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6 Euclidean Spaces, Continuity, and
Open Sets

6.1 Basic Properties of Vectors and Norms

We denote by R"™ the set consisting of all n-tuples (z1,xs,...,x,) of real
numbers. The set R" represents n-dimensional Fuclidean space (with respect
to the standard Cartesian coordinate system). Let x and y be elements of
R"™, where

X:($17x27"'axn)a y:(y1’y27"'7yn)7

and let A be a real number. We define

X+y = (@1+yL,22+Y2, .. 00+ Yn),

X—y = (T1—Y1,%2— Yo, .-, Tn, — Yn),
AX = (Axy, Aze, ..., Axy),

X'y = Ty +TYs+ -+ TpYn,

x| = yfadtad+etal

The quantity x -y is the scalar product (or inner product) of x and y, and
the quantity |x| is the Euclidean norm of x. Note that |x|> = x - x. The
Fuclidean distance between two points x and y of R" is defined to be the
Euclidean norm |y — x| of the vector y — x.

Proposition 6.1 (Schwarz’s Inequality) Let x and y be elements of R™.
Then |x - y| < [x||y].

Proof We note that |A\x + py|? > 0 for all real numbers A and p. But
IAx + py? = (x + py).(Ax + py) = N[x[> + 22 ux -y + pPly[*.

Therefore \?|x|? + 2A\ux -y + p?|y|? > 0 for all real numbers A and p. In
particular, suppose that A = |y|* and y = —x - y. We conclude that

[y I*x* = 2fy*(x - y)* + (x - y)?ly[* > 0,
so that (]x|?|y|*> — (x-y)?)|y|? > 0. Thus if y # 0 then |y| > 0, and hence
xPlyl* = (x-y)* = 0.

But this inequality is trivially satisfied when y = 0. Thus |x-y| < |x]||y|, as
required. |
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Corollary 6.2 (Triangle Inequality) Let x and y be elements of R™". Then
x4yl < [x|+ |yl

Proof Using Schwarz’s Inequality, we see that

x+y]? = (x+y).x+y) =[x+|y+2x-y
< xP+ylP 2]yl = (%] + [y

The result follows directly. |}
It follows immediately from the Triangle Inequality (Corollary 6.2) that
2 —x| <[z —y[+]y —x|

for all points x, y and |z| of R™. This important inequality expresses the
geometric fact the the length of any triangle in a Euclidean space is less than
or equal to the sum of the lengths of the other two sides.

6.2 Convergence of Sequences in Euclidean Spaces

Definition A sequence X1, X, X3, ... of points in R" is said to converge to a
point p if and only if the following criterion is satisfied:—

given any real number ¢ satisfying € > 0 there exists some positive
integer N such that |p — x| < € whenever j > N.
We refer to p as the limit lim x; of the sequence x1,x9,X3,....
J—+o00
Lemma 6.3 Let p be a point of R", where p = (p1,p2,-..,Pn). Then a

sequence X1,Xso,X3, ... of points in R™ converges to p if and only if the ith
components of the elements of this sequence converge to p; fori=1,2,...,n.

Proof Let zj; and p; denote the 7th components of x; and p, where p =
lim x;. Then |z;; — p;i| < |x; — p| for all j. It follows directly from the

j — 400
iieﬁnition of convergence that if x;, — p as j — +oo then z;; — p; as
J — +o0.

Conversely suppose that, for each i, x;; — p; as j — +o0. Let € > 0 be
given. Then there exist positive integers Ny, N, ..., N,, such that |z;; —p;| <
e/y/n whenever j > N;. Let N be the maximum of Ny, Ny, ..., N,. If j > N
then

n

x; =Pl =Y (zji — pi)? < n(e/v/n)? = €2,

i=1

so that x; > pasj — +oo. ||
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Definition A sequence x, X5, X3, ... of points in R" is said to be a Cauchy
sequence if and only if the following criterion is satisfied:—

given any real number ¢ satisfying £ > 0 there exists some positive
integer N such that |x; — x;| < € whenever j > N and k > N.

Lemma 6.4 A sequence of points in R™ is convergent if and only if it is a
Cauchy sequence.

Proof Let x1,x5,x3,... be a sequence of points of R"” converging to some
point p. Let € > 0 be given. Then there exists some positive integer N such
that |x; — p| < %5 whenever 7 > N. If j > N and k& > N then

|Xj_Xk‘§|Xj_p‘+|p_xk|<%5+%5:5>

by the Triangle Inequality. Thus every convergent sequence in R" is a Cauchy
sequence.

