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2. Measure

2. Measure

2.1. Blocks

Definition

We define an n-dimensional block to be a subset of R” that is a
Cartesian product of bounded intervals.

Let B be an n-dimensional block. Then there exist bounded
intervals li, h,..., I, suchthat B=h x b x--- x I,. Let a; and
b; denote the endpoints of the interval /; for i =1,2,..., n, where
a; < b;. Then the interval /; must coincide with one of the
intervals (a;, b;), (a;, bi], [ai, bi) and [a;, b;] determined by its
endpoints, where

(ai, bi) ={x e R:aj < x < bj}, (ai,bi]={xeR:aj <x<b}

[ai, b)) ={x eR:a; < x < bj}, [ai,b]={x€eR:a <x<b}.



2. Measure (continued)

We say that the block B is open if I; = (aj, b;) for i =1,2,...,n.
Similarly we say that the block B is closed if I; = [aj, bj] for
i=1,2,....n.

Definition

Let B be an n-dimensional block that is the Cartesian product

Ii X I, x --- x I, of bounded intervals I1, b, ..., I, and let a; and
b; denote the endpoints of the interval /;, where a; < b;. The
content m(B) of the block B is then defined to be the product

[1(b;i — a;) of the lengths of the intervals 1, b, ..., I,.
i=1




2. Measure (continued)

Note that a one-dimensional block is a bounded interval in the real
line, and the content of the block is the length of the interval. A
two-dimensional block is a rectangle in R? with sides parallel to the
coordinate axes, and the content of the block is the area of the
rectangle. The content of a three-dimensional block is the volume
of that block.



2. Measure (continued)

Let B be an n-dimensional block, and let By, By, ..., Bs be a finite
coIIection of n-dimensional bIocks We shall show that if

B C U By then m(B) < Z m(By). We shall also show that if

the |nter|ors of the blocks Bl, Bz, ..., Bs are disjoint and are

contained in B then m(B) > Z m(Bg). These results are of
k=1

course fairly intuitive, and may_at first sight seem to be obvious.



2. Measure (continued)

Suppose that we are given a finite list By, Bs, ..., Bs of
n-dimensional blocks in R”. Then

Bk =l X Ig2 X -+ X I

for k=1,2,...,s, where Iy 1,k 2,..., Ik are bounded intervals in
R. Let Py, P>, ..., P, be finite subsets of the set of real numbers,
each with at least two elements, chosen so that the endpoints of
the intervals / ; both belong to P; for k =1,2,...,s and
i=1,2,...,n.

For each integer i/ between 1 and n let

Pi = {uio; i1, Ujmi)}
where
uio < ujp < - < Ujm(i)

and let J denote the set of n-tuples (ji,/2,...,jn) of integers in
which 1 < j; < m(i) for i =1,2,...,n.



2. Measure (continued)

For each (j1,j2,.--,Jn) € J, let

lezf2,..-,jn = {(XI)X27 cee aXn) €R":
ujji—1 < xi < ujj; for i=1,2,...,nj.
Then
(G o,..jn)

H Upji — U/’J'_]_

= ( urj — urj-1)(u2g, — tag—1) - (Ungj, — Unjy—1)

for all (jl,_jz, A ,jn) S Q1J2,--.,jn'



2. Measure (continued)

Now, the block By is a product of intervals of the form
Ik71 X /k,2 X X Ik,n

in which each interval I, ; has endpoints belonging to the set P;. It
follows that the endpoints of the ith interval Iy ; are uc( ;) and
Ug(k,iy, Where c(k, i) and d(k, i) are integers satisfying the
inequalities 1 < c(k,i) < d(k,i) < m(i) for i =1,2,...,n. Then
the content m(By) of the block By satisfies

n

m(By) = H(Ud(k,i) — Uc(k,i))-
i=1
Moreover
d(k,i)

Ud(k,i) — Uc(k,i) = Z (uigj; = viji—1)-
Ji=e(k,i)+1



2. Measure (continued)

Applying the Distributive Law relating multiplication and addition
in the real number system, we find that m(By) is the sum of the

quantities [[7_; (ujj — ujj—1) taken over all n-tuples (j1,j2, ... ,jn)
of integers that satisfy c(k,i) <ji < d(k,i) fori=1,2,...,n. It
follows that

d(k,1) d(k,2) d(k,n)

m(By) = Z Z T Z (G jo,...jn)

h=c(k,1)+1 jp=c(k,2)+1 Jn=c(k,n)+1
= > Gidin(BM(Ciro )

(.Ila.l2ax/")€'l
where o, j, . (Bk) =1 in cases in which c(k,i) < j; < d(k,i) for
every integer i between 1 and n, and where g, j, ;. (Bx) =0 in all
other cases.
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Let (j1,/2,---,Jn) € J. Then ji,jo,...,jn are integers such that
1 <ji<m(i)fori=1,2,...,n. The definition of the quantities
Ty jo,...jn(Bk) then ensures that o}, ;, i (Bx) =1 if and only if
int(Cp, jy,...j») C Bk, where int(Cj, j,. .. j,) denotes the interior of
the block Cj, ;... j,, defined so that

int(G p,..o) = {0, x2,...,xp) €R":
upj—1 < xi <ujj fori=1,2,... n}.



2. Measure (continued)

Now the collection of blocks Cj, j, . i whose interiors are

contained in at least one of the blocks By, By, ..., Bs is a finite
collection of blocks. The blocks occurring in this finite collection
can therefore be enumerated as a finite list Dy, Ds, ..., D,. We

have therefore established the validity of the following proposition.



