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6 Smooth Surfaces in Three-Dimensional Eu-
clidean Space

6.1 Smooth Functions

Definition Let €2 be an open set in R” for some positive integer n, and let
p: 2 = R™ be a vector-valued function mapping €2 into R™ for some positive
integer m. The function ¢ is said to be differentiable at a point p of €2, with
derivative (or total derivative) (Dg)p:R" — R™, where (Dy), is a linear
transformation from the real vector space R™ to the real vector space R™, if
and only if

lim ﬁ (w(p +h) —(p) - (Dso)ph> =0.

(Here |h| denotes the Euclidean norm of the n-dimensional vector h, defined
such that
Ih|* = hi+h5+ -+ h2,

where hy, ha, ..., h, are the Cartesian components of the vector h.)

The derivative (Dy), of a differentiable function ¢: 2 — R™ at a point p
can be represented with respect to the standard bases of the real vector spaces
R™ and R™ by an m x n matrix. The function ¢: Q2 — R™ is continuously
differentiable on () if the components of the m x n matrix representing the
derivative (D¢), are continuous functions of p as the point p varies over the
open set ().

A theorem of real analysis in severable variables guarantees that a vector-
valued function defined over an open set in R™ is continuously differentiable
if and only if the partial derivatives of its components taken with respect to
the Cartesian coordinates on {2 exist and are continuous throughout €.

One can regard the derivative of a continuously-differentiable vector-
valued function ¢: 2 — R mapping the open set {2 into R™ as being itself
a continuous vector-valued function Dy: Q) — M,, ,(R) mapping 2 into the
space My, ,(R) of m x n matrices with real coefficients which sends each
point p of €2 to the m x n matrix representing the derivative (Dy), of ¢ at
the point p. If this function is itself differentiable on €2 then its derivative
represents the second derivative of p:€) — R™. The second derivative of
@ exists and is continuous if and only if all second-order partial derivatives
of the components of ¢ exist and are continuous throughout €2. One can
repeat the differentiation process to seek to construct derivatives of ¢ of all
orders. A theorem of real analysis in several real variables ensures that the
mth order derivative of ¢:{) — R™ exists and is continuous throughout 2
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if and only if all mth order partial derivatives of the components of ¢ exist
and are continuous throughout €2.

Definition Let ) be an open set in R™. A vector-valued function ¢: {2 — R™
mapping €2 into a Euclidean space R of dimension m is said to be smooth on
the open set (2 if and only if the derivatives of the function ¢ of all orders
exist throughout 2.

Note that if the partial derivatives of a real-valued function of order k+ 1
are to exist for some positive integer k, the partial derivatives of order k
must be continuous. The theorems of real analysis of several real variables
described above therefore guarantee that a vector-valued function ¢: 2 — R™
defined over an open set {2 in R” is smooth on € if and only if the partial
derivatives of the components of ¢ of all orders exist throughout the open
set €.

Theorems of real analysis in several real variables guarantee that sums,
differences, products, quotients and compositions of smooth vector-valued
functions are smooth on open sets over which they are well-defined.

6.2 The Chain Rule for Differentiable Functions of Sev-
eral Real Variables

Let 2 be an open set in R™ for some positive integer n, let ¢:) — R™
be a differentiable vector-valued function mapping 2 into a Euclidean space
R™ of dimension m, and let f:p(2) — R be a differentiable real-valued
function on (). Let xq,z9, ...z, denote Cartesian coordinates on €2, and
let uy, ug, . .., u, denote Cartesian coordinates on ¢(2). The Chain Rule for
calculating partial derivatives of compositions of differentiable functions of
several variables then ensures that the composition function fo@:{) — R is
differentiable, and if y = f(p(x1, 29, ..., 2,)) for all zy,xs, ..., x, then

dy| “ % ou;
8:172- N 0uj o(p) 85@

P j=1 P
for + = 1,2,...,n. Thus in order to determine the partial derivatives of y
with respect to x1, 2, ..., z, at a point p of {2, one applies the above identity
using partial derivatives of y with respect to uy,us, ..., u,, evaluated at the
point ¢(p) and partial derivatives of uy, us, ..., u,, evaluated at the point p.
Suppressing the specifications of the points at which the partial derivatives

are to be evaluated yields the following more succinct equation:
dy "y Ou,
J=1
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Remark The Chain Rule will not be applicable in situations where the par-
tial derivatives of the relevant functions exist throughout their domains but
the functions themselves are not differentiable. The mere existence of partial
derivatives throughout the domain of a function is not sufficient to ensure dif-
ferentiability. But if those partial derivatives are continuous throughout the
relevant domains then the functions themselves are guaranteed to be differ-
entiable and therefore the Chain Rule for calculating the partial derivatives
of a composition of such functions will be applicable.

6.3 Smooth Curvilinear Coordinate Systems on Three-
Dimensional Space

Definition Let 2 be an open set in R?, let (U, V, W) be an ordered triple
of smooth real-valued functions on €2, and let ¢: 2 — R? be the smooth map

defined such that
o) = (U), V), W) )

for all r € Q2. Then the ordered triple (U, V, W) of smooth functions on € is
said to constitute a smooth curvilinear coordinate system with domain € if
©(Q) is an open set in R? on which are defined smooth real-valued functions
¢, n and ¢ that express the Cartesian coordinates (z,y, z) of each point r of
Q2 in terms of those of the corresponding point ¢(r) of ¢(£2) in accordance
with the following equations:

z(r) = &(p(r)) =&U(r), V(r), W(r)),
y(r) = n(e(r)) =n(U(r),V(r), W(r)),
2(r) = C(p(r)) = CU(r), V(r), W(r)).

