Course 421 Examination, June 1993: Worked
Solutions

Structure of the examination

Question
1. bookwork
2. (a) definition (b) exercise (c¢) (i) problem set (ii) exercise
3. bookwork
4. (a) definition (b) definition (c) exercise
5. (a) definition (b) bookwork (c) bookwork
6. bookwork
7. (a) definition (b) definition (c) exercise
8. (a) definition (b) bookwork (c¢) bookwork
9. (a) definition (b) exercise (¢) bookwork (d) bookwork
10. (a) definition (b) exercise (c) exercise
11. (a) definition (b) bookwork (c) problem set
12. (a) problem set (b) problem set (c) exercise

where

‘definition’= definition taken from lecture notes;
‘bookwork’= result included in lecture notes;
‘problem set’= problem taken from problem set;
‘exercise’= not bookwork, and not included in any problem set.



Solutions

1. The fundamental group 71 (X, zg) is defined to be the set of equivalence
classes of loops 7:]0,1] — X in X based at zq (i.e., satisfying y(0) =
~v(1) = xp), where two such loops 79 and 7, are deemed to be equivalent if
and only if v ~ 71 rel{0, 1} (i.e., there exists a homotopy F: [0, 1] x[0, 1] —
X with the properties that F(t,0) = ~o(t) and F(¢t,1) = v1(¢t) for all

€ [0,1] and F(0,7) = F(1,7) = zo for all 7 € [0,1]). We denote the
equivalence class of a loop v by [].

The group operation on 71 (X, xg) is defined according to the rule [y1][y2] =
[v1.72], where the product loop 7.7z is defined by the formula
~v1(2t) 1f0<t§;,
. t) =
First we show that the group operation on (X, xg) is well-defined. Let
", Vi, ¥2 and 4 be loops in X based at the point zy. Suppose that
[v1] = [v4] and [y2] = [v4]. Let the map F:[0,1] x [0,1] — X be defined
by
Fy(2t, ifo<t<i,
R LN A
F2t-1,7) if 3 <t<1

where F1:[0,1] x [0,1] — X is a homotopy between v; and 7/,

2. between ~, and 75, and where the homotopies F; and F; map (0,7) and
(1,7) to zo for all 7 € [0,1]. Then F is itself a homotopy from 7.7 to
¥1-75, and maps (0,7) and (1,7) to xo for all 7 € [0,1]. Thus [y1.72] =
[v1-75], showing that the group operation on 71 (X, x) is well-defined.
Next we show that the group operation on 71 (X, z¢) is assocative. Let 1,

~v2 and 3 be loops based at xg, and let @ = (v1.72).v3. Then v1.(72.93) =
a o1, where

3t fo<t<i
nity=qt—1 ifi<t<3
20—1 if3 <t <1
Thus the map G:[0,1] x [0,1] — X defined by G(t,7) = a((1 — 7)t +

T6(t)) is a homotopy between (y1.72).73 and 1.(y2.73), and moreover this
homotopy maps (0,7) and (1,7) to x¢ for all 7 € [0,1]. It follows that
(7172)-73 ~ 71-(72.73) rel {0,1} and hence ([n1][v2])[rs] = [v1l([r2lls])-
This shows that the group operation on m (X, z) is associative.

Let €:[0,1] — X denote the constant loop at xg, defined by £(t) = zo for
all t € [0,1]. Then e.y = yo0 6y and v.e = 7 0§ for any loop 7 based at
o, where

0 if0<t
Ho(t):{%—l if 1<t

for all t € [0,1]. But the continuous map (¢,7) — ~(76,(t) + (1 — 7)t)
is a homotopy between v and vy o ; for j = 0,1 which sends (0,7) and
(1,7) to o for all 7 € [0,1]. Therefore e.y ~ v ~ ~v.e rel {0,1}, and hence

t<1 2t ifo<t<?i
= 9 _ = = 29
<1 61(t)‘{1 if i <t<1,



[€]l[¥] = [7] = [7]]e]- We conclude that [e] represents the identity element
of 1 (X, l‘o).

It only remains to verify the existence of inverses. Given a loop v: [0, 1] —
X based at xg, we let v71(t) = v(1 —t) for all ¢ € [0,1] We claim that
[y = [y]~!. Now the map K:[0,1] x [0,1] — X defined by

K(t.7) = y(27t) if0<t<i;
T Aer - 1) ifL<t<1.

is a homotopy between the loops 7.y~ ! and ¢, and moreover this homotopy
sends (0,7) and (1,7) to zg for all 7 € [0,1]. Therefore v.y~1 ~ erel{0, 1},
and thus [y][y7!] = [y.77!] = [¢]. On replacing v by v, we see also that
(Y1) = [¢], and thus [y~1] = [y]71, as required.



