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8. Norms of Linear Transformations

8. Norms of Linear Transformations

8.1. Linear Transformations

The space R” consisting of all n-tuples (xi, x2, ..., x,) of real
numbers is a vector space over the field R of real numbers, where
addition and multiplication by scalars are defined by

(X17X27"'7Xn)+(y17y27"'7.yn)
(x1 +y1,%2+ y2,- -+, Xn + Yn),
A(x1, %2, ..oy xn) = (Ax1, Axa, ..., Axp)

for all (x1,x2,...,Xn), (¥1,¥2,---,¥n) € R" and XA € R.

Definition

A map T: R™ — R" is said to be a linear transformation if
T(x+y)=Tx+ Ty, T(Ax) = ATx

for all x,y € R™ and A\ € R.




8. Norms of Linear Transformations (continued)

Every linear transformation T: R™ — R" is represented by an
nx m matrix (T;;). Indeed let e, ey, ..., e, be the standard basis
vectors of R™ defined by

e; =(1,0,...,0), ex=(0,1,...,0),...,em=(0,0,...,1).

Thus if x € R™ is represented by the m-tuple (xi,x2,...,Xn) then

m
X = E xjej.
j=1

Similarly let f1,f, ..., f, be the standard basis vectors of R"
defined by

f, = (1,0,...,0), £ =(0,1,...,0),...,f,=(0,0,...,1).

Thus if v € R" is represented by the n-tuple (vi,va, ..., vy) then

n

VvV = Z V,'f,'.

i=1



8. Norms of Linear Transformations (continued)

Let T: R™ — R" be a linear transformation. Define T; ; for all
integers i between 1 and n and for all integers j between 1 and m

such that .
Te_,' = Z T,',J'f,'.
i=1
Using the linearity of T, we see that if x = (x1, X2, ..., Xm) then
m
et (S | - S -3 (S )6
j=1 i=1 \j=1

Thus the ith component of Tx is

Tiixi + Tioxo+ -+ Ti mXm.



8. Norms of Linear Transformations (continued)

Writing out this identity in matrix notation, we see that if Tx = v,

where
X1 vi
X2 V2
X = , v = ,
Xm Vn
then
vi Tii Tip ... Tim X1
V2 To1 Top ... Tom X2

Vn To1 Tho ... Tmn Xm



8. Norms of Linear Transformations (continued)

8.2. The Operator Norm of a Linear Transformation

Definition

Given T: R™ — R" be a linear transformation. The operator norm
| T|lop of T is defined such that

I Tlop =sup{|Tx| : x € R" and |x|]=1}.




8. Norms of Linear Transformations (continued)

Lemma 8.1

Let T: R™ — R" and U: R™ — R" be linear transformations from
R™ to R", and let \ be a real number. Then || T||op is the smallest
non-negative real number with the property that | Tx| < || T ||op|X|
for all x € R™. Moreover

AT llop = A Tllop  and [|T + Ullop < [T llop + [ Ullop-

Proof
Let x be an element of R™. Then we can express x in the form
x = puz, where ;1 = |x| and z € R™ satisfies |z| = 1. Then

| Tx| = |T(uz)| = |pTz| = |pl[T2| = [x| [T2] < [|Top|x|-



8. Norms of Linear Transformations (continued)

Next let C be a non-negative real number with the property that
| Tx| < C|x| for all x € R™. Then C is an upper bound for the set

{|Tx|:x€R™ and |x|=1},

and thus || T|lop < C. Thus || T||op is the smallest non-negative
real number C with the property that | Tx| < C|x| for all x € R™.
Next we note that

IAT|lop = sup{|ATx|:x€R™ and |x|=1}
sup{|A\||Tx|: x € R™ and |x|=1}
Al sup{|Tx| : x € R™ and |x|] =1}
= (AT llop-