—~
E
N—

Example Let
Q=R3*\ {(z,y,2) €R®: 2 <0 and y =0},
and let smooth real-valued functions r, 6, ¢ be defined on €2 such that
r(z,y,2) >0, 0<68(z,y,2)<m, —7<oxyz)<m,

and

r(z,y,z) = Va?+y’ 427

z
O(x,y,z) = arccos ,
( ) (x/x2+y2+22>
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arccos _r if y > 0;,
) - Va2 +y?

_arccos | ——m—— | if y <0.,
/ 12 + yQ
(Here arccos: [—1,1] — [0, 7] denotes the inverse of the restriction of the

cosine function to the interval [0, 7].) Then r, § and ¢ are smooth functions
on the open set 2. Moreover

o(z,y, 2

= rsiné cosp,
= rsinf singp,

z = rcosf

wherer > 0,0 < 0 < mand —7 < ¢ < 7, and thus the Cartesian coordinates
x,y, 2z are expressible as smooth functions of the values of r, 8 and ¢. It fol-
lows that (7,6, ¢) is a smooth curvilinear coordinate system with domain (.
This is the spherical polar coordinate system over the open set €.

Lemma 6.1 Let 2 be an open set in R®, and let (U, V,W) be a smooth
curvilinear coordinate system with domain ). Let

forallr € Q, and let £, n and ¢ denote the smooth functions defined on @(£2)
that satisfy the equations

xr = 5(%0(95,%2)),
n(e(z,y, 2)),
z = ((o(x,y,2))

for all (x,y,z) € Q. Then

= U(o(u,v,w)),
Vio(u,v,w)),

= W(o(u,v,w)).

g < 2

for all (u,v,w) € ©(Q), where

o(u,v,w) = (§(u,v,w), n(u,v,w), {(u,v,w)).
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Proof Let (u,v,w) € p(2). Then there exists (z,y, z) € 2 such that
u=U(x,y,2), v=V(z,y,2), w=(z,9,2).

But then
r=¢u,v,w), y=nluv,w), z=~I_(u,v,w),
and therefore
u = U(&(u,v,w), n(u,v,w), ((u,v,w)) =U(c(u,v,w)),
v = V(&(u,v,w), n(u,v,w), ((u,v,w)) =V(o(u,v,w)),
w = W(Ewv,w), 1 0,w), (0, w)) = W(o(u, v, w),

as required. |}

Lemma 6.2 Let Q2 be an open set in R®, and let (U, V,W) be a smooth
curvilinear coordinate system with domain ). Let

o) = (U(), V), W)

forallr € Q, and let £, n and ¢ denote the smooth functions defined on @(£2)
that satisfy the equations

r = f(gO(iL‘,y, Z))7
n(e(z,y, 2)),
£ = C(SD(%%Z))

forall (x,y,z) € Q. Let 0;§, 0;n and 0;C denote the partial derivatives of the
functions £, n and C respectively with respect to the jth Cartesian coordinate
on ) for 7 =1,2,3, and let

0 0 0

S @OUVW), TS = @aw VW), S5 = @eU VW),
N _ omwv,w), 2 —amu vy, 20— @ v.w
%—(177)(77 ); W—(ﬂ?)(,a ); W‘<3n)(” ),
0 9 0
K@UV, S @OV, = @OW VW),
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Then

o0& 0¢& O ou oU oU
oU vV oW or 9y 0z
o on o || ovoovoov | 00
ou oV oW or oy 0z 00 1
o o0¢ OC ow ow oW
oU oV oV or Ody 0z

Proof This follows on differentiating the equations
w = U(€(u,v,w), n(u,v,w), ((u,v,w)),
vo= V(&(u,v,w), n(u,v,w), ((u,v,w)),
w = W(&(u,v,w), n(u,v,w), (u,v,w)),

applying the Chain Rule for calculating Partial Derivatives of compositions
of continuously-differentiable functions of several real variables. |}

6.4 Smooth Surfaces in Three-Dimensional Space

Definition Let X be a subset of three-dimensional Euclidean space R3. Then
Y is a smooth surface if, given any point p of X, there exists a smooth
curvilinear coordinate system (U, V, W) with domain 2, where 2 is an open
set in R3 containing the point p, such that

YNQ=A{(z,y,z) € Q: W(z,y,2) =0}.

Example Let

S? = {(z,y,2) € R*}.
Then S? is a smooth surface in R3, in accordance with the above definition.
To verify this, let (1,6, ) be spherical polar coordinates on €2y, where

Qo= {(z,y,2) ER*: y #0or x > 0},

r>0 0<f<m —-TwT<p<m,

and
x =rsinf cosp, y=rsinfdsiny, z=rcosh

for all (z,y,2) € Q. Then, given any point p of S?, there exists a rotation T
of R? about the origin such that T'(p) = (1,0,0). Let

Q={reR®: |r—p|l<V2}
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and let

Ur) =0(T(r)), V(r)=p(T(r)), wr)=rT(r)) -1

for all r € Q. Then (U, V, W) is a smooth curvilinear coordinate system with
domain €2, and

SPNQ={reQ: W(r) =0}

6.5 Smooth Local Coordinate Systems on Smooth Sur-
faces

Definition Let ¥ be a smooth surface in R?, let Q2 be an open set in R?, and
let (U, V,W) be a smooth curvilinear coordinate system with domain 2. We
say that this smooth curvilinear coordinate system is adapted to the surface
3 if

YNQ={(z,y,2) € Q: W(z,y,2) =0}.