3. (a) An open subset U of X is said to be evenly covered by the map p if

()

and only if p~1(U) is a disjoint union of open sets of X each of which
is mapped homeomorphically onto U by p. The map p: X — X is
said to be a covering map if p: X > Xis surjective and in addition
every point of X is contained in some open set that is evenly covered
by the map p.

For each z € X, let v(z) be the number of elements in p~!({z}),
when this set is finite, and let v(z) = 0 when p~!({z}) is infinite. If
U is an evenly covered open set in X then p~!(U) is a disjoint union
of open sets of X, each of which is mapped bijectively onto U under
the map p. It follows that the function v: X — Z is constant over
each open set in X that is evenly covered by the map p. But each
point of X belongs to some evenly-covered open set. It follows that
v: X — Z is continuous. But X is connected, by hypothesis. We
deduce that v: X — Z is constant. The value of this function is the
required integer n.

(i) This is a covering map. The map is clearly surjective, and, given
any point v of S, the set S\ {v} is open in S! and is evenly
covered by the map ¢. Indeed the preimage of this set has m con-
nected components, each of which is mapped homeomorphically
onto the given set.

(ii) This map is not a covering map. This can easily be deduced
on applying (b). Indeed the preimage of (0,0) has two elements,
whereas the preimage of (1,0) has only one element.



4. We regard S! as the unit circle in R?. Without loss of generality, we

can take b = (1,0). Now the map p:R — S' which sends ¢t € R to
(cos 2mt, sin 27t) is a covering map, and b = p(0). Moreover p(t1) = p(tz2)
if and only if ¢; — ¢5 is an integer; in particular p(¢t) = b if and only if ¢ is
an integer.

Let o and 8 be loops in S! based at b, and let & and B be paths in R that
satisfy poda = a and po 8 = 3. Suppose that a and 3 represent the same
element of 71(S*,b). Then there exists a homotopy F:[0,1] x [0,1] — S*
such that F(¢,0) = «(t) and F(¢,1) = (¢) for all t € [0,1], and F(0,7) =
F(1,7) =bforall T € [0,1]. It follows from the Monodromy Theorem that
this homotopy lifts to a continuous map G:[0,1] x [0,1] — R satisfying
po G = F. Moreover G(0,7) and G(1,7) are integers for all 7 € [0, 1],
since p(G(0,7)) = b = p(G(1,7)). Also G(t,0) —&(t) and G(t,1)— 3(t) are
integers for all ¢ € [0, 1], since p(G(¢,0)) = «a(t) = p(a(t)) and p(G(t,1)) =
B(t) = p(B(t)). Now any continuous integer-valued function on [0,1] is
constant, by the Intermediate Value Theorem. In particular the functions
sending 7 € [0, 1] to G(0,7) and G(1,7) are constant, as are the functions
sending ¢ € [0,1] to G(t,0) — &(t) and G(t,1) — 5(t). Thus

G(0,0) = G(0,1), G(1,0) = G(1,1),

G(1,0) = a(1) = G(0,0) = a(0),  G(L,1) = (1) = G(0,1) - B(0).

On combining these results, we see that
G(1) = 6(0) = G(1,0) = G(0,0) = G(1,1) = G(0,1) = 5(1) - 5(0).

We conclude from this that there exists a well-defined function \: 71 (S, b) —
Z characterized by the property that A([a]) = &(1) — &(0) for all loops «
based at b, where a:[0,1] — R is any path in R satisfying po & = «.

Next we show that A is a homomorphism. Let a and 3 be any loops based
at b, and let & and f3 be lifts of « and 8. The element [a][3] of 71 (S, b)
is represented by the product path «.(5, where

._\N\H

t<
<

2t) if0<t
@min={ 5 :
B2t—1) if <t
Define a continuous path 0:[0,1] — R by

 (a(2) if0<t<g;
0<>—{5<2t_1>+a<1>—6<0> if g<t<1.

(Note that o(t) is well-defined when ¢ = 3.) Then po o = . and thus

%
M[a][B]) = Me-B]) = o(1) =0 (0) = &(1)=a(0)+5(1)—5(0) = A([a])+A([5]).

Thus \: 71(S?,b) — Z is a homomorphism.

