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5. The Riemann Integral in One Dimension

5.1. Darboux Sums and the Riemann Integral

The approach to the theory of integration discussed below was
developed by Jean-Gaston Darboux (1842-1917). The integral
defined using lower and upper sums in the manner described below
is sometimes referred to as the Darboux integral of a function on a
given interval. However the class of functions that are integrable
according to the definitions introduced by Darboux is the class of
Riemann-integrable functions. Thus the approach using Darboux
sums provides a convenient approach to define and establish the
basic properties of the Riemann integral.



5. The Riemann Integral in One Dimension (continued)

Definition

A partition P of an interval [a, b] is a set {xp, x1, X2, . .., X} Of real
numbers satisfying a=xg < x31 < xp < -+ < Xp_1 < Xp = b.




5. The Riemann Integral in One Dimension (continued)

Given any bounded real-valued function f on [a, b], the upper sum
(or upper Darboux sum) U(P, f) of f for the partition P of [a, b] is
defined so that

ZM _XI].

where M; = sup{f(x) : xi—1 < x < x;}.
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5. The Riemann Integral in One Dimension (continued)

Similarly the lower sum (or lower Darboux sum) L(P, f) of f for
the partition P of [a, b] is defined so that

g ml Xj — Xj— 1

where m; = inf{f(x) : xi_1 < x < x;}.
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5. The Riemann Integral in One Dimension (continued)

Clearly L(P,f) < U(P,f). Moreover > (x; — xj—1) = b— a, and
i=1
therefore

m(b— a) < L(P,f) < U(P,f) < M(b — a),

for any real numbers m and M satisfying m < f(x) < M for all
x € [a, b].
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5. The Riemann Integral in One Dimension (continued)

Definition

Let f be a bounded real-valued function on the interval [a, b],
where a < b. The upper Riemann integra/Z/{fab f(x) dx (or upper

Darboux integral) and the lower Riemann integral Efab f(x) dx (or
lower Darboux integral) of the function f on [a, b] are defined by

b
U/ f(x)dx = inf{U(P,f): Pis a partition of [a, b]},

b
E/ f(x)dx = sup{L(P,f): P is a partition of [a, b]}.
a

The definition of upper and lower integrals thus requires that
L{fab f(x) dx be the infimum of the values of U(P, f) and that

Efab f(x) dx be the supremum of the values of L(P,f) as P ranges
over all possible partitions of the interval [a, b].



5. The Riemann Integral in One Dimension (continued)

Definition
A bounded function f: [a, b] — R on a closed bounded interval
[a, b] is said to be Riemann-integrable (or Darboux-integrable) on

[a, b] if , ,
u /a F(x)dx = L /a F(x) dx,

in which case the Riemann integral fab f(x) dx (or Darboux
integral) of f on [a, b] is defined to be the common value of

Z/lfab f(x) dx and Efab f(x) dx.
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When a > b we define

for all Riemann-integrable functions f on [b, a]. We set
fab f(x)dx =0 when b= a.

If f and g are bounded Riemann-integrable functions on the
interval [a, b], and if f(x) < g(x) for all x € [a, b], then

[P £(x)dx < [ g(x) dx, since L(P,f) < L(P,g) and
U(P,f) < U(P, g) for all partitions P of [a, b].



5. The Riemann Integral in One Dimension (continued)

Definition

Let P and R be partitions of [a, b], given by P = {xp, x1,...,Xn}
and R = {up, u1,...,um}. We say that the partition R is a
refinement of P if P C R, so that, for each x; in P, there is some
uj in R with x; = u;.

Lemma 5.1

| A\

Let R be a refinement of some partition P of [a, b]. Then
L(R,f) > L(P,f) and U(R,f)< U(P,f)

for any bounded function f: [a, b] — R.

N




5. The Riemann Integral in One Dimension (continued)

Proof

Let P = {x0,x1,...,%n} and R = {uwo, u1,..., Un}, where

a=xp<x1<---<xp=banda=ww<wm<---<up=>b.

Now for each integer i between 0 and n there exists some

integer j(i) between 0 and m such that x; = u;(;) for each i, since

R is a refinement of P. Moreover

0=,(0) <j(1) <---<j(n) = n. For each i, let R; be the

partition of [x,-_l,x,-] given by Ry = {u;j : j(i—1) <j < j(i)}. Then
n

L(R,f) = Z L(R;,f) and U(R,f) = > U(R;i, f). Moreover
i=1
mi(xi — xi—1) < L(Ri, f) < U(R;, f) < Mi(xi — xi—1),
since m; < f(x) < M; for all x € [x;_1,x;]. On summing these

inequalities over i, we deduce that
L(P,f) < L(R,f) < U(R,f) < U(P,f), as required. |}



5. The Riemann Integral in One Dimension (continued)

Given any two partitions P and Q of [a, b] there exists a

partition R of [a, b] which is a refinement of both P and Q. For
example, we can take R = P U Q. Such a partition is said to be a
common refinement of the partitions P and Q.