The definition of smooth surfaces ensures that, given any point of a
smooth surface, that point is contained in the domain of some smooth curvi-
linear coordinate system adapted to the surface.

Let X be a smooth surface in R3, and let (U, V, W) be a smooth curvilinear
coordinate system with domain €2 that is adapted to the surface ¥. Suppose
that XNQ # 0. Let w: XNQ — R and v: XN — R denote the restrictions of
the functions U and V' to the ¥N€2. Then the functions u and v parameterize
the portion of the surface ¥ represented by ¥ N €. The ordered pair (u,v)
of real-valued functions on ¥ N {2 is referred to as a smooth local coordinate
system for the surface X whose domain ¥ M) is a subset of 3 open in X.

Let (U, V,W) be another smooth curvilinear coordinate system with do-
main ) which is also adapted to the surface X, where 2NN Q # @ and let
@:2NQ = Rand 9: 2N — R denote the restrictions of U and V respec-
tively to XN Q). Then U , V, W are expressible as smooth functions of U, V, W
and vice versa over the open set Q N Q. It follows that u, v are expressible
as smooth functions of u, v, and also u, v are expressible as smooth functions
of 4, v, over the intersection X N QN Q) of the relevant domains.

Definition A smooth atlas for a smooth surface ¥ in three-dimensional Eu-
clidean space is a collection of smooth local coordinate systems on > whose
domains cover . The smooth local coordinate systems belonging to a given
atlas are called charts

Remark Let us regard the surface of the Earth as a smooth surface. This
surface is of course curved. An atlas, such as one finds on bookshelves at
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home, or at the local library, is a collection of charts. Each chart represents
some portion of the Earth’s surface, determining a local coordinate system
represented by horizontal and vertical displacements on the relevant printed
page of the atlas. The charts within such an atlas should cover all areas of
the Earth’s surface, including the polar regions and the oceans.

6.6 Smooth Functions on Smooth Surfaces

Let 3 be a smooth surface, let (U, V, W) be a smooth curvilinear coordinate
system with domain 2 adapted to the surface ¥, and let (U,V, W) be an-

A

other smooth curvilinear coordinate system with domain 2 adapted to the
surface ¥, where SN QN Q £ 0.

Let f:3¥ — R be a continuous real-valued function defined throughout
the surface X. The function f is a differentiable function of smooth local
coordinates v and v if and only if there exists a differentiable function F' of
two real variables, defined at (u(p),v(p)) for all p € ¥ N, such that

f(p) = F(u(p),v(p))

for all p € XN Q. Let 0;F and 0,F denote the partial derivatives of the
function F' with respect to its first and second arguments respectively. The
partial derivatives of f with respect to the functions v and v constituting the
smooth local coordinate system are then defined so that

of
— = (WF
ol (OLF) (u(p), v(p)),
of
—| = (0LF
5 = @) )
. . of of
for all p € XN Q. We thus obtain real-valued functions 0 and 3, 0 xNQ
v
whose values at any point p of X N2 are Tu and 0 respectively.

The smooth dependence of the local coordinates u, v on local coordinates
i, v, and of 4, on wu,v, ensures that f is a differentiable function of u and
von XNONQ if and only if if and only if it is a differentiable function of 4
and 0, in which case it follows from the Chain Rule that

or _ s of o
ou ot Ou  0v Ou’
or _ oroi oson
ov ot v 0v Ov’
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and

af af Ou n af ov
o1 ou 0t Ov 04’
af af ou n af ov
oD ou 00 Ov 00

Definition A continuous function f:¥ — R on a smooth surface X is said
to be k-times continuously differentiable (or C*¥) if, given any smooth local
coordinate system (u,v) defined over an open region of the surface, the re-

striction of the function f to that open region is expressible as a k-times
continuously differentiable function of the smooth local coordinates v and v.

Definition A continuous function f:¥ — R on a smooth surface ¥ is said
to be smooth if, given any smooth local coordinate system (u, v) defined over
an open region of the surface, the restriction of the function f to that open
region is expressible as a smooth function of the smooth local coordinates u
and v.

In order to verify that a function is smooth around a point p of a smooth
surface ¥, it suffices to verify that f is expressible as a smooth function of the
coordinate functions v and v of at least one smooth local coordinate system
(u,v) defined over an open region that contains the point p. Indeed the
results described above ensure that if f is expressible as a smooth function of
the coordinate functions of at least one such smooth local coordinate system
(u,v) around the point p, then it is expressible as a smooth function of
the coordinate functions of any other such smooth local coordinate system
around the point p.

Thus a continuous real-valued function f: 3 — R on a surface ¥ is smooth
throughout ¥ if and only if, for every chart in some smooth atlas for the sur-
face, the function can be expressed as a smooth function of local coordinates
determined by the chart throughout the domain of the chart.

