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9 Introduction to Homological Algebra

9.1 Exact Sequences

In homological algebra we consider sequences
RPN A AN SNy ~ SN

where F', G, H etc. are modules over some unital ring R and p, q etc. are
R-module homomorphisms. We denote the trivial module {0} by 0, and
we denote by 0—G and G——0 the zero homomorphisms from 0 to G' and
from G to 0 respectively. (These zero homomorphisms are of course the only
homomorphisms mapping out of and into the trivial module 0.)

Unless otherwise stated, all modules are considered to be left modules.

Definition Let R be a unital ring, let F', G and H be R-modules, and
let p: F — G and ¢:G — H be R-module homomorphisms. The sequence
F-2.G-5H of modules and homomorphisms is said to be ezact at G if
and only if image(p: ' — G) = ker(q: G — H). A sequence of modules and
homomorphisms is said to be ezact if it is exact at each module occurring in
the sequence (so that the image of each homomorphism is the kernel of the
succeeding homomorphism).

A monomorphism is an injective homomorphism. An epimorphism is a
surjective homomorphism. An isomorphism is a bijective homomorphism.
The following result follows directly from the relevant definitions.

Lemma 9.1 let R be a unital ring, and let h: G — H be a homomorphism
of R-modules. Then

e h: G — H is a monomorphism if and only if 0—G-"H is an ezact
sequence;

e h:G — H 1is an epimorphism if and only if G H—0 is an ezact
sequence;

e h:G — H is an isomorphism if and only if 0—G-LSH—0 is an
exact sequence.

Let R be a unital ring, and let F' be a submodule of an R-module G.
Then the sequence

0— F—5G-5G/F—0,
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is exact, where G/F is the quotient module, i: ' — G is the inclusion ho-
momorphism, and ¢: G — G/F is the quotient homomorphism. Conversely,
given any exact sequence of the form

0—>F—i>Gi>H—>O,

we can regard F' as a submodule of G (on identifying F' with i(F')), and then
H is isomorphic to the quotient module G/F. Exact sequences of this type
are referred to as short exact sequences.

We now introduce the concept of a commutative diagram. This is a di-
agram depicting a collection of homomorphisms between various modules
occurring on the diagram. The diagram is said to commute if, whenever
there are two routes through the diagram from a module G to a module H,
the homomorphism from G to H obtained by forming the composition of the
homomorphisms along one route in the diagram agrees with that obtained
by composing the homomorphisms along the other route. Thus, for example,
the diagram

4 L 2, C
ll’ lq lr

D " B * F

commutes if and only if go f =hopand rog=kogq.
Proposition 9.2 Let R be a unital ring. Suppose that the following diagram
of R-modules and R-module homomorphisms

0 0 0 0
G — Gy 5 Gy — Gy — G

R R

H S Hy S H S H S H,

commutes and that both rows are exact sequences. Then the following results
follow:

(1) if ¥ and 1y are monomorphisms and if Yy is a epimorphism then s
18 an monomorphism,

(i) if Yo and ¥y are epimorphisms and if 15 is a monomorphism then 13
1s an epimorphism.

Proof First we prove (i). Suppose that v, and 1, are monomorphisms and
that 11 is an epimorphism. We wish to show that 13 is a monomorphism.

Let x € G35 be such that ¥s(z) = 0. Then 4 (03(x)) = ¢3(¢Y3(z)) = 0,

103



and hence 05(z) = 0. But then z = 0(y) for some y € Gq, by exactness.
Moreover

P2 (V2(y)) = V3 (02(y)) = ¥3(z) = 0,

hence 15(y) = ¢1(z) for some z € Hy, by exactness. But z = 11 (w) for some
w € Gy, since vy is an epimorphism. Then

Yo (01(w)) = é1 (P1(w)) = Ya(y),

and hence 01 (w) = y, since 15 is a monomorphism. But then

z = bh(y) =02 (01(w)) =0

by exactness. Thus 3 is a monomorphism.

Next we prove (ii). Thus suppose that ¢, and 1, are epimorphisms and
that 15 is a monomorphism. We wish to show that w3 is an epimorphism.
Let a be an element of Hz. Then ¢3(a) = 14(b) for some b € Gy, since 1y is
an epimorphism. Now

5 (04(b)) = b4 (1ha(b)) = ¢a (ds(a)) =0,

hence 64(b) = 0, since ¥5 is a monomorphism. Hence there exists ¢ € G
such that 63(c) = b, by exactness. Then

¢3 (P3(¢)) = 14 (63(c)) = 1a(b),

hence ¢3 (a —3(c)) = 0, and thus a — ¥3(c) = ¢a(d) for some d € H,, by
exactness. But vy is an epimorphism, hence there exists e € (G5 such that
t9(e) = d. But then

s (02(€)) = ¢2 (¥2(€)) = a — ¥s3(c).