8. Norms of Linear Transformations (continued)

Let x € R™. Then

(T + U)X | Tx| + [Ux| < [ T|op x| + [|Ullop x|

(I T llop + [1Ullop) x|

IN A

It follows that
(T + U)llop < [ Tllop + [[Ullop-

This completes the proof. |}



8. Norms of Linear Transformations (continued)

8.3. The Hilbert-Schmidt Norm of a Linear Transformation

Recall that the length (or norm) of an element x € R” is defined

such that

X[> =X + x5 + -+ x5

Definition

Let T: R™ — R” be a linear transformation from R™ to R”, and
let (7;;) be the n x m matrix representing this linear
transformation with respect to the standard bases of R™ and R".
The Hilbert-Schmidt norm || T ||us of the linear transformation is
then defined so that

I Tllas =




8. Norms of Linear Transformations (continued)

Note that the Hilbert-Schmidt norm is just the Euclidean norm on
the real vector space of dimension mn whose elements are n x m
matrices representing linear transformations from R™ to R” with
respect to the standard bases of these vector spaces. Therefore it
has the standard properties of the Euclidean norm. In particular it
follows from the Triangle Inequality (Lemma 2.2) that

IT+ Ullas < [ Tllas + [IU[las - and AT [lus = A T [lus

for all linear transformations T and U from R™ to R"” and for all
real numbers .



8. Norms of Linear Transformations (continued)

Lemma 8.2

Let T: R™ — R" be a linear transformation from R™ to R". Then
T is uniformly continuous on R". Moreover

| Tx = Ty| <[ Tlus[x -yl

for all x,y € R™, where || T||ns is the Hilbert-Schmidt norm of the
linear transformation T .

v




8. Norms of Linear Transformations (continued)

Proof
Let v= Tx — Ty, where v € R" is represented by the n-tuple
(vi,v2,...,vp). Then

vi=Tii(x1 —y1) + Tio(x2e — y2) + - + Tim(Xm — ym)

for all integers i between 1 and n. It follows from Schwarz's
Inequality (Lemma 2.1) that

m m m
V<D T D 0=y | = (DT | Ix—yP
j=1 j=1 j=1
Hence

n n m
vP=) < (DD T Ix—yP = ITlfskx —y
i=1

i=1 j=1



8. Norms of Linear Transformations (continued)

Thus |Tx — Ty| < || T|lus|x — y|. It follows from this that T is
uniformly continuous. Indeed let some positive real number ¢ be
given. We can then choose 0 so that || T|jgsd < e. If x and y are
elements of R” which satisfy the condition |x —y| < ¢ then

|Tx — Ty| < €. This shows that T: R” — R" is uniformly
continuous on R™, as required. |}

Lemma 8.3

Let T: R™ — R" be a linear transformation from R™ to R" and let
S5: R™ — RP be a linear transformation from R" to RP. Then the
Hilbert-Schmidt norm of the composition of the linear operators T
and S satisfies the inequality ||ST ||us < ||S|lus || Tus-




8. Norms of Linear Transformations (continued)

Proof

The composition ST of the linear operators is represented by the
product of the corresponding matrices. Thus the component
(ST)k,j in the kth row and the jth column of the p x m matrix
representing the linear transformation ST satisfies

(ST = Z SkiTij

i=1

where S; ; and T;; denote the components in the relevant rows
and columns of the matrices representing the linear
transformations S and T respectively.



8. Norms of Linear Transformations (continued)

It follows from Schwarz's Inequality (Lemma 2.1) that

o () ()

Summing over k, we find that

> ST, < (ZZ%) (Z T,%,-) - ISl (Z T,-%J-) -

=1 k=1 i=1 i=1



8. Norms of Linear Transformations (continued)

Then summing over j, we find that

p m n m
ISTlfs = D D (ST <ISlas | DD T

k=1 j=1 i=1 j=1
< |ISIisl T s

On taking square roots, we find that ||ST|lus < ||S||lus || T ||lus. as
required. |}



8. Norms of Linear Transformations (continued)

Proposition 8.4

Let T: R™ — R" be a linear transformation from R™ to R". Then
the operator norm and the Hilbert-Schmidt norm of the linear
operator T satisfies the inequalities linear operators T and S
satisfies the inequality

ITllop < I Tllas < VAl Tllop-

Proof

It follows from Lemma 8.2 that that |Tx| < || T||us|x| for all

x € R™. Now the operator norm || T||op of T is by definition the
smallest non-negative real number with the property that

| Tx| < || T|oplx| for all x € R™. It follows that || T||op < || T||ms-



8. Norms of Linear Transformations (continued)

We denote by T;; the coefficient in the ith row and jth column of
the matrix representing the linear transformation T for
i=12,...;,nand j=1,2,... . m.