6.7 Derivatives of Functions along Curves in Surfaces

Proposition 6.3 Let X be a smooth surface in R3, let f:3 — R be a differ-
entiable function on X, let v: 1 — X be a smooth curve in the surface %
parameterized by an open interval I, let to € I, and let p = (ty) and
b = +/(ty), where v'(ty) denotes the velocity vector to the curve t — ~(t)
at t = to, and let b = (by,by,b,). Let (U V,W) be a smooth curvilinear
coordinate system with domain 2, where p € 0 and

SNQ = {(r.y,2) € Q: Wi(a,y,2) = 0},
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let Q) = XN Q, and let u and v be the smooth real-valued functions on
Qu,v) that are the restrictions to the surface of the smooth functions U and

V. Then

df(y®)|  _ 9f| du(r()) of| dv(x(t))
d |, Ou 2 P ov o dt t:t07
where
M b a_U +b 8_U +b a_U
2 Toxl|, Y oyl, T ooz,
(1)) _oa, W, Y 4y, Y
dt |y, “ Ox o Y oy o © 0z o

Proof The differentiability of the function f ensures the existence of a dif-
ferentiable function F' of two real variables, defined at (u(r),v(r)) for all
r € Q). Let 01 F and 0,F denote the partial derivatives of I with respect
to its first and second arguments respectively. Then the definition of the
partial derivative of f with respect to the local coordinates (u,v) ensures

that
of of
ou ov o

The Chain Rule for differentiating compositions of differentiable functions of
several real variables ensures that

= (0. F)(u(p),v(p)),

P

= (0F)(u(p), v(p))-

PO~ @) o). o)) oY (1)
+ (@) u(p),v(p))(007) (1)
o dutr®)| , Of| du(r(2)
dul, dt |_, ~ Ov|, dt |_,

The functions u and v are defined only over an open region on the surface,
but they are the restrictions to that surface of the smooth functions U and V
that are the first two components of a smooth curvilinear coordinate system
(U, V,W) adapted to the surface ¥ whose domain € is an open set in R3. Tt
follows that

du(y(t)) _ dU((t))
dt |y, dat |,
_ oU | dx(y(t)) oUu| dy(v(t))
Oz, db |y Oyl db ]y
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| dx(y(1)
Oz |, dt |
— bxa_U _|_by8_U _|_bza_U
Oz |, I |, 0z |,
Similarly
wOW)) -y VL, VL,
dt |, Y Oz b Y oy o © 0z b

The result follows. |}

6.8 Tangent Spaces to Smooth Surfaces

Definition Let v:/ — R® be a smooth curve parameterized by an open
interval I in R, (so that () is defined for all ¢ € I and is a smooth function
of t). The wvelocity vector v'(ty) at t = ty is defined for any t, € I such that

d(v(t))
dt

v (to) =

t=to

Proposition 6.4 Let > be a smooth surface in three-dimensional Euclidean
space R3, let p be a point of ¥, and let (U,V,W) be a smooth curvilinear
coordinate system with domain 2, where p € Q and

YXNQ={(zr,y,2) € Q: W(z,y,z) =0}.

Let b € R? be a vector in R® with components (by,by,,b.). Then the vector b
is the velocity vector att = 0 of some smooth curve v: I — ¥ in the surface 3,
where 0 € I and v(0) = p, if and only if

ow
ox

ow
Z/ay

ow

e 5

=0.
P

+b
P

+ b,
p

Proof Suppose that b '(0) for some smooth v: I — ¥ in the surface 3
for which 0 € I and 7(0) = p. Then
(x

(v(£))) _
dt o T
O(y(v(1))) _
dat |, v
0(z(~(1))) _
dt t=0 .
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Now W(~(t)) = 0 for all t € I. It follows from the Chain Rule for
differentiating compositions of differentiable functions of several real variables

that oW oW
Y a_y 5 + bz E - 0

P

b, 8—W‘ + Db
ox o

Conversely suppose that the equation

oW W oW
be Sy + by g b =0

is satisfied at the point p. Let J, be the invertible 3 x 3 matrix with real
coefficients that is the value of the Jacobian matrix

ov v o
oxr 0Ody 0z
o ov o
oxr 0Ody 0z
ow ow oW
or Jy 0z
at the point p. Then
by h
Sl by | =1k |,
b, 0
where ou ou ou
h:bxa—‘ +bya—’ +bza_
Tlp Ylp “lp
and oV A% ov
k:bxa—' +by8—’ +bza_
T lp Ylp “lp

The Cartesian coordinate functions x, y, z are expressible as smooth func-
tions of U, V, W in a neighbourhood of the point p. It follows that there exists
a strictly positive real number dy and a smooth curve v: (—dg, dy) — R? char-
acterized by the requirements that v(t) € €,

Uly(t)) = ht, V(y(t)) =kt and W(y(t)) =0
for all real numbers ¢ satisfying |t| < dy. Let +/(t) = (cz, ¢y, ¢2). Then

_AU(®))
o= ——a
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_masnp y@yp Z@zp’
L AL
dt 0
_mﬁxp y@yp z@zp’
, _ 2WGm)
dt t=0
T oz b Y oy b © 0z b
It follows that
Cy h b,
I | ¢y = E|=J,| by
C, 0 b,

Now the Jacobian matrix J, is invertible, because (U,V,W) is a smooth
curvilinear coordinate system around the point p. It follows that

CJI bl‘
Cy = by ,
(e b,

and therefore 7/(0) = b. The result follows. |}

Definition Let ¥ be a smooth surface in R3, let p be a point of 3, and let b
be a vector in R3. The vector b is said to be a tangent vector to the surface
at the point b if and only if

~d(v(t))
b= dt ’

t=0
where v: I — 3 is a smooth curve wholly contained in the surface > and
parameterized by an open interval I that contains zero.