Hence a = 93 (¢ + 03(e)), and thus a is in the image of ¢3. This shows that
5 is an epimorphism, as required. |}

The following result is an immediate corollary of Proposition 9.2.
Lemma 9.3 (Five-Lemma) Suppose that the rows of the commutative dia-

gram of Proposition 9.2 are exact sequences and that 1, 1o, Y4 and s are
1somorphisms. Then 3 is also an isomorphism.
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9.2 Chain Complexes

Definition A chain complex C. is a (doubly infinite) sequence (C; : i € Z) of
modules over some unital ring, together with homomorphisms 0;: C; — C;_;
for each ¢ € Z, such that 0; 0 9,11 = 0 for all integers 1.

The ith homology group H;(C,) of the complex C, is defined to be the
quotient group Z;(C,)/B;(C\), where Z;(C,) is the kernel of 0;: C; — C;_4
and BZ(C*) is the image of 8i+1: Ci—H — Oz

Note that if the modules C, occuring in a chain complex C, are modules
over some unital ring R then the homology groups of the complex are also
modules over this ring R.

Definition Let C, and D, be chain complexes. A chain map f:C, — D, is
a sequence f;: C; — D; of homomorphisms which satisfy the commutativity
condition d; o f; = fi_1 0 0; for all i € Z.

Note that a collection of homomorphisms f;: C; — D, defines a chain map
fe: Cy — D, if and only if the diagram

Oit1 0;
R i+l T C; — Ciog —---
J/fi-&-l J/fi lfi—l
Oit1 0;

e e — DZ+1 _— D’L _— lel .

is commutative.

Let C, and D, be chain complexes, and let f,:C, — D, be a chain map.
Then fi(Z;(C.)) C Zi(D.) and f;(B;(Cy)) C B;i(D,) for all i. It follows
from this that f;: C; — D; induces a homomorphism f,: H;(C,) — H;(D.)
of homology groups sending [z] to [fi(z)] for all z € Z;(C,), where [z] =
z 4 Bi(Cy), and [fi(2)] = fi(2) + Bi(D.).

Definition A short exact sequence 0— A, 2B, -0, —0 of chain com-
plexes consists of chain complexes A,, B, and C, and chain maps p,: A, — B,
and ¢,: B, — C, such that the sequence

0—sA; 25 B,-25C,—0

is exact for each integer i.
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We see that 0— A, 25 B, -2, —0 is a short exact sequence of chain
complexes if and only if the diagram

Oiy2 Oiy2 Oiy2

Pi+1 qi+1
0 — Ay — B — G — 0

Oig1 Oig1 Oig1
Pi qi
o — A —- B — ;. — 0.
0; 0; 0;

Pi—1 qi—1
0 — A4, — B, — C,; — 0

i1 Oi—1 0i—1

is a commutative diagram whose rows are exact sequences and whose columns
are chain complexes.

. D= qx
Lemma 9.4 Given any short evact sequence 0— A,— B,—C,—0 of
chain complexes, there is a well-defined homomorphism

a;: Hi(Cy) — Hi—1(A))

which sends the homology class [z] of z € Z;(C\) to the homology class [w] of
any element w of Z;_1(A,) with the property that p;_1(w) = 9;(b) for some
b € B; satisfying ¢;(b) = z.

Proof Let z € Z;(C,). Then there exists b € B; satisfying ¢;(b) = z, since
q;: B; — C} is surjective. Moreover

¢i-1(05(b)) = 0i(qi(b)) = 95(2) = 0.

But p;—1: A;-1 — B;_ is injective and p;_1(A;—1) = kerg;_1, since the se-
quence
0—A; 1 25 B 1 1550

is exact. Therefore there exists a unique element w of A;_; such that 9;(b) =
pi—1(w). Moreover

pi2(0i1(w)) = 01 (pia(w)) = 0;-1(0i(b)) = 0

(since 0;_1 0 0; = 0), and therefore 9;_1(w) = 0 (since p;_9: A;_9 — B;_5 is
injective). Thus w € Z;_1(A,).
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Now let b,0 € B; satisfy ¢;(b) = ¢;(/) = z, and let w,w" € Z;_1(A.)
satisfy p;—1(w) = 0;(b) and p;—1(w') = 0;(b'). Then ¢;(b — V') = 0, and hence
b — b= p;(a) for some a € A;, by exactness. But then

pici(w + 9i(a)) = pica(w) + di(pi(a)) = 0i(b) + 0i(V — b) = %i(V) = pia(w'),

and p;_1: A;_1 — B;_1 is injective. Therefore w + 0;(a) = w’, and hence
[w] = [w] in H;_1(A,). Thus there is a well-defined function &;: Z;(C,) —
H;_1(A,) which sends z € Z;(C,) to [w] € H;_1(As), where w € Z;_1(A,) is
chosen such that p;_i(w) = 9;(b) for some b € B; satisfying ¢;(b) = z. This
function &; is clearly a homomorphism from Z;(C,) to H;—1(A.).

