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10 Exact Sequences of Homology Groups

10.1 Homology Groups of Simplicial Pairs

A simplicial pair (K, L) consists of a simplicial complex K together with
a subcomplex L. The ¢th chain group C,(L) of the subcomplex L may be
regarded as a subgroup of the ¢th chain group C,(K) of the simplicial com-
plex K, and the inclusion map i: L — K induces inclusion homomorphisms
iq: Cy(L) — Cy(K). We define the gth chain group C, (K, L) of the simplicial
pair to be the quotient group C,(K)/C,(L). The boundary homomorphism
0y: Cy(K) — C,—1(L) maps the subgroup C,(L) into C,_1(L), and therefore
induces a homomorphism 0,: C,(K,L) — C,—1(K,L). For each integer ¢,
let u,: Cy(K) — C, (K, L) be the quotient homomorphism from C,(K) to
Cy(K,L). Then 0, o uy = uy—1 o 9, for all integers ¢. (This is an immediate
consequence of the fact that the homomorphism 0,: Cy(K, L) — Cy_1(K, L)
is by definition the homomorphism induced by the boundary homomorphism
0y Cy(K) — Cyr(K) of K.)

Now 0,100, 0uy = O4—1 0 Uyg—1 00y = Ug—2 © Oy—1 © 9y = 0. Moreover
the quotient homomorphism u,: Cy(K) — C,(K, L) is surjective. It follows
that the composition of the homomorphisms 9,: C,(K, L) — C,—1 (K, L) and
Og—1: Cy_1(K, L) — Cy_5(K, L) is the zero homomorphism. Therefore the
sequence of groups (Cy(K, L) : ¢ € Z) and homomorphisms (9,: C,(K, L) —
Cy-1(K, L) : q € Z) constitutes a chain complex C, (K, L), whose groups are
the chain groups of the simplicial pair (K, L). We shall refer to the homo-
morphisms 0,: C(K, L) — C,—1(K, L) as the boundary homomorphisms of
the simplicial pair (K, L).

The sequence of quotient homomorphisms (u,: Cy(K) — Cy(K,L) : q €
Z) define a chain map u,: C(K) — C.(K, L) between the chain complexes
C.(K) and C.(K,L). The image u,(c) of a g-chain ¢ € C,(K) of K under
the quotient homomorphism is the coset ¢ + C,(L) of Cy(L) in C,(K) that
contains c¢. Moreover J,(c 4+ Cy(L)) = 0yc + Cy—1(L). We define

Z(K,L) = ker(0,: Cy(K,L) — Cy1(K, L))
= {c+CyL):ce CyK) and 0,c € Cy—1(L)},
B,(K,L) = image(0,11:Cys1(K,L) — Cy (K, L))
= {0411(e) + C4(L) : e € Cor (K)}.
Then B,(K, L) C Z,(K,L). We define H,(K, L) = Z,(K,L)/B,(K, L).
Let z be an element of Z,(K, L), and let ¢ and ¢’ be elements of Cy(K)

for which z = ¢+ Cy(L) = ¢ + Cy(L). Then ¢ — ¢ € C (L), 9,c € Cy1(L)
and 0, € Cy,_1(L). But 0,-10,¢ = 0,10, = 0 and 0,c — 0,¢ = Jy(c — ).
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It follows that 0,c € Z,1(L), 0, € Z,—1(L) and J,c — 0, € By_1(L),
and therefore [0,c] = [0,¢]. It follows that there is a well-defined homomor-
phism from Z,(K, L) to H,_1(L) that maps ¢+ C,(L) to [9,c|. The subgroup
B,(K, L) is contained in the kernel of this homomorphism. The homomor-
phism therefore induces a homomorphism 0,: H,(K,L) — H,_1(L). This
homomorphism sends the homology class of ¢ + Cy(L) in H,(K, L) to the
homology class of 9,c¢ in C,(L) for all ¢ € C,(K) satisfying 9,c € Cy_1(L).