Let ¥ be a smooth surface in R?, and let p be a point of 3. It follows
from Proposition 6.4 that the tangent vectors to the surface at the point p
constitute a vector subspace T,% of R?.

Definition Let X be a smooth surface in R®. The tangent space Tp% to
the surface ¥ at the point p is the two-dimensional vector subspace of R3
consisting of those vectors b in R3 that are expressible in the form

_d(y(1))
b= dt '

t=0
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where v: I — X is some smooth curve in the surface ¥ for which 0 € I and
7(0) = p.

Lemma 6.5 Let X be a smooth surface in R3, let p be a point of ¥, and let
T,X be the tangent space to the surface ¥ at the point p. Let (U, V,W) be a
smooth curvilinear coordinate system with domain 0 which is adapted to the
surface X2, so that Q is an open set in R® and

YXNQ={(z,y,2) € Q: W(z,y,z) =0}.
Then

ow
sz = {(bx,by,bz) S Rg : bz %

ow

ow ow
yay

b
+ 0z

P

+ b,
P

!

Proof The result follows immediately from Proposition 6.4 and the defini-
tion of the tangent spaces to a smooth surface. |

The tangent plane to a smooth surface ¥ at a point p is the flat plane
that best approximates to the surface at the point . It is said to touch the
surface at the point p.

6.9 Differentials of Smooth Functions on Surfaces

The language of differential forms was initially developed by the differential
geometer Elie Cartan from 1899 onwards. One significant benefit gained
from the development of the theory of differential forms and the exterior
derivative is that this theory provided a language and a conceptual framework
in which to reinterpret, within the framework of (standard) analysis and
modern differential geometry, much of the work of earlier mathematicians
who had published their work in a form that made frequent use of “infinitely
small” or “infinitesimally small” quantities.

For example, an ellipsoid with principle axes of lengths 2a, 2b and 2¢
may be represented, with suitable choice of Cartesian coordinates, by the
equation , , )

x z

) + g + 2= 1.
Differentiating this equation in the manner that was customary throughout
the eighteenth and nineteenth centuries leads to equation

2y

2x
? dx + b2

2
dy+ o dz = 0.
C
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This would then be an relation between the “infinitesimal” quantities dx, dy
and dz.

We now discuss how to interpret such identities without appealing to
notions of “infinitesimal” quantities, but instead associating to each differen-
tiable real-valued function on a surface a corresponding linear functional each
tangent space to the surface that represents the derivative of the function.

Let ¥ be a smooth surface in R?, let p be a point on the surface, and let
T3 be the tangent space to the surface ¥ at p. Then there exists a smooth
curvilinear coordinate system (U, V, W) with domain Q2 for which p € © and

ENQ={(z,y,2) € Q: W(z,y,2) =0},

The curvilinear coordinate functions then restrict to functions u and v that
together constitute a smooth local coordinate system (u,v) defined over the
open region Y, of the surface, where X,y = X N Q.

Let b be a tangent vector to the smooth surface ¥ at the point p, and let
b = (bs, by, b,). Then there exists a smooth curve v: I — 3 in the surface ¥
parameterized by an open interval I for which 0 € I, p = 7(0) and b = +/(0).
It then follows from Proposition 6.3 that

dfiz@) | _ of] du(r(t)) of | dv(»(t))
dt |y Oul, dt |_, Ov|, dt |_y’
for all differentiable real-valued functions f defined around the point p, where
duly®) ) _ o 00, U, 9U)
at |-, oz |, o |, 0z |,
M — bx 8_V _|_by a_v _|_bz 8_‘/
dt  |,_, oz |, W |, 0z |,
df (v(t))

It follows from this that the value of is completely determined

dt
by the velocity vector 7/(0) of the curve ~ Whetnothat curve passes through
the point p and by the partial derivatives of the function f with respect to
the smooth local coordinates u and v. Thus if 4: I — X is a smooth curve
in the surface ¥ parameterized by an open interval I, and if p = 4(0) and

b = 4/(0), then
dif(y@) |  _ df(v(@)
dt dt

t=0 t=0

Thus the value of

df (v(t))
dt

‘ is the same for all smooth curves t — ~v(t) in

t=0
the surface that pass through the point p when t = 0 with velocity vector b.
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Therefore, given any differentiable real-valued function f defined around the
point p, and given any tangent vector b at the point p, there exists a well-
defined real number (df)p(b) with the property that

df ((t))

22— (d)e(b)

t=0

for all smooth curves ¢ — ~(t) in the surface that pass through the point p
when ¢t = 0 with velocity vector b. Moreover the formulae quoted above from
the statement of Proposition 6.3 ensure that

_of of
(@)(b) = G| (@)alb)+ 5| (@alb),
where

oU oU oU
(du)p(b) = b, —’ +b —‘ +b, —| ,
P Oz |, Y Oy o oz |,

ov ov oV
(dv)p(b) = bx %'p—Fby a—y’p—sz a )

It follows that (df)p:TpX — R is a linear transformation from the tangent
space 1Y to the field R of real numbers.

Definition Let X be a smooth surface in R?, and let f: ¥ — R be a smooth
real-valued function defined throughout ¥. The differential df of the func-
tion f is the correspondence that associates to each point p of ¥ the linear
functional (df)p:TpX — R on the tangent space T3 to the surface at the
point p characterized by the property that

_ df((1)
dt

(df)p (7' (t0))

t=to

for all smooth curves v: I — 3 in the surface X for which ¢ty € I and y(to) = p.