Now let x1,x5,x3,... be a Cauchy sequence in R”. Then the ¢th com-
ponents of the elements of this sequence constitute a Cauchy sequence of
real numbers. This Cauchy sequence must converge to some real number
pi, by Cauchy’s Criterion for Convergence (Theorem 2.7). It follows from
Lemma 6.3 that the Cauchy sequence X1, Xs, X3, . .. converges to the point p,

wherepz (p1,p2,---,pn)- I

6.3 Continuity of Functions of Several Real Variables

Definition Let X and Y be a subsets of R” and R” respectively. A function
f: X = Y from X to Y is said to be continuous at a point p of X if and
only if the following criterion is satisfied:—

given any strictly positive real number ¢, there exists some strictly
positive real number § such that |f(x) — f(p)| < ¢ whenever
x € X satisfies |x — p| < 0.

The function f: X — Y is said to be continuous on X if and only if it is
continuous at every point p of X.

Lemma 6.5 Let X, Y and Z be subsets of R™, R and R* respectively, and
let f: X =Y and g:Y — Z be functions satisfying f(X) C Y. Suppose that
f is continuous at some point p of X and that g is continuous at f(p). Then
the composition function go f: X — Z is continuous at p.
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Proof Let ¢ > 0 be given. Then there exists some 1 > 0 such that |g(y) —
g(f(p))] < e for all y € Y satisfying |y — f(p)| < . But then there exists
some d > 0 such that |f(x) — f(p)| < n for all x € X satisfying |x — p| < d.
It follows that |g(f(x)) — g(f(p))| < € for all x € X satisfying |x — p| < 9,
and thus g o f is continuous at p, as required. |

Lemma 6.6 Let X and Y be a subsets of R™ and R™ respectively, and let
f: X = Y be a continuous function from X toY. Let x1,X9,X3,... be a
sequence of points of X which converges to some point p of X. Then the

sequence f(X1), f(x2), f(X3),... converges to f(p).

Proof Let ¢ > 0 be given. Then there exists some § > 0 such that |f(x) —
f(p)| < e for all x € X satisfying |x — p| < 4, since the function f is
continuous at p. Also there exists some positive integer N such that |x;—p| <
0 whenever 7 > N, since the sequence x1, Xs, X3, ... converges to p. Thus if
j > N then |f(x;) — f(p)| < e. Thus the sequence f(x1), f(x2), f(X3), ...
converges to f(p), as required. ||

Let X and Y be a subsets of R™ and R"” respectively, and let f: X — Y
be a function from X to Y. Then

f(x) = (f1(x), f2(%), - - fu(x))

for all x € X, where fi, fo, ..., f, are functions from X to R, referred to as
the components of the function f.

Proposition 6.7 Let X and Y be a subsets of R™ and R™ respectively, and
let pe X. A function f: X — Y is continuous at the point p if and only if
its components are all continuous at p.

Proof Note that the ith component f; of f is given by f; = m; o f, where
m:R" — R is the continuous function which maps (y1,y2,...,y,) € R"
onto its ith coordinate y;. Now any composition of continuous functions is
continuous, by Lemma 6.5. Thus if f is continuous at p, then so are the
components of f.

Conversely suppose that the components of f are continuous at p € X.

Let € > 0 be given. Then there exist positive real numbers 41, ds, . . ., d,, such
that |fi(x) — fi(p)| < e/+/n for x € X satisfying |x — p| < d;. Let ¢ be the
minimum of dy, g, ..., d,. If x € X satisfies |x — p| < § then

n

F60) = FPIF = D 1filx) = filp)]® < &%,

i=1
and hence |f(x) — f(p)| < e. Thus the function f is continuous at p, as
required. |
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Lemma 6.8 The functions s:R? — R and m:R?> — R defined by s(x,y) =
x+y and m(x,y) = xy are continuous.

Proof Let (u,v) € R% We first show that s: R? — R is continuous at (u,v).
Let € > 0 be given. Let § = %5. If (z,y) is any point of R? whose distance
from (u,v) is less than 0 then |z — u| < ¢ and |y — v| < §, and hence

ls(z,y) —s(u,v)| =z +y—u—v|<|r—ul+|ly—v] <2)=e.