Proposition 10.1 (The Homology Exact Sequence of a Simplicial Pair) Let

K be a simplicial complex, and let L be a subcomplex of K. Then the sequence
5 H (L)~ H, (K) 5 Hy (K, )= Hyy (L) = Hyy () -

of homology groups is exact, where O.: H,(K,L) — H,_1(L)) is the homo-

morphism that sends the homology class of ¢ + Cy(L) in H, (K, L) to the

homology class of 0. in Hy—1(L) for all ¢ € C,(K) satisfying 0,c € Cy—1(L).

Proof The sequence 0—C,(L)—~C,(K)-2~C, (K, L)—0 is a short exact
sequence of chain complexes. It follows from Proposition 9.5 that there is
a corresponding (infinite) sequence of homology groups. Moreover the ho-
momorphism from H, (K, L) to H,_1(L) defined as in the statement of that
proposition is the homomorphism 0,: H,(K,L) — H,_1(L) defined as de-
scribed above. |}

Corollary 10.2 Let K be a simplicial complex, and let L be a subcomplex
of K. Suppose that Hy1(K,L) = H,(K,L) = 0 for some integer q. Then
i Hy(L) — H,(K) is an isomorphism.

Corollary 10.3 Let K be a simplicial complex, and let L be a subcomplex
of K. Suppose that Hy(K) = H, 1(K) = 0 for some integer q. Then
0. Hy(K,L) — H,_1(L) is an isomorphism.

Corollary 10.4 Let K be a simplicial complex, and let L be a subcom-
plex of K. Suppose that H,(L) = H,_1(L) = 0 for some integer q. Then
us: Hy(K) — H (K, L) is an isomorphism.

Example Let K be the simplicial complex consisting of all the faces of
an n-dimensional simplex, and let L be the subcomplex consisting of all the
proper faces of this simplex. Then C,(L) = C,(K) when ¢ # n, and therefore
Cy(K,L) = 0 when q # n. Also C,(K,L) = Z. It follows that H,(K, L) =
Z, H(K,L) = 0 when ¢ # n. Also it follows from Proposition 6.4 that
H,(K) =0 when ¢ > 0.
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Suppose that n > 2. It follows from Corollary 10.3 that 0.: H,(K, L) —
H,_1(L) is an isomorphism for ¢ > 2. Therefore H,,_1(L) = Z, and H,(L) =
0 for g #0,n — 1.

Now suppose that n = 1. We have an exact sequence

0— H, (K, L)-25 Hy(L)— Ho (K)—0.

Now Hi(K,L) = Z when n = 1. Also Hyo(K) = Z. From the exactness of
the above sequence we can deduce that Hyo(L) = H1(K,L)® Hy(K) 2 Z3Z.
This result is consistent with the fact that, in this case, L is a 0-dimensional
simplicial complex consisting of two vertices.

10.2 Homology Groups of some Closed Surfaces

Lemma 10.5 Let K be a 2-dimensional simplicial complex, and let L and
M be subcomplexes of L, where K = LU M. Suppose that M consists of a
triangle of K, together with all its edges and vertices, and that LN M matches
one of the following descriptions:

(i) LN M consists of a single vertex of the triangle;

(ii) LNM consists of a single edge of the triangle together with the endpoints
of that edge;

(iii) LN M consists of two edges of the triangle together with the endpoints
of those edges.

Then H,(K,L) = 0 for all integers q, and therefore the inclusion map
i L — K induces isomorphisms i,: H,(L) — H,(K) of homology groups.

Proof Let the triangle have vertices vg, v and vy, and let 7 € Cy(K) and
po, p1, p2 € C1(K) be defined by

T = <V07V17V2>,

Po = <V17V2>, P1 = <V2,Vo>7 p2 = (Vo, V1).

Then Oy = po + p1 + p2 in C1(K).