Suppose that elements z and 2’ of Z;(C,) represent the same homology
class in H;(Cy). Then 2z’ = z+ 0;41¢ for some ¢ € C;1. Moreover ¢ = ¢;41(d)
for some d € B4, since q;11: Biy1 — Cj41 is surjective. Choose b € B; such
that ¢;(b) = 2z, and let ¥’ = b+ 0;41(d). Then

ql(b’) =z + qi(@-ﬂ (d)) =z + 8¢+1 (qi+1 (d)) =z + 6i+1(c) = Z/.

Moreover 0;(b') = 0;(b + 0;11(d)) = 0;(b) (since 0; 0 0;41 = 0). Therefore
&;(z) = a;(2'). It follows that the homomorphism &;: Z;(Cy) — H;—1(A.) in-
duces a well-defined homomorphism «;: H;(C.) — H;_1(A,), as required. ||

Let 0— A, 25 B, *5C,—0 and O—>A;p—;>B;q—i>C’i—>O be short ex-
act sequences of chain complexes, and let \,: A, — A, u.: B, — B, and
v,: C. — C] be chain maps. For each integer i, let oy: H;(C\) — H;—1(AL)
and o): H;(C") — H;_1(A,) be the homomorphisms defined as described in
Lemma 9.4. Suppose that the diagram

0 — A, X B, & 0, — 0

[ 2 |~

/ !
p q
0 — A I p Lo — 0

commutes (i.e., pio\; = p;op; and ¢} o p; = v;0¢; for all 7). Then the square

Hi(C.) == H;i1(A)

Vx A
Hi(C) =% Hiy(A)

commutes for all i € Z (i.e., A\, o oy = a o v,).
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Proposition 9.5 Let 0— A, 2B, 20, —0 be a short ezact sequence of
chain complezes. Then the (infinite) sequence

S (A L H(B) S H(C) 5 Hima (A 2 Hia(B) -

of homology groups is exact, where a;: Hi(C) — H;_1(A,) is the well-defined
homomorphism that sends the homology class [z] of z € Z;(C) to the homol-
ogy class [w] of any element w of Z;_1(A.) with the property that p;—;(w) =
0;(b) for some b € B; satisfying q;(b) = z.

Proof First we prove exactness at H;(B.). Now ¢; o p; = 0, and hence
¢« o p. = 0. Thus the image of p,: H;(A.) — H;(B.) is contained in the
kernel of ¢.: H;(B.) — H;(C.). Let x be an element of Z;(B,) for which
[x] € kergq,. Then ¢;(z) = 0;11(c) for some ¢ € Cyy1. But ¢ = ¢i11(d) for
some d € B, since ¢;11: Biy1 — Cjyq is surjective. Then

¢i(z — 0ir1(d)) = ¢i(x) — 0iy1(¢ir1(d)) = qi(z) — Oi31(c) = 0,

and hence  — 0;41(d) = p;(a) for some a € A;, by exactness. Moreover

pi-1(0i(a)) = Oi(pi(a)) = O0i(x — 0;11(d)) = 0,

since al<.1‘) = 0 and (91 o @H = 0. But pifliAifl — Bi,1 is injective.
Therefore 0;(a) = 0, and thus a represents some element [a] of H;(A,). We

deduce that
[2] = [z = 0i41(d)] = [pi(a)] = p.([a]).

We conclude that the sequence of homology groups is exact at H;(B,).
Next we prove exactness at H;(C,). Let x € Z;(B,). Now

@;(g+[7]) = ail[a:(2)]) = [w],

where w is the unique element of Z;(A,) satisfying p;_1(w) = 9;(x). But
O;(z) = 0, and hence w = 0. Thus «; o ¢, = 0. Now let z be an element
of Z;(C,) for which [z] € kera;. Choose b € B; and w € Z;_1(A,) such
that ¢;(b) = z and p;_;(w) = 0;(b). Then w = 0;(a) for some a € A;, since
[w] = a;([z]) = 0. But then ¢;(b — p;(a)) = z and 9;(b — p;(a)) = 0. Thus
b—pi(a) € Z;(B,) and q.([b — pi(a)]) = [z]. We conclude that the sequence
of homology groups is exact at H;(C).

Finally we prove exactness at H; 1(A,). Let z € Z;(C.). Then «;([z]) =
[w], where w € Z;_1(A.) satisfies p;_;(w) = 0;(b) for some b € B; satisfying
¢;(b) = z. But then p.(;([z])) = [pi—1(w)] = [0;(b)] = 0. Thus p. o a; = 0.
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Now let w be an element of Z;_;(A,) for which [w] € kerp,.. Then [p;—1(w)] =
0 in H; 1(B.), and hence p;_;(w) = 0;(b) for some b € B;. But

az‘(%‘(b)) = qi—l(ai<b>> = Qi—1<pi—1(w)) = 0.

Therefore [w] = «;([z]), where z = ¢;(b). We conclude that the sequence of
homology groups is exact at H;_1(A,), as required. |}
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