This shows that s:R? — R is continuous at (u,v).
Next we show that m:R? — R is continuous at (u,v). Now

m(z,y) —m(u,v) =xy —uwv = (x —u)(y —v) + uly — v) + (z — u)v.

for all points (z,y) of R%. Thus if the distance from (z,y) to (u,v) is less
than § then |z — u| < ¢ and |y — v| < §, and hence |m(z,y) — m(u,v)| <
62 + (Ju] + |v|)d. Let € > 0 is given. If 6 > 0 is chosen to be the minimum of
1 and /(14 |u| + |v]) then 6 + (Ju| + |v])d < (1 + |u| + |v])d < &, and thus
im(z,y) — m(u,v)| < ¢ for all points (z,y) of R* whose distance from (u,v)
is less than §. This shows that p: R? — R is continuous at (u,v). |

Proposition 6.9 Let X be a subset of R", and let f: X — R and g: X — R
be continuous functions from X to R. Then the functions f + g, f — g and
f - g are continuous. If in addition g(x) # 0 for all x € X then the quotient
function /g is continuous.

Proof Note that f + g = soh and f-g = m o h, where h: X — R?,
s:R? — R and m:R?* — R are given by h(x) = (f(x),9(x)), s(u,v) = u+v
and m(u,v) = uv for all x € X and u,v € R. It follows from Proposition 6.7,
Lemma 6.8 and Lemma 6.5 that f + ¢ and f - g are continuous, being com-
positions of continuous functions. Now f — g = f + (—g), and both f and
—g are continuous. Therefore f — ¢ is continuous.

Now suppose that g(x) # 0 for all x € X. Note that 1/g = r o g, where
r:R\ {0} — R is the reciprocal function, defined by r(t) = 1/t. Now the
reciprocal function r is continuous. Thus the function 1/¢ is a composition
of continuous functions and is thus continuous. But then, using the fact that
a product of continuous real-valued functions is continuous, we deduce that
f/g is continuous. |}

Example Consider the function f:R?\ {(0,0)} — R? defined by

_ L Y

The continuity of the components of the function f follows from straightfor-
ward applications of Proposition 6.9. It then follows from Proposition 6.7
that the function f is continuous on R?\ {(0,0)}.
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6.4 Limits of Functions of Several Real Variables

Definition Let X be a subset of m-dimensional Euclidean space R, and
let p € R™. The point p is said to be a limit point of the set X if, given any
d > 0, there exists some point x of X such that 0 < |x — p| < 6.

It follows easily from the definition of convergence of sequences of points
in Euclidean space that if X is a subset of m-dimensional Euclidean space R™
and if p is a point of R™ then the point p is a limit point of the set X if

and only if there exists an infinite sequence x1, Xs, X3, ... of points of X, all
distinct from the point p, such that lim x; = p.
J—r+00

Definition Let X be a subset of m-dimensional Euclidean space R™, let
f: X — R” be a function mapping the set X into n-dimensional Euclidean
space R", let p be a limit point of the set X, and let q be a point R”. The
point q is said to be the limit of f(x), as x tends to p in X, if and only if
the following criterion is satisfied:—

given any strictly positive real number ¢, there exists some strictly
positive real number § such that |f(x) — q| < € whenever x € X
satisfies 0 < |x — p| < 6.

Let X be a subset of m-dimensional Euclidean space R™, let f: X — R"
be a function mapping the set X into n-dimensional FEuclidean space R",
let p be a limit point of the set X, and let q be a point R". If q is the
limit of f(x) as x tends to p in X then we can denote this fact by writing

lim f(x) =q.
x—p

Proposition 6.10 Let X be a subset of m-dimensional Fuclidean space R™,
let f: X — R"™ be a function mapping the set X into n-dimensional Fuclidean
space R", let p be a limit point of the set X, and let q be a point R™. Let
X = X U{p}, and let f: X — R" be defined such that

ey - J J(x) ifxF#p;
f(X)_{q if x =p.

Then lim f(x) = q if and only if the function f is continuous at p.
X—p

Proof The result follows directly on comparing the relevant definitions. |}

Corollary 6.11 Let X be a subset of m-dimensional Fuclidean space R™,
let f X — R™ be a function mapping the set X into n-dimensional Fuclidean
space R™, and let p be a point of the set X that is also a limit point of X. Then
the function f is continuous at the point p if and only if )l(l_rg f(x)= f(p).
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Let X be a subset of m-dimensional Euclidean space R, and let p be a
point of the set X. Suppose that the point p is not a limit point of the set X.
Then there exists some strictly positive real number dy such that [x —p| > do
for all x € X. The point p is then said to be an isolated point of X.