Lemma 6.6 Let X be a smooth surface in R3, and let (u,v) be smooth local
coordinates defined over an open region X,y of the surface. Then

_of of
df = 0 dut - dv

throughout Y, ).

40



Proof Let p be a point belonging to the domain ¥, ,) of the smooth lo-
cal coordinate system (u,v), and let b be an element of the tangent space
T,Y to the surface ¥ at the point p. As previously noted, it follows from
Proposition 6.3 that

(@)p(b) = 2| () (b)

p

0
+a_f
UP

(dv)p(b).

The result follows. |}

The Cartesian coordinate functions z, y and z on R? restrict to smooth
functions on the surface ¥ whose differentials at the point p are determined
in the following lemma.

Lemma 6.7 Let X be a smooth surface in R3, let p be a point of 2, let TpX
be the tangent space to the surface X at the point p, and let b € T2, where
b = (b, b,,b.). Then

(dz)p(b) = by, (dy)p(b) =b, and (dz)p(b) = b..

Proof Let b =+/(0), where : I — ¥ is a smooth curve in ¥ paramaterized
by an open interval I that contains zero. It then follows from the differentials
of the coordinate functions z, y and z on the surface ¥ that

da(y(t))

(dl‘)p(b) = thozbm
_ dy(@®)|  _

pl) = PO,
_dz(v(®)|

@) = FOO o,

as required. |

Lemma 6.8 Let X be a smooth surface in R3, let p be a point of ¥, and let
TpX be the tangent space to the surface ¥ at the point p. Let f:Q =R be
a smooth function defined over an open set  in R®, where p € Q, and let
f:2NQ = R be the restriction of the smooth function f to the surface .
Then the differentials of f and the restrictions of the coordinate functions x,
Y, z, to the surface satisfy the identity

df = %dw—l—g—zdy—i—g—ﬁdz

at all points of ¥ N €.
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Proof Let b be an element of the tangent space T,% to the surface ¥ at the
point p. Then there exists a smooth curve v: I — ¥ such that p = () and
b =1/(ty). Let b = (b, by, b,). It then follows from Lemma 6.7 that

d

(@) (¥ (t0) = = (FO1(®))

of
— bx%

= 2 (Fo)

of
+ b, 9,
7(to)

t=to

P -
iy
7(to) 4

t=to

7(to)
of
o+ L o),

7(to)

The result follows. |

6.10 Directional Derivatives of Smooth Functions along
Tangent Vectors

Let f:> — R be a smooth function defined on a smooth surface ». We
shall give the definition of the directional derivative of the function f along
a tangent vector to the surface. The definition is justified by the following
sequence of results.

Definition Let f:3 — R be a smooth function defined on a smooth sur-
face X, let p be a point of the surface, and let b be a vector belonging to
the tangent space Ty,qnpfp2 to the surface X at the point p. The directional
derivative (Opf)p of f along the vector b at the point p is defined so that

(Obf)p = (df )p(b).

It follows from the definition of the differential df of f on the surface X
(and from the discussion preceding that definition) that, given any smooth
curve y: I — ¥ paramaterized by an open interval I that satisfies v(¢) = p
and 7/(tp) = b for some ¢y € I, the derivative of f along the curve ~y satisfies

df(7(t))
dt

= (df)p() = (Fb.f)p-

t=to

Proposition 6.9 Let Y be a smooth surface, let p be a point of X, let b be a
tangent vector to the surface at the point b, and let f be a smooth function on
the surface defined around the point p. Let (u,v) be a smooth local coordinate
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system for the surface ¥ whose domain ¥, is an open neighbourhood of p
in . Then
of af

(abf)p:bu%p“—bv%p

where

by = (Opu)p and b, = (Opv)p.

Proof It follows from Lemma 6.6 that

0 0
@of)p = ([@)pd) = 1| (du)pl) + 2| (d)y(0)
L of| L, of

as required. |

Let b be a tangent vector to a smooth surface ¥ at a point p of that
surface. Then

I(rf+59)p =7(0bf)p + 5(0bg)p-

for all smooth real-valued functions f and ¢ on the surface defined around
the point p. The Product Rule for differentiation ensures that

O(f-9)p = 9(P)(Of)p + f(P)(Ob9)p,

where f.g denotes the product of the smooth real-valued functions f and g.
Moreover if the functions f and g are equal throughout some open set in ¥
that contains the point p, then (Opf)p = (Ob9)p-

Theorem 6.10 Let X be a smooth surface in R® and let p be a point of X.
Let L be an operator that associates to each smooth real-valued function f on
the surface defined around the point p a real number L[f] so as to satisfy the
following conditions:—

(i) if f and g are smooth real-valued functions on the surface defined
around the point p, and if the functions f and g are equal through-
out some open set in 3 that contains the point p, then L[f] = L|g|;

(i) L|rf + sg] = rL[f] + sL|[g] for all real numbers r and s and for all
smooth real-valued functions f and g on the surface defined around the
point p;
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(1)) Lif.g] = g(p)L[f] + f(p)L[g] for all smooth real-valued functions f
and g on the surface defined around the point p, where f.g denotes the
product of the functions f and g.