2. Measure (continued)

Proposition 2.1

Let By, By, ..., Bs be a finite list whose members are
n-dimensional blocks in R". Then there exists a finite list

D1, D», ..., Dy of closed n-dimensional blocks in R" such that the
interiors of the blocks D1, D», ..., Dy are pairwise disjoint and such
that, for k =1,2,...,s, the closure By of each block By is the
union of those blocks in the list Dy, D, ..., Dg whose interiors are
contained in By. Moreover the content m(By) is equal to the sum
of the contents m(Dj) of those blocks D; in the list D1, Ds, ..., Dq
for which int(Dj) C Bk.

v




2. Measure (continued)

Proposition 2.2

Let B be a block in n-dimensional Euclidean space R", and let
B, Bz, .., Bs be a finite co/lection of blocks in R". Suppose that

B C U By. Then m(B) < Z (Bk)

Proof

The result stated in Proposition 2.1, ensures that there is a finite
list D1, Do, ..., Dq of closed n-dimensional blocks in R" such that
the interiors of the blocks D1, D», ..., Dy are pairwise disjoint and
such that the closure B of the block B and also the closures By of
the blocks By for k = 1,2, ..., s are expressible as unions of blocks
in the list Dy, Dy, ..., Dy.



2. Measure (continued)

Let us define gj(B) for j =1,2,...,s so that oj(B) = 1 whenever
int(D;j) C B and ¢j(B) = 0 in all other cases. Similarly, for each
integer k between 1 and s, let us define oj(By) so that ¢;(Bx) =1
whenever int(D;) C By and oj(Bx) = 0 in all other cases. Then B
is the union of those D; for which ¢j(B) = 1, and therefore the
content m(B) of B satisfies the identity

m(B) = »_aj(B)m(D)

M=

1

-.
Il

(see Proposition 2.1). Similarly

m(Bk) =) _ 0;(Bk)m(D)

i—1

(-

fork=1,2,...,s.
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Now if oj(B) = 1 then ¢j(Bx) = 1 for at least one value of k
s

between 1 and s, because B C |J Bk. It follows that
k=1

S
0;(B) <Y aj(B)
k=1
for j=1,2,...,q, and therefore

m(B) Zaj BYm(D;) < Zza, Bx)m(D;) m(Bk),

k=1 j=1

b—l

as required. |



2. Measure (continued)

Proposition 2.3

Let B be a block in n-dimensional Euclidean space R", and let
B1,Bs, ..., Bs be a finite collection of blocks in R". Suppose that
the interiors of the blocks By, By, ..., Bs are disjoint and are

S

contained in B. Then ) m(By) < m(B).
k=1

Proof

The result stated in Proposition 2.1, ensures that there is a finite
list D1, Do, ..., D4 of closed n-dimensional blocks in R" such that
the interiors of the blocks Dy, Dy, ..., Dq are pairwise disjoint and
such that the closure B of the block B and also the closures By of
the blocks By for k =1,2,...,s are expressible as unions of blocks
in the list D1, D», ..., Dq.



2. Measure (continued)

Let us define gj(B) for j =1,2,...,s so that oj(B) = 1 whenever
int(D;j) C B and ¢j(B) = 0 in all other cases. Similarly, for each
integer k between 1 and s, let us define oj(By) so that ¢;(Bx) =1
whenever int(D;) C By and oj(Bx) = 0 in all other cases. Then B
is the union of those D; for which ¢j(B) = 1, and therefore the
content m(B) of B satisfies the identity

m(B) = »_aj(B)m(D)

M=

1

-.
Il

(see Proposition 2.1). Similarly

m(Bk) =) _ 0;(Bk)m(D)

i—1

(-

fork=1,2,...,s.



2. Measure (continued)

In this case, for each integer j between 1 and q, there is at most
one block By in the list By, By, ..., Bs for which int(D;) C B,
because the interiors of the blocks Bi, Bo, ..., Bs are pairwise
disjoint. It follows that

s
Z oj(Bk) <1
k=1

for j=1,2,...,q. Moreover, given any integer k between 1 and s,
the identity o;(B) = 1 is satisfied by those integers j between 1
and q for which ¢j(Bx) = 1. It follows that



2. Measure (continued)

S

> " 0i(Bx) < 0(B)

k=1
forj=1,2,...,q, and therefore

as required. |



2. Measure (continued)

The following corollary follows immediately from the inequalities
proved above.

Corollary 2.4

Let B be a block in n-dimensional Euclidean space R", and let
Bi, By, ..., Bs be a finite collection of blocks in R". Suppose that
the mter/ors of the blocks Bl, By, ..., Bs are disjoint and

B= U Bk. Then m(B) = El m(By).




2. Measure (continued)

Let B be an block in R", and let € be any positive real number.
Then there exist a closed block F and and open block V' such that
FcBcV, mF)>m(B)—eand m(V) < m(B)+e.

Proof
Suppose that B=1 x b x -+ x I,, where Iy, b, ..., I, are
bounded intervals. Now

n
/linoi 1 (m(l;) + h) Hm
It follows that, given any positive real number ¢, we can choose
the positive real number § small enough to ensure that

n n

[[(m(i) = 6) > m(B) —e, [](m(h)+6) < m(B)+e.

i=1 i=1



2. Measure (continued)

let F=/xbx---xJdyand V=K; x Ky x--- x K,, where
J1, b, ..., J, are closed bounded intervals chosen such that J; C /;
and m(J;) > m(l;) =6 for i=1,2,...,n, and K1, Kz, ..., K, are
open bounded intervals chosen such that /; C K; and

m(K;) < m(l;) 46 for i=1,2,...,n. Then F is a closed block, V
is an open block, F C B C V, m(F) > m(B) — ¢ and

m(V) < m(B) + ¢, as required. |}



2. Measure (continued)

Any closed n-dimensional block F is a compact subset of R"”. This
means that, given any collection V of open sets in R" that covers
F (so that each point of F belongs to at least one of the open sets
in the collection), there exists some finite collection Vi, V5, ..., Vs
of open sets belonging to the collection V such that

FCcViuW,U---UVs.

We shall use this property of closed blocks in order to generalize
Proposition 2.2 to countable infinite unions of blocks.



