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1. Explorations and Examples in Real Analysis

1.1. Countable Sets

Definition

A set X is said to be countable if there exists an injection
f: X — N mapping X into the set N of natural numbers.

Example

The set Z of integers is countable. For there is a well-defined
bijection f: Z — N defined such that f(n) =2n+1 when n >0
and f(n) = —2n when n < 0. This bijection maps the set of
non-negative integers onto the set of odd natural numbers, and
maps the set of negative integers onto the set of even natural
numbers.
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Any subset of a countable set is countable.

Proof
Let Y be a subset of a countable set X. Then there exists an
injection f: X — N from X to the set N of natural numbers. The

restriction of this injection to the set Y gives an injection from Y
toN. 11
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Proposition 1.2

A non-empty set X is countable if and only if there exists a
surjective function g: N — X mapping the set N of natural
numbers onto X.

Proof

Suppose that X is a countable non-empty set. Then there exists
an injection f: X — N from X to N. Let xg be some chosen
element of the set X. Then there is a well-defined function

g: N — X defined such that g(f(x)) = x for all x € X, and

g(n) = xo for natural numbers n that do not belong to the

range f(X) of the function f. (The definition of the function g
relies on the fact that, given an element n of the range f(X) of the
injection f, there exists exactly one element x of the set X for
which f(x) = n.) The function g is clearly a surjection, in view of
the fact that x = g(f(x)) for all x € X.
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Conversely let X be a non-empty set, and let g: N — X be a
surjection from N to X. Given an element x, there exists at least
one natural number n for which g(n) = x. It follows that there is a
well-defined function f: X — N such that, given any element x of
X, f(x) is the smallest natural number n for which g(n) = x.
Then g(f(x)) = x for all x € X. It follows from this that if x; and
xp are elements of X (not necessarily distinct), and if

f(x1) = f(x2), then x; = g(f(x1)) = g(f(x2)) = x2. We conclude
that distinct elements of the set X get mapped to distinct natural
numbers. Thus the function f: X — N is an injection, and
therefore the set X is countable, as required. |}
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Let h: X — Y be a surjection. Suppose that the set X is
countable. Then the set Y is countable.

Proof

There is nothing to prove if the set X is the empty set, since in
that case the set Y must also be the empty set. Suppose therefore
that the set X is non-empty and countable. It follows from
Proposition 1.2 that there exists a surjection g: N — X from N to
X. The composition ho g: N — Y of g and h is then a surjection
from N to Y (since the composition of two surjections is always a
surjection). It then follows from Proposition 1.2 that the set Y is
countable, as required. |}
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1.2. Cartesian Products and Unions of Countable Sets

There exists a bijection between the sets N x N and N. l

Proof
Let f: N x N — N be the function defined such that

f, k) =3 +k—1)(j+k—2)+ k.

One can check that this function f is a bijection.
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Note that, for each natural number m greater than one, this
function f maps the set D,, into the set /,,, where
Dm={(,k) e NxN:j+ k=m} and

Im={neN:i(m—-1)(m—-2)<n<im(m-1)}

Now, given any natural number n, there exists a unique natural
number m greater than one such that

2(m—1)(m—2) < n< Im(m—1). It follows that each natural
number belongs to exactly one of the sets b, I3, l;.... Moreover if
nis a natural number, and if n € I,,, where m is a natural number
greater than one, then n = f(m — k, k) where
k=n—%(m—1)(m—2). Moreover (m — k, k) is the unique
element of D, satisfying f(n — k, k) = n.
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These facts ensure that, given any natural number n, there exists
exactly one pair (j, k) of natural numbers satisfying 7(j, k) = n.
(These natural numbers j and k satisfy j + kK = m, where m is the
unique natural number greater than one that satisfies the
inequalities (m — 1)(m —2) < n < 1m(m —1).) Therefore the
function f is both injective and surjective, and is thus a bijection,
as required. ||
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Remark
The function f: N x N — N used in the proof of Lemma 1.4 is

constructed so that
f(1,1) =1,

f(2,1) =2, f£(1,2) =3,
f(3,1) =4, f£(2,2)=5, £(1,3)=6,
f(4,1)=7, f£(3,2)=8, f(2,3)=9, f(1,4)=10, etc.

These examples giving the value of (j, k) for small values of j and k
should convey the basic scheme used to construct this function f.
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Proposition 1.5

Let X and Y be countable sets. Then the Cartesian product
X xY of X and Y is a countable set.

Proof

There exist injective functions g: X — N and h: Y — N, because
the sets X and Y are countable. Also there exists a bijection

f: NxN—NfromNxNtoN (Lemma14). Let p: X x Y = N
be the function defined such that p(x,y) = f(g(x), h(y)) for all

x € X and y € Y. We claim that the function p is an injection.
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Let x; and x» be elements of X (not necessarily distinct), and let y;
and y» be elements of Y. Suppose that p(x1, y1) = p(x2, y2). Then
(g(x1), h(y1)) = (g(x2), h(y2)), because the function f: N — N is
an injection, and therefore g(x1) = g(x2) and h(y1) = h(y2). But
the functions g and h are injections. It follows that x; = x> and

y1 = y2, and thus (x1,y1) = (x2, y2). We have therefore shown
that if the elements (x1,y1) and (x2, y2) of X x Y are such that
p(x1,y1) = p(x2, y2) then (x1,y1) = (x2,y2). This shows that the
function p: X x Y — N is an injection. The existence of such an
injection guarantees that the set X x Y is countable, as required.
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Corollary 1.6

Let Xi, Xz, ..., X, be countable sets. Then the Cartesian product
X1 X Xo x --- x X, of these sets is a countable set.

Proof

The result follows by induction on the number of sets forming the
Cartesian product, because the set X; x X5 x --- x X, may be
regarded as the Cartesian product of the sets X7 x Xo x - -+ x X1
and X, whenever n > 1, and the Cartesian product of any two
countable sets is countable (Proposition 1.5). |}
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The set Q of rational numbers is countable.

Proof

The set Z of integers and the set N of natural numbers are
countable sets, and therefore the Cartesian product Z x N is a
countable set (Proposition 1.5). There is an obvious surjection

g: Z x N — Q, where g(z,n) = z/n for all integers z and natural
numbers n. The result therefore follows immediately on applying
Corollary 1.3. |}
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Proposition 1.8

Let X1, X5, X3, ... be a sequence of countable sets Then the union
(o ¢]

\J Xn of these countable sets is itself a countable set.

n=1

Proof

For each natural number n let g,: X, — N be an injective function
from X, to the set N of natural numbers. (Such injective functions
exist because each set X, is countable.) We shall construct an

[ee]
injective function h: X — N x N from X to N, where X = |J X,.

n=1
Given any element x of X, let h(x) = (n(x), gn(x)(x)), where n(x)
is the smallest natural number with the property that x € X,(,).
(Note that x belongs to at least one of the sets X, and therefore
this natural number n(x) is well-defined.)



