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6. The Multidimensional Riemann Integral (continued)

Lemma 6.12

Let f: X — R be a bounded real-valued function defined on a
non-empty set X, and let

Mx(f) = sup{f(x):x € X},

mx(f) = inf{f(x):x € X}.

Then
[£(v) — f(u)] < Mx(f) — mx(f)

for all u,v € X.




6. The Multidimensional Riemann Integral (continued)

Proof

Let u,v € X. Then either f(v) > f(u) or f(u) > f(v). In the case
where f(v) > f(u) the inequalities mx(f) < f(u) < f(v) < Mx(f)
ensure that |f(v) — f(u)] < Mx(f) — mx(f). In the case where
f(u) > f(v) the inequalities mx(f) < f(v) < f(u) < Mx(f)
ensure that |f(v) — f(u)] < Mx(f) — mx(f). The result

follows. |}



6. The Multidimensional Riemann Integral (continued)

Lemma 6.13

Let f: X — R be a bounded real-valued function defined on a
non-empty set X, and let

Mx (f) sup{f(x): x € X},
Mx(If) = sup{lf(x)|: x € X},
mx(f) = inf{f(x):x € X},
mx(|f]) = inf{|f(x)]:x € X}.

Then

Mx(If1) — mx(|f]) < Mx(f) — mx(f).




6. The Multidimensional Riemann Integral (continued)

Proof
Let 0 be a positive real number. Then there exist u, v € X such
that
mx (|f]) < [f(u)] < mx(|f]) + 0
and
Mx([f]) =0 < |F(v)| < Mx(|f])-
Then

[F(V) = [F(u)] > Mx([f]) — mx([f]) — 26.



6. The Multidimensional Riemann Integral (continued)

But
[F(W)] = [ (u)] < [f(v) = f(u)],
(because |f(v)| < |f(u)|+ |f(v) — f(u)|) and

|F(v) = F(u)] < Mx(f) — mx(f)
(see Lemma 6.12). It follows that

Mx(If]) = mx(If]) =20 < [f(v)| = [f(u)] < |F(v) = f(u)]
S Mx(f)—mx(f)

But the values of Mx(|f|) — mx(|f]) and Mx(f) — mx(f) are
independent of §, where § > 0. It follows that

Mx (If]) = mx([f]) < Mx(f) — mx(f),

as required. |



6. The Multidimensional Riemann Integral (continued)

Let X be a non-empty set, and let f: X - R and g: X — R be
real-valued functions on X. We denote by f - g: XR the product
function defined such that We denote by (f - g)(x) = f(x)g(x) for
all x € X.



6. The Multidimensional Riemann Integral (continued)

Lemma 6.14

Let f: X = R and g: X — R be bounded real-valued functions
defined on a non-empty set X, let C be a positive real number with
the property that |f(x)| < K and |g(x)| < K for all x € X, and let

Mx (f) sup{f(x) : x € X},
Mx(g) sup{g(x) : x € X},
Mx(f-g) = sup{f()g(x):x € X},
mx (f) inf{f(x): x € X},
mx(g) inf{g(x) : x € X},
mx(f - g) inf{f(x)g(x) : x € X}.

Then

Mx(f - g) = mx( - 8) < K (Mx(F) = mx(f) + Mx(g) — mx(g))-

4




6. The Multidimensional Riemann Integral (continued)

Proof
Let v and v be elements of the set X. Then

F(V)g(v) — f(u)g(u) = (F(v) — F(4))g(v) + F(u)(g(v) — g(u):
and therefore

F(V)g(v) = F(u)g(w)
F(v) = F(u)| lg(v)| + £ (u)|1g(v) — g(u)].
K(IF(v) = F(u)] + g(v) — g()]).

Now |f(v) — f(u)| < Mx(f) — mx(f) and
lg(v) —g(u)] < Mx(g) — mx(g) and (see Lemma 6.12). Therefore

<
<

#(v)g(v) — F(u)g(u)] < K(Mx(F) — mx(f) + Mx(g) — mx(g)).



6. The Multidimensional Riemann Integral (continued)

Now, given any positive real number §, elements u and v of X can
be chosen so that

mx(f - g) < f(u)g(u) < mx(f-g)+0

and
Mx(f - g) =6 < f(v)g(v) < Mx(f - g).
Then

f(v)g(v) — f(u)g(u) > Mx(f - g) — mx(f - g) — 20.
It follows that
Mx(F-g)— mx(-8)—20 < K (Mx(f)— mx(f)+ Mx(g) - mx(g)
for all positive real numbers §, and therefore
Mx(f - g) = mx(f - 8) < K(Mx(F) = mx(f) + Mx(g) — mx(g)).

as required. |



6. The Multidimensional Riemann Integral (continued)

Proposition 6.15

Let f: C — R be a bounded Riemann-integrable function on a
closed n-cell C inR", and let |f|: C — R be the function defined
such that |f|(x) = |f(x)| for all x € C. Then the function |f| is
Riemann-integrable on C, and

[ < 17 am




6. The Multidimensional Riemann Integral (continued)

Proof

Let P be a partition of the n-cell C. We first show that the
Darboux sums U(P, f) and L(P, f) of the function f on C and the
Darboux sums U(P, |f|) and L(P, |f|) of the function |f| on C
satisfy the inequality

U(P,|f]) — L(P,|f]) < U(P,f)— L(P,f).