2. Measure (continued)

Proposition 2.6

Let A be a block in n-dimensional Euclidean space R", and let C
be a countable collection of blocks in R". Suppose that
A C Ugee B- Then m(A) < > m(B).

BeC

Proof

There is nothing to prove if Y m(B) = +00. We may therefore
BeC

restrict our attention to the case where > m(B) < +oo0.

BeC
Moreover the result is an immediate consequence of

Proposition 2.2 if the collection C is finite. It therefore only
remains to prove the result in the case where the collection C is
infinite, but countable.



2. Measure (continued)

In that case there exists an infinite sequence Bi, By, B3, ... of
blocks with the property that each block in the collection C occurs
exactly once in the sequence. Let some positive real number ¢ be
given. It follows from Lemma 2.5 that there exists a closed

block F such that F C A and m(F) > m(A) — e. Also, for each

k € N, there exists an open block Vk such that B, C V) and

m(Vi) < m(By) + 2 %e. Then F C U Vi, and thus

{V4, Vo, V3,...} is a collection of open sets in R™ which covers the
closed bounded set F. It follows from the compactness of F that
there exists a finite collection ki, ko, ..., ks of positive integers
such that F C V), U V), U---U Vj_. It then follows from
Proposition 2.2 that

m(F) < m(Viy) + m(Vi,) + - - - + m(V,).
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Now
11 L\~
ko T TR S 2w T
k=1
and therefore
m(F) < m(Vi)+ m(Vi,) + -+ m(Vi,)
< m(By)+ m(Bk,) + -+ m(By,) +¢
—+oco
< ) m(Be)+e
k=1



2. Measure (continued)

Moreover this inequality holds no matter how small the value of
the positive real number . It follows that

“+oo

m(A) < 3" m(By),

k=1

as required. ||
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2.2. Lebesgue Outer Measure

We say that a collection C of n-dimensional blocks covers a

subset E of R" if E C (Jgee B, (where | g B denotes the union
of all the blocks belonging to the collection C). Given any subset E
of R", we shall denote by CCB,(E) the set of all countable
collections of n-dimensional blocks that cover the set E.

Definition

Let E be a subset of R”. We define the Lebesgue outer measure
w*(E) of E to be the infimum, or greatest lower bound, of the

quantities Y m(B), where this infimum is taken over all countable
BeC
collections C of n-dimensional blocks that cover the set E. Thus

p*(E) = inf {Z m(B):C e CCB,,(E)} .

BeC




2. Measure (continued)

The Lebesgue outer measure p*(E) of a subset E of R” is thus the
greatest extended real number / with the property that

I < 5~ m(B) for any countable collection C of n-dimensional
BeC
blocks that covers the set E. In particular, ©*(E) = +oo if and
only if >~ m(B) = +oc for every countable collection C of
BeC
n-dimensional blocks that covers the set E.

Note that p*(E) > 0 for all subsets E of R".
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Let E be a block in R". Then p*(E) = m(E), where m(E) is the
content of the block E.

Proof
It follows from Proposition 2.6 that m(E) < > m(B) for any
BeC

countable collection of n-dimensional blocks that covers the
block E. Therefore m(E) < u*(E). But the collection {E}
consisting of the single block E is itself a countable collection of
blocks covering E, and therefore p*(E) < m(E). It follows that
w*(E) = m(E), as required. |}



2. Measure (continued)

Lemma 2.8

Let E and F be subsets of R". Suppose that E C F. Then
p*(E) < p*(F).

Proof

Any countable collection of n-dimensional blocks that covers the
set F will also cover the set E, and therefore

CCB,(F) C CCB,(E). It follows that

i (F) = inf{z m(B):C € CCB,,(F)}

BeC

v

inf {Z m(B): C € CCBn(E)} = 1*(E),

BeC

as required. ||
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Proposition 2.9

Let £ be a countable collection of subsets of R". Then

w (UEES E) = ZM*(E)'
EecE

Proof
Let K = N in the case where the countable collection £ is infinite,
and let K ={1,2,...,m} in the case where the collection & is

finite and has m elements. Then there exists a bijective function
¢: K — &. We define Ex = ¢(k) for all k € K. Then

E ={Ex: k € K}, and any subset of R"” belonging to the
collection & is of the form Ej for exactly one element k of the
indexing set K.
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Let some positive real number ¢ be given. Then corresponding to
each element k of K there exists a countable collection Cy of
n-dimensional blocks covering the set Ei for which

* €
> m(B) < p*(Ex) + >
BeCy

Let C = Uyek Ck- Then C is a collection of n-dimensional blocks
that covers the union | Jg.¢ E of all the sets in the collection £.
Moreover every block belonging to the collection C belongs to at
least one of the collections Ck, and therefore belongs to exactly
one of the collections Dy, where Dy = Cj \ Uj<k Cj. It follows that
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IN

(e

<

<

Y mB)=>" > m(B)

BeC keK BEDy

> mB) <Y (n(E) + o)

keK BeCy keK

> w(E)+e

kekK

Thus p* (Ugeg E) < X w*(Ek) + &, no matter how small the
keKk

value of . It follows that p* (Ugeg E) < > w*(Ek), as
Kkek

required. |}
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Proposition 2.10

Let B be a closed n-dimensional block in R". Then

u*(A) = 1*(AN B) + u*(A\ B)

for all subsets A of R".