1. Explorations and Examples in Real Analysis (continued)

Let x and y be elements of X satisfying h(x) = h(y). We claim
that x = y. Now if h(x) = h(y) then n(x) = n(y). It follows that
x € X, and y € X, where n = n(x) = n(y). Moreover

gn(x) = gn(y). But g: X, — N is an injective function. It follows
that x = y. We conclude therefore that the function

h: X — N x N is injective.

Now Lemma 1.4 ensures that there exists a bijective function

f: NxN— Nfrom N x N to N. The composition function
foh: X = Nis then an injective function from X to N. We
conclude therefore that the set X is countable, as required. |}
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Corollary 1.9

Let (X;: i € 1) be a collection of countable sets, indexed by a
countable set |. Then the union | J;c; X; of the sets in this
countable collection is a countable set.

Proof

The indexing set [ is a countable set. Therefore there exists an
injective function g: | — N. It follows that, for each natural
number n, there exists at most one element /i of the indexing set
such that g(i) = n. If there exists some element i of / such that
g(i) = n, let Y,, = X;; otherwise let Y, = 0. Then Y1, Y2, Y3,...is
an infinite sequence of countable sets, and clearly

Ui/ Xi = U Yy. It follows immediately from Proposition 1.8

Uies Xiis a countable set, as required. |
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We define a countable union of sets to be a union of sets where
the sets making up the collection can be indexed by some
countable sets. Thus the union of a finite number of sets is a
countable union of sets. Also the union of an infinite sequence
X1, X5, X3, ... of sets is a countable union. The result of
Corollary 1.9 may be summed up in the statement that any
countable union of countable sets is itself a countable sets.
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1.3. Uncountable Sets

A set that is not countable is said to be uncountable. Many sets
occurring in mathematics are uncountable. These include the set
of real numbers.

It follows directly from Lemma 1.1 that if a set X has an
uncountable subset, then X must itself be uncountable.

It also follows directly from Corollary 1.3 that if h: X — Y is a
surjection from a set X to a set Y, and if the set Y is
uncountable, then the set X is uncountable.
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1.4. Least Upper Bounds and Greatest Lower Bounds

Definition

Let S be a set of real numbers which is bounded above. The least
upper bound, or supremum, of the set S is the smallest real
number that is greater than or equal to elements of the set S, and
is denoted by sup S.

Thus if S is a set of real numbers that is bounded above, then the
least upper bound sup S of the set S is characterized by the
following two properties:
o forall xe S, x <supS;
@ if uis a real number, and if, for all x € S, x < u then
supS < u.
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The Least Upper Bound Property of the real number system
guarantees that, given any non-empty set S of real numbers that is
bounded above, there exists a least upper bound sup S for the

set S.
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Definition

Let S be a set of real numbers which is bounded below. The
greatest lower bound, or infimum, of the set S is the largest real
number that is less than or equal to elements of the set S, and is
denoted by inf S.

Thus if S is a set of real numbers that is bounded below, then the
greatest lower bound inf S of the set S is characterized by the
following two properties:

o forall x € S, x >inf §;

@ if / is a real number, and if, for all x € S, x > [ then inf S > |.

Given any non-empty set S of real numbers that is bounded below,
there exists a greatest lower bound inf S for the set S.
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1.5. Monotonic Sequences

An infinite sequence xi, X2, X3, ... of real numbers is said to be
strictly increasing if x;11 > x; for all positive integers j, strictly
decreasing if x;11 < x; for all positive integers j, non-decreasing if
xj+1 > x; for all positive integers j, non-increasing if xj 1 < x; for
all positive integers j. A sequence satisfying any one of these
conditions is said to be monotonic; thus a monotonic sequence is
either non-decreasing or non-increasing.
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Theorem 1.10

Any non-decreasing sequence of real numbers that is bounded
above is convergent. Similarly any non-increasing sequence of real
numbers that is bounded below is convergent.

Proof

Let x1, X2, X3, ... be a non-decreasing sequence of real numbers
that is bounded above. It follows from the Least Upper Bound
Axiom that there exists a least upper bound p for the set

{xj : j € N}. We claim that the sequence converges to p.
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Let some strictly positive real number ¢ be given. We must show
that there exists some positive integer N such that |x; — p| < ¢
whenever j > N. Now p — ¢ is not an upper bound for the set

{xj : j € N} (since p is the least upper bound), and therefore there
must exist some positive integer N such that xy > p —e. But then
p — ¢ < x; < p whenever j > N, since the sequence is
non-decreasing and bounded above by p. Thus |x; — p| < e
whenever j > N. Therefore x; — p as j — 400, as required.

If the sequence xi, X2, X3, . .. is non-increasing and bounded below
then the sequence —xi, —x2, —x3, ... is non-decreasing and
bounded above, and is therefore convergent. It follows that the
sequence xi, X2, X3, . .. is also convergent. |
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1.6. The Uncountability of the Real Numbers

The set R of real numbers is uncountable.

Proof

Let x1, X2, X3, ... be an infinite sequence of real numbers. We
prove the existence of a real number that does not occur as a
member of this sequence.

Let ag and by be real numbers satisfying ag < bg. We construct
infinite sequences of real numbers a1, a», a3, ... and by, by, bs, ...
in accordance with the prescription that follows.
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Suppose that real numbers a;_; and bj_; have been determined for
some positive integer j, where a;_1 < b;j_;. Let the closed interval
[aj—1, bj—1] be divided into three subintervals of equal length, with
division points between the subintervals at gj_; and h;_;, where

gi-1=733-1+3b1 and hi1=331+35b 1
Note that a1<g-1< hj_l < bj_l, and
1—a_1=h_1—g_1=b_1—h_1=21(b_1—aj_1)
&i—-1—dj-1=Nj-1— §j—-1=0j-1— Nj—1=3\bj—-1—aj-1)

Let a; = aj_1 and b; = gj_1, provided that x; & [aj_1, gj—1].
Otherwise let a; = gj_1 and b; = hj_1, provided that

Xj & [gj—1, hj—1]. Otherwise let a; = hj_; and b; = bj_;. (Note
that x; cannot belong to all three of the closed intervals
[aj-1,8-1], [gj-1, hj-1] and [hj_1, bj_1].)
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This ensures that a; and b; have been determined so as to ensure
that aj—1 < aj < bj < bjfl, bj —aj = %(bj,1 — aj,l) and

xj & [aj, bjl.

The infinite sequence aj, a, as, . . . is a non-decreasing sequence of

real numbers that is bounded above by b;. This infinite sequence
therefore converges to some real number s, and indeed

s =sup{aj : j € N}.