Then there exists a tangent vector b to the surface X2 at the point p such that
L[f] = (96f)p-

Proof Let (u,v) be smooth local coordinates on the surface around the
point p, where (u,v) = (0,0) at the point p itself, and let f be a smooth
real-valued function on the surface defined around the. point p. Then there
exists a positive number Jy and a smooth real-valued function F' of two-real
variables, defined throughout the open disk of radius d; R? centered on the
point (0,0), such that f(p’) = F(u(p’),v(p’)) for all points p’ on the surface
for which u? + v? < 63. Let

LoF
G'(Sl,SQ) :/ - dt
g o Os;j (ts1,ts2)
for j = 1,2. Then
OF
O 55

for j = 1,2, and

1
d
F(Sl, 82) = F(O, O) + / % (F(tSl,tSQ)) dt
t=0
= F(0,0) + s1G1(s1, 52) + 52Ga(51, 82)
for all (s1,s9) € R? satisfying s? + s3 < 3. It follows that f = f(p) +u.g1 +
v.go around the point p, where g; = G;(u,v) for j = 1,2. Moreover

0 0
gp)= 2 and gu(p)= 2

If we apply the operator L to the constant function with value 1, we find
that
L[1) = L[1.1] = L[1] + L[1],
and therefore L[1] = 0. It follows that L[c] = 0 for any constant function c.

Also the smooth local coordinate system (u,v) has been chosen such that
u(p) = 0 and v(p) = 0. It follows that

L[f] = Llu.g]+ Llv.go]
= g1(p)L[uju(p)Lg1] + g2(p)L[v] + v(p)L[go]
= 91(p)L[u] + g2(p)L[v]

= ol G| + 101 Gy

p
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Let : (—d1,d1) — X be defined on the open interval (—dy,d;), for some
sufficiently small positive real number 07, such that u(y(t)) = b,t and v(~(t)) =
byt for |t| < 01, where b, = L[u] and b, = L[v]. It follows from Proposition 6.9
that
of of of

8U p+bv %‘p:L[u]%p

of

L) 55| = LUJ)

P

(abf)p = by

for all smooth real-valued functions f on the surface defined around the
point p. The result follows. |}

6.11 Smooth Surfaces and the Inverse Function Theo-
rem

We now state a result that is essentially the three-dimensional case of the
Inverse Function Theorem of real analysis.

Theorem 6.11 (Inverse Function Theorem in Three Dimensions) Let
p be a point in three-dimensional Euclidean space R3, let U, V and W
be smooth functions defined throughout some open neighbourhood 2y of the
point p in R3, and let p: Qq — R3 be the smooth vector-valued function on
Qo with components U, V and W, so that

p(z,y,2) = (U(r,y,2), V(z,y,2), W(z,y,2))

for all (x,y,z) € Qo. Suppose that the Jacobian matriz

ou oU oU
dr  dy 0z
ov. oV oV
dr 9y 0z
ow  ow oW
or Oy 0z

is tnvertible at the point p. Then there exists an open neighbourhood §2 of the
point p contained in g and smooth real-valued functions &, n and ¢ defined
around p(p), such that ¢() is an open set in R3, the functions &, n and
are defined throughout ¢(2), and

r=&U,V,W), y=nUV,W) and z=C,U,V,W)

at all points (x,y, z) of €.
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Corollary 6.12 LetU, V, W be smooth real-valued functions defined through-
out some neighbourhood of a point p in R®. Suppose that the Jacobian matrix

ou ouU oU
dr  dy 0z
ov. oV oV
dr 9y 0z
ow  ow oW
or Jy 0z

is invertible at the point p. Then there exists an open neighbourhood ) of
the point p such that the restriction of the smooth real-valued functions U,
V', W to the open set Q) determines a smooth curvilinear coordinate system
with domain Q.

Proof The existence of the open neighbourhood 2 of the point p over which
the requirements for a smooth curvilinear coordinate system are satisfied fol-
lows directly from the three-dimensional Inverse Function Theorem (Theo-
rem 6.11). |

Proposition 6.13 Let p be a point of R® with Cartesian coordinates (g, Yo, 20),
and let W be a smooth real-valued function defined over an open neighbour-

ow
hood of the point p in R3. Suppose that W = 0 and 2, # 0 at the point p.

z
Then there exists an open neighbourhood 2 of p and a smooth function f of
two real variables, defined around (o, yo) in R?, for which

{(xa%z) EQ:W($,y,Z):O}:{($,y,Z) EQ:Z:f(l',y)}.

Proof Let U(z,y,2) = x and V(x,y,z) = y for all real numbers (z,y, 2).
Then

ou oU oU

o 0y 02 1 0 0

ov v v |0 1 o0 |_ow
oxr Oy 0z 0z
oW oW oW ow oW oW

or 0y 02 or Oy 0z

throughout some open neighbourhood of the point p. It follows from Corol-
lary 6.12 that there exists some open neighbourhood €2; of the point p such
that the restrictions of the smooth functions U, V and W to €2y are the
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components of a smooth curvilinear coordinate system with domain ;. Let
©: Q0 — R3 be defined such that

p(2,y,2) = (Ule,y,2), V(z,y,2), W(z,y,2))

for all (z,y,z) € 4. Then the definition of smooth curvilinear coordi-
nate systems ensures that ¢(£2;) is an open set in R? containing the point
(%0, Yo, 0). There therefore exists some positive number § such that

{(u,v,w) € R®: |u—up| <6, |v—1r9| <dand |w| <} C p(Q).
Let
Q=A{(z,y,2) € Q: |z —zo| <6, |y—yo| <6 and |W(x,y,2)| <d}.