Now suppose that A([a]) = A([8]). Let F:[0,1] x [0,1] — S be the
homotopy between o and § defined by

F(t,r) =p (1= 7)a +730)) .



where & and S are the lifts of o and /8 respectively starting at 0. Now
B(1) = A([B]) = A[a]) = @&(1), and 3(0) = &(0) = 0. Therefore F(0,7) =
b = p(a(l)) = F(1,7) for all 7 € [0,1]. Thus a ~ B rel {0,1}, and
therefore [a] = [B]. This shows that \:71(S1,b) — Z is injective.

The homomorphism A is surjective, since n = A([y,]) for all n € Z, where
the loop 7,:[0,1] — St is given by v,(t) = p(nt) = (cos 27wnt, sin 2wnt)
for all t € [0,1]. We conclude that \:71(S1,b) — Z is an isomorphism, as
required.



5. (a) The points vq,v1,..., v, are said to be geometrically independent if
the only solution of the linear system

{Z?—o)\j"j = 0,
0

q A —
§=0 Ajo=

is the trivial solution \g = Ay =--- = A, = 0.
(b) A g-simpler in R¥ is defined to be a set of the form

q q
> tjvii0<t;<lforj=0,1,...,qand » t; =10,
§=0 j=0

where vg,Vv1,..., v, are geometrically independent points of RF.
A finite collection K of simplices in R* is said to be a simplicial
complex if the following two conditions are satisfied:—
(i) if o is a simplex belonging to K then every face of o also belongs
to K,
(ii) if o1 and oy are simplices belonging to K then either o1 Nog = )
or else 01 N oy is a common face of both 1 and 0.

(c) Let x,y € 0. Then there exist real numbers sg, s1, . . ., Sq and to, t1,. . ., g,

q
where 0 < s; <land 0 <t; <1forj=0,1,...,¢q, and ) s; =
§=0

q q q
t; = 1, such that ) s;v; = x and tiv; = y. Let u; =
=0 3=0 =0

J

q
(1 —X)sj + Atj. Then > u;jv; = Ax + (1 — A)y and moreover
j=0

J

0 <wu; <1forj=0,1,...,q (since the interval [0,1] is convex)
q
and Y u; = (1 —A) + X =1. It follows that Ax + (1 — \)y € 0. We
j=0
conclude that the simplex ¢ is convex.
Let K be a convex subset of R* containing v, v1,...,v,. We show,
by induction on m, that K contains the m-face of o, of o spanned by
the vertices vg,vi,...,v,, for m = 0,1,...,q. The result is clearly

true when m = 0, since o9 = {v(}. Suppose that it has been shown
that 0,,_1 C K. Let x € o, Then there exist real numbers

m
to,t1,...,tm, where 0 < ¢; < 1for j =0,1...,m and ) t; =1,
§=0

m
such that x = >~ t;v;. But then x = (1 — t,,,)y + 1, Vin, Where
§=0

Ju

m—

y221_tjt Vi

: m
J:

Moreover y € op,—1, since 0 <t¢;/(1—t,) <lforj=0,1,...,m—1

and
m—1 m

t; 1
= ti—tm | =1
11—ty 1—tm j;)ﬂ m ’

=0



and o,,—1 C K. It follows that y € K. Also v,,, € K, by hypothesis.
It therefore follows from the convexity of K that x € K, since 0 <
t,, < 1. This shows that o,, C K for all m between 0 and ¢. In
particular o C K, since o = 0, as required



6. (a) A Sperner labelling of the vertices of K is a function, labelling each

vertex of v with an integer between 0 and m, with the following
properties:—

(i) for each j € {0,1,...,n}, there is exactly one vertex of A labelled
by J,

(ii) if a vertex v of K belongs to some face of A, then some vertex
of that face has the same label as v.

(b) Sperner’s Lemma. Let K be a simplicial complex which is a sub-

division of an n-simplex A. Then, for any Sperner labelling of the
vertices of K, the number of n-simplices of K whose vertices are
labelled by 0,1,...,n is odd.

Proof. Given integers i, i1, . .. ,%q between 0 and n, let N (ig, i1, ..., 1iq)
denote the number of ¢g-simplices of K whose vertices are labelled by
10,101, ., (where an integer occuring k times in the list labels ex-
actly k vertices of the simplex). We must show that N(0,1,...,n) is
odd.