6. The Multidimensional Riemann Integral (continued)

Let Q(P) be the indexing set for the partition P of C, and let

) sup{f(x) :x € Cpo},
Mp o(If]) = sup{|f(x)|:x€ Cpq},

) = inf{f(x):xe€ Cpy},

) = inf{|f(x)]:x€ Cpn}

for a € Q(P). It follows from Lemma 6.13 that

Mp o([f]) = mpo(If]) < Mp o(f) — mp o(f)

for a € Q(P).



6. The Multidimensional Riemann Integral (continued)

Now the Darboux sums of the functions f and |f| for the
partition P are defined by the identities

L(P,f) = Z mP,a(f)M(CP,a)a

a€Q(P)

LPIF) = Y. mea(IfDu(Cra),
a€eQ(P)

UP,f) = Y Mpa(Fu(Cra),
a€eQ(P)

UPIF) = > Mpa(If)u(Cp.a)-

a€Q(P)



6. The Multidimensional Riemann Integral (continued)

It follows that

UPIF) = L(PIF) = Y (Mpo(If]) = mpa(|F])i(Cp a)
a€Q(P)
< Y (Mpalf) = mpa(f))p(Cr.a)
a€eQ(P)

= U(P,f)—L(P,f).



6. The Multidimensional Riemann Integral (continued)

Let some positive real number € be given. It follows from
Proposition 6.11 that there exists a partition P of C such that

UP,f)— L(P,f) <e.

Then
U(P,|f]) — L(P,|f|) < U(P,f) — L(P,f) < e.

Proposition 6.11 then ensures that the function |f]| is
Riemann-integrable on C.



6. The Multidimensional Riemann Integral (continued)

Now —|f(x)| < f(x) < |f(x)| for all x € C. It follows that

- [ireidn < [ o

[FO)l dpa.
C

IN

It follows that

[ rwan] < [[1¢1an

as required. |



6. The Multidimensional Riemann Integral (continued)

Proposition 6.16

Let f: C - R and g: C — R be bounded Riemann-integrable
functions on a closed bounded n-cell C in R". Then the function
f - g is Riemann-integrable on C, where (f - g)(x) = f(x)g(x) for
allx e C.

Proof

The functions f and g are bounded on C, and therefore there
exists some positive real number K with the property that
|f(x)] < K and |g(x)| < K for all x € C.



6. The Multidimensional Riemann Integral (continued)

Let P be a partition of the n-cell C. We first show that the
Darboux sums U(P,f), U(P,g), U(P,f -g), L(P,f), L(P,g) and
L(P, f - g) of the functions f, g and f - g on C satisfy the inequality

UP,f-g)—L(P,f-g)
< K(UP.H)~ L(P.)+ U(P.&) - L(P.g)).

Let Q(P) be the indexing set of the partition P of the n-cell C,
and for all & € Q(P), let u(Cp ) denote the content of the closed
subcell of C for the partition P that corresponds to the
multi-index ¢, and let



6. The Multidimensional Riemann Integral (continued)

Mp o (f)
MP,a(g)
Mp o(f - &)
mp o (f)
mp (g)
mp o(f - g)

sup{f(x) : x € Cp o},
sup{g(x) : x € Cp o},
sup{f(x)g(x) : x € Cp o}
inf{f(x) :x € Cpy},
inf{g(x) :x € Cpy},
inf{f(x)g(x) : x € Cpo}.



6. The Multidimensional Riemann Integral (continued)

Now it follows from Lemma 6.14 that

MP,a(f : g) - mP,a(f ' g)
< K(MP,a(f) —mpo(f) + Mpo(g) - mp7a(g)).

for a € Q(P). On multiplying both sides of this inequality by the
content 11(Cp o) of the subcell Cp , of the partition indexed by «
and summing over all integers between 1 and n, we find that

UP,f-g)—L(P,f-g)
< K(U(P.) = L(P.F)+ U(P.g) -~ L(P.g)).

where



6. The Multidimensional Riemann Integral (continued)

U(P,f)
U(P,g)
U(P,f-g)
L(P,f)
L(P.g)

L(P,f-g)

Z Mp.o(F)i(Cp.a),

a€eQ(P)

Z MP a(g CP oc)

acQ(P)

Z MP,a(f‘g):u’(CP,a)a

a€eQ(P)

Z mP,a(f):u( CP,oz)a

a€eQ(P)

> mpa(8)(Cra),

a€Q(P)

Z mp o(f - 8)1(Cp o),

aeQ(P)



6. The Multidimensional Riemann Integral (continued)

Let some positive real number € be given. It follows from
Proposition 6.11 that there exist partitions @ and R of the closed
n-cell C for which

3
U(Q.F) ~ L(Q.F) < oo

and
UR,g)— L(R,g) < )

Let P be a common refinement of the partitions @ and R. It
follows from Lemma 6.5 that

UP,F) = L(P,£) < U(Q.F) = L(Q.F) < 5

and

U(P,g) — L(P,g) < U(R,g) — L(R,g) < ﬁ



6. The Multidimensional Riemann Integral (continued)

Combining the various inequalities obtained in the course of the
proof, we find that

U(P,f-g)—L(P,f-g)
< K(U(P, f) = L(P,f)+ U(P,g) — L(P,g))
< €

We have thus shown that, given any positive real number ¢, there
exists a partition P of the closed n-cell C with the property that

UP,f-g)—L(P,f-g)<e.

It follows from Proposition 6.11 that the product function f - g is
Riemann-integrable, as required. |}
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