1. Explorations and Examples in Real Analysis (continued)

Moreover

lim b;j = lim (b —aj)—l— I|m aj—0+5—s
j—+oo Jj—+
Also a; < s < b; for all positive integers j, and thus s € [a;, bj] for
all positive integers j. But x; ¢ [a}, b;] for each positive integer ;.
It follows therefore that s # x; for all positive integers j, and thus
s is a real number that is not a member of the infinite sequence
X1, X2, X3y« - ..
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If there were to exist a surjective function g: N — R then, on
setting x; = g(j) for all positive integers j, we would obtain an
infinite sequence xi, X2, x3, ... whose members would include every
real number. This is not possible. Therefore there cannot exist any
surjective function g: N — R from N to R, and thus the set R of
real numbers is uncountable (see Proposition 1.2). |
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1.7. Upper and Lower Limits

Let a1, a0, a3, ... be a bounded infinite sequence of real numbers,
and, for each positive integer j, let

Sj = {aj,aj+1, Aj 42, - } = {ak -k Z_/}

The sets 51, 52, S3, ... are all bounded. It follows that there exist
well-defined infinite sequences uy, up, u3, ... and I, b, 3, ... of real
numbers, where u; = sup S; and /; = inf 5; for all positive

integers j. Now S;11 is a subset of S; for each positive integer j,
and therefore uj11 < uj and i1 > I; for each positive integer j. It
follows that the bounded infinite sequence (uj : j € N) is a
non-increasing sequence, and is therefore convergent

(Theorem 1.10). Similarly the bounded infinite sequence

(l; : j € N) is a non-decreasing sequence, and is therefore
convergent.
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We define
limsupa; = lim wuj = lim sup{aj,aji1,aj42,...}
Jj—+oo J—+too J—+oo

and
liminfa; = lim = lim inf{a;, a;11,a;42,...}.
j—>+oo" j—>+oo" oo {_/7 41y 942, }

The quantity limsup a; is referred to as the upper limit of the
Jj—+oo
sequence ag, a2, a3, . ... |he quantity liminf a; is referred to as the
J—+0o0
lower limit of the sequence ay, a», as, . . ..

Note that every bounded infinite sequence as, ap, as, . ... of real

numbers has a well-defined upper limit limsup a; and a well-defined
Jj—+o0
lower limit liminf a;.
Jj—+oo
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Proposition 1.12

A bounded infinite sequence a1, as, as, . ... of real numbers is
convergent if and only if liminf a; = limsup a;, in which case the
j—too j—+oo

limit of the sequence is equal to the common value of its upper
and lower limits.

Proof
For each positive integer j, let uj = sup S; and /; = inf S;, where

S = {aj,aj+1, Aj 42, - J=Aak: k>j}.

Then liminfa; = lim |/ and limsupa; = lim u;.
J—+0oo J—+o0 Jj—+oo J—+0oo
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Suppose that liminf a; = limsup a; = c for some real number c.
J—+oo Jjo+oo

Then, given any positive real number €, there exist natural

numbers Ny and N> such that ¢ — ¢ < /; < ¢ whenever j > Nj,

and ¢ < u; < c + ¢ whenever j > N>. Let N be the maximum of

Ny and No. If j > N then a; € Sy, and therefore

c—e<Iy<a<uy<c+e.

Thus |aj — ¢| < € whenever j > N. This proves that the infinite
sequence ai, ay, as, . . . converges to the limit c.
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Conversely let a1, as, a3, ... be a bounded sequence of real
numbers that converges to some value c. Let € > 0 be given.
Then there exists some natural number N such that

c— %5 <a<c+ %5 whenever j > N. It follows that

S;j C (c — 3&,¢ + 3¢) whenever j > N. But then

c—3e<[<u<c+ie

whenever j > N, where u; = sup S; and /; = inf 5;. We see from
this that, given any positive real number ¢, there exists some
natural number N such that |/; — c¢| < € and |u; — c| < € whenever
Jj > N. It follows from this that

limsupaj = lim uj=cand liminfa; = lim /;=c,
Jj—+oo J—+00 J—+0o0 J—+0o0

as required. ||
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1.8. Rearrangement of Infinite Series

Example
Consider the infinite series
1 1 1 1 1

1l -4+ - _—4=
2+3 4+5 6+

For each positive integer k, let px denote the kth partial sum of
this infinite series, defined so that

k

Pk = Z(—l)j_ljl.-
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The absolute values of the summands constitute a decreasing
sequence, and accordingly examination of the form of the infinite
series establishes that

p1>p3>ps>p7r >

P2 < pg < pg<pg<---
Moreover pom < pom+1 < p1 and pomi1 > pom > p2 for all positive

integers m. Thus p1, p3, ps, p7 is a decreasing sequence that is
bounded below, and po, p4, pes, ps is an increasing sequence that is
bounded above. A standard result of real analysis ensures that

these bounded monotonic sequences are convergent. Moreover

. . 1
mir—ni-oo P2m+1 I‘nlE)nOO (sz + m 1)
- mlﬁ;noo Pam =+ mlT—oo 2m+1
= |lim pym.

m—o0



1. Explorations and Examples in Real Analysis (continued)

It then follows easily from examination of the definition of

convergence that the infinite sequence p1, p2, ps, ... converges, and
lim p;= Ilim = lim .
Jj—+oo pj m—+00 P2m m——+00 Pam+1
Let « = lim p;. Then p» < a < p1, and thus % <a<l

Jj—+o0o
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Now consider the infinite series

The individual summands are those of the infinite series previously
considered, but they occur in a different order. This new infinite
series is thus a rearrangement of the infinite series previously
considered. Nevertheless the sum of this new infinite series may be
represented as

L1y 1o /11y 11 1y o1
2 4 3 6 8 5 10 12
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and therefore the sum of the new infinite series is equal to that of
the infinite series

1 1 n 1 1 n 1 1 n

2 4 6 8 10 12 ’
and is therefore equal to %a. This example demonstrates that
when the terms of an infinite series are rearranged, so that they are
summed together in a different order, the sum of the rearranged
series is not necessarily equal to that of the original series.
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The example just discussed considers the behaviour of a particular
infinite series that is convergent but not absolutely convergent. An

+o0 +o0
infinite series Zl aj is said to be absolutely convergent if 21 |aj| is
J= J=

convergent. The following proposition and its corollaries ensure
that any absolutely convergent infinite series may be rearranged at
will without affecting convergence, and without changing the value
of the sum of the series. In particular an infinite series whose
summands are non-negative may be rearranged without affecting
the value of the sum of that infinite series.
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Proposition 1.13
+oo
Let >~ aj be a convergent infinite series, where aj is real and
Jj=1
aj > 0 for all positive integers j. Let Q be the subset of the real
numbers consisting of the values of all sums of the form ) a;
JEF
obtained as F ranges over all the non-empty finite subsets of N.

Then
+o00
Z aj =sup Q.
j=1
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Proof
For each positive integer k, let

k
p=>_a.
=

This number py is referred to as the kth partial sum of the infinite
series a; + a» + a3z + - - -. The definition of the sum of this infinite
series then ensures that

“+o0o
E a; = lim kK-
. J k—)—i—oop
j=1

Moreover p; < p» < p3 < ---, because a; > 0 for all positive
integers j, and therefore

+oo
Zaj = sup{pk : k € N}.
j=1
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For each non-empty finite subset F of the set N of positive

integers, let
ar = Z ;-
JEF
If F and H are finite subsets of N, and if F C H then gr < gy,
because the summand a; is non-negative for all positive integers j.