Proof

First we deal with the case when p*(A) = 400, and this case either
w* (AN B) =400 or else u*(A\ B) = +0oo because otherwise the
subadditivity of Lebesgue outer measure (Proposition 2.9) would
ensure that p*(A), being non-negative and less than the sum of
two finite quantities, would itself be a finite quantity. The stated
result is thus valid in cases where p*(A) = +oo.
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Now suppose that p*(A) < +oco. Let some positive real number ¢
be given. It then follows from the definition of Lebesgue outer
measure that there exists a collection (C; : i € /) of closed
n-dimensional blocks indexed by a countable set / for which

Z m(C;) < p*(A) +e.

iel
Then, for each i € I, Proposition 2.1 guarantees the existence of a
finite list D; 1, Do, ... D,-yq(,-) of closed n-dimensional blocks
satisfying the following conditions:
@ the interiors of the blocks D;1,D;»>,...D
disjoint;
@ G is the union of all the blocks D; , for which 1 < k < q(i);

e C;N B is the union of those blocks D; x with 1 < k < q(i) for
which D; , C G nB.

i q(i) are pairwise
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For each i € I, let L(i) denote the set of integers between 1 and
q(i) for which Dj x ¢ C; N B. and let Iy denote the subset of /
consisting of those i € | for which L(/) is non-empty. Then

G\BC UkGL(i) Di

for all i € Iy, and

A\BCU (G\B),

A\BC Uielo UkeL(i) Dik

It then follows from the definition of Lebesgue outer measure that

pAVB)Y <Y Y m

icl keL(i)

and therefore

where m(D; ) denotes the content of the block D; x for all i € /
and for all integers k in the range 1 < k < q(i).
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But, for each i € Iy, the content m(C;) of the block C; is equal to
the sum of the contents m(D; x) of the blocks D; j for all integer

values of k satisfying 1 < k < q(i) (see Corollary 2.4), whilst the

content m(C; N B) of the block C; N B is equal to the sum of the
contents m(D; ) of those blocks D, with 1 < k < q(i) for which
D;x C C;n B. It follows that, for all i € Ip,

> m(Djx) = m(C;) — m(C; N B).
keL(i)
Also m(C;) = m(C; N B) for all i € I'\ y. It follows that
p(A\B) < > > m(Dix)
i€l keL(i)
= > (m(G) - m(CinB))
i€l

= > (m(G)-m(CinB)).

iel
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The definition of definition of Lebesgue outer measure also ensures
that
“(ANB) <> m(GNB).
iel

Adding these two inequalities, we find that

pH(ANB) + p*(A\ B) <> u(G) < p*(A) +&.
iel
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We have now shown that
p(ANB) + " (A\B) < p'(A) +e

for all strictly positive numbers ¢. It follows that

(AN B) + i (A\ B) < 1 (A).
The reverse inequality

WH(A) < (AN B) + w*(A\ B),
is a consequence of Proposition 2.9. It follows that

W(A) = i (AN B) + w'(A\ B),

as required. |
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2.3. Outer Measures

Definition

Let X be a set, and let P(X) be the collection of all subsets of X.
An outer measure \: P(X) — [0,+00] on X is a function,
mapping subsets of X to non-negative extended real numbers,
which has the following properties:

(i) A0)=0;

(i) M(E) < A(F) for all subsets E and F of X that satisfy E C F;
(iii) A (Ugeg E) < 3= A(E) for any countable collection & of

Ec&

subsets of X. )

Lebesgue outer measure is an outer measure on the set R". (This
follows directly from the definition of Lebesgue outer measure, and
from Lemma 2.8 and Proposition 2.9.)
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We shall prove that any outer measure on a set X determines a
collection of subsets of X with particular properties. The subsets
belonging to this collection are known as measurable sets. Any
countable union or intersection of measurable sets is itself a
measurable set. Also any difference of measurable sets is itself a
measurable set. We shall also prove that if C is any countable
collection of pairwise disjoint measurable sets then
AUgec E) = Ezg A(E). These results are fundamental to the

€

branch of mathematics known as measure theory. Moreover the
existence of such collections of measurable sets underlies the
powerful and very general theory of integration introduced into
mathematics by Lebesgue.
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Definition

Let X\ be an outer measure on a set X. A subset E of X is said to
be A-measurable if \(A) = AM(ANE)+ A(A\ E) for all subsets A of
X.

The above definition of measurable sets may seem at first
somewhat strange and unmotivated. Nevertheless it serves to
characterize a collection of subsets of X with convenient
properties, as we shall see.
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Proposition 2.11

Let \ be an outer measure on a set X. Then the empty set () and

the whole set X are A-measurable. Moreover the complement

X\ E of E, and the union E U F, intersection E N F and difference
E\ F of E and F are A-measurable for all \-measurable subsets E
and F of X.

4
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Proof
It follows directly from the definition of A-measurability that §) and
X are A\-measurable.

For each subset E of X, let us denote the complement X \ E of E
in X by E. Then A\ E = AN E€ for all subsets A and E of X,
and thus a subset E of X is A-measurable if and only if

AMA)=AMANE)+ AMANE")

for all subsets A of X. Now (E€)¢ = E. It follows that if a
subset E of X is A-measurable, then so is ES. Thus X \ E is
A-measurable for all measurable subsets E of X.
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Let E and F be A\-measurable subsets of X, and let A be an
arbitrary subset of X. Then

A(A) = A(AN E) + A(AN E°).

Also
MANE)=AXANENF)+ AMANENF)

and
MANES)=XMANENF)+ AXANE“NFC).

It follows that

AMA) = MANENF)+XMANENFS)
+AMANENF)+AMANE“NFe).
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Now, replacing A by AN (E U F), we find that

MAN(EUF)) = MAN(EUF)NENF)
+AMAN(EUF)NENF®)
+AMAN(EUF)NE“NF)
+AAN(EUF)NE“NF°).

But

AN(EUF)NENF = ANENF,
AN(EUF)NENFT = ANENFS,
AN(EUF)NE‘NF = ANE°NF,
AN(EUF)YNE‘NF® = 0.
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It follows therefore that

MAN(EUF)) = MANENF)+AMANENF9)
+AMANENF).

Also AN(EUF)¢=ANE°NE*°. It follows that
AMA)=XMAN(EUF))+ AMAN(EUF)°),

for all subsets A of X, and thus the subset E U F of X is
A-measurable.