We prove the result by induction on the dimension n of the simplex A;
it is clearly true when n = 0. Suppose that the result holds in
dimensions less than n. For each simplex ¢ of K of dimension n, let
p(o) denote the number of (n — 1)-faces of o labelled by 0,1,...,n—
1. If o is labelled by 0,1,...,n then p(o) = 1; if o is labelled by
0,1,...,n — 1,4, where j < n, then p(oc) = 2; in all other cases
p(o) = 0. Therefore

n—1
> plo)=N(0.1,...,n) +2> N(0,1,...,n—1,j).
=0

oceK
dim o=n
Now the definition of Sperner labellings ensures that the only (n—1)-
face of A containing simplices of K labelled by 0,1,...,n —1 is that
with vertices labelled by 0,1,...,n — 1. Thus if M is the number of
(n — 1)-simplices of K labelled by 0,1,...,n — 1 that are contained
in this face, then N(0,1,...,n — 1) — M is the number of (n — 1)-
simplices labelled by 0,1,...,n — 1 that intersect the interior of A.
It follows that

> plo) =M +2(N(0,1,...,n—1) = M),
cEK
dim o=n

since any (n — 1)-simplex of K that is contained in a face of A must
be a face of exactly one n-simplex of K, and any (n— 1)-simplex that
intersects the interior of A must be a face of exactly two n-simplices
of K. On combining these equalities, we see that N(0,1,...,n)—M is
an even integer. But the induction hypothesis ensures that Sperner’s
Lemma holds in dimension n — 1, and thus M is odd. It follows that
N(0,1,...,n) is odd, as required.

Suppose that such a map ' A — JA were to exist. It would then
follow from the Simplicial Approximation Theorem that there would
exist a simplicial approximation s: K — L to the map r, where L is



the simplicial complex consisting of all of the proper faces of A, and
K is the jth barycentric subdivision, for some sufficiently large j, of
the simplicial complex consisting of the simplex A together with all
of its faces.

If v is a vertex of K belonging to some proper face ¥ of A then
r(v) = v, and hence s(v) must be a vertex of ¥, since s: K — L is a
simplicial approximation to r: A — JA. In particular s(v) = v for all
vertices v of A. Thus if v — m(v) is a labelling of the vertices of A by
the integers 0,1, ...,n, then v — m(s(v)) is a Sperner labelling of the
vertices of K. Thus Sperner’s Lemma guarantees the existence of at
least one n-simplex o of K labelled by 0,1,...,n. But then s(c) = A,
which is impossible, since A is not a simplex of L. We conclude
therefore that there cannot exist any continuous map A — 0A
satisfying r(x) = x for all x € OA.

10



7. Let our exchange economy consist of n commodities and m households.
We suppose that household h is provided with an initial endowment Zp; of
commodity i, where Tp; > 0. Thus the initial endowment of household h
can be represented by a vector X, in R™ whose ith component is Tp;.
The prices of the commodities are given by a price vector p whose ith
component p; specifies the price of a unit of the ith commodity: a price
vector p is required to satisfy p; > 0 for all ¢. Then the value of the initial
endowment of household h at the given prices is p.Xp. Let xp;(p) be the
quantity of commodity ¢ that household h seeks to purchase at prices p,
and let x5 (p) € R™ be the vector whose ith component is zp;(p). The
budget constraint certainly ensures that p.(xp(p)—Xn) < 0 (i.e., the value
of the goods purchased cannot exceed the value of the initial endowment at
the given prices). We assume that the value of the commodities that each
household seeks to purchase is equal to the value of its initial endowment,
and thus p.x;,(p) = p-Xn. Also the preferences of the household will only
depend on the relative prices of the commodities, and therefore x;(Ap) =
xp(p) for all A > 0.

Now the total supply of each commodity in the economy is represented
by the vector ), X5, and the total demand at prices p is represented by
> nXn(p). The excess demand in the economy at prices p is therefore
represented by the vector z(p), where z(p) = >, (xx(pP) — Xn). Let z;(p)
be the ith component of z(p). Then z;(p) > 0 when the demand for the
ith commodity exceeds supply, whereas z;(p) < 0 when the supply exceeds
demand. Note that p.z(p) = 0 for any price vector p. This identity, known
as Walras’ Law, follows immediately on summing the budget constraint
p-x,(p) = p-X, over all households.

Consider an exchange economy consisting of a finite number of
infinitely divisible commodities and a finite number of house-
holds. Let the excess demand in the economy at prices p be
given by z(p), where

(i) the excess demand vector z(p) is well-defined for any price
vector p, and depends continuously on p,

(ii) p.z(p) = 0 for any price vector p (Walras’ Law).

Then there exist equilibrium prices p* at which z;(p*) < 0 for
all i.