Let f be a bounded real-valued function on the interval [a, b].
Then

E/abf(x)dXSU/abf(x)dx.




5. The Riemann Integral in One Dimension (continued)

Proof

Let P and Q be partitions of [a, b], and let R be a common
refinement of P and Q. It follows from Lemma 5.1 that

L(P,f) < L(R,f) < U(R,f) < U(Q,f). Thus, on taking the
supremum of the left hand side of the inequality L(P,f) < U(Q,f)
as P ranges over all possible partitions of the interval [a, b], we see
that Efab f(x)dx < U(Q, f) for all partitions Q of [a, b]. But
then, taking the infimum of the right hand side of this inequality as
Q ranges over all possible partitions of [a, b], we see that

['fab f(x)dx < Ufab f(x) dx, as required. |}



5. The Riemann Integral in One Dimension (continued)

Example

Let f(x) = cx + d, where ¢ > 0. We shall show that f is
Riemann-integrable on [0, 1] and evaluate fol f(x) dx from first
principles.

For each positive integer n, let P, denote the partition of [0, 1] into
n subintervals of equal length. Thus P, = {x0,x1,...,X,}, where
x; = i/n. Now the function f takes values between (i — 1)c/n+ d
and ic/n + d on the interval [x;_1, X;], and therefore

+d, Mi:%-f‘d

where m; = inf{f(x) : xi_1 < x < x;} and
M; = sup{f(x) : xi—1 < x < x;}. Thus



5. The Riemann Integral in One Dimension (continued)

L(me) =

U(Py, ) = Z Mi(x; — xi—1) = ,172 (2’ + d)



5. The Riemann Integral in One Dimension (continued)

It follows that

n_|l>l’_’T_\ L(Pp,f)==+d
and
lim U(Pn, f)==+d
n—-+o00

Now L(P,, f) < L [P f(x) dx < ufj f(x) dx < U(Pp, f) for all
positive integers n. It follows that
L[PF(x)dx=3c+d=U[PF(x)dx. Thus fis
Riemann-integrable on the interval [0, 1], and fol f(x)dx = c+d.



5. The Riemann Integral in One Dimension (continued)

Example
Let f: [0,1] — R be the function defined by

F(x) = 1 if x is rational;
X)= 0 if x is irrational.

Let P be a partition of the interval [0, 1] given by

P = {x0,Xx1,%2,...,Xn}, where 0 = xg < x3 < xo < -+- < x, = L.
Then
inf{f(x):xi_1 <x<x}=0, sup{f(x):x_1<x<x}=1,

fori=1,2,...,n, and thus L(P,f) =0 and U(P,f) =1 for all
partitions P of the interval [0, 1]. It follows that Efol f(x)dx=0

and Z/lfol f(x) dx = 1, and therefore the function f is not
Riemann-integrable on the interval [0, 1].



5. The Riemann Integral in One Dimension (continued)

5.2. Basic Properties of the Riemann Integral

Lemma 5.3

Let f: [a,b] — R be a bounded function on a closed bounded
interval [a, b], where a and b are real numbers satisfying a < b.
Then the lower and upper Riemann integrals of f and —f are
related by the identities

Ll/ab(—f(x))dx = —E/ab f(x) dx,
E/ab(—f(x))dx = —L{/ab f(x) dx.




5. The Riemann Integral in One Dimension (continued)

Proof

Let P = {x0,x1,X2,...,Xn}, Where
a=Xo<X1<X2<-"<X,,:b,

and let
m; = inf{f(x):xi-1 < x<x},
M; = sup{f(x):xi_1 <x < x}.

Then the lower and upper sums of f for the partition P are given
by the formulae

Zm, X — Xj— 1 U(P7 f) :iM;(Xi—X,'_l).
i=1



5. The Riemann Integral in One Dimension (continued)

Now

sup{—f(x) : xi—-1 < x < x;}

= —inf{f(x):xi-1 <x < x;} =—m,
inf{—f(x) : xi—1 < x < x;}

= —sup{f(x):xi-1 < x < x;} =—M,;

It follows that

UP,—-r) = Z(—mi)(xi —xj—1) = —L(P, ),

L(P,—f) = Z(—Mi)(xi —xj—1) = —U(P, f).