Also if E and F are A\-measurable subsets of X then so are E€ and
F¢, and therefore E€ U F€ is a A-measurable subset of X. But
E€UF° = (ENF). It follows that E N F is A-measurable for all
A-measurable subsets £ and F of X. Moreover E\ F = EN F°€,
and therefore E \ F is A\-measurable for all A-measurable subsets E
and F of X. This completes the proof. |}
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It follows from the above proposition that any finite union or
intersection of measurable sets is measurable.

We say that the sets in some collection are pairwise disjoint if the
intersection of any two distinct sets belonging to this collection is
the empty set.
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Lemma 2.12

Let \ be an outer measure on a set X, let A be a subset of X, and
let E1, Ep, ..., En be pairwise disjoint A\-measurable sets. Then

A(AﬁCMi):ééMAﬂa)
k=1 k=1

Proof
There is nothing to prove if m = 1. Suppose that m > 1. It follows
from the definition of measurable sets that

AQHO&)

k=1

- A((Amk[_jlgk)\Em)ﬂ((Amk[_"JlEk)mEm).
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m m—1
But <Aﬂ U Ek> \En=AN |J Ex and
k=1 k=1

m
(Aﬂ U Ek> N E, = AN E,, because the sets Fq, E», ..., E, are

k=1
pairwise disjoint. Therefore

A(Am O Ek> :/\(AmnolEk> + MANEy).

k=1 k=1

The required result therefore follows by induction on m. |}
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Proposition 2.13

Let X\ be an outer measure on a set X. Then the union of any
countable collection of A\-measurable subsets of X is A\-measurable.

Proof

The union of any two A-measurable sets is A-measurable
(Proposition 2.11). It follows from this that the union of any finite
collection of A\-measurable sets is A-measurable.
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Now let Ei, E», E3, ... be an infinite sequence of pairwise disjoint

A-measurable subsets of X. We shall prove that the union of these
m

sets is A-measurable. Let A be a subset of X. Now |J Ej is a
k=1

A-measurable set for each positive integer m, because any finite

union of A-measurable sets is A-measurable, and therefore

A(A) = A (Aﬂ Lmj Ek> +A (A\ O Ek>
k=1 k=1

for all positive integers m. Moreover it follows from Lemma 2.12

that
m m
A <Am U Ek> =Y AMANE).
k=1 k=1
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Also N
A\ |J Ecc A\ | E,
k=1 k=1

A(A\OEk) 2A<A\DOEk>.
k=1 k=1

zzm:)\ (AN Ey) +)\<A\UEk>

k=1

and therefore

It follows that

and therefore
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m——400
—+o00 “+o0
= D> MANE)+A (A\ U Ek> .
k=1 k=1
However it follows from the definition of outer measures that

“+o0 +o00 +oo
A (Aﬂ U Ek> = <U(Am Ek)> <D MANE).
k=1 k=1

k=1

AMA) > lim iA(AmEk)Jr/\(A\DOEk)
k=1 k=1

Therefore

)\(A)zA(AmDOEk>+)\<A\UOEk>.

k=1 k=1
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+00 +o00
But the set A is the union of the sets AN |J Ex and A\ | Ex,

k=1 k=1
and therefore

+oo +o00
A(A) < A (Am U Ek> + A (A\ U Ek> .
k=1 k=1
We conclude therefore that
+oo +o0
AMA) = A (Am U Ek) + A (A\ U Ek>
k=1 k=1

for all subsets A of X. We conclude from this that the union of
any pairwise disjoint sequence of A-measurable subsets of X. is
itself A\-measurable.
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Now let Eq, Ep, E3, ... be a countable sequence of (not necessarily

+o00 400
pairwise disjoint) A\-measurable sets. Then |J Ex = |J Fk, where
k=1 k=1

k—1
F1 = Ei, and F = E, \ |J Ej for all integers k satisfying k > 1.
=1
Now we have proved tha{c any finite union of A-measurable sets is
A-measurable, and any difference of A-measurable sets is
A-measurable. It follows that the sets Fi, Fp, F3,... are all
A-measurable. These sets are also pairwise disjoint. We conclude
that the union of the sets Fi, Fp, F3,... is A-measurable, and
therefore the union of the sets Eq, Ep, E3, ... is A-measurable.
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We have now shown that the union of any finite collection of
A-measurable sets is A-measurable, and the union of any infinite
sequence of A\-measurable sets is A-measurable. We conclude that
the union of any countable collection of A-measurable sets is
A-measurable, as required. |}
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Corollary 2.14

Let X\ be an outer measure on a set X. Then the intersection of any
countable collection of \-measurable subsets of X is \-measurable.

Proof

Let C be a countable collection of A-measurable subsets of X.
Then X\ Ngee E = Ugee(X \ E) (i.e., the complement of the
intersection of the sets in the collection is the union of the
complements of those sets.) Now X \ E is A\-measurable for every
E € C. Therefore the complement X \ (\gco E of g E is a
union of A-measurable sets, and is thus itself A-measurable. It
follows that intersection (g E of the sets in the collection is
A-measurable, as required. |}
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Proposition 2.15

Let X\ be an outer measure on a set X, let A be a subset of X, and
let C be a countable collection of pairwise disjoint \-measurable

sets. Then
A <Aﬁ U E) =Y MANE).