Proof. Let A be the (n — 1)-dimensional simplex in R™ consisting of all
points (p1,ps2,...,ps) in R™ satisfying 0 < p; <1 for i =1,2,...,n and
Z?:l p; = 1, and let v: A — R™ be the function with ith component v;
given by
oy _ I pi+zi(p) i zi(p) > 05
Note that v(p) # 0 and the components of v(p) are non-negative for all
p € A. It follows that there is a well-defined map ¢: A — A given by
1
e(p) = —v(p),
vi(p)
=1

K2

11



The Brouwer Fixed Point Theorem ensures that there exists p* € A sat-
isfying p(p*) = p*. Then v(p*) = Ap* for some A > 1. We claim that
A=1.

Suppose that it were the case that A > 1. Then v;(p*) > p}, and thus
zi(p*) > 0 whenever p; > 0. But p;j > 0 for all ¢, and p; > 0 for at
least one value of 7, since p* € A. It would follow that p*.z(p*) > 0,
contradicting Walras’ Law. We conclude that A = 1, and thus v; = p; and
z;(p*) <0 for all 4, as required.

Note that if z;(p*) < 0 for all ¢ and p*.z(p*) = 0, then pfz;(p*) < 0 for
all 4, and z;(p*) = 0 whenever p; > 0. Thus, at equilibrium prices, supply
always equals or exceeds demand, and supply equals demand for those
commodities with positive prices.

12



q

8. () 0g((Vo, Vi, V) = D> (1) (Vo ..., %5, .. vy),

where (vo, ..

j=0
.,(’j,...,Vq> = <V0,...,ijl,V‘H,l,...,Vq)‘

(b) Zq(K) = ker(aq: Cq(K) - Cq—l(K))v Bq(K) = aq+1(0q(K))a Hq(K) =

Zy(K)/By(

K).

(c) Oa(a) = (n2 +n3)po1 + (n1 — n3)po2 — (n1 + n2)pos + (no + n3)p12 +
(ne — ng)p1s + (ng + nq)pa3. Therefore dz(a) = 0 if and only if
ng = —N1 = Ng = —N3.

01(B)

—(mo1 + mo2 + mo3){(Po) + (mo1 — mia2 — mq3){Py)

+ (mog + mi2 — ma3){(Pe) + (mos + mi3 + mag)(Ps).

Therefore 0, (8) = 0 if and only if

mo1 + mo2 +me3 =0, mpe1 —miz —my3 =0,

mo2 + miz —moz =0, me3 +mi3 + mog = 0.

Substituting for m;; in terms of n; shows that 01 (d2(a)) = 0. Con-
versely if 91(8) = 0 then 8 = 0s(a), where the coefficients n; of «
are given in terms of the coeffients m;; of B by the formulae

ng =0, ny=mg3, n2=mi3, nz=mio.

Observe also that the coefficients of (P;) in 01(3) sum to zero, and,
conversely,

Jo(Po)+71(P1)+j2(Pe)+j2(Ps) = 01 (j1po1 + J2poz + japos) when jo+j1+j2+73 = 0.

Putting all these results together, we see that

{n(ro —m1 + 12— 1)},

0,

{(n2 +n3)po1 + (n1 — n3)poz2 — (n1 + n2)pos + n1p2s + n2p1z + n3pia},
Z\(K),

Co(K) = {jo(Fo) + j1(P1) + j2P2) + js(P3) },

{3o(Po) + j1(P1) + ja(Pa) + j3(Ps)}.

where the coefficients n; and j; are integers. It follows that Ho(K) =
Zy(K) 2 Z, H(K) =0, and Hy(K) = Co(K)/By(K) = Z. Indeed
the function sending the homology class of jo(Po) + j1(P1) + j2(Pa) +
J3{Ps) to jo + j1 + jo + Js is an isomorphism from Hy(K) to Z.

13



9. (a) Vertices y and z of K can be joined by an edge path if there exists
a sequence vg, vy, ..., V,, of vertices of K with vg =y and v,,, = z
such that the line segment with endpoints v;_; and v; is an edge
belonging to K for j =1,2,...,m.

(b) It is easy to verify that if any two vertices of K can be joined by an
edge path then | K| is path-connected and is thus connected. (Indeed
any two points of |K| can be joined by a path made up of a finite
number of straight line segments.)