5. The Riemann Integral in One Dimension (continued)

We have now shown that
U(P,—f)=—L(P,f) and L(P,—f)=—-U(P,f)
for all partitions P of the interval [a, b]. Applying the definition of
the upper and lower integrals, we see that
b
u/ (—f(x)dx = inf{U(P,—f): Pis a partition of [, b]}
a

= inf{—L(P,f): P is a partition of [a, b]}
= —sup{L(P,f): Pis a partition of [a, b]}

- —c/ab F(x) dx



. The Riemann Integral in One Dimension (continued)

Similarly

b
L’/ (=f(x))dx = sup{L(P,—f): P is a partition of [a, b]}

= sup{—U(P,f): P is a partition of [a, b]}
= —inf{U(P,f): P is a partition of [a, b]}

= U /ab f(x) dx.

This completes the proof. |}



5. The Riemann Integral in One Dimension (continued)

Lemma 5.4

Let f:[a,b] = R and g: [a, b] — R be bounded functions on a
closed bounded interval [a, b], where a and b are real numbers
satisfying a < b, and let P be a partition of the interval [a, b].
Then the lower sums of the functions f, g and f + g satisfy

L(P,f+g)>L(P,f)+ L(P,g),

and the upper sums of these functions satisfy

UP,f+g) < U(P,f)+ U(P,g).




5. The Riemann Integral in One Dimension (continued)

Proof

Let P = {x0,x1,%2,...,Xn}, Where
a:X0<X1<X2<~-'<Xn:b.

Then

n

L(P,f) = Z m;i(f)(xi — xi—1),
i—1

L(P.g) = D mi(g)(xi — xi-1),

i=1



5. The Riemann Integral in One Dimension (continued)

where

m,(f)
mi(g)
m;i(f +g)

fori=1,2,...,n.

inf{f(x) : xi—1 <x < x},
inf{g(x) : xi—1 < x < x;},
inf{f(x) +g(x) : xi-1 < x < x}



5. The Riemann Integral in One Dimension (continued)

Now
f(x) = mi(f) and g(x) > mi(g).

for all x € [xj_1,xj]. Adding, we see that
f(x) +g(x) > mi(f) + m;(g)

for all x € [x;_1,x;], and therefore m;(f) + m;(g) is a lower bound

for the set
{f(x) + g(x) : xi—1 < x < x;}.

The greatest lower bound for this set is m;(f + g). Therefore

mi(f + g) > m;i(f) + mi(g).



5. The Riemann Integral in One Dimension (continued)

It follows that

L(P.f+g) = D mif+g)(x —xi-1)
i=1

> (mi(f) + mi(8))(xi — xi-1)

=1

= > mi(f)(xi — xi—1) + Y mi(g)(xi — xi-1)
i=1 i=1

= L(P,f)+L(P,g).

Y



5. The Riemann Integral in One Dimension (continued)

An analogous argument applies to upper sums. Now
n
UP,f) = Z Mi(F)(xi — xi—1),
U(P,g) = ZM Xj — Xi—1),

UpPp,f+g) = ZM f+g)(xi — xi—1),



5. The Riemann Integral in One Dimension (continued)

where

fori=1,2,...,n.

sup{f(x) : xj—1 < x < x;},
sup{g(x) : xi—-1 < x < x;},
sup{f(x) +g(x) : xi-1 <x < x}



5. The Riemann Integral in One Dimension (continued)

Now
f(x) < Mi(f) and g(x) < Mi(g).

for all x € [x;_1,x;]. Adding, we see that
f(x) + g(x) < Mi(f) + Mi(g)

for all x € [xj_1, x;], and therefore M;(f) + M;(g) is an upper
bound for the set

{f(x) +g(x) : xi-1 < x < X}
The least upper bound for this set is M;(f 4+ g). Therefore

Mi(f + g) < Mi(f) + Mi(g).



5. The Riemann Integral in One Dimension (continued)

It follows that

UP.f+g) = D Mi(f+g)lxi—xi1)
i=1

n

> (Mi(F) + Mi(g))(xi — xi-1)

IN

= > M(F)(xi—xi—1) + > Mi(g)(xi — xi-1)
i1 i1
= U(P,f)—i—U(P,g).

This completes the proof that
L(P,f+g)=L(P,f)+L(P.g)

and
UP,f+g)<UP,f)+UPg) I



5. The Riemann Integral in One Dimension (continued)

Proposition 5.5

Let f:[a,b] = R and g: [a, b] — R be bounded
Riemann-integrable functions on a closed bounded interval [a, b],
where a and b are real numbers satisfying a < b. Then the
functions f + g and f — g are Riemann-integrable on [a, b], and
moreover

/a *(F(0) + g(x)) dx = /  Fx) e+ /  g(x) dx.

and

/ab(f(x) —g(x)) dx = /ab f(x) dx — /abg(x) dx.