Now, given any non-empty finite subset F of N there exists some
positive integer k such that F C Jx, where J, = {1,2,...,k}. But

then
+oo

9F < qu = Pk < Zaj.
j=1
Therefore the set @ consisting of the values of the sums gr as F
ranges over all the non-empty finite subsets F of N is bounded
above. Moreover it is non-empty. The Least Upper Bound
Principle then ensures that the set Q has a well-defined least upper
bound sup Q.
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+00
Let s = sup Q. We have shown that g < ) a; for each

j=1
+o0o
non-empty finite subset F of N. It follows that s < )" a;. But
J=1

px € Q for all positive integers k, because py = q,, and therefore
pr < s. Taking limits as k — 400, we find that

a; lim <s.
Z i = k—+ oopk

The inequalities just obtained together ensure that

+oo
Z aj=s=supQ,
j=1

as required. |
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A permutation of the set N of positive integers is a

function o: N — N from the set N to itself that is bijective. A

function o: N — N is thus a permutation if and only if it has a
well-defined inverse ¢~1: N — N. This is the case if and only if,

given any positive integer k, there exists a unique positive integer j
for which k = o(j).

Definition

An infinite sequence by, by, bs, ... of real numbers is said to be a
rearrangement of an infinite sequence a1, as, as, . . . if there exists a
permutation o of the set N of positive integers such that

bk = ag(k for all positive integers k. In this situation we also say

+o0
that the infinite series ) by is a rearrangement of the infinite
k=1
+o00
series ) aj.
j=1
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Corollary 1.14

+o0 ee
Let ) a; be a convergent infinite series, and let ) by be a
Jj=1 k=1

—+00
rearrangement of infinite series ) aj. Suppose that a; > 0 for all

j=1
. +m

positive integers j. Then the infinite series >, by is convergent,
k=1

“+o0o +oo
and ) b= ) aj.
k=1 j=1
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Proof

There exists a permutation o: N — N of the set N of positive

integers such that by = a, () for all positive integers k. Let

qr = ) a;j for all non-empty finite subsets F of N, and let
JEF

r¢ = Y. by for all non-empty finite subsets G of N. Then

KeG
G(c)= D, 4= a = bc=rc

Jjeo(G) keG keG

for all non-empty finite subsets G of N, and accordingly

gr = ry-1(F) for all non-empty finite subsets F of N. Moroever G
is a non-empty finite subset of N if and only if o(G) is a
non-empty finite subset of N.



1. Explorations and Examples in Real Analysis (continued)

It follows that the set Q consisting of all sums of the form gr as F
ranges over the non-empty finite subsets of N is also the set
consisting of all sums of the form rg as G ranges over the
non-empty finite subsets of N. It follows from Proposition 1.13 that

+oo “+o0o
Sa=swp@=3 b
j=1 k=1

as required. |
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It follows from Corollary 1.14 that, given any collection
(ca : a € A) of non-negative real numbers ¢, indexed by the
members of a countable set A, we can form the sum ) c,. If the

acA
countable indexing set A is infinite then there exists an infinite
sequence g, ap, s, ... in which each element of the set A occurs

exactly once. Then
+oo

E Ca = E Cay-
j=1

The requirement that ¢, > 0 for all & € A ensures that the value

+o00o

of 3 Ca; does not depend on the choice of infinite sequence
j=1

a1, a2, Qs3, ... enumerating the elements of the indexing set A.
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Let c1, ¢, c3, ... be an infinite sequence of real numbers that are
not necessarily all non-negative or all non-positive, and let

(:J-Jr = max(c;,0) and ¢;” = min(0, ¢;) for all positive integers ;.
Then (:J.Jr >0, ij <0, ¢= (:J-Jr + ij and
lcj| = cf —¢ = cf + |c; | for all positive integers j. Moreover,

for each positive integer j, at most one of the numbers cJ-+ asnd ¢;”

is non-zero. Now 0 < chr < |¢jl and 0 < [¢; | < |gj for all positive

“+o0o
integers j. It follows from this that ) |¢;| is convergent if and
j=1
. +OO + +Oo — .
only if both le ¢ and ng ¢; convergent. In this case we say that
the infinite series Zj;of ¢j is absolutely convergent.
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Corollary 1.15

+oo +o00o
Let Zl aj be an absolutely convergent infinite series, and let kzl by
J: =

+0o0
be a rearrangement of infinite series ) aj. Then the infinite series
j=1

“+o0o +o0o +oo
> bx is absolutely convergent, and ) by = ) a;.
k=1 k=1 j=1




1. Explorations and Examples in Real Analysis (continued)

Proof

There exists a permutation o: N — N of the set N of positive
integers with the property that by = a, k) for all positive
integers k. Let ajr = max(a;,0) and a;” = min(0, a;) for all
positive integers j and b = max(by,0) and b, = min(0, by) for

o0
all positive integers k. The absolute convergence of ) aj then
Jj=1

o0 (o]
. .. . + —
ensures that the infinite series ng a; and ng a; both converge. It
then follows from Corollary 1.14 that



1. Explorations and Examples in Real Analysis (continued)

+oo +oo +oo “+o00o +o0o +oo
| = + - _ + - _
Dlal =23 => =) b= bo=) Ibd
j=1 Jj=1 j=1 k=1 k=1 k=1
and
“+o0 “+00 —+00 —+00 —+00 “+oo
_ + - _ + - _
IIEEDILEDIEEDILED DD
j=1 j=1 j=1 k=1 k=1 k=1

The result follows. |}
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1.9. Darboux Sums and the Riemann Integral

The approach to the theory of integration discussed below was
developed by Jean-Gaston Darboux (1842-1917). The integral
defined using lower and upper sums in the manner described below
is sometimes referred to as the Darboux integral of a function on a
given interval. However the class of functions that are integrable
according to the definitions introduced by Darboux is the class of
Riemann-integrable functions. Thus the approach using Darboux
sums provides a convenient approach to define and establish the
basic properties of the Riemann integral.
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Definition

A partition P of an interval [a, b] is a set {xp, x1, X2, . .., X} Of real
numbers satisfying a=xg < x31 < xp < -+ < Xp_1 < Xp = b.
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Given any bounded real-valued function f on [a, b], the upper sum
(or upper Darboux sum) U(P, f) of f for the partition P of [a, b] is
defined so that

ZM _XI].

where M; = sup{f(x) : xi—1 < x < x;}.

Y
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Similarly the lower sum (or lower Darboux sum) L(P, f) of f for
the partition P of [a, b] is defined so that

g ml Xj — Xj— 1

where m; = inf{f(x) : xi_1 < x < x;}.