Let X be a subset of m-dimensional Euclidean space R™. The definition
of continuity then ensures that any function f: X — R™ mapping the set X
into n-dimensional Euclidean space R"™ is continuous at any isolated point of
its domain X.

Corollary 6.12 Let X be a subset of m-dimensional Euclidean space R™,

let f:X — R and g: X — R be real-valued functions on X, and let p be a

limit point of the set X. Suppose that lim f(x) and lim g(x) both exist. Then
X—p X—Pp

so do >1<i_r>rrl’(f(x) +9(x)), )lci_r)rllj(f(x) —g(x)) and )lci_r)r;(f(x)g(x)), and moreover

lim (/) + g(x)) = lim f(x) + lim g(x),
i (f(0) = 9(x)) = lim £(x) — lim g(x),
lim (f(x)g(x) = Jim £(x) x lim g(x)

If moreover g(x) # 0 for all x € X and limy_,, g(x) # 0 then

lim 1) = )l(l_If%,f(X)
= g()  Tim gfx)

Proof Let X = X U {p}, and let f: X — R and §: X — R be defined such
that

Y

=y | flx) ifx#p; ooy | og(x) if x # p;
f(X)_{l if x = p. g(x)—{m if x = p.

where | = lim f(x) and m = lim g(x). Then the functions f and § are
X—p X—p

continuous at p. The result therefore follows on applying Proposition 6.9. |}

6.5 Open Sets in Euclidean Spaces

Let X be a subset of R”. Given a point p of X and a non-negative real
number r, the open ball Bx(p,r) in X of radius r about p is defined to be
the subset of X given by

Bx(p,r) ={xe X:|x—p|<r}.
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(Thus Bx(p, r) is the set consisting of all points of X that lie within a sphere
of radius r centred on the point p.)

Definition Let X be a subset of R™. A subset V' of X is said to be open
in X if and only if, given any point p of V', there exists some ¢ > 0 such that
BX (p, 5) cV.

By convention, we regard the empty set () as being an open subset of X.
(The criterion given above is satisfied vacuously in the case when V' is the
empty set.)

In particular, a subset V' of R™ is said to be an open set (in R") if and only
if, given any point p of V| there exists some § > 0 such that B(p,d) C V,
where B(p,r) ={x € R": [x — p| <7}

Example Let H = {(z,y,2) € R* : 2 > ¢}, where ¢ is some real number.
Then H is an open set in R3. Indeed let p be a point of H. Then p = (u, v, w),
where w > ¢. Let § = w — c. If the distance from a point (z,y,2) to the
point (u,v,w) is less than § then |z — w| < 4, and hence z > ¢, so that
(x,y,2) € H. Thus B(p,d) C H, and therefore H is an open set.

The previous example can be generalized. Given any integer ¢ between 1
and n, and given any real number ¢;, the sets

{(z1,29,...,2,) € R" : 2; > ¢;}, {(x1,29,...,2,) ER" 1 2; < ¢;}
are open sets in R".

Example Let U be an open set in R™. Then for any subset X of R", the
intersection U N X is open in X. (This follows directly from the definitions.)
Thus for example, let S? be the unit sphere in R3, given by

S = {(z,5,9) € RS 10 47+ 22 = 1)
and let N be the subset of S? given by
N ={(z,y,2) €ER": 2 +y* + 2> = 1 and z > 0}.

Then N is open in S?%, since N = H N S?%, where H is the open set in R3
given by

H={(z,y,2) € R®: 2 > 0}.
Note that N is not itself an open set in R3. Indeed the point (0,0, 1) belongs
to N, but, for any § > 0, the open ball (in R? of radius § about (0,0,1)
contains points (x,y, z) for which 22 + 3* + 2% # 1. Thus the open ball of
radius ¢ about the point (0,0, 1) is not a subset of N.
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Lemma 6.13 Let X be a subset of R™, and let p be a point of X. Then, for
any positive real number r, the open ball Bx(p,r) in X of radius r about p
15 open in X.

Proof Let x be an element of Bx(p,r). We must show that there exists
some 0 > 0 such that Bx(x,9) C Bx(p,r). Let § = r — |x — p|. Then § > 0,
since |x — p| < r. Moreover if y € Bx(x,d) then

y—p|<|y—x[+[x—p|<d+|x—p|=T1,

by the Triangle Inequality, and hence y € Bx(p,r). Thus Bx(x,0) C
Bx(p,r). This shows that Bx(p,r) is an open set, as required. |

Lemma 6.14 Let X be a subset of R, and let p be a point of X. Then, for
any non-negative real number r, the set {x € X : |x —p| > r} is an open set
in X.