Consider first the case where L N M is as described in (i). We label the
vertices of the triangle so that L N M consists of the single vertex vg. In this
case

Co(K,L) = {nt+Cy(L):n €},
Cl(K, L) = {nopo + nip1 + nap2 + Cl(L> Mg, N1 € Z},
Co(K,L) = {ri{vy)+ra(va) +Co(L) : r € Z}.
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Now 07 € po + p1 + p2 + C1(L), and
d1(nopo + nipr + naps) € (n2 — no)(vi) + (no — n1)(va) + Co(L)
for all ng,ny,ne € Z. It follows that By(K, L) = Zy(K, L) = 0,
Z\(K, L) = Bi(K, L) = {n(po + p1 + p2) + C1(L) : n € Z},

and Zo(K,L) = By(K,L) = Co(K,L). Therefore H,(K,L) = 0 for all
integers ¢ in the case when L N M consists of a single vertex of the triangle.

Consider next the case where L N M is as described in (ii). We label the
vertices of the triangle so that L N M consists of the single edge ps, together
with its endpoints vy and vy. In this case

Co(K,L) = {nt+Cy(L):n€Z},
Ci(K,L) = {nopo+nipr + Ci(L) : ng,n1 € Z},
Co(K,L) = {r{va)+Co(L):r € Z}.

Now 07 € po + p1 + C1(L), and
d1(nopo +nip1) € (no — n1)(va) + Co(L)
for all ng,ny € Z. It follows that By(K, L) = Z»(K,L) =0,
(K, L) = Bi(K, L) = {n(po + p) + C(L) : n € 2},

and Zo(K,L) = By(K,L) = Co(K,L). Therefore H,(K,L) = 0 for all
integers ¢ in the case when L N M consists of a single edge of the triangle
together with its endpoints.

Finally consider the case where L N M is as described in (iii). We label
the vertices of the triangle so that L N M consists of the edges p; and po,
together with the vertices vy, v; and vy of the triangle. In this case

Cy(K,L) = {nt+Cy(L):ne€Z},
Cl(K, L) = {nopo + Cl(L) gy € Z},
Co(K, L) = 0.

In this case 0y: C2(K, L) — C1(K, L) is an isomorphism that sends 7+ Cy(L)
to Lo + Cl(L), BQ(K, L) = ZQ(K, L) = O, Bl(K, L) = Zl(K, L) = Cl(K, L)
and By(K,L) = Zy(K,L) = Co(K,L) = 0. Therefore H,(K,L) = 0 for
all integers ¢ in the case when L N M consists of two edges of the triangle,
together with the vertices of the triangle.

The exact sequence of homology groups of the simplicial pair (K, L)
(Proposition 10.1) then ensures that the inclusion map i: L — K induces
isomorphisms i,: H,(L) — H,(K) of homology groups, as required. |}

113



Lemma 10.6 Let K be a 2-dimensional sitmplicial complex, and let L and
M be subcomplexes of L, where K = L U M. Suppose that M consists
of a triangle of K, together with all its edges and vertices, and that L N M
consists of all the edges and vertices of this triangle. Then Ho(K, L) = Z, and
H,(K,L) =0 for all integers q satisfying q # 2. Moreover Hy(L) = Hy(K)
and there are short exact sequences

0—1—Hy (L)% Hy (K )—0,

where i,: Hy(L) — H,(K) is induced by the inclusion map i: L — K for all
q € 7Z, and

J =ker(0.: Hy(K, L) — Hy(L)), I =image(d,: Ho(K,L) — Hy(L)).
Proof Let the triangle have vertices vy, vi and v,. Then
CQ(K, L) = {m' + CQ(L) n e Z},

where 7 = (vg, vy, V), and therefore Cy(K, L) = Z. Moreover Cy (L) =
Cy(K) when g # 2, and thus C,(K,L) = 0 when ¢ # 2. It follows that
H,(K,L) =0 when q # 2, and Hy(K, L) = Cy(K, L) = Z. The exactness of
the short exact sequences then follows from the exact sequence of homology
groups of the simplicial pair (K, L) (Proposition 10.1). |