We must show that if |K| is connected then any two vertices of K
can be joined by an edge path. Choose a vertex vg of K. It suffices
to verify that every vertex of K can be joined to vy by an edge path.
Let K be the collection of all of the simplices of K having the prop-
erty that one (and hence all) of the vertices of that simplex can be
joined to vg by an edge path. If o is a simplex belonging to K
then every vertex of o can be joined to vy by an edge path, and
therefore every face of o belongs to Ky. Thus Kj is a subcomplex
of K. Clearly the collection K7 of all simplices of K which do not
belong to K is also a subcomplex of K. Thus K = Ky U K7, where
Ko N Kl = (Z), and hence |K| = |K0| @] |[(1‘7 where |K0| N |K1‘ = @
But the polyhedra |Kj| and |K;| of Ky and K; are closed subsets
of |K|. Tt follows from the connectedness of | K| that either |Ky| = ()
or |Kq| = 0. But vo € Ky. Thus K; = () and Ky = K, showing that
every vertex of K can be joined to vy by an edge path, as required.

(c) Let uy,ug, ..., u, be the vertices of the simplicial complex K. Every
0-chain of K can be expressed uniquely as a formal sum of the form

ni(ur) + nz(uz) + - + n.(u,)

for some integers mi,no,...,n,. There is therefore a well-defined
homomorphism e: Cy(K) — Z defined by

e(ni(ur) + na(ug) + -+ +np(u)) =ny +ng+ -+ n,.

Now (01 ((y,z))) = ¢((z) — (y)) = 0 whenever y and z are endpoints
of an edge of K. It follows that €08y = 0, and hence By(K) C kere.

Let vg,Vv1,..., vy, be vertices of K determining an edge path. Then
(Vin) = (vo) = 01 | D_(vj-1,v;) | € Bo(K).
j=1

Now K is connected, and therefore any pair of vertices of K can be
joined by an edge path. We deduce that (z) — (y) € Bo(K) for all

vertices y and z of K. Thus if ¢ € kere, where ¢ = ) n;(u;), then
j=1
T

S n; = 0, and hence ¢ = 3 n; () — (w)). But ((u;) — (u1) €

j=1 =2

By(K). It follows that ¢ € By(K). Thus We conclude that that
kere C By(K), and hence kere = By(K).

Now the homomorphism e: Cy(K) — Z is surjective and its kernel

is Bo(K). It follows from this that it induces an isomorphism from

14



Co(K)/Bo(K) to Z. However Zo(K) = Co(K) (since 9y = 0 by
definition). Thus Hy(K) = Cy(K)/By(K) = Z, as required.

15



10. (a)

(b)

A sequence of groups and homomorphisms is said to be ezact if
the image of each homomorphism is the kernel of the succeeding
homomorphism in the sequence.

Let z € H. Then there exists x € G satisfying 5(z) = z, since
B8:G — H is surjective. If x and y are elements of G satisfying
B(x) = z and B(y) = z then B(z —y) = 0, hence z — y = a(w)
for some w € F. But then 8(x — y) = 6(a(w)) = 0, and hence
O(x) = 0(y). It follows that there is a well-defined element ¢(z) of K
such that 0(x) = ¢(z) for all z € G satistying f(x) = z.

We must show that ¢: H — K is a homomorphism. Let z; and 2z
be elements of H. Then ¢(z1) = 6(z1) and ¢(z2) = 0(x2), where
x1,x9 € G are chosen to satisfy 8(z1) = 21 and B(x2) = 2z2. But
then 6(x1 + x3) = 0(x1) + 0(x2) and B(x; + x2) = 21 + 22. It fol-
lows that ¢(z1 + 22) = p(21) + p(22). Thus p: H — K is indeed a
homomorphism, and ¢ o 8 = 6. Moreover the homomorphism ¢ is
uniquely determined since 5(G) = H.

(c) Let € G5 be such that 3(x) = 0. Then ¢y (03(x)) = ¢3 (¢3(x)) =0,

and hence 03(x) = 0. But then x = 05(y) for some y € Ga, by
exactness. Moreover

¢z (V2(y)) = ¥3 (62(y)) = ¥s3(z) =0,

hence 12(y) = ¢1(2) for some z € Hy, by exactness. But z = 11 (w)
for some w € G, since 91 is an epimorphism. Then

P2 (01(w)) = ¢1 (Y1(w)) = Ya(y),

and hence 01 (w) = y, since 15 is a monomorphism. But then

r = 03(y) = 02 (01(w)) =0

by exactness. Thus 13 is a monomorphism.