Proof Let x be a point of X satisfying |x — p| > r, and let y be any point
of X satisfying |y — x| < ¢, where § = |x — p| — r. Then

x—pl<[x—y[+]y—pl
by the Triangle Inequality, and therefore
ly =pl=x—p|l-ly—x[>x—pl-d=r
Thus Bx(x,d) is contained in the given set. The result follows. |

Proposition 6.15 Let X be a subset of R™. The collection of open sets in X
has the following properties:—

(i) the empty set ) and the whole set X are both open in X;
(i) the union of any collection of open sets in X is itself open in X;

(iii) the intersection of any finite collection of open sets in X 1is itself open
in X.

Proof The empty set () is an open set by convention. Moreover the definition
of an open set is satisfied trivially by the whole set X. This proves (i).

Let A be any collection of open sets in X, and let U denote the union of
all the open sets belonging to A. We must show that U is itself open in X.
Let x € U. Then x € V for some set V' belonging to the collection A. It
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follows that there exists some d > 0 such that Bx(x,6) C V. But V C U,
and thus Bx(x,d) C U. This shows that U is open in X. This proves (ii).

Finally let Vi, V5, V3, ..., Vi be a finite collection of subsets of X that
are open in X, and let V denote the intersection V; NV, N --- NV} of these
sets. Let x € V. Now x € Vj for j = 1,2,...,k, and therefore there
exist strictly positive real numbers 61, 0o, . .., 0) such that Bx(x,d;) C V; for
j=1,2,... k. Let 6 be the minimum of dy,ds,...,dx. Then § > 0. (This is
where we need the fact that we are dealing with a finite collection of sets.)
Now Bx(x,0) C Bx(x,0;) C V; for j =1,2,... k, and thus Bx(x,0) C V.
Thus the intersection V' of the sets Vi, V5, ...V} is itself open in X. This
proves (iii). [

Example The set {(z,y,2) € R®: 2> + 3y? + 22 < 4 and z > 1} is an open
set in R?, since it is the intersection of the open ball of radius 2 about the
origin with the open set {(z,y,z) € R®: 2z > 1}.

Example The set {(z,y,2) € R®: 22 + 3?4+ 2% < 4 or z > 1} is an open set
in R?, since it is the union of the open ball of radius 2 about the origin with
the open set {(z,y,2) € R3: 2 > 1}.

Example The set
{(z,y,2) cR?: ($—n)2+y2+22 < }1 for some n € Z}

is an open set in R3, since it is the union of the open balls of radius % about
the points (n,0,0) for all integers n.

Example For each positive integer k, let
Vi ={(z,9,2) € R®: k*(2 + y* + 2*) < 1}.

Now each set V}, is an open ball of radius 1/k about the origin, and is therefore
an open set in R3. However the intersection of the sets Vj, for all positive
integers k is the set {(0,0,0)}, and thus the intersection of the sets V}, for all
positive integers k is not itself an open set in R®. This example demonstrates
that infinite intersections of open sets need not be open.

Lemma 6.16 A sequence Xi,Xs,X3, ... of points in R™ converges to a point p
if and only if, given any open set U which contains p, there exists some
positive integer N such that x; € U for all j satisfying j > N.
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Proof Suppose that the sequence x;, X5, X3, ... has the property that, given
any open set U which contains p, there exists some positive integer /N such
that x; € U whenever j > N. Let ¢ > 0 be given. The open ball B(p,¢) of
radius € about p is an open set by Lemma 6.13. Therefore there exists some
positive integer N such that x; € B(p, ) whenever j > N. Thus |x;—p| < ¢
whenever 5 > N. This shows that the sequence converges to p.

Conversely, suppose that the sequence x1, X5, X3, ... converges to p. Let
U be an open set which contains p. Then there exists some € > 0 such that
the open ball B(p, ) of radius € about p is a subset of U. Thus there exists
some ¢ > 0 such that U contains all points x of X that satisfy |x — p| < €.
But there exists some positive integer N with the property that |x; —p| < ¢
whenever j > N, since the sequence converges to p. Therefore x; € U
whenever j > N, as required. |

6.6 Closed Sets in Euclidean Spaces

Let X be a subset of R™. A subset F' of X is said to be closed in X if and
only if its complement X \ F'in X is open in X. (Recall that X \ F' = {x €
X:x¢gF})

Example The sets {(z,y,2) € R®: z > ¢}, {(x,y,2) € R®: 2 < ¢}, and
{(x,y,2) € R®: 2z = ¢} are closed sets in R? for each real number ¢, since the
complements of these sets are open in R?.