Let / be an integer between 1 and n, and let

x=(Ti1, Ti2,..-; Tim)

Then the ith component (Tx); of the vector Tx satisfies the

equation
m
(Tx)i=>_ T3
j=1

It follows that

m
ST < T < | Tlloplx = [| Tllop
j=1




8. Norms of Linear Transformations (continued)

Therefore
m
ST < TR
j=1

and hence

1Tl = ZZ < 0l TS

i=1 j=1

The result follows. |}



8. Norms of Linear Transformations (continued)

The Hilbert-Schmidt norm on the real vector space L(R™,R") of
linear transformations from R to R" is just the Euclidean norm
on that vector space obtained on identifying that vector space with
R™" by means of its natural basis. The definition of convergence
in a Euclidean space then ensures that an infinite sequence

Ty, Ty, T3, ..., of linear transformations from R™ to R"” converges
to some linear transformation T if and only if, given any positive
real number 7, there exists some positive integer N such that

| T; — T|lus < n whenever j > N. Similarly a subset V' of

L(R™ R™) is open in L(R™,R") if and only if, given any linear
transformation S: R™ — R" that belongs to V, there exists some
strictly positive real number 7 such that

{T € LR™,R") : ||T — S|lus <n} C V.



8. Norms of Linear Transformations (continued)

Lemma 8.5

Let Ty, Ty, Ts,... be an infinite sequence of linear transformations
from R™ to R", and let T be a linear transformation from R to
R". Then the infinite sequence Ty, T, T3, ... of linear
transformations converges to the linear transformation T if and
only if, given any positive real number €, there exists some positive
integer N such that positive integer N such that || Tj — Tllop < €
whenever j > N.




8. Norms of Linear Transformations (continued)

Proof

First suppose that the infinite sequence T1, T, T3,... converges to
T. Then, given any positive real number ¢, there exists some
positive integer N such that || T; — T||gs < € whenever j > N. It
then follows from Proposition 8.4 that

ITj = Tllop < I Tj = Tllus < e

whenever j > N.

Conversely, suppose that, given any positive real number 7, there
exists some positive integer N such that || T; — T||op < 1 whenever
Jj > N. Let some positive real number € be given. Then there
exists some positive integer N such that || T; — |[op < e/v/n
whenever j > N. It then follows from Proposition 8.4 that

| Tj— Tllas <Vn|Tj— Tllop <€

whenever j > N, and thus T; converges to T as j — +oo. |}



8. Norms of Linear Transformations (continued)

Lemma 8.6

Let V' be a subset of the set L(R™,R") of linear transformations
from R™ to R". Then V is open in L(R™,R") if and only if, given
any element S of V, there exists some positive real number ¢ such
that

{T e L(R™,R") : ||T — Sllop < e} C V

Proof
The set V is open in L(R™,R") if and only if, given any element S
of V, there exists some positive real number 7 such that

(T € L(R™R"): || T - S|lus < n} C V.



8. Norms of Linear Transformations (continued)

Let some positive real number ¢ be given. It follows from
Proposition 8.4 that if the set V contains all linear
transformations T from R™ to R" that satisfy || T — S||op < € then
it contains all linear transformations T that satisfy

|T — S|lus < ¢, because || T — S|lop < || T — Sl|us. In the other
direction, if the set V' contains all linear transformations that
satisfy || T — S||us < € then it contains all linear transformations T
that satisfy || T — Sllop < €/+/n, because

| T —S|lus < v/n||T — S|lop. The result follows. [
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