5. The Riemann Integral in One Dimension (continued)

Proof

Let some strictly positive real number ¢ be given. The definition of
Riemann-integrability and the Riemann integral ensures that there
exist partitions P and Q of [a, b] for which

L(P,f) > /b f(x)dx — 3e

and

b
L(Q,g) > / g(x)dx — %5.



5. The Riemann Integral in One Dimension (continued)

Let the partition R be a common refinement of the partitions P
and Q. Then

L(R,f) > L(P,f) and L(R,g)>L(P,g).

Applying Lemma 5.4, and the definition of the lower Riemann
integral, we see that

E/ f(x) + &(x)

L(R, f+g) > L(R,f)+ L(R, g)
L(P,f)+ L(Q,8)

f)
( bf dx—>+</abg(><)dx—§5>
> /f dx+/ g(x)dx —¢

>
>

\%



5. The Riemann Integral in One Dimension (continued)

We have now shown that
b b b
c/ (f(x)+g(x))dx>/ £(x) dx+/ g(x) dx — =
a a a
for all strictly positive real numbers €. However the quantities of
b b b
ﬁ/ (f(x) + g(x)) dx, / f(x)dx and / g(x) dx
a a a

have values that have no dependence whatsoever on the value of ¢.
It follows that

E/ab(f(x)+g(x))dx> /ab £(x) dx—{—/abg(x) .



5. The Riemann Integral in One Dimension (continued)

We can deduce a corresponding inequality involving the upper
integral of f + g by replacing f and g by —f and —g respectively

(Lemma 5.3). We find that
b b
/a (—F(x)) dx + / (~g(x)) dx

= —/abf(x)dx—/abg(x)dx

v

c / ~ g(x)) dx

and therefore
b b
u [ () + g ax = —£ [ (~Flx) - g(x) ox

/ab f(x) dx—i—/abg(x) dx.

IN



5. The Riemann Integral in One Dimension (continued)

Combining the inequalities obtained above, we find that
b b
/ f(x) dx+/ g(x) dx
a a b
< £ (00 + g(0) o
b
< U [ () + ) o
b b
/ f(x) dx+/ g(x) dx.
a a

IN



5. The Riemann Integral in One Dimension (continued)

The quantities at the left and right hand ends of this chain of
inequalities are equal to each other. It follows that

b b
c/ (F(x) + g(x)) dx = /(f( )+ g(x)) dx

= /f(x dx—l—/ g(x) dx.

Thus the function f + g is Riemann-integrable on [a, b], and

/ab(f(x)—i—g(x))dx:/ab F(x) dx—i—/abg(x) o

Then, replacing g by —g, we find that

/ab(f(x) —g(x))dx = /ab f(x)dx — /abg(x) dx

as required. |



5. The Riemann Integral in One Dimension (continued)

Proposition 5.6

Let f: [a,b] — R be a bounded function on a closed bounded
interval [a, b], where a and b are real numbers satisfying a < b.
Then the function f is Riemann-integrable on [a, b] if and only if,
given any positive real number €, there exists a partition P of [a, b]
with the property that

U(P, f) — L(P,f) < e.




5. The Riemann Integral in One Dimension (continued)

Proof
First suppose that f: [a, b] — R is Riemann-integrable on [a, b].
Let some positive real number € be given. Then

/ab f(x) dx

is equal to the common value of the lower and upper integrals of
the function f on [a, b], and therefore there exist partitions Q and
R of [a, b] for which

L(Q,f) > /b f(x)dx — 3

and

b
U(R, f)</ f(x) dx + 3e.



5. The Riemann Integral in One Dimension (continued)

Let P be a common refinement of the partitions @ and R. Now
L(Q,f) < L(P,f) < U(P,f) < U(R,f).
(see Lemma 5.1). It follows that

U(P,f)—L(P,f) < UR,f)—L(Q,f) <e.



5. The Riemann Integral in One Dimension (continued)

Now suppose that f: [a, b] — R is a bounded function on [a, b]
with the property that, given any positive real number ¢, there
exists a partition P of [a, b] for which U(P,f) — L(P,f) <e. Let
€ > 0 be given. Then there exists a partition P of [a, b] for which
U(P,f) — L(P,f) < e. Now it follows from the definitions of the
upper and lower integrals that

b
L(P,f) <£/ dx<Ll/ f(x)dx < U(P,f),
a
and therefore

u/ dx—c/ x)dx < U(P,f) — L(P,f) < e



5. The Riemann Integral in One Dimension (continued)

Thus the difference between the values of the upper and lower

integrals of f on [a, b] must be less than every strictly positive real
number €, and therefore

u/abf(x)dx—z:/abf(x)dx.