Example Let X be a subset of R", and let xo be a point of X. Then the
sets {x € X : |[x —xo| < r}and {x € X : |x —%x¢| > r} are closed for
each non-negative real number r. In particular, the set {x(} consisting of
the single point X is a closed set in X. (These results follow immediately
using Lemma 6.13 and Lemma 6.14 and the definition of closed sets.)

Let A be some collection of subsets of a set X. Then

xX\Js=&x\9, x\(s=Jx\9)

SeA SeA SeA SeA

(i.e., the complement of the union of some collection of subsets of X is the
intersection of the complements of those sets, and the complement of the
intersection of some collection of subsets of X is the union of the comple-
ments of those sets). The following result therefore follows directly from
Proposition 6.15.

Proposition 6.17 Let X be a subset of R™. The collection of closed sets
in X has the following properties:—
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(i) the empty set ) and the whole set X are both closed in X ;

(i) the intersection of any collection of closed sets in X is itself closed in
X .

Y

(iii) the union of any finite collection of closed sets in X is itself closed in
X.

Lemma 6.18 Let X be a subset of R™, and let F' be a subset of X which is
closed in X. Let x1,X2,X3,... be a sequence of points of F' which converges

to a point p of X. Then p € F.

Proof The complement X \ F' of Fin X is open, since F' is closed. Suppose
that p were a point belonging to X\ F'. It would then follow from Lemma 6.16
that x; € X \ F for all values of j greater than some positive integer N,
contradicting the fact that x; € F’ for all j. This contradiction shows that p
must belong to F', as required. |}

6.7 Continuous Functions and Open Sets

Let X and Y be subsets of R™ and R”, and let f: X — Y be a function
from X to Y. We recall that the function f is continuous at a point p of X
if, given any € > 0, there exists some § > 0 such that |f(u) — f(p)| < €
for all points u of X satisfying |u — p| < 0. Thus the function f: X — Y
is continuous at p if and only if, given any ¢ > 0, there exists some § > 0
such that the function f maps Bx(p,d) into By (f(p),e) (where Bx(p,d)
and By (f(p),e) denote the open balls in X and Y of radius § and e about
p and f(p) respectively).

Given any function f: X — Y, we denote by f~1(V) the preimage of a
subset V of Y under the map f, defined by f~1(V) ={x € X : f(x) € V}.

Proposition 6.19 Let X and Y be subsets of R™ and R™, and let f: X — Y
be a function from X toY . The function f is continuous if and only if f~1(V)
1s open in X for every open subset V of Y.

Proof Suppose that f: X — Y is continuous. Let V' be an open set in Y.
We must show that f~1(V) is open in X. Let p € f~%(V). Then f(p) €
V. But V is open, hence there exists some € > 0 with the property that
By (f(p),e) € V. But f is continuous at p. Therefore there exists some
d > 0 such that f maps Bx(p,d) into By (f(p),e) (see the remarks above).
Thus f(x) € V for all x € Bx(p,d), showing that Bx(p,d) C f~' (V). This
shows that f=1(V) is open in X for every open set V in Y.
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Conversely suppose that f: X — Y is a function with the property that
f7HV) is open in X for every open set V in Y. Let p € X. We must
show that f is continuous at p. Let € > 0 be given. Then Bx(f(p),¢) is
an open set in Y, by Lemma 6.13, hence f~!(By(f(p),€)) is an open set
in X which contains p. It follows that there exists some § > 0 such that
Bx(p,d) C f'(By(f(p),e)). Thus, given any € > 0, there exists some
0 > 0 such that f maps Bx(p,d) into By (f(p),e). We conclude that f is

continuous at p, as required. |}

Let X be a subset of R", let f: X — R be continuous, and let ¢ be some
real number. Then the sets {x € X : f(x) > ¢} and {x € X : f(x) < ¢}
are open in X, and, given real numbers a and b satisfying a < b, the set
{xe X :a< f(x) <b}is openin X.

6.8 The Multidimensional Bolzano-Weierstrass Theo-

rem

A sequence X1, Xs, X3, ... of points in R" is said to be bounded if there exists
some constant K such that |x;| < K for all j.