We may then suppose, without loss of generality, that the domain of definition
of the smooth real-valued functions U, V, W is this open set 2. Then
(U,V,W) is a smooth curvilinear coordinate system with domain €2, and
therefore there exist smooth real-valued functions &,  and ¢ defined on ¢(€2)

such that @ = £(p(z,y,2)), ¥ = n(e(z,y,2) and = = C(p(x,y, 2)) for all
x,y,z € Q. Let

D ={(z,y) € R?: |z — 20| < & and |y — yo| < 7},
and let f(x,y) = ((z,y,0). If (x,y,2) € Q satisfies W (z,y, z) = 0 then
z=((U(z,y,2), V(z,y,2), W(z,y,2)) = ((z,y,0) = f(z,y).
To complete the proof, we must also show that if (z,y,z) € Q satisfies

z = f(z,y) then W(x,y,z) = 0. Now w = W(o(u,v,w)) for all (u,v,w) €
©(Q2), where

o(u, v, w) = ({(u, v, w), n(u,v,w), (u,v,w))

(see Lemma 6.1). Also {(z,y,0) =z, n(z,y,z) =y and {(z,y,0) = f(z,y).
It follows that

0=W(&(z,y,0),n(x,y,0),((r,y,0) = W(z,y, f(2,y))

for all (z,y) € D. Thus if (z,y,2) € Q and z = f(x,y) then W(x,y,2) =0,
as required. |}

Remark Proposition 6.13 is a particular case of the Implicit Function The-
orem.
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Corollary 6.14 Let W be a smooth real-valued function defined over some
open set Q0 in R3, and let

Y =A{(z,y,2) € Q: W(x,y,z) =0}.
Suppose that the gradient

ox ' Oy’ Oz
of W is non-zero at each point of X. Then ¥ is a smooth surface in R3.

ow  ow
Proof Given any point p, at least one of the partial derivatives 2 o0
T Y

(8W ow 8W)

5. is non-zero at the point p. We show that ¥ is a smooth surface through-
z

out some open neighbourhood of the point p. We may assume, without loss
ow

of generality, that e # 0 at the point p. It follows from Proposition 6.13
z

that there exists an open subset §~2~ of 2 and a smooth function f: D — R,
where (z,y) € D for all (z,y, z) € €, such that
SN0 = {(w,,2) €0: 2 = f(a,y)}.

Let U(z,y,2) = x, V(z,y,2) = y and W(z,y,2) = z — f(z,y) for all
(z,y,2) € Q. Then (U,V,W) is a smooth coordinate system with domain
Q. Moreover

YNQ={(z,y,2) € Q: W(z,y,2) =0}

It follows that ¥ is a smooth surface throughout some open neighbourhood
of the point p, as required. |}

Proposition 6.15 Let x: D — R3 be a smooth function defined over an
open set D in R? that expresses the Cartesian coordinates (x,y,z) of an
image point in R as smooth functions of Cartesian coordinates u and v on
D. Let (ug,vg) be a point of D. Suppose that the vectors

Or by 2\ (0 Oy 0z
ou’ Ou’ Ou an ov’ Ov’ Ov

are linearly independent when u = ug and v = vy. Then there exists a smooth
curvilinear coordinate system (U, V, W) with domain 2, where Q) is an open
set in R® containing the point x(ug, vo), such that

U(x(u,v)) =u and V(x(u,v))=wv
for all (u,v) € DN 1(NQ) and
X(D)NQ ={(x,y,2) € Q: W(x,y,z) =0}
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Proof Let (p,q,r) be a vector in R® chosen so that the three vectors

oy 0\ (00 oy 05
ou’ Ou’ Ou ov’ Ov’ v a P47

are linearly independent when u = uy and v = vy. Let
U(u,v,w) = x(u,v) + (wp,wq, qr).
for all u,v € D and w € R. Letting (z,y, z) = ¥ (u, v, w), we see that

or Ox Ox or Ox

ou v w o ow L
oy oy oy | _| v oo |,
ou Ov Ow ou Ov

0z 0z 0z dz 0z

ou v ow o v

when u = ug, v = vg and w = 0. It then follows from the three-dimensional
Inverse Function Theorem (Theorem 6.11) that there exists an open set Dy
in R2, where (ug,v0) € Dy and Dy C D, and a positive real number &, such
that the smooth map 1 maps Dy x (—dg, ) onto an open set Q in R on
which are defined smooth real-valued functions U, V', W such that

u=U(u,v,w)), v=V@(uv,w)), w=W((u,v,w))

for all (u,v) € Dy and for all real numbers w satisfying |w| < dp. Then
Do =D Nx Q) and x(u,v) = ¥(u,v,0) for all (u,v) € Dy. It follows that

Ulx(u,v)) =u, V(x(u,v)) =v and W(x(u,v)) =0
for all (u,v) € DN X_l(Q). It follows that
x(D)NQ C{(x,y,2) € Q: W(z,y,z) = 0}.

Now let (z,y,z) be a point of Q for which W(z,y,2) = 0. Then there
exist (u,v) € Dy and a real number w satisfying |w| < o for which (z,y, 2) =
(u,v,w). Then

w = W (v, w) = W(z,y,2) = 0,
and thus (z,vy, z) = x(u,v). Thus
X(D)NQ ={(x,y,2) € Q: W(x,y,z) =0}.

This completes the proof. |}
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