has occurred. The machine is placed in state
C at any stage where the last two digits input are 01 and no error has
occurred. If the next input digit is 0 then the machine is placed in the
error state E, and cannot subsequently leave this error state to arrive
at any finishing state. The machine is placed in state D at any stage
where the last two digits input are 10 and no error has occurred. If the
next input digit is 1 then the machine is placed in the error state E,
and cannot subsequently leave this error state to arrive at any finishing
state.

(¢) Construct a regular context-free grammar that generates the lan-
gle L described in (b).

Specification of regular context-free grammar is as follows:

terminals: 0, 1
nonterminals: (S), (4), (B), (C), (D),
start symbol: (S),

productions:
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(D) — 0{4)
(5) — «
() — ¢
(B) — ¢
C) — ¢
(D) — ¢

(where ¢ denotes the empty string).

3. Answer the following questions concerning the graph G with vertices V'
and edges E, where

V = {a, b, ¢ d e}
E = {ab, ac, be, cd, ce, de}.

[Briefly justify all your answers./

(a) Is the graph complete?

No. There is no edge be, for example. It is not true that each pair of
distinct vertices are adjacent (i.e., joined by a single edge).

(b) Is the graph regular?

No. The vertices do not all have the same degree. Vertices a, b, d and
e have degree 2, whereas vertex ¢ has degree 4.

(c) Is the graph connected?

Yes. All vertices are adjacent to the vertex ¢, and therefore any two
vertices may be joined by a path of length at most two.
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(d) Does the graph have an Eulerian circuit?

The graph is non-trivial and connected, and all the vertices are of
even degree. Therefore an Eulerian circuit should exist. One such is
abcdeca. (This circuit traverses every edge exactly once, and is thus
an Eulerian circuit.)

(e) Does the graph have a Hamiltonian circuit?

No. Any circuit starting and ending at the vertex a (say) and passing
through vertices b, d (and e) must pass through the vertex c¢ at least
twice, since all walks from a or b to d or e pass through the vertex c.
Indeed if a circuit starts at the vertex a, it must pass through ¢ to get
to vertices d and e, and it must then return again through c in order
to get back to a. Therefore there is no circuit that passes through
all vertices of the graph and in addition passes through the vertex c
exactly once. In particular, the graph contains no Hamiltonian circuit.

(f) Give an example of a spanning tree for the graph, specifying the
vertices and edges of the spanning tree.

Vertices: a, b, ¢, d, e.
Edges ac, bc, cd and ce.

(There are many other spanning trees.)

(g) Given an example of an isomorphism ¢:V — V' from the given
graph to itself which satisfies p(a) = d. [You should specify the isomor-
phism as a function from the set {a,b,c,d, e, f} to itself.]

One such isomorphism maps vertices as follows: ¢(a) = d, p(b) = d,
p(c) = ¢ (d) = a, p(e) = b.

(Any isomophism will map a vertex to some other vertex that has
the same degree. Therefore any isomorphism from this graph to itself
must map the vertex c to itself, since ¢ is the only vertex of degree 4.
The isomorphism must map the edge a b to some other edge that does
not involve the vertex c¢. Thus if ¢(a) = d then ¢(b) = e. There
are then two possibilities for constructing the required isomorphism.
Either ¢(d) = a, in which case p(e) = b. Or else ¢(d) = b, in which
case p(e) = a.)



4. (a) Let graphs Gy and Gy be trees, where there are no vertices or edges
that are common to both Gy and Gy. Let vy be a verter of Gy, let vq
be a vertex of Ga, and let G be the graph consisting of the vertices and
edges of G, the vertices and edges of Gy and the edge vy vs. Explain
why the graph G is a tree.

A tree is a connected graph with no circuits.

The graph G is connected. Indeed any two vertices of Gy are joined by
a walk, since (G1 is connected. Also any two vertices of GGy are joined
by a walk, since G5 is connected. A vertex a of Gy can be joined to a
vertex b of GGy by a walk obtained by concatenating a walk from a to
vy, the edge vy v9 and a walk from vy to b. Thus any two vertices of G
can be joined by a walk in G, and thus G is connected.

The graph G contains no circuit whose vertices are all contained in G,
because the subgraph G has no circuits. The graph G contains no
circuit whose vertices are all contained in G5, because the subgraph G,
has no circuits. Thus any circuit in G would have to involve vertices
from both GGy and G5. This circuit would have to traverse the edge vy vo
in order to get from Gy to GG5. But in order to return to the subgraph
(51 it would have to traverse this edge again in order to pass from G5 to
(1. But this is impossible since, by definition, no circuit can traverse
an edge of the graph more than once.

(b) Let the graphs G, Gy and Gy be as in (a), let wy be a vertex of Gy
distinct from vy, let wy be a vertex of Go distinct from vy, and let G’
be the graph formed from the graph G by adding an extra edge wi w,.
Is the graph G a tree? [Justify your answer.]

The graph G’ is not a tree. The trees GG; and G5 are connected. There-
fore one can construct a simple circuit by concatenating the following
paths:

e the edge vy vg, traversed from vy to vs;

e a path in G5 from vy to wo;

e the edge ws wy, traversed from ws to wy;

e a path in G; from w; to vy;