Y
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Clearly L(P,f) < U(P,f). Moreover > (x; — xj—1) = b— a, and
i=1
therefore

m(b— a) < L(P,f) < U(P,f) < M(b — a),

for any real numbers m and M satisfying m < f(x) < M for all
x € [a, b].
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Ty T1 Ty T3 Ty Ts5 T T g
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Definition

Let f be a bounded real-valued function on the interval [a, b],
where a < b. The upper Riemann integra/Z/{fab f(x) dx (or upper

Darboux integral) and the lower Riemann integral Efab f(x) dx (or
lower Darboux integral) of the function f on [a, b] are defined by

b
U/ f(x)dx = inf{U(P,f): Pis a partition of [a, b]},

b
E/ f(x)dx = sup{L(P,f): P is a partition of [a, b]}.
a

The definition of upper and lower integrals thus requires that
L{fab f(x) dx be the infimum of the values of U(P, f) and that

Efab f(x) dx be the supremum of the values of L(P,f) as P ranges
over all possible partitions of the interval [a, b].
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Definition
A bounded function f: [a, b] — R on a closed bounded interval
[a, b] is said to be Riemann-integrable (or Darboux-integrable) on

[a, b] if , ,
u /a F(x)dx = L /a F(x) dx,

in which case the Riemann integral fab f(x) dx (or Darboux
integral) of f on [a, b] is defined to be the common value of

Z/lfab f(x) dx and Efab f(x) dx.
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When a > b we define

for all Riemann-integrable functions f on [b, a]. We set
fab f(x)dx =0 when b= a.

If f and g are bounded Riemann-integrable functions on the
interval [a, b], and if f(x) < g(x) for all x € [a, b], then

[P £(x)dx < [ g(x) dx, since L(P,f) < L(P,g) and
U(P,f) < U(P, g) for all partitions P of [a, b].
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Definition

Let P and R be partitions of [a, b], given by P = {xp, x1,...,Xn}
and R = {up, u1,...,um}. We say that the partition R is a
refinement of P if P C R, so that, for each x; in P, there is some
uj in R with x; = u;.

Lemma 1.16

| A\

Let R be a refinement of some partition P of [a, b]. Then
L(R,f) > L(P,f) and U(R,f)< U(P,f)

for any bounded function f: [a, b] — R.

N
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Proof

Let P = {x0,x1,...,%n} and R = {uwo, u1,..., Un}, where

a=xp<x1<---<xp=banda=ww<wm<---<up=>b.

Now for each integer i between 0 and n there exists some

integer j(i) between 0 and m such that x; = u;(;) for each i, since

R is a refinement of P. Moreover

0=,(0) <j(1) <---<j(n) = n. For each i, let R; be the

partition of [x,-_l,x,-] given by Ry = {u;j : j(i—1) <j < j(i)}. Then
n

L(R,f) = Z L(R;,f) and U(R,f) = > U(R;i, f). Moreover
i=1
mi(xi — xi—1) < L(Ri, f) < U(R;, f) < Mi(xi — xi—1),
since m; < f(x) < M; for all x € [x;_1,x;]. On summing these

inequalities over i, we deduce that
L(P,f) < L(R,f) < U(R,f) < U(P,f), as required. |}
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Given any two partitions P and Q of [a, b] there exists a

partition R of [a, b] which is a refinement of both P and Q. For
example, we can take R = P U Q. Such a partition is said to be a
common refinement of the partitions P and Q.

Let f be a bounded real-valued function on the interval [a, b].
Then

E/abf(x)dXSU/abf(x)dx.
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Proof

Let P and Q be partitions of [a, b], and let R be a common
refinement of P and Q. It follows from Lemma 1.16 that

L(P,f) < L(R,f) < U(R,f) < U(Q,f). Thus, on taking the
supremum of the left hand side of the inequality L(P,f) < U(Q,f)
as P ranges over all possible partitions of the interval [a, b], we see
that Efab f(x)dx < U(Q, f) for all partitions Q of [a, b]. But
then, taking the infimum of the right hand side of this inequality as
Q ranges over all possible partitions of [a, b], we see that

['fab f(x)dx < Ufab f(x) dx, as required. |}
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Example

Let f(x) = cx + d, where ¢ > 0. We shall show that f is
Riemann-integrable on [0, 1] and evaluate fol f(x) dx from first
principles.

For each positive integer n, let P, denote the partition of [0, 1] into
n subintervals of equal length. Thus P, = {x0,x1,...,X,}, where
x; = i/n. Now the function f takes values between (i — 1)c/n+ d
and ic/n + d on the interval [x;_1, X;], and therefore

+d, Mi:%-f‘d

where m; = inf{f(x) : xi_1 < x < x;} and
M; = sup{f(x) : xi—1 < x < x;}. Thus
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L(me) =

U(Py, ) = Z Mi(x; — xi—1) = ,172 (2’ + d)
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It follows that

n_|l>l’_’T_\ L(Pp,f)==+d
and
lim U(Pn, f)==+d
n—-+o00

Now L(P,, f) < L [P f(x) dx < ufj f(x) dx < U(Pp, f) for all
positive integers n. It follows that
L[PF(x)dx=3c+d=U[PF(x)dx. Thus fis
Riemann-integrable on the interval [0, 1], and fol f(x)dx = c+d.
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Example
Let f: [0,1] — R be the function defined by

F(x) = 1 if x is rational;
X)= 0 if x is irrational.

Let P be a partition of the interval [0, 1] given by

P = {x0,Xx1,%2,...,Xn}, where 0 = xg < x3 < xo < -+- < x, = L.
Then
inf{f(x):xi_1 <x<x}=0, sup{f(x):x_1<x<x}=1,

fori=1,2,...,n, and thus L(P,f) =0 and U(P,f) =1 for all
partitions P of the interval [0, 1]. It follows that Efol f(x)dx=0

and Z/lfol f(x) dx = 1, and therefore the function f is not
Riemann-integrable on the interval [0, 1].
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1.10. Interchanging Limits and Integrals

Let f1, fo, f3,... be a sequence of Riemann-integrable functions
defined over the interval [a, b], where a and b are real numbers
satisfying a < b. Suppose that the sequence fi(x), f2(x), f3(x), . ..
converges for all x € [a, b]. We wish to determine whether or not

b b
jjToo/a fi(x) dx_/a (JETOO 6(x)> dx.

The following example demonstrates that this identity can fail to
hold, even when the functions involved are well-behaved
polynomial functions.
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Example
Let f1, f, f3,... be the sequence of continuous functions on the
interval [0, 1] defined by f;(x) = j(x) — x¥). Now

lim [ f(x)dx= lim (————2—)=2.
j—>|+oo/0 i) dx = lim (j—l—l 2j+1> 2

On the other hand, we shall show that “T fi(x) = 0 for all
Jj—+oo

x € [0,1]. Thus one cannot interchange limits and integrals in this
case.
Suppose that 0 < x < 1. We claim that jx/ — 0 as j — +00. Now

. J+1
lim —— =1.
j—=+oo  J
It follows that 1
im UEUX

Jj—+oo J
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Let r be chosen so that x < r < 1. Then there exists some positive
integer N large enough to ensure that

14l
N x
if j > N then .
J4+1)xT j+1)x
(ES UL S
It follows that
0<jx <B

whenever j > N, where B = Nx", and therefore jx/ — 0 as
Jj — +oo. It follows that

lim fi(x)=( lim ) lim (1-x)) =0
j‘)ITOO J(X) (j%”roojx > (Jﬁ\lzrnoo( x ))
for all x satisfying 0 < x < 1. Also fj(1) = 0 for all positive

integers j. We conclude that lim fj(x) =0 for all x € [0, 1],
J—+oo
which is what we set out to show.
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1.11. Uniform Convergence

We now introduce the concept of uniform convergence. Later shall
show that, given a sequence fi, f>, f3,... of Riemann-integrable
functions on some interval [a, b], the identity

b b
li f; dx = li f; dx.
Jim [Cieac= [ (im 500) o

is valid, provided that the sequence fi, f5, f3, ... of functions
converges uniformly on the interval [a, b].
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Definition

Let f1, f, f3,... be a sequence of real-valued functions defined on
some subset D of R. The sequence (f;) is said to converge
uniformly to a function f on D as j — +o0 if and only if the
following criterion is satisfied:

given any strictly positive real number €, there exists some
positive integer N such that |f;(x)—f(x)| < e forallx € D
and for all positive integers j satisfying j > N (where the
value of N is independent of x).

