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Definition Three or more points are said to be collinear if there exists a
single line that passes through all of those points.

Axioms of Incidence

HI1 Given two distinct points, there exists exactly one (endless) line that
passes through both points.

HI2 Every line passes through at least two distinct points.

HI3 There exist three points that are not collinear.

Axioms of Betweenness

HB1 Given three points A, B and C, where the point B lies between the
points A and C, those three points are distinct and collinear, and and
the point B lies between the points C and A.

HB2 Given two distinct points A and B, there exists a point C for which
the point B lies between A and C.

HB3 Given three distinct points that lie on a single line, one and only one
of those points is between the other two.

HB4 (Pasch’s Axiom) Given three distinct points A, B and C that are not
collinear, and given an endless line that does not pass through any of
the points A, B and C but does pass through some point between A
and B, the given line must either pass through some point between B
and C or else must pass through some point between A and C.
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Definition A triangle in the plane is determined by three points, known
as the vertices of the triangle, that are not collinear, and consists of those
vertices, together with all points of the plane that lie between two vertices
of the triangle.

Definition The sides of a triangle ABC are the three line segments [A,B],
[A,C] and [B,C] that have as their endpoints a pair of distinct vertices of
the triangle.

We say that an endless line, ray or line segment meets a given side of a
triangle if it passes through a point that lies on the given side.
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Proposition PE-1 In a plane satisfying axioms (HI1), (HI2), (HI3),
(HB1), (HB2), (HB3), and (HB4), let a triangle be given. If an end-
less line in the plane does not pass through any of the vertices of the triangle
but does meet at least one side of the triangle than that line meets exactly
two sides of the triangle.
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Proof Suppose there were to exist an endless straight line ` meeting all
three sides of a given triangle. One of those points of intersection would lie
between the other two. The points of intersection of the line ` could therefore
be labelled D, E, and F so as to ensure that the point E lies between the
other two. The vertices of the given triangle could then be labelled A, B
and C so as to ensure that D lies between A and C, E lies between B and
C, and F lies between A and B. The points A, F and D would then be the
vertices of a triangle AFD.

The endless line `BC passing through the points B and C would intersect
the line passing through the points A and F at the point B. Moreover it
would follow from Axiom (HB3) that the point B could not lie between A
and F . Therefore the line `BC would not meet the side AF of the trian-
gle AFD. Similarly the line `BC would meet the line through A and C at
a point C not lying between A and E, and therefore the line `BC would not
meet the side AD of the triangle AFD. The line `BC would meet the side
FD of the triangle AFD at the point F . The line `BC would therefore meet
exactly one side of the triangle AFD. But this contradicts the requirement
of Pasch’s Axiom (Axiom (HB4)). We have thus shown that a line cannot
meet all three sides of a given triangle. The result follows.
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Proposition PE-2 Given any two distinct points in a plane satisfying ax-
ioms (HI1), (HI2), (HI3), (HB1), (HB2), (HB3), and (HB4), there
exists a third point that lies between the two given points.
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Proof Let A and B be the two given points, where A and B are distinct. It
follows from Axiom (HI1) that there exists a unique endless line that passes
through the points A and B. Moreover it follows from Axiom (HI3) that
this line cannot pass through all points of the plane. Therefore there exists
a point D that does not lie on the endless line through A and B. It then
follows from Axiom (HB2) that there exists a point E for which the point D
lies between A and E. This point E cannot lie on the line passing through
A and B (because the line through A, D and E intersects the line through
A and B at the single point A).

Now the line passing through the points A,D and E does not pass through
the point B, and therefore the pointD does not lie on the line passing through
the points B, E and F . It follows that the points D and F must be distinct.

Let ` be the unique endless line that passes through the points F and D.
This line intersects the line through B and D in the single point F , where
D lies between B and F . Consider the intersections of the line ` with the
sides of the triangle ABE. The line ` passes through the point D, which
lies between A and E, but does not pass through any point between B and
E. Pasch’s Axiom (Axiom (HB4)) therefore ensures that the line ` passses
through some point that lies between A and B. But ` intersects the line
through A and B at the single point C. Therefore C lies between A and
B.
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