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Results that may be useful.

Differentiation by Rule

Let = be a real variable, taking values in a subset D of the real num-
bers, and let y, u and v dependent variables, expressible as functions of the
independent variable x, that are differentiable with respect to . Then the

following results are valid:—
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(i) if y = ¢, where ¢ is a real constant, then d_y = 0;
x
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(ii) if y = cu, where ¢ is a real constant, then & _ c—u;
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(iii) if y = u + v then 0 dx+dx’
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(iv) if y = 2%, where ¢ is a rational number, then d_y = gL
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(v) (Product Rule) if y = uv then il +v e
du dv
dy _ dr "z

(vi) (Quotient Rule) if y = " then . =

(vii) (Chain Rule) if y is expressible as a differentiable function of u, where u
dy dy du

in turn is expressible as a differentiable function of x, then —— = —= —.
dr  du dx

Definitions and Basic Properties of Trigonometric Functions

The sine function (sin) sends a real number x to the sine sin z of an angle
measuring x radians. The circumference of a circle of radius one is of length
2m. Radian measure corresponds to distance along the circumference of the
unit circle. Therefore four right angles equal 27 radians, and thus one right

1 .
angle equals 57 radians.



The cosine function (cos) satisfies the identity cosz = sin(3m — ) for all
real numbers z.

The tangent function (tan), cotangent function (cot), secant function
(sec) and cosecant function (csc) are defined so that

sin CcosS T 1 1
tanx = , cotx =——, secx = , CSCT = —
COS T sinx cos T sinx

for all real numbers x. These functions satisfy the following identities:—

cosz +sin®z =1, 14 tan’z =sec?z,

sin(z + y) =sinz cosy + cosx siny, cos(r +y) = cosx cosy — sinx siny,
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sin2zx = 2sinx cosz, cos2x = cos’x —sin’z = cos’x — 1 =1 — 2sin’ .

sinz siny = $(cos(z —y) + cos(z + y)),
cosz cosy = 3(cos(z+y)+ cos(z — y)),
sinz cosy = 3(sin(z +y) + sin(z — y)).

Derivatives of Trigonometric Functions

The derivatives of the sine, cosine and tangent functions are as follows:—

d d d 1

—(sinx) =cosx, —(cosx)= —sinxr, —(tanzx)= = sec? z.

dac( ) ’ dx( ) ’ dx( ) cos?
Derivatives of Logarithm and FExponential Functions

The exponential e of z is defined for all real numbers z, and e*™ = e®e!

for all real numbers . Moreover

d
@(ekm) — kekz
for all real numbers k. The exponential e* of =

The natural logarithm function satisfies

d 1

%(lnlm) == (x>0 and k > 0)

for all positive real numbers k. The natural logarithm In z of x is defined for
all positive real numbers z, and satisfies In(uv) = Inu + Inwv for all positive
real numbers v and v.



Properties of Integrals

Let f and g be integrable functions on a closed bounded interval [a, b,
and let ¢ be a real number. Then

/ab(f(x) +g(z)) dx = /abf(x) dx + /abg(:c) de

and
/ab(cf(x))dx = c/abf(x) dzx.
Also
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for all rational numbers ¢ and for all positive real numbers a and b. This
identity is also valid for all real numbers a and b in the special case where ¢
is a non-negative integer.

Integrals of sine and cosine are as follows:

S 1 S 1
/ sinkz dx = —(1 — cosks) and / cos kx = —sinks.
; k ; k

Also 5
/ —dr=1Ins (s >0),
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/S e dr = l(eks -1)
0 k '

Integration by Substitution

Let z be a real variable taking values in a closed interval [a,b], and let
u = p(x) for all z € [a, b], where ¢: [a, b] — R be a continuously-differentiable
function on the interval [a,b]. The rule for Integration by Substitution can
then be stated as follows:

u(
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for all continuous real-valued functions f whose domain includes u(z) for all
real numbers z satisfying a < z < b, where u(a) and u(b) denote the values
of u when z = a and x = b respectively.



Problems

Evaluate the following integrals using the method of Integration by Substitution:—

(a) /lgﬁdx

(b) /acﬁe_“7 dx
0

It is recommended that you show your working on the Additional Work
sheets attached to the tutorial sheet.
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