<

Let f1,f, f3,... be a sequence of bounded real-valued functions on
some subset D of R which converges uniformly on D to the zero
function. For each positive integer j, let M; = sup{f;(x) : x € D}.
We claim that M; — 0 as j — +oo0.
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To prove this, let some strictly positive real number € be given.
Then there exists some positive integer N such that |f;(x)| < 3¢
forall x € D and j > N. Thus if j > N then M; < %5 < e. This
shows that M; — 0 as j — +00, as claimed.

Example

Let (fj : n € N) be the sequence of continuous functions on the

interval [0, 1] defined by f;(x) = j(x — x¥). We have already

shown (in an earlier example) that lim f;(x) = 0 for all
J—+0o

x € [0,1]. However a straightforward exercise in calculus shows
that the maximum value attained by the function f; is j/4 (which

1 . .
is attained at x =1/2/), and j/4 — +o0 as j — +oo. It follows
from this that the sequence fi, f», f3, ... does not converge
uniformly to the zero function on the interval [0, 1].
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Proposition 1.18

Let f1,f, f3,... be a sequence of continuous real-valued functions
defined on some subset D of R. Suppose that this sequence
converges uniformly on D to some real-valued function f. Then f
is continuous on D.
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Proof

Let s be an element of D, and let some strictly positive real
number € be given. If j is chosen sufficiently large then

|£(x) — f;(x)| < 3¢ for all x € D, since f; — f uniformly on D as
J — +oo. It then follows from the continuity of f; that there exists
some strictly positive real number § such that |f;(x) — fi(s)| < 3¢
for all x € D satisfying |x — s| < d. But then

F(x) = £(s)] = 1F(x) = I+ [(x) = fi(s)] + [fi(s) — £(s)]
< %e—k%s—i—%aza

whenever |x — s| < d. Thus the function f is continuous at s, as
required. |}
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Theorem 1.19

Let f1, >, f3,... be a sequence of continuous real-valued functions
which converges uniformly on the interval [a, b] to some
continuous real-valued function f. Then

lim /ab fi(x) dx = /ab f(x) dx.

Jj—+o0

Proof

Let some strictly positive real number . Choose €y small enough
to ensure that 0 < gg(b — a) < €. Then there exists some positive
integer N such that |fj(x) — f(x)| < go for all x € [a, b] and j > N,
since the sequence f1, f», f3, ... of functions converges uniformly to
f on [a, b].
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fi(x)=F(x) < Ifi(x)=F(x)] and = (fi(x) = f(x)) < [f(x) = F(x)]

for all x € [a, b]. It follows that

b b
/a (F(x) — F(x)) dx < / 16(x) — £(x)] dx

and

b b
=[50 - ey o< [ 1500 - £ o

and therefore
b
< [ 150 - £00]
a

for all positive integers j. It follows that

b
j (fi(x) = f(x)) dx
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/|f x)|dx <eg(b—a)<e

/abij-(x)dx—/ x) dx

whenever j > N. The result follows. |}
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1.12. Compactness and the Heine-Borel Theorem

Definition

Let K be a subset of n-dimensional Euclidean space R"”. A
collection C of open sets in R” is said to cover K if

S UVEC v.

In other words, a collection C of open sets in R” is said to cover K
if and only if each point of K belongs to at least one open set
belonging to the collection C.
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Definition

A subset K of R" is said to be compact if, given any collection of
open sets in R” which covers K, there exists some finite
subcollection which also covers K.

Remark

The definition of compactness given above is formulated for
subsets of Euclidean spaces, but the given definition generalizes in
the obvious fashion to metric spaces and, even more generally, to
topological spaces. Some of the results below generalize so as to
be applicable to compact subsets of topological spaces, and others
generalize so as to be applicable to compact subsets of metric
spaces. However, in what follows, we restrict the statements and
proofs of the results to the context of subsets of Euclidean spaces.
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We now show that any closed bounded interval in the real line is
compact. This result is known as the Heine-Borel Theorem. The
proof of this theorem uses the least upper bound principle which
states that, given any non-empty set S of real numbers which is
bounded above, there exists a least upper bound (or supremum)
sup S for the set S.

Theorem 1.20

(Heine-Borel in One Dimension) Let a and b be real numbers
satisfying a < b. Then the closed bounded interval [a, b] is a
compact subset of R.
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Proof

Let C be a collection of open sets in R with the property that each
point of the interval [a, b] belongs to at least one of these open
sets. We must show that [a, b] is covered by finitely many of these
open sets.

Let S be the set of all 7 € [a, b] with the property that [a, 7] is
covered by some finite collection of open sets belonging to C, and
let s =supS. Now s € W for some open set W belonging to C.
Moreover W is open in R, and therefore there exists some § > 0
such that (s — d,s + d) C W. Moreover s — § is not an upper
bound for the set S, hence there exists some 7 € S satisfying

T > s — 0. It follows from the definition of S that [a, 7] is covered
by some finite collection Vi, V5, ..., V, of open sets belonging

to C.
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Let t € [a, b] satisfy 7 < t < s+ . Then
[a,t] C [a,7]U(s —d,s+ ) Cc ViU VL U---UV,UW,

and thus t € S. In particular s € S, and moreover s = b, since
otherwise s would not be an upper bound of the set S. Thus

b € S, and therefore [a, b| is covered by a finite collection of open
sets belonging to C, as required. |
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Let F and K be subsets of R" where F is closed, K is compact
and F C K. Then F is compact.

Proof

Let C be any collection of open sets in R” covering F. On
adjoining the open set R” \ F to C, we obtain a collection of open
sets which covers the compact set K. The compactness of K
ensures that some finite subcollection of this collection covers K.
The open sets in this subcollection that belong to C then
constitute a finite subcollection of C that covers F. Thus F is
compact, as required. |
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Let ¢: R™ — R" be a continuous function between Euclidean
spaces R™ and R", and let K be a compact subset of R™. Then
©(K) is a compact subset of R".

Proof

Let C be a collection of open sets in R” which covers ¢(K). Then
K is covered by the collection of all open sets of the form ¢~1(V)
for some V € C. It follows from the compactness of K that there
exists a finite collection Vi, V5, ..., V) of open sets belonging to C
such that

KCe  (V)Up H(Va)U---Up (Vi)

But then ¢(K) C Vi U VL U--- U Vj. This shows that ¢(K) is
compact. |}
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Let f: K — R be a continuous real-valued function on a compact
subset K of R". Then f is bounded above and below on K.