Let a be an element of Hs. Then ¢3(a) = 14(b) for some b € Gy,
since 4 is an epimorphism. Now

V5 (04(b)) = b4 (Ya(b)) = ¢4 (¢3(a)) =0,

hence 64(b) = 0, since 15 is a monomorphism. Hence there exists
¢ € G5 such that 03(c) = b, by exactness. Then

¢3 (¥3(c)) = Pa (B3(c)) = Ya(b),

hence ¢3 (a — 13(c)) = 0, and thus a—3(c) = ¢2(d) for some d € Hy,
by exactness. But 15 is an epimorphism, hence there exists e € G
such that 1s(e) = d. But then

Y3 (02(€)) = ¢2 (12(e)) = a — ¥3(c).

Hence a = 93 (¢ + 02(e)), and thus a is in the image of 3. This
shows that 13 is an epimorphism, as required.
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11.

(a) Let

iq: Cq(LN M) — Cy(L), Jg: Cq(LN M) — Cq(M),

uq: Cq(L) — Cy(K), vg: Cg(M) — Cq(K)

be the inclusion homomorphisms induced by the inclusion maps i: LN
M— L j:LNM — M, w.L — K and v: M — K. The Mayer-
Vietoris exact sequence is the sequence

S H (LM S Hy (L) ® Hy (M) 25 Hy (K) =% Hy_y (LNM) 225 .
of homology groups, where

ku(B) = (ix(8), —3«(8)),  wu(B',B") = uu(B) + vs(8"),

and ay([z]) = [04(¢))] for any z € Z,(K), where ¢’ € Cy(L) and
" € Cy(M) satisty ¢ + ¢ =

(b) The homomorphism k: G — Z is surjective, by exactness, hence there

exists go € G satisfying k(go) = 1. Let s(n) = ngo (where ngo is the
sum of n copies of gg). Then s:Z — G is a well-defined homomor-
phism, and k(s(n)) = k(ngo) = nk(go) = n for all n € Z.

Let g(m,n) = h(m)+s(n) for all (m,n) € ZOZ. If ¢(m,n) = 0 then

0 =k(g(m,n)) = k(h(m)) + k(s(n)) = n,

since koh = 0 (by exactness) and kos is the identity homomorphism.
But then 0 = g(m,n) = h(m) and h: Z — G is injective, hence m = 0.
Thus m = n = 0 whenever ¢(m,n) = 0. This shows that ¢: Z®Z — G
is injective.

Let g € G. We must show that there exists (m,n) € Z ® Z satisfying
g(m,n) = g. Let n = k(g). Then k(g — s(n)) = k(g) —n = 0, hence
g—s(n) = h(m) for some m € Z, by exactness. But then g = q(m, n).
Therefore ¢: Z & Z — G is injective, and is thus an isomorphism, as
required.

The union of the 2-sphere and the given disk is homeomorphic to
the polyhedron of some simplicial complex K which is the union of
subcomplexes L and M, where L is homeomorphic to the disk, M is
homeomorphic to the 2-sphere, and L N M is homeomorphic to the
unit circle. Then

Ho(LNM) = Hy(L) = Ho(M) = Z

, Hi(M)=0, H;i(L
, Ho(M)=Z, H(L
Now Hy(K) = Z, since |K| is connected.

Next note that the homomorphisms i,: Ho(L N M) — Hy(L) and
Jx: Ho(LN M) — Ho(M) are isomorphisms, hence k.: Ho(L N M) —

Hy(L) @ Hyo(M) is injective. It follows from the exactness of the
Mayer-Vietoris sequence that aq: H1(K) — Ho(L N M) is the zero
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homomorphism, and hence w,: H1(L) ® H1 (M) — H;(K) is surjec-
tive. But Hy(L) =0 and H;(M) = 0. It follows that Hy(K) = 0.

Using the exactness of the Mayer-Vietoris sequence, and the facts
that

Hy(LNM)=0, Hy(L)=0, H(L)=0, H{(M)=0,
we see that
0— Hy (M) Ho(K)-22 Hy (L 0 M)—0

is exact. But Ho(M) = Z and H(L N M) = Z. It follows from (¢)
that Hy(K) 2 Z & Z.

Finally we note that H,(K) = 0 for ¢ > 2, since dim K = 2. We have
thus shown that

Ho(K)=7Z, Hi(K)=0, HyK)XZ&®Z.

This completes the calculation of the homology groups of K.
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12.  (a) Two simplicial maps s: K — L and t: K — L are said to be contiguous
if, given any simplex o of K, there exists a simplex 7 of L such that
s(v) and t(v) are vertices of 7 for each vertex v of o.