EecC EeC

Proof
It follows from Lemma 2.12 that the required identity holds for any
finite collection of pairwise disjoint A-measurable sets.
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be an infinite sequence of pairwise disjoint

Now let Eq, Ep, E3, ...
A-measurable subsets of X. Then
m o0
> <A (A N U Ek>

m
> MANE) =) (Am UE
k=1 k=1 k=1

for all positive integers m. It follows that

+oo
> MANE) = mlmeA (AN E) < A

k=1

[Us)
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But the definition of outer measures ensures that

+o0o +oo +oo
A <Am U Ek> =\ (U(AﬁEk)> <> MNANE)

k=1 k=1 k=1

+oo +oo
We conclude therefore that A <A Ny Ek> = > AMAN Ey) for
k=1 k=1

any infinite sequence Ei, E, E3, ... of pairwise disjoint
A-measurable subsets of X. Thus the required identity holds for
any countable collection of pairwise disjoint A-measurable subsets
of X, as required. |}
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2.4. Measure Spaces

Definition

Let X be a set. A collection A of subsets of X is said to a
o-algebra (or sigma-algebra) of subsets of X if it has the following
properties:

(i) the empty set () is a member of A;

(ii) the complement X \ E of any member E of A is itself a
member of A:

(iii) the union of any countable collection of members of A is itself
a member of A.

V.
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Let X be a set, and let A be a o-algebra of subsets of X. Then
the intersection of any countable collection of members of the
o-algebra A is itself a member of A.

Proof
Let C be a countable collection of sets belonging to .A. Then
X\ E € Aforall E€C, and therefore |J (X \ E) € A. But
EecC
U (X\E)=X\ [ E. It follows that the complement of the
EeC EeC
intersection (] E of the sets in the collection C is itself a member
EcC
of A, and therefore the intersection (] E of those sets is a
EeC
member of the o-algebra A, as required. |}
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Let X be a set, and let C be a collection of subsets of X. The
collection of all subsets of X is a o-algebra. Also the intersection
of any collection of o-algebras of subsets of X is itself a o-algebra.
Let A be the intersection of all o-algebras B of subsets of X that
have the property that C € B. Then A is a o-algebra, and C C A.
Moreover if B is a o-algebra of subsets of X, and if C C B then

A C B. The g-algebra A may therefore be regarded as the smallest
o-algebra of subsets of X for which C C A. We shall refer to this
o-algebra A as the o-algebra of subsets of X generated by C. We
see therefore that any collection of subsets of a set X generates a
o-algebra of subsets of X which is the smallest o-algebra of
subsets of X that contains the given collection of subsets.
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Definition

Let X be a set, and let A be a o-algebra of subsets of X. A
measure on A is a function p: A — [0, +00], taking values in the
set [0, +00] of non-negative extended real numbers, which has the

property that
" (U E> = uWE)

EeC EeC

for any countable collection C of pairwise disjoint sets belonging to
the o-algebra A.

v
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Definition

A measure space (X, A, i) consists of a set X, a o-algebra A of
subsets of X, and a measure p: A — [0, +00] defined on this
o-algebra A. A subset E of a measure space (X, A, p) is said to
be measurable (or pi-measurable) if it belongs to the o-algebra A.
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Theorem 2.17

Let \ be an outer measure on a set X. Then the collection A, of
all \-measurable subsets of X is a o-algebra. The members of this
o-algebra are those subsets E of X with the property that

AMA) = AXANE)+ XA\ E) for any subset A of X. Moreover the
restriction of the outer measure \ to the \-measurable sets defines
a measure p on the o-algebra Ay. Thus (X, A, 1) is a measure
space.

Proof
Immediate from Propositions 2.11, 2.13 and 2.15. |}
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Definition

A measure space (X, A, p) is said to be complete if, given any
measurable subset E of X satisfying u(E) = 0, and given any
subset F of E, the subset F is also measurable. The measure @ on
A is then said to be complete.
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Lemma 2.18

Let X be an outer measure on a set X, let A be the o-algebra
consisting of the A\-measurable subsets of X, and let y be the
measure on A obtained by restricting the outer measure \ to the
members of A. Then (X, A, j1) is a complete measure space.
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Proof

Let E be a measurable set in X satisfying u(E) =0, let F be a
subset of E, and let A be a subset of X. Then ANF C AN E and
A\ E C A\ F C A, and therefore 0 < A(ANF) < AANE) and
AMA\ E) < XA\ F) < A(A). Now it follows from the definition of
measurable sets in X that A(A) = A\(ANE) + A(A\ E). Moreover
0<MANE)<AE)=u(E)=0. It follows that A\(ANE) =0
and A(A\ E) = A(A). The inequalities above then ensure that
AMANF)=0and A(A\ F) = A(A). But then

AMA) = AMANF)+ XA\ F), and thus F is A\-measurable, as
required. |}



2. Measure (continued)

2.5. Lebesgue Measure on Euclidean Spaces

We are now in a position to give the definition of Lebesgue
measure on n-dimensional Euclidean space R”. We have already
defined an outer measure ©* on R” known as Lebesgue outer
measure. We defined a block in R" to be a subset of R” that is a
Cartesian product of n bounded intervals. The product of the
lengths of those intervals is the content of the block. Then, given
any subset E of R", we defined the Lebesgue outer measure p*(E)

of the set E to be the infimum of the quantities >  m(B), where
BeC
the infimum is taken over all countable collections of blocks in R"

that cover the set E, and where m(B) denotes the content of a
block B in such a collection. Thus
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S m(B) > u*(E)

BeC

for every countable collection C of blocks in R” that covers E; and,
moreover, given any positive real number ¢, there exists a
countable collection C of blocks in R"” covering E for which

pHE) <Y m(B) < p(E) +e.
BeC

These properties characterize the Lebesgue outer measure 11*(E)
of the set E.
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We say that a subset E of R" is Lebesgue-measurable if and only if
it is u*-measurable, where u* denotes Lebesgue outer measure on
R". Thus a subset E of R" is Lebesgue-measurable if and only if
w*(A) = p*(ANE)+ pu*(A\ E) for all subsets A of R". The
collection L, of all Lebesgue-measurable sets is a o-algebra of
subsets of R", and therefore the difference of any two
Lebesgue-measurable subsets of R” is Lebesgue-measurable, and
any countable union or intersection of Lebesgue-measurable sets is
Lebesgue-measurable. The Lebesgue measure j(E) of a
Lebesgue-measurable subset E of R" is defined to be the Lebesgue
outer measure p*(E) of that set. Thus Lebesgue measure p is the
restriction of Lebesgue outer measure p* to the g-algebra L, of
Lebesgue-measurable subsets of R”.