Example Let

(5,95, %) = (Sin(Wﬂ), (—1Y, cos (27rlogj))

log 2

for j = 1,2,3,.... This sequence of points in R? is bounded, because the
components of its members all take values between —1 and 1. Moreover
x; = 0 whenever j is the square of a positive integer, y; = 1 whenever j is
even and z; = 1 whenever j is a power of two.

The infinite sequence x1, xo, x3, ... has a convergent subsequence

X1,T4,T9,T16, L25 - - -

which includes those z; for which j is the square of a positive integer. The
corresponding subsequence vy, Y4, Yo, - - - of Y1, Y2, y3, ... is not convergent, be-
cause its values alternate between 1 and —1. However this subsequence is
bounded, and we can extract from this sequence a convergent subsequence

Ya, Y165 Y36, Y64, Y1005 - - -

which includes those x; for which j is the square of an even positive integer.
The subsequence

T4, T16, X365 Y64, Y1005 - - -
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is also convergent, because it is a subsequence of a convergent subsequence.
However the corresponding subsequence

245 2165 2365 2645 21005 - - -

does not converge. (Indeed z; = 1 when j is an even power of 2, but
z; = cos(2mlog(9)/log(2)) when j = 9 x 2% for some positive integer p.)
However this subsequence is bounded, and we can extract from it a conver-
gent subsequence

244 2165 2645 22565 210245 - - -

which includes those x; for which j is equal to two raised to the power of
an even positive integer. Then the first, second and third components of the
following subsequence

(964,94,24), (1‘16,916,216), (5136479647264), ($256,y256,2’256),---

of the original sequence of points in R? converge, and it therefore follows
from Lemma 6.3 that this sequence is a convergent subsequence of the given
sequence of points in R3.

Example Let

1 if j = 4k for some integer k
0 if j =4k + 1 for some integer k

SCA if 7 = 4k + 2 for some integer k
0 if j = 4k + 3 for some integer k
and
0 if j = 4k for some integer k,
) 1 if j =4k + 1 for some integer k,
Y79 o0 if j = 4k + 2 for some integer k, ’

—1 if j = 4k + 3 for some integer k,

and let u; = (z;,y;) for j = 1,2,3,4,.... Then the first components x; for
which the index j is odd constitute a convergent sequence xi, s, Ts, 7, ...
of real numbers, and the second components y; for which the index j is even
also constitute a convergent sequence ys, ¥4, Ys, ¥s, - - - of real numbers.
However one would not obtain a convergent subsequence of uy, us, us, . ..
simply by selecting those indices j for which z; is in the convergent subse-
quence T, s, Ts,... and y; is in the convergent subsequence ya,y4, ys, - - -,
because there no values of the index j for which z; and y; both belong to the
respective subsequences. However the one-dimensional Bolzano-Weierstrass
Theorem (Theorem 2.5) guarantees that there is a convergent subsequence
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of y1,v3,ys,y7, ..., and indeed w1, ys, Yo, Y13, - - . i such a convergent subse-
quence. This yields a convergent subsequence uy, us, g, u;3, . .. of the given
bounded sequence of points in R2.

Theorem 6.20 Every bounded sequence of points in R™ has a convergent
subsequence.

Proof We prove the result by induction on the dimension n of the Euclidean
space R™ that contains the infinite sequence in question. It follows from the
one-dimensional Bolzano-Weierstrass Theorem (Theorem 2.5) that the the-
orem is true when n = 1. Suppose that n > 1, and that every bounded se-
quence in R"! has a convergent subsequence. Let X;, X, X3, . . . be a bounded
infinite sequence of elements of R”, and let x;; denote the ith component of
x; for ¢ = 1,2,...,n and for all positive integers j. The induction hypoth-
esis requires that all bounded sequences in R™™! contain convergent subse-
quences. Therefore there exist real numbers py, po, ..., p,—1 and an increasing

sequence mj, mg, M3, . .. of positive integers such that lim =, ; = p; for i =
k——+o0 ’

1,2,...,n—1. The nth components Ty, n, Tmsn, Tmgn, - - - of the members of
the subsequence X,,, , Xy, , X, - - - then constitute a bounded sequence of real
numbers. It follows from the one-dimensional Bolzano-Weierstrass Theorem
(Theorem 2.5) that there exists an increasing sequence ki, ks, k3, . .. of posi-
tive integers for which the sequence iy, n, Tm,, n: Lmy, n, - - - converges. Let

s; = my, for all positive integers j, and let p, = lim @, , = lim x, ,.
. j—+oo J J—+00 :