This completes the proof. |}



5. The Riemann Integral in One Dimension (continued)

Proposition 5.7

Let f: [a,b] — R be a bounded Riemann-integrable function on a
closed interval [a, b], where a and b are real numbers satisfying
a<b, and let |f|: [a,b] — R be the function defined such that
|f|(x) = |f(x)| for all x € [a, b]. Then the function |f| is
Riemann-integrable on [a, b], and

/a i F(x) dx

< [“1rea e
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Proof

First we show that, given any partition P of the interval [a, b], the
Darboux sums U(P, f) and L(P, f) of the function f on [a, b] and
the Darboux sums U(P,|f|) and L(P,|f]|) of the function |f| on
[a, b] satisfy the inequality

U(P,|f]) — L(P,|f|]) < U(P,f)— L(P,f).

Let
P = {X07X17X2a o 7Xn}7

where
a=xp<x1<xp< -+ <Xp_1<Xx,=b.

and let
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Mi(f) = sup{f(x):xi—1 <x<x},
Mi(If]) = sup{[f(x)|: xi—1 < x < xi},
m;i(f) = inf{f(x):x_-1 <x<x},
m;i(|f]) = inf{|f(x)]:xi—1 < x < x;}

fori=1,2,...,n

Let § be a positive real number. For each integer i between 1 and
n there exist uj, v; € [xj_1, X;] such that

mi(|f]) < |F(wi)| < mi([f]) + 6

and
Mi([f]) — & < [f(vi)| < Mi(|f]).
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Then
[F(vi)l = [f(ui)| > Mi([f]) — mi([f]) — 20.
But
vl = [f(ui)] < | (vi) — F(ui)l
(see Lemma 1.2). Moreover
[f(vi) — fui)| < Mi(f) — mi(f),
because either

m;i(f) < f(u;) < f(vi) < Mi(f)

or else

m,(f) S f(v,-) S f(u,-) S M,(f)
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It follows that

Mi([f1) = mi(If]) =26 < [f(vi)| = |F(w)] < [F(vi) — F(ui)|
S M,-(f)—m,-(f).

But the values of M;(|f|) — m;(|f|) and M;(f) — m;(f) are
independent of §, where § > 0. It follows that

Mi(If]) — mi(|f[) < Mi(f) — mj(f),

fori=1,2,...,n



5. The Riemann Integral in One Dimension (continued)

Now the Darboux sums of the functions f and |f| for the
partition P are defined by the identities

L(P.f) = > mi(f)(x— xi-1),
i=1

L(P,|f]) > mi(IF)(xi — xi-1),

i=1

UP,f) = > Mi(f)(x — xi-1),
i=1

UP,IF)) = > Mi(If))(xi — xi-1).
i=1
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It follows that

UP,IF)) = L(P,IF) = D (M(IF]) = mi(|F1))(xi — Xi—1)
i=1
< Z(’V’i(f) —m;(f))(xi — xi-1)
= E(P,f)—L(P,f).
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Now let some positive real number € be given. It follows from
Proposition 5.6 that there exists a partition P of [a, b] such that

UP,f)— L(P,f) <e.

Then
U(P,|f]) — L(P,|f|) < U(P,f) — L(P,f) < e.

Proposition 5.6 then ensures that the function |f]| is
Riemann-integrable on [a, b].
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Now —|f(x)| < f(x) < |f(x)]| for all x € [a, b]. It follows that

_/abyf(x)]dxg/abf(x)dxg/ab]f(x)]dx.

It follows that . .
/ f(x) dx S/ |f(x)| dx,

as required. |
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Proposition 5.8

Let f:[a,b] = R and g: [a, b] — R be bounded
Riemann-integrable functions on a closed bounded interval [a, b],
where a and b are real numbers satisfying a < b. Then the
function f - g is Riemann-integrable on [a, b], where

(f - g)(x) = f(x)g(x) for all x € [a, b].

Proof
The functions f and g are bounded on [a, b], and therefore there

exists some positive real number K with the property that
|f(x)| < K and |g(x)| < K for all x € [a, b].