(b) Let x be a point in the interior of some simplex ¢ of K. Then f(x)
belongs to the interior of a unique simplex 7 of L, and moreover
s(x) € 7 and t(x) € 7, since s and ¢ are simplicial approximations
to the map f. But s(x) and ¢(x) are contained in the interior of the
simplices s(o) and t(o) of L. Tt follows that s(o) and t(o) are faces
of 7, and hence s(v) and t(v) are vertices of 7 for each vertex v of
o, as required.

(¢) D1({(v)) = (s(v),t(v)) for each vertex v of K, hence 01(D1({v))) =
<t(V)> — <S(V)> Thus 81 o DO =19 — So-
Now let ¢ > 0. Then

(0441 (Dg({Vo, V1 -5 vg)))

= Og+1 Z(—l)j<S(V0)7 ) S(Vj)vt(vj)v s t(vg))

Jj=0

—~
—_
~—
<
+
o
—~
—~
<
o
~
V)
—~
<
Ead
~
V)
—~
<
<
~—
~
—~
<
<
~—
~+
—~
<
Q
~—
~

k<j
+Z< (V0)7" S(VJ 1) 1 J) ’t(vq)>
j:O
—Z SV )25V 1)1 E0,)
+Z L s(v0), ., sV V), oy EVR), o, 1Y)
k>j
and
(Dg—1(0q({vo, V1. .., Vg)))
= Dy <Z(—1)kv0,...\7k,...,vq>>
k=0
= Z(—l)jJrk(s(vo),...,s(vj),t(vj),...,t(vk),...,t(vq»
j<k
3 D (Vo) 5(VE), - 5(V5) H(V)s -y H(vg)),
>k
hence
(9g+1 0 Dg 4 Dg—1004)({vVo, V1,...,Vg))
= 3 (6305l 0]
j=0

—(s(vo),...,8(v;), t(Vjg1), - - 7t(vq)>)
t(v0)y .-, t(vq)) — (s(vo), ..., 8(vy)).
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Thus Og41 0 Dy + Dgq—1 004 = tg — 54 for all ¢ > 0. It follows that
ty(z) — 84(2) = Oy11 (Dy(2)) for any g-cycle z of K, and therefore
s«([#]) = t«([z]). Thus s. = t, as homomorphisms from H,(K) to
H,(L), as required.
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13. (a) Let f: S' — M be defined by
f(cos2ms,sin2ms) = q(s, 3),

where ¢: [0,1] x [0,1] — M is the identification map, and let g: M —
S' be defined such that

g(q(s,t)) = (cos2ms, sin 27s).

Then g o f is the identity map of S', and f o g is homotopic to the
identity map of M by means of the the homotopy
q((s,t), 7)) = q(s,(1 —t)T + %T)
It follows that f:S' — M induces isomorphisms of homology groups.
Indeed g.: Hy(M) — H,(S') is the inverse of f.: H,(S') — H,(M).
It follows that Ho(M) = Z, H (M) = Z and Hy(M) = 0 for all ¢ > 2.
(b) The boundary M of M is homeomorphic to S!, and the map g o
i:OM — S! has winding number 2. It follows that (g o i).([w]) =
2([20]), where [zg] is some generator of Hy(S'). Thus i, ([w]) = 2[2],
where [z] = fi[20]. Moreover the generators of H;(M) are +[z]. The
result follows.

(c) Let us write RP? = M U D, where RP? denotes the real projective
plane, M is the Mobius strip, D is the closed disk. Then OM =
MnND = 0D, MND is homeomorphic to S', and the Mayer-Vietoris
sequence

Y (MAD) L5 Hy (M)& Hy(D) 25 H,(RP?) 2% H,_ (MAD) 22 - .

is exact.

Now Hy(RP?) = Z, since RP? is connected. Also H,(RP?) = 0 if
q < 0 or g > 2, since the real projective plane is triangulated by a
simplicial complex of dimension 2.

Now the components of k,.: Hy(MND) — Ho(M)®Hy(D) are isomor-
phisms, since M N D, M and D are connected. Therefore this homo-
morphism is injective. It follows from exactness that a;: Hy (RP?) —
Ho(M N D) is the zero homomorphism. Also H;(D) = 0. It follows
that the sequence

Hy(OM)-25Hy (M) —s Hy (RP?)
is exact. It follows from (b) that
Hy(RP?) = H{(M)/i.(H (OM)) = Zs.
Also the sequence
0— Hy(RP?)—s Hy (OM) -2 Hy (M)
is exact, and therefore
Hy(RP?) = ker(i,: Hi (OM) — Hy(M)).

But it follows from (b) that i.: H1(OM) — Hy(M) is injective. It
follows that Hy(RP?) = 0. This completes the calculation of the
homology groups of RP2.
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