It follows from Lemma 2.18 that Lebesgue measure is a complete
measure on R”".
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Remark

The Lebesgue measure p(E) of a subset E of R? may be regarded
as the area of that set. It is not possible to assign an area to every
subset of R? in such a way that the areas assigned to such subsets
have all the properties that one would expect from a well-defined
notion of area. One might at first sight expect that Lebesgue outer
measure would provide a natural definition of area, applicable to all
subsets of the plane, that would have the properties that one
would expect of a well-defined notion of area. One would expect in
particular that the area of a disjoint union of two subsets of the
plane would be the sum of the areas of those sets. However it is
possible to construct examples of disjoint subsets E and F in the
plane which interpenetrate one another to such an extent as to
ensure that p*(E U F) < p*(E) + p*(F), where p* denotes
Lebesgue outer measure on R2.
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The o-algebra L, consisting of the Lebesgue-measurable subsets of
the plane R? is in fact that largest collection of subsets of the
plane for which the sets in the collection have a well-defined area;
the Lebesgue measure of a Lebesgue-measurable subset of the
plane can be regarded as the area of that set. Similarly the
o-algebra L3 of Lebesgue-measurable subsets of three-dimensional
Euclidean space R3 is the largest collection of subsets of R3 for
which the sets in the collection have a well-defined volume.
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Proposition 2.19

Every closed n-dimensional block in R" is Lebesgue-measurable.

Proof
Proposition 2.10, ensures that closed blocks have the property that
characterizes Lebesgue-measurable subsets of R". |}
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Proposition 2.20

Every open set in R" is Lebesgue-measurable.

Proof

Let W be the collection of all open blocks in R” that are Cartesian
products of intervals whose endpoints are rational numbers. Now
the set Z of all open intervals in R” whose endpoints are rational
numbers is a countable set, as the function that sends such an
interval to its endpoints defines an injective function from Z to the
countable set Q x Q. Moreover there is a bijection from the
countable set 7" to W that sends each ordered n-tuple

(h, bk, ..., 1) of open intervals to the open block 4 X h x -+ X Ip.
It follows that the collection W is countable.
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Let V be an open set in R”, and let v be a point of V. Then there
exists some positive real number § such that B(v,d) C V, where
B(v,d) C V denotes the open ball of radius ¢ centred on v.
Moreover there exist open blocks W belonging to W for which
ve W and W C B(v,d). It follows that the open set V is the
union of the countable collection

(Wew:wcV}

of open blocks. Now each open block is a Lebesgue-measurable
set, and any countable union of Lebesgue-measurable sets is itself
a Lebesgue-measurable set. Therefore the open set V is a
Lebesgue-measurable set, as required. |}
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Corollary 2.21

Every closed set in R" is Lebesgue-measurable.

Proof

This follows immediately from Proposition 2.20, since the
complement of any Lebesgue-measurable set is itself Lebesgue
measurable set. |}
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Definition

A subset of R" is said to be a Borel set if it belongs to the
o-algebra generated by the collection of open sets in R”.

All open sets and closed sets in R” are Borel sets. The collection
of all Borel sets is a o-algebra in R” and is the smallest such
o-algebra containing all open subsets of R".
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A measure defined on a o-algebra A of subsets of R” is said to be
a Borel measure if the o-algebra A contains all the open sets in R”.

Corollary 2.22

| A

Lebesgue measure on R" is a Borel measure, and thus every Borel
set in R" js Lebesgue-measurable.
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Remark
The definitions of Borel sets and Borel measures generalize in the

obvious fashion to arbitrary topological spaces. The collection of
Borel sets in a topological space X is the o-algebra generated by
the open subsets of X. A measure defined on a o-ring of subsets
of X is said to be a Borel measure if every Borel set is measurable.
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2.6. Basic Properties of Measures

Let (X,.A, 1) be a measure space. Then the measure p is defined
on the o-algebra A of measurable subsets of X, and takes values
in the set [0, +00], where [0, +00] = [0, +00) U {400}. Thus u(E)
is defined for each measurable subset E of X, and is either a
non-negative real number, or else has the value +00. The

measure p is by definition countably additive, so that

u(U E) => wE)

EcC EcC

for every countable collection C of pairwise disjoint measurable
subsets of X. In particular u is finitely additive, so that if

Ei, Es, ..., E, are measurable subsets of X that are pairwise
disjoint, then

MELVE U - UE) = pu(E) + p(E2) + -+ u(Er).
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Also
+o00 +o0o
n|(UE | =>_wE)
j=1 j=1
for any infinite sequence Ei, Ej, E3, ... of pairwise disjoint

measurable subsets of X.
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Let E and F be measurable subsets of X. Then
E=(ENF)U(E\F), and thesets ENF and E\ F are
measurable and disjoint. It therefore follows from the finite
additivity of the measure p that pu(E) = u(ENF)+ pu(E\ F).
Also E U F is the disjoint union of E and F \ E. and therefore

H(EUF) = p(E) + p(F\ E) = p(ENF) + pn(E\ F) + pu(F \ E).
It follows that
W(EUF)+ uw(ENF)
= (WENF)+u(E\F))+ (w(ENF)+ u(F\ E))
= w(E) + u(F).
Now let E and F be measurable subsets of X that satisfy F C E.
Then w(E) = p(F)+ n(E\ F), and pu(E \ F) > 0. It follows that

w(F) < p(E). Moreover u(E \ F) = u(E) — p(F), provided that
u(E) < +oo.
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Lemma 2.23

Let (X, A, 1) be a measure space, and let E;, Ep, E3, ... be an
infinite sequence of measurable subsets of X. Suppose that
E; C Ej;1 for all positive integers j. Then

Jj—+oo

+o0o
| UE | = lim wE).
j=1
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Proof

+oo
Let E= U Ej, let F = E;, and let Fj = E; \ U Ey for all

j=1
integers j satisfying j > 1. Then the sets Fq, F2, F3, ... are pairwise
disjoint, the set E; is the disjoint union of the sets F) for which
1 < k <, and the set E is the disjoint union of all of the sets Fy.
It therefore follows from the countable (and finite) additivity of the
measure (4 that

400 J
p(E) = pu(Fe), w(E)=>>_ pu(F)
k=1 k=1

But then

Zu (F) = lim >~ u(F) = lim u(E).

