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Solutions



Results that may be useful.

Quadratic Polynomials

Let a, b and ¢ be real or complex numbers, where a # 0. The roots of
the quadratic polynomial ax? + bx + ¢ are given by the quadratic formula

—b+Vb? — 4dac
2a '

Moreover if a = 1 then the sum of the roots is —b and the product of the
roots is c.

Polynomial Division

The following is a representative example, showing division of the cubic
polynomial 2% — 922 + 24 — 16 by the polynomial x — 3:—

22 —6x +6
x—3>x3 — 022 +24r —16

3 — 3z?
—62% + 24z
—62% + 18z
6x — 16
6 — 18
2

From the above calculation we deduce that
2% — 9% + 241 — 16 = (z — 3) (2> — 62 + 6) + 2.

Let p(z) be a polynomial. Given any real number s, one can use polyno-
mial division to find a polynomial ¢s(z) so that

p(x) = (x — s)gs(z) + p(s).
Standard properties of limits then ensure that

lim p(l’) —p(S) _ Qs(s)-

r—S Tr — S

The value ¢4(s) of the polynomial ¢s(z) at = s should therefore be equal
to the derivative of the polynomial p at s.



Limits
Let s be a real number, and let D be a subset of the set R of real numbers.

The set D is said to be a neighbourhood of s if there exists some positive real
number 0 such that (s — d,s+ d) C D, where

(s—0,s+d)={reR:s—d<z<s+9).

Definition. Let s and [ be real numbers, and let f: D — R be a real-
valued function defined over a subset D of R for which D U {s} is a neigh-
bourhood of s. We say that [ is the limit of f(x) as = tends to s, and write

lim f(z) =1,
if and only if, given any strictly positive real number ¢, there exists some
strictly positive real number § such that | — e < f(z) < [ + ¢ for all real
numbers x in D that satisfy both s — 6 <2 < s+ 6 and x # s.

Example
. 3t —dr+1
lim —— = 2.
z—1 r—1
Indeed let f:R\ {1} — R be defined such that
32 —dx +1
fo) ==

for all real numbers z satisfying z # 1. Now 322 — 4z +1 = 3z — 1)(z — 1)
for all real numbers z. It follows that f(z) = 3z — 1 whenever = # 1. Given
any strictly positive real number ¢, let § = %5. fr#landl1-0<z <140
then 2 — e < f(z) < 2+ ¢, and thus the definition of limits is satisfied.

Values of Trigonometric Functions
The sine and cosine functions have the following properties:—
sin(i7t) =sin(37(t +4)), cos(i7t) = cos(37(t +4)),
—1<sin(3mt) <1 and —1 < cos(3mt) <1
for all real numbers ¢;
sin(37(4k)) =0, cos(3m(4k)) =1, sin(zm(4k+1)) =1,
cos(%ﬂ(élk’ +1)) =0, sin(%ﬂ(élk: +2)) =0, cos(%w(élk +2))=-1,
sin(i7(4k+3)) = -1 and cos(im(4k+3)) =0

for all integers k.



Problem 1
Let p(x) denote the polynomial defined so that

p(z) = 2° — 102* + 192 + 30.
(a) Use polynomial division to find the polynomial g4(x), where
p(z) = (z — 4)qa(z) + p(4).

Enter your answer in the following box:

qu(z)=| 2 —6x — 5|

Calculate the value of this polynomial at 4 and enter it in the following
box:

ud) =| —13|

Verify that your answer is equal to the value of the polynomial
3z — 20z + 19
at r = 4.

Note for solution: polynomial division can be carried out as follows:

> —6x —5
z—4)a® —102> +19z +30
- 422
—62% 4+ 19z
—62% + 24z
-5z + 30
—or  + 20
10

(b) Let s = 7. Use polynomial division to find the polynomial g;(x), where

p(z) = 2* —102* + 192 + 30 = (z — 7)gz(x) + p(7).



Enter your answer in the following box:

qr(z) =| 2* — 3z — 2|

Calculate the value of this polynomial at 7 and enter it in the following
box:

¢:(7) =| 26},

Verify that your answer is equal to the value of the polynomial
3z% — 20z + 19
at v =T7.

Note for solution: polynomial division can be carried out as follows:

x> =3 =2
p—7) —102% +192 +30
x> = Ta?
—3z% 4+ 19z
—32? 421z
-2z + 30
—2z +14
16

Problem 2
Let f:R — R be the function defined such that

[ 8x—a? ifx#£2
f<x)_{2 if 2 = 2.

Examine carefully the definition of limits (reproduced earlier on this tutorial
sheet). Which of the following numbers is equal to lir% f(z)? (Place a tick
T—r

in the box below the correct answer.)

112 8 |12




Problem 3
Let f:R\ {3} — R be defined so that

F(z) =5+ 9(z — 3) cos (%”_ 6)

for all non-zero real numbers z. In parts (a), (b), (c) below, a formula is
given which determines, for each for each real number ¢ satisfying 0 < ¢ < 1,
a positive real number 6. corresponding to . In each of (a), (b) and (c),
determine whether or not it is the case that, for all real numbers ¢ satisfying
0 < e < 1, the inequalities

b—e<549(x—3) COS(Q:L’—6><5+€
are satisfied for all real numbers x satisfying both x # 3 and

3—0.<xr <340

Note for solution: a straightforwardly workable value of 6. should sat-
isfy 96? < &, and thus one should ensure that 0, < %\/E And moreover
36 < 31/ because 0 < e < 1.

(a)

J. = Ve, Yes No /
(b)

0. = %\/E, Yes +/ No
()

o, = 3¢, Yes +/ No