5. The Riemann Integral in One Dimension (continued)

Let some positive real number ¢ be given. It follows from
Proposition 5.6 that there exist partitions @ and R of the closed
interval [a, b] for which

UQ,f)—L(Q,f) < 2K

and
U(R,g) — L(R.g) < m(

Let P be a common refinement of the partitions @ and R. It
follows from Lemma 5.1 that

UP.£) = L(P,£) < U(Q.F) = L(Q.F) < 5
and

WR@—MRQSUmg)ngVﬁK
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Let P = {x0,x1,%2,...,Xn}, Where
a=xg<x1<xp<---<Xxp=b,

and for each integer i/ between 1 and n, let u; and v; be real
numbers belonging to the interval [x;_1, x;]. Then

f(vi)g(vi)—f(ui)g(ui) = (f(vi)—f(ui))g(vi)+f(ui)(g(vi) —g(ui)),
and therefore
[£(vi)g(vi) — f(ui)g(ui)]
[£(vi) — £ (ui)| lg(vi)| + |F(ui)l lg(vi) — g(ui)l,
< K(1F(v) = ()] + g(v) - g(u)]).

IN



5. The Riemann Integral in One Dimension (continued)

Now |f(v;) — f(u;)| < Mi(f) — m;i(f) for i =1,2,..., n because,
for each integer / between 1 and n, either

m;i(f) < f(u;) < f(v;) < Mi(f) or else

mi(f) < f(v;) < f(u;) < M;(f). Similarly

lg(vi) — g(u))| < Mi(g) — mi(g) for i =1,2,...,n. Therefore

F(v)g(v) — Fu)g(u)] < K(Mi(F) = mi(F) + Mi(g) — mi(g))

fori=1,2,...,n



5. The Riemann Integral in One Dimension (continued)

Now, given any positive real number §, real numbers u; and v;
belonging to the interval [x;_1, x;] can be chosen so that

mi(f - g) < F(u)g(u;) < mi(f - g) + 6

and
Mi(f - g) — 6 < f(vi)g(vi) < Mi(f - g).

Then
f(vi)g(vi) — f(ui)g(ui) > Mi(f - g) — mi(f - g) — 26.
It follows that
M(F - g) — mi(f - g) — 28 < K(Mi(F) — mi(£) + Mi(g) — mi(g))
for all positive real numbers §, and therefore

Mi(F - g) = mi(f - g) < K(Mi(F) = mi(f) + M(g) — mig) ).



5. The Riemann Integral in One Dimension (continued)

Now U(P,f) and L(P, f) are defined so that
UP,f) = Y Mi(f)(xi — xi-1),
i=1

L(P.f) = > mi(f)(xi — xi1),
i=1

where

Mi(f) = sup{f(x):x_1<x<x},
mi(f) = inf{f(x):xi-1 < x < x;}.
and U(P,g), L(P,g), U(P,f-g) and L(P,f - g) are defined by

analogous expressions, with the function f replaced by g or f - g as
appropriate.
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It follows that

U(P,f-g)—L(P,f-g)

<

<

n

(
Z(M,(f g) mi(f-g))(Xi—Xi—l)

=]

K ( — mi(f) + Mi(g) — m,-(g))(x,-—x,-_l)
i=1

K(U(P, f)— L(P. )+ U(P.g) — L(P.g))
£



5. The Riemann Integral in One Dimension (continued)

We have now shown that, given any positive real number ¢, there
exists a partition P of the closed bounded interval [a, b] with the
property that

U(P,f-g)—L(P,f-g)<e.

It follows from Proposition 5.6 that the product function f - g is
Riemann-integrable, as required. |}



5. The Riemann Integral in One Dimension (continued)

Proposition 5.9

Let f be a bounded real-valued function on the interval [a, c].
Suppose that f is Riemann-integrable on the intervals [a, b] and
[b, c|, where a < b < c. Then f is Riemann-integrable on [a, ],

and . . .
/af(x)dx:/a f(x)dx-l—/b f(x) dx.




5. The Riemann Integral in One Dimension (continued)

Proof

Let some positive real number ¢ be given. The function f is
Riemann-integrable on the interval [a, b] and therefore there exists
a partition Q of [a, b] such that the lower Darboux sum L(Q, f) of
f on [a, b] with respect to the partition Q of [a, b] satisfies

L(Q,f) > /b f(x)dx — 3e.

Similarly there exists a partition R of [b, c] of [a, b] such that the
lower Darboux sum L(Q, f) of f on [b, c| with respect to the
partition R of [b, c] satisfies

(o}

L(R, f)>/ f(x) dx — 3e.
b



5. The Riemann Integral in One Dimension (continued)

Now the partitions @ and R combine to give a partition P of the
interval [a, c], where P = QU R. Indeed Q = {uo, u1,...,Um},
where ug, U1, ..., Uy, are real numbers satisfying

a=uw<um<u<- - Up1<um=H>h,

and R = {vo,v1,..., v}, where v, vi,..., Vv, are real numbers
satisfying
b=wy<vi<wn<--v_1<v,=c.