J—+0o0

as required. l
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Lemma 2.24

Let (X, A, 1) be a measure space, and let E;, Ep, E3, ... be an
infinite sequence of measurable subsets of X. Suppose that
Ej+1 C Ej for all positive integers j, and that p(E1) < +oco. Then

ﬂE = lim u(E).

Jj—+oo
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Proof N
o
Let G; = E; \ E; for all positive integers j, let E = () Ej, and let
j=1
+o0
G = J G;. It then follows from Lemma 2.23 that
j=1
w(G) = lim p
J—+0o0
and p(Er) < oo. It follows that pu(Ej) = p(E1) — p(G;j) for all
positive integers j. Also E = E; \ G. Therefore

p(E) = u(E1) — (G) = w(Ex) — lim p(Gy) = lim u(E;),

Jj—oo Jj—4o0

(Gj). Now Ej = E; \ G; for all positive integers j,

as required. |
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2.7. The Existence of Non-Measurable Sets

Definition

For each real number u, let 7,: R — R be the translation mapping
the set R of real numbers onto itself defined so that 7,(x) = x + u
for all real numbers x. We say that an outer measure A on R is
translation-invariant if A(7,(E)) = \(E) for all subsets E of R and
for all real numbers u.

| \

Proposition 2.25

Let A\ be a translation-invariant outer measure on the set R of real
numbers with the property that [0,1) is \-measurable and
A([0,1)) = 1. Then there exist subsets of R that are not
A\-measurable.

A
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Proof

Let B =[0,1) and, for each real number u, let 7,: R — R and
pu: B — B be defined such that, for all x € B, 7,(x) = x 4+ u and
pu(x) is the unique element of B for which x + u — p,(x) is an
integer.
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Let v € B. Then

(x) = X+ u if x<1-—u;
P = x+u—1 if x>1—u.

Now the set B is A-measurable. The translation-invariance of the
outer measure A then ensures that the set 7_,(B) is A-measurable.
Indeed let A be a subset of R. Then

AA) = AM7u(A)) = A(7u(A) N B) + A(7u(A) \ B)
= A7—u(7u(A) N B))) + A(7—u(7u(A) \ B))
MANT_y(B)) + MA\ m—u(B)).

Thus the set 7_,(B) is A\-measurable, as claimed.
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Next we show that A(p,(E)) = A(E) for all subsets E of B and for
all u e B. Now

BNnr_u(B)={xeB:x<1-u}

and
B\1m_u(B)={xeB:x>1-u}.

Therefore p,(x) = 74(x) for all x € BN 7_,(B) and
pu(x) = Tu—1(x) for all x € B\ 7_,(B). It follows that

)‘(pu(E) N B) = )‘(pu(E N 7——u(B))) = )‘(TU(E N T—U(B)))
= MENT-4(B))

and

Mpu(E)\ B) = Mpu(E\7-u(B))) = M7u-1(E \ 7-u(B)))
= ME\7-u(B))).
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But
Apu(E)) = Mpu(E) N B) + Apu(E) \ B)

and
AE) = ME N7y(B)) + AE\ mu(B)),

because the sets B and 7_,(B) are A\-measurable. It follows that
AMpu(E)) = M(E) for all u € R.
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Now let us define a relation ~ on the interval B, where B = [0, 1),
where real numbers x and y belonging to B satisfy x ~ y if and
only if x — y is a rational number. Clearly x ~ x for all x € B, and
if x,y € B satisfy x ~ y then they also satisfy y ~ x. And if
x,y,z € B satisfy x ~ y and y ~ z then they also satisfy x ~ z.
Thus the relation ~ on B is reflexive, symmetric and transitive,
and is therefore an equivalence relation. This equivalence relation
then partitions the set B into equivalence classes: every real
number in the set B belongs to a unique equivalence class; two
real numbers in the set set B belong to the same equivalence class
if and only if their difference is a rational number.
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Now the Axiom of Choice in set theory guarantees the existence of
a subset E of B that contains exactly one element from each
equivalence class. Then, given any real number x in the set B,
there exists exactly one element z of the set E for which x — z is a
rational number. If x > z then x = p,(z) if and only if g = x — z.
On the other hand if x < z then x = pg(z) if and only if

g =x — z+ 1. It follows that, given any real number x in the

set B, there exists a unique real number z belonging to E and a
unique rational number g satisfying 0 < g < 1 for which

x = pg(z). We conclude from this that the set B is the union of
the sets pq(E) as g ranges over the set T of all rational numbers g
satisfying 0 < g < 1. Moreover the sets pq(E) obtained as g
ranges over the countable set T are pairwise disjoint.
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But A(pg(E)) = A(E) for all g € T. If it were the case that
A(E) = 0, it would then follow that A\(B) = 0, because A is an
outer measure. But A(B) = 1. It then follows that the sum

>~ AMpg(E)) diverges, and therefore cannot equal A\(B), though
qeT
B = Uge1 pq(E). If the set E were A-measurable, then all the sets

pq(E) would be A\-measurable, and the sum of the outer measures
of these pairwise-disjoint sets would be equal to A(B). Because
this is not the case, it follows that the set E cannot be
A-measurable. The result follows. |}
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