Then the sequence s, i, Ts,.i; Tsg.i, - - - cOnverges for values of i between 1 and
n—1, because it is a subquence of the convergent sequence ., i, Ty is Tmsis - - --
Moreover g, ,,, Tsy n, Tsym, - - - also converges. Thus the ¢th components of the
infinite sequence X, Xm,, Xms, - - - converge for ¢« = 1,2,...,n. It then fol-
lows from Lemma 6.3 that lim x, = p, where p = (p1,p2,...,pn). The

Jj—+oo
result follows. |}

6.9 The Extreme Value Theorem for Functions of Sev-
eral Real Variables

Theorem 6.21 (The Extreme Value Theorem for Continuous Functions on
Closed Bounded Sets) Let X be a closed bounded set in m-dimensional Fu-
clidean space, and let f: X — R be a continuous real-valued function defined
on X. Then there ezist points u and v of X such that f(u) < f(x) < f(v)
forallx e X.

Proof We prove the result for an arbitrary continuous real-valued function
f: X — R by showing that the result holds for a related continuous function
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g: X — R that is known to be bounded above and below on X. Let h: R — R
be the continuous function defined such that

t
M=
for all ¢ € R. Then the continuous function h: R — R is increasing. Moreover
—1 < h(t) <1forall t € R (see the proof of Theorem 3.15).

Let f: X — R be a continuous real-valued function on the closed bounded
set X, and let g: X — R be the continuous real-valued function defined on
X such that

f(x)

g(x) = h(f(x)) = T+ /)]

for all x € X. Then —1 < g(x) <1 for all x € X. The set of values of the
function g is then non-empty and bounded above, and therefore has a least
upper bound. Let

M =sup{g(x) : x € X}.

Then, for each positive integer j, the real number M — j~! is not an upper

bound for the set of values of the function ¢, and therefore there exists
some point x; in the set X for which M — j=! < g(x;) < M. The sequence
X1, X9, X3, ... 1s then a bounded sequence of points in R, because the set X is
bounded. It follows from the multidimensional Bolzano-Weierstrass Theorem
(Theorem 6.20) that this sequence has a subsequence Xg,, Xk, , X, - . . which
converges to some point v of R™. Moreover this point v belongs to the set X
because X is closed (see Lemma 6.18). Now

1
M—— <g(xy) <M
kj
for all positive integers j, and therefore g(xy,) — M as j — +oo. It then
follows from Lemma 6.6 that

g(v) =g (,lim xk].) = lim g(xx;) = M.
J—+o0 J—+oo
But g(x) < M for all x € X. It follows that h(f(x)) = g(x) < g(v) =
h(f(v)) for all x € X. Moreover h:R — R is an increasing function. It
follows therefore that f(x) < f(v) for all x € X.
On applying this result with the continuous function f replaced by the

function — f, we conclude also that there exists some point u of X such that
f(u) < f(x) for all x € X. The result follows. |}
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6.10 Uniform Continuity for Functions of Several Real
Variables

Definition Let X be a subset of R™. A function f: X — R" from X to
R™ is said to be uniformly continuous if, given any ¢ > 0, there exists some
d > 0 (which does not depend on either x’ or x) such that |f(x') — f(x)| < ¢
for all points x’ and x of X satisfying |x' — x| < 4.

Theorem 6.22 Let X be a subset of R™ that is both closed and bounded.
Then any continuous function f: X — R"™ is uniformly continuous.

Proof Let £ > 0 be given. Suppose that there did not exist any > 0 such
that |f(x) — f(x)| < € for all points X', x € X satisfying |x’ — x| < 0. Then,
for each positive integer j, there would exist points u; and v; in X such
that [u; —v;| < 1/j and |f(u;) — f(v;)| > €. But the sequence u;, uy, us, . ..
would be bounded, since X is bounded, and thus would possess a subsequence
u;,, uj,, Uj,, ... converging to some point p (Theorem 6.20). Moreover p € X,
since X is closed. The sequence v; ,Vj,,Vj,,... would also converge to p,
since kgrfoo |vj, —u;,| = 0. But then the sequences f(u;,), f(u;,), f(u),...

and f(vj,), f(v;,), f(Vj), ... would converge to f(p), since f is continuous
(Lemma 6.6), and thus lim |f(u;,) — f(v;,)] = 0. But this is impossible,
—+00

since u; and v; have been chosen so that |f(u;) — f(v;)| > ¢ for all j. We
conclude therefore that there must exist some § > 0 such that |f(x")— f(x)| <
e for all points x/,x € X satisfying |x’ — x| < J, as required. |}

89