Then
P={au,up,...,u;m-1,b,v1,v2,...,Vy_1,C}.
It follows directly from the definition of Darboux lower sums that

L(P,f)=L(Q,f)+ L(R,f).



5. The Riemann Integral in One Dimension (continued)

The choice of the partitions @ and R then ensures that

Lﬁﬁﬂ:ilbﬂxﬁk+ilcﬂxﬁk—f.

C

The lower Riemann integral E/ f(x) dx is by definition the least

a
upper bound of the lower Darboux sums of f on the interval [a, c].
It follows that

c/ w>/fww+éﬂmw_a

Moreover this inequality holds for all values of the positive real
number . It follows that

c/ w>/a@wf[ﬂ@m



5. The Riemann Integral in One Dimension (continued)

Applying this result with the function f replaced by —f yields the
inequality

E/ ))dx > — /abf(x)dx—/bcf(x)dx
ﬁ/ :—L{/:f(x)dx

(see Lemma 5.3). It follows that

u/:f(x)dxg/abf(x)der/bcf(x)dxgﬁ/:fx dx



5. The Riemann Integral in One Dimension (continued)

But . c
ﬁ/ f(x)dxgu/ f(x) dx.
It follows that
c c b c
E/ f(X)dX:Z/{/ f(x)dX:/ f(x)dx—l—/ f(x) dx.
a a a b

The result follows. |}



5. The Riemann Integral in One Dimension (continued)

5.3. Integrability of Monotonic Functions

Let a and b be real numbers satisfying a < b. A real-valued
function f: [a, b] — R defined on the closed bounded interval [a, b]
is said to be non-decreasing if f(u) < f(v) for all real numbers u
and v satisfying a < u < v < b. Similarly f: [a, b] — R is said to
be non-increasing if f(u) > f(v) for all real numbers u and v
satisfying a < u < v < b. The function f: [a, b] — R is said to be
monotonic on [a, b] if either it is non-decreasing on [a, b] or else it
is non-increasing on [a, b.

Proposition 5.10

Let a and b be real numbers satisfying a < b. Then every
monotonic function on the interval [a, b] is Riemann-integrable on

[a, b].
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5. The Riemann Integral in One Dimension (continued)

Proof

Let f: [a, b] — R be a non-decreasing function on the closed
bounded interval [a, b]. Then f(a) < f(x) < f(b) for all x € [a, b],
and therefore the function f is bounded on [a, b]. Let some
positive real number ¢ be given. Let § be some strictly positive
real number for which (f(b) — f(a))d < &, and let P be a partition
of [a, b] of the form P = {xp, x1,x2,...,%n}, where

a=x<x<x<- - -<xp_1<x,=>b

and x; — xj_1 < dfori=1,2,...,n.



5. The Riemann Integral in One Dimension (continued)

The maximum and minimum values of f(x) on the interval
[xi—1, x;] are attained at x; and x;_1 respectively, and therefore the
upper sum U(P, f) and L(P,f) of f for the partition P satisfy

U(P,f) = F(x)(xi — xi-1)
i=1

and

L(P,f) = Z f(xi—1)(xi — xi—1).
i—1

Now f(x;) — f(xi—1) >0 for i =1,2,...,n. It follows that
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5. The Riemann Integral in One Dimension (continued)

U(P,f)— L(P,f)
= Z(f(x,-) — f(xi—1))(xi — xi—1)

i=1

< 6 (f(x) — f(xic1)) = 6(F(b) — f(a)) < &.

i=1

We have thus shown that

Z/{/abf(x)dx—ﬁ/abf(x)dx<5

for all strictly positive numbers €. But

Z/l/abf(x)dxzﬁ/abf(x)dx.



5. The Riemann Integral in One Dimension (continued)

It follows that

L{/ dx—ﬁ/

and thus the function f is Riemann-integrable on [a, b].

Now let f: [a, b] — R be a non-increasing function on [a, b]. Then
—f is a non-decreasing function on [a, b] and it follows from what
we have just shown that —f is Riemann-integrable on [a, b]. It
follows that the function f itself must be Riemann-integrable on
[a, b], as required. |}



5. The Riemann Integral in One Dimension (continued)

Corollary 5.11

Let f: [a, b] — R be a real-valued function on the interval [a, b],
where a and b are real numbers satisfying a < b. Suppose that
there exist real numbers xg, x1, . . . , Xp, where

a=X0<X1<X2<---<X,,,1<X,,:b,

such that the function f restricted to the interval [x;_1, xi] is
monotonic on [x;_1,x;] for i =1,2,...,n. Then f is
Riemann-integrable on [a, b].