Proof
The range f(K) of the function f is covered by some finite
collection I, b, ..., I of open intervals of the form (—m, m),

where m € N, since f(K) is compact (Lemma 1.22) and R is
covered by the collection of all intervals of this form. It follows
that f(K) C (=M, M), where (—M, M) is the largest of the
intervals I, b, ..., lx. Thus the function f is bounded above and
below on K, as required. |}
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Proposition 1.24

Let f: K — R be a continuous real-valued function on a compact
subset K of R". Then there exist points u and v of K such that
f(u) < f(x) < f(v) forall x € K.

Proof

Let m = inf{f(x) :x € K} and M = sup{f(x) : x € K}. There
must exist v € K satisfying f(v) = M, for if f(x) < M for all

x € K then the function x — 1/(M — f(x)) would be a continuous
real-valued function on K that was not bounded above,
contradicting Lemma 1.23. Similarly there must exist u € K
satisfying f(u) = m, since otherwise the function

x — 1/(f(x) — m) would be a continuous function on K that was
not bounded above, again contradicting Lemma 1.23. But then
f(u) < f(x) < f(v) for all x € K, as required. |}
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Proposition 1.25

Let K be a compact subset of a Euclidean space R". Then K is
closed in R".

Proof

Let p be a point of R” that does not belong to K, and let

f(x) = |x — p| for all x € R". It follows from Proposition 1.24 that
there is a point q of K such that f(x) > f(q) for all x € K,
because K is compact. Now 7(q) > 0, since q # p. Let § satisfy
0 < 6 < f(q). Then the open ball of radius § about the point p is
contained in the complement of K, because f(x) < f(q) for all
points x of this open ball. It follows that the complement of K is
an open set in R”, and thus K itself is closed in R”. |}
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Let F be a subset of n-dimensional Euclidean space R". For each
x € R", we denote by d(x, F) the (Euclidean) distance from the
point x to the set F. This distance d(x, F) is defined so that

d(x,F) =inf{|x —w|:w € F}.

Lemma 1.26
Let F be a subset of R". Then

d(x, F) —d(y, F)| < [x —|

for all x,y € F, and thus the function sending points x on R" to
their distance d(x, F) from the set F is a continuous real-valued
function on R".
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Proof

Let € be a real number satisfying £ > 0, and let x and y be points
of R". Then there exists z € F for which |y — z| < d(y,F) +¢. It
follows from the Triangle Inequality that

dix, F) < |x—z[ < |x—y|+]y—z| < |x —y[+d(y,F) +¢

and thus
d(x,F)—d(y,F) < |x—y|+e.

Now the inequality just obtained must hold for all positive real
numbers €, and the left hand side of the inequality is independent
of the value of €. It must therefore be the case that

d(x,F)—d(y,F) <|x—yl|
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Interchanging the roles of x and y, we see also that
It follows that
‘d(X, F) - d(ya F)‘ < ’X - y|

This inequality ensures that the function that sends points x of R”
to their distance d(x, F) from the set F is a continuous function
on R", as required. |}
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Given any subset F of R", we denote by B(F,d) the
d-neighbourhood of the set F in R”, defined so that

B(F,5) = {x € R": d(x, F) < &}.

Proposition 1.27

Let K and V be subsets of R", where K is compact, V is open
and K C V. Then there exists some positive real number § for
which B(K,0) C V.
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Proof

Let F =R"\ V, and let f(x) = d(x, F) for all x € R", where
d(x, F) denotes the distance from the point x to the set F. Now
the function f is a continuous real-valued function on R”".
Moreover f(x) > 0 for all x € V/, and therefore f(x) > 0 for all

x € K. It then follows from Proposition 1.24 that there exists
some point u of K with the property that f(u) < f(x) for all

x€ K. Let 6 =f(u). Then [x—z| > forallxe Kandze F. It
follows that B(x,d) C V for all x € K, where B(x, ) denotes the
open ball of radius § centred on the point x. Therefore

B(K,d) C V, as required. |}
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Alternative Proof

For each point w of K there exists some positive real number dy,
such that B(w, 2dy) C V where B(w,2d,,) denotes the open ball
of radius 2dy, centred on the point w for each w € K. Now the
collection (B(w, dw) : w € K) of open balls constitutes an open
cover of the compact set K. The definition of compactness
therefore ensures that there exist points wi, wa, ..., wp, (finite in
number) such that

m
K c | B(wj,du;).
j=1
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Let 0 be the minimum of the positive real numbers oy, for
j=1,2,...,m. Then § > 0. Moreover the Triangle Inequality
ensures that

B(z,0) C B(wj,26w;) C V

for all z € B(w;, dw,), and therefore |, B(z,0) C V. But
U,ex B(z,6) = B(K, ), because a point x of R” belongs to
B(K,9) if and only if |x — z| < § for some z € K. Thus
B(K,0) C V, as required. |}
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Definition
We define a closed n-dimensional block in R" to be a subset of R”
that is a product of closed bounded intervals.

Thus a subset K of R" is a closed n-dimensional block if and only
if there exist real numbers a1, as,...,a, and by, by, ..., b, such
that a; < b; for i =1,2,...,n and

K= [alvbl] X [a2ab2] Ko X [ana bn]

Proposition 1.28

A closed n-dimensional block is a compact set.
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Proof

We prove the result by induction on the dimension n of the
Euclidean space. The result when n =1 is the one-dimensional
Heine-Borel Theorem (Theorem 1.20). Thus suppose as our
induction hypothesis that n > 1 and that that every closed

(n — 1)-dimensional block in R"! is a compact set. Let K be an
n-dimensional block in R”, and let

K= [alvbl] X [ag,bz] Koeee X [ana bn]v

where a1, as,...,a, and by, bo, ..., b, are real numbers that satisfy
aj<bjfori=1,2,...,n



1. Explorations and Examples in Real Analysis (continued)

Let p: R” — R be the projection function defined such that
p(X1, X2, ...y Xn) = Xn

for all (x1,x2,...,xn) € R". The induction hypothesis then ensures
that K is a compact set for all z € [a,, b,], where

K, ={xe€ K:p(x) = z}.

Let C be a collection of open sets in R” that covers K. The
compactness of K, ensures that, for each real number z satisfying
an < z < b, there exists a finite subcollection C, of C such that
K: CUvyece, V. Let W, =Uyce, V. (The set W, is thus the
union of the open sets belonging to the finite subcollection C, of

C.)
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Now K is compact, W, is open, and K, C W,. It follows that
there exists some positive real number ¢, such that

B(K,d,) C W,, where B(K, ¢,) denotes the §-neighbourhood of K
in R" i.e., the subset of R"” consisting of those points of R” that lie
within a distance J, of the set K, (see Proposition 1.27). But then

{xeK:z—0,<p(x)<z+0d,}C W,

for all z € [an, bn]. Now the collection of all open intervals in R
that are of the form (z — 0.,z + ¢,) constitute an open cover of
the closed bounded interval [a,, by]. It follows from the
one-dimensional Heine-Borel Theorem (Theorem 1.20) that there
exist z1, 22, ...,2Zm € [an, bn| such that

m

[an, ba] € | (2 = 67, 2 + 5z).-
j=1
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But then .
KclJws
j=1

n
Moreover |J W, is the union of all the open sets that belong to
j=1
the collection D obtained by amalgamating the finite collections
C2,Cs,...,Cy,. Then D is a finite subcollection of C which covers

the n-dimensional block K. The result follows. ||
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Theorem 1.29 (Multidimensional Heine-Borel Theorem)

A subset of a Euclidean space is compact if and only if it is both
closed and bounded.