Proof
The result follows immediately on applying the results of
Proposition 5.9 and Proposition 5.10. |}



5. The Riemann Integral in One Dimension (continued)

Remark

The result and proof-strategy of Proposition 5.10 are to be found
in their essentials in Isaac Newton, Philosophiae naturalis principia
mathematica (1686), Book 1, Section 1, Lemmas 2 and 3.



5. The Riemann Integral in One Dimension (continued)

5.4. Integrability of Continuous functions

Let a and b be real numbers satisfying a < b. Then any continuous
real-valued function on the interval |a, b] is Riemann-integrable.

Proof

Let f be a continuous real-valued function on [a, b]. Then f is
bounded above and below on the interval [a, b], and moreover
f: [a, b] — R is uniformly continuous on [a, b]. (These results
follow from Theorem 4.21 and Theorem 4.22.) Therefore there
exists some strictly positive real number ¢ such that

|f(x) — f(y)| < € whenever x,y € [a, b] satisfy |x — y| < 0.



5. The Riemann Integral in One Dimension (continued)

Choose a partition P of the interval [a, b] such that each
subinterval in the partition has length less than §. Write

P = {x0,X1,...,Xn}, where a = xp < x3 < --- < x, = b. Now if
xi—1 < x < x; then |x — x;| < §, and hence

f(xi) —e < f(x) < f(x;) + €. It follows that

f(X,')—ESm,'SM,'Sf(X,')—I-E (i:1,2,...,n),

where m; = inf{f(x) : xi_1 < x < x;} and
M; = sup{f(x) : xi—1 < x < x;}. Therefore

Z f(xi)(xi = xi—1) —e(b—a)
i—1
< L(P,f) < U(P,F)

< ) F()(xi — xie1) + (b — a),
i=1

where L(P, f) and U(P, f) denote the lower and upper sums of the
function f for the partition P.



5. The Riemann Integral in One Dimension (continued)

We have now shown that
OgU/ x) dx — E/ x)dx < U(P,f)—L(P,f) <2e(b—a).

But this inequality must be satisfied for any strictly positive real
number . Therefore

U/abf(x)dx:ﬁ/abf(x)dx,

and thus the function f is Riemann-integrable on [a, b]. |}



5. The Riemann Integral in One Dimension (continued)

5.5. The Fundamental Theorem of Calculus

Let a and b be real numbers satisfying a < b. One can show that
all continuous functions on the interval [a, b] are
Riemann-integrable (see Theorem 5.12). However the task of
calculating the Riemann integral of a continuous function directly
from the definition is difficult if not impossible for all but the
simplest functions. Thus to calculate such integrals one makes use
of the Fundamental Theorem of Calculus.

Theorem 5.13 (The Fundamental Theorem of Calculus)

Let f be a continuous real-valued function on the interval [a, b],

where a < b. Then
d X
a (/a f(t) dt) = f(X)

for all x satisfying a < x < b.




5. The Riemann Integral in One Dimension (continued)

Proof

Let some strictly positive real number € be given, and let ¢ be a
real number chosen so that 0 < g9 < £. (For example, one could
choose g = 25 ) Now the function f is continuous at x, where
a < x < b. It follows that there exists some strictly positive real
number § such that

F(x) — g0 < f(t) < F(x) +

for all t € [a, b] satisfying x —§ < t < x+ .



5. The Riemann Integral in One Dimension (continued)

Let F(s) = [ f(t)dt for all s € (a, b). Then

F(x+h) = /X+hf(t)dt—/Xf(t)dt+/x+hf(t)dt

a X

= F(x)+/x+h f(t)dt

whenever x + h € [a, b]. Also

x+h X x+h
/17/)( f(x)dt = f(h)/x dt = f(x),

because f(x) is constant as t varies between x and x + h. It
follows that

» B « x+h
NI =4 [ 0 - e ae

whenever x + h € [a, b].



5. The Riemann Integral in One Dimension (continued)

But if 0 < |h| < & and x + h € [a, b] then
—e0 < f(t) — f(X) < e€o

for all real numbers t belonging to the closed interval with
endpoints x and x + h, and therefore

—colh] < /X+h(f(t) — £(x)) dt < £o|h.

It follows that

'F(x+ h) — F(x)

2 ()

<egy<e

whenever x 4+ h € [a, b] and 0 < |h| < §. We conclude that

d% </X - dt) i Fx + hi)7— FO) _ p,

as required. |
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