Proof

Let K be a compact subset of n-dimensional Euclidean space. The
function that maps each point x of R” to its Euclidean distance |x|
from the origin is then a bounded function on K (Lemma 1.23)
and therefore K is a bounded set. Moreover it follows from
Proposition 1.25 that K is closed in R".
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Conversely let K be a subset of R” that is both closed and
bounded. Then there exists some positive real number R large
enough to ensure that K C H, where

H={(x1,x2,...,%7) ER": =R < x; < Rfori=1,2,...,n}.

Now H is a closed n-dimensional block in R”. It follows from
Proposition 1.28 that H is a compact subset of R”. Thus K is a
closed subset of a compact set. It follows from Lemma 1.21 that
K is a compact subset of R”, as required. |J
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1.13. The Extended Real Number System

It is sometimes convenient to make use of the extended real line
[—00, +00]. This is the set R U {—00, 400} obtained on adjoining
to the real line R two extra elements +00 and —oo that represent
points at ‘positive infinity’ and ‘negative infinity’ respectively. We
define

¢+ (+00) = (+0) + ¢ = 400

and
c+(—00)=(—00)+c=—-0

for all real numbers c.
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We also define products of non-zero real numbers with these extra
elements +o0o so that

c X (+0) = (+o0) xc=+00 when c >0,
cxX(—0) = (—o0)xc=-00 whenc>0,
cx (+00) = (400)xc=—00 whenc<O0,
cx(—00) = (—o0)xc=+oc0 whenc<0,

We also define
0 x (4+00) = (+00) x 0 =0 x (—00) = (—00) x 0 =0,

and
(+00) x (+00) = (—00) x (—00) = +00,
(+00) X (—0) = (—0) X (+00) = —c0.

The sum of +00 and —oo is not defined.
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We define —(+00) = —oo and —(—o0) = +o00. The difference

p — g of two extended real numbers is then defined by the formula
p—q=p+(—q), unless p=q = +oc or p=q = —o0, in which
cases the difference of the extended real numbers p and g is not
defined.

We extend the definition of inequalities to the extended real line in
the obvious fashion, so that ¢ < +o00 and ¢ > —oo for all real
numbers ¢, and —oo < +00.
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Given any real number ¢, we define

[c, +00) U{+00} = {p € [-00,00] : p > c},
(c,+o0) U {400} = {p € [-00,0] : p > c},
(=00, c]U{—oo} = {p € [~o0,00] : p < c},
(o0, c)U{—o0} ={p € [-00,00]: p < c}.
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There is an order-preserving bijective function

@ [—00,4+00] — [—1,1] from the extended real line [—o0, +00] to
the closed interval [—1, 1] whic? is defined such that p(400) =1,
#p(—00) = —1, and (c) = -
define p(p, q) = |¢(q) — ¢(p)| for all extended real numbers p and
q. Then the set [—o0, +00] becomes a metric space with distance
function p. Moreover the function ¢: [—o0, +00] = [-1,1] is a
homeomorphism from this metric space to the closed

interval [—1, 1]. It follows directly from this that [—o0, +0o0] is a
compact metric space. Moreover an infinite sequence (p; : j € N)
of extended real numbers is convergent if and only if the
corresponding sequence (¢(p;j) : j € N) of real numbers is
convergent.

for all real numbers c. Let us
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Given any non-empty set S of extended real numbers, we can
define sup S to be the least extended real number p with the
property that s < p for all s € S. If the set S does not contain the
extended real number +o00, and if there exists some real number B
such that s < B for all s € S, then sup S < +o00; otherwise

sup S = +o0. Similarly we define inf S to be the greatest extended
real number p with the property that s > p for all s € S. If the
set S does not contain the extended real number —oo, and if there
exists some real number A such that s > A for all s € S, then
inf S > 4-00; otherwise inf S = —o0o. Moreover

o(sup S) =supp(S) and p(inf S) = inf p(S),

where ¢: [—00,4+00] — [—1,1] is the homeomorphism defined
such that ¢(+00) = 1, p(—00) = —1 and p(c) = c(1 + |c|)~! for
all real numbers c.
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Given any sequence (p; : j € N) of extended real numbers, we

define the upper limit lim sup p; and the lower limit lim inf p; of the
Jj—+oo J—+oo

sequence so that

limsupp; = lim sup{px: k > j}
Jj—+o0 J—+oo

and

liminf p; = lim inf{px: k > j}.
J—+0o0 J—+oo
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Every sequence of extended real numbers has both an upper limit
and a lower limit. Moreover an infinite sequence of extended real
numbers converges to some extended real number if and only if the
upper and lower limits of the sequence are equal. (These results
follow easily from the corresponding results for bounded sequences
of real numbers, on using the identities

i N _ BiE oY it o
¢(limsup p;) = lim sup (p;), w(jlmgopj) lim inf e(pj),

J—+o0 J—+oo

where ¢: [—00,4+00] = [—1, 1] is the homeomorphism defined
above.)
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The function that sends a pair (p, g) of extended real numbers to
the extended real number p 4+ g is not defined when p = +o00 and
g = —o00, or when p = —oco and g = +o0 but is continuous
elsewhere. The function that sends a pair (p, g) of extended real
numbers to the extended real number pq is defined everywhere.
This function is discontinuous when p = 00 and g = 0, and when
p=0and g = +oo. It is continuous for all other values of the
extended real numbers p and gq.
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Let a1, ap, a3, ... be an infinite sequence of extended real numbers
which does not include both the values +0o and —oo, and let

Pk = Z};O a; for all natural numbers k. If the infinite sequence

p1, P2, P3, - - . of extended real numbers converges in the extended

real line [—00, +-00] to some extended real number p, then this
+00

value p is said to be the sum of the infinite series ) a;, and we

j=1

+o0o
write z:l aj=p.
J:
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It follows easily from this definition that if 400 is one of the values

+00

of the infinite series ay, a2, a3, ..., then ) a; = +-00. Similarly if
Jj=1

—oo is one of the values of this infinite series then then

—+00
> aj = —oo. Suppose that the members of the sequence
j=1

—+00

ai, ap, a3, ... are all real numbers. Then >  a, = 400 if and only
j=1

if, given any real number B, there exists some real number N such

k 400
that ) a, > B whenever k > N. Similarly ) a; = —oo if and
Jj=1 j=1
only if, given any real number A, there exists some real number N
k

such that ) a; < A whenever k > N.
j=1
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