Example We calculate the homology groups H,(Kg, Lg), where the simpli-
cial complex Kg represents a square .S, subdivided into eighteen triangles,
and Lg is the subcomplex corresponding to the boundary of that square. We
let S = [0,3] x [0,3], so that S is the square in the plane with corners at
(0,0), (3,0), (3,3) and (0, 3). The subdivision of this square into triangles is
as depicted on the following diagram:
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e 2N é;
Vi3 Vig Vis Vie
[yl tu t16 18 o
13 15 17
Vo Vio Vi1 Vi2
-t t1o 12 +
h t7 tg t11 471
Vs Ve V7 Vg
-ty ty ts +
fO tl t3 t5 fO
Vi oeq V2 e V3 ey V4
The vertices of this simplicial complex Kg are vy, ..., vig, where

vy = (0,0), wvo=(1,0), v3=1(2,0), wvy=(3,0),

vs =(0,1), ve=(1,1), vy=1(2,1), vg=(3,1),
vg =(0,2), vio=1(1,2), vi1=(2,2), vi2=(3,2),
vis =(0,3), vis=1(1,3), vi5=1(2,3), wvig=(3,3),
We label the exterior edges of the simplicial complex Kg as indicated on the
diagram, so that
¢g = (vi,v2), ey =(va,v3), ey =(v3,Va),

ear = <V13,V14>a e{“ = <V14,V15>, 6; = <V15>V16>a

fo =vi,vs), fi =(vs,va), fy = (vo, V),
fJ=<V4>V8>, f1+2<V8,V12>, f2+:<V127V16>>

We also the vertices, triangles and exterior edges of the simplicial complex
Ky as indicated on the diagram. Thus We give each triangle of the simplicial
complex Kg the orientation determined by an anticlockwise ordering of its
vertices. Then the oriented triangles of Kg are represented by ti,...,ts,
where

tl = <V17V27V6>7 t2 = <V17V67V5>7 t3 - <V27V37V7>7

ty = (V2, V7, Vg), ts5=(V3,Va,Vs), tg= (V3 Vs, Vr),
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tr = (s, Ve, Vio), ts = (Vs, V10, Vo), to = (Ve, V7, V11),
tio = (Ve, Vi1, Vio), ti1 = (V7, Vs, Vi2), tia = (V7, V12, Vi1),
tis = (Vo, V1o, Via), tia = (Vo, Via, Vig), tis5 = (Vio, Vi1, Vis),
tie = (Vi0, Vis, Via),  tir = (V1i1, Vi2, Vie),  tis = (V11, Vie, V1s)-

Let Mj be the simplicial complex consisting of the single vertex vy and, for
each integer k between 1 and 18, let M}, be the subcomplex of Kg consisting
of the triangles T} represented by ¢; for 1 < j <k, together with all the edges
and vertices of those triangles. Then Kg = Mjs. Now examination of the
diagrams shows that, for each integer k£ between 1 and 18, the intersection
T N Uj<ij is either a single vertex of T}, or a single edge of T}, or the
union of two edges of Tj. It follows from Lemma 10.5 that the inclusion map
ix: My_1 — My, induces isomorphisms iy,: H,(My_1) — H.(M}) of homology
groups for all integers k satisfying 1 < k < 18. Therefore H,(Kg) = H,(My)
for all integers ¢, and thus H,(Kg) = 0 when ¢ > 0, and Hy(Kg) = Z. More-
over Hyo(K) is generated by the 0-dimensional homology class represented
by the single vertex v;.

Let Lg denote the one-dimensional subcomplex of Kg consisting of all
edges and vertices of Kg that are contained within the boundary of the
square [0, 3] x [0,3]. Now Hy(Lg) = Z, Hi(Ls) = Z, and H,(Ls) = 0 when
q > 1. The group Hy(Ls) is generated by the homology class representing the
vertex vy, and therefore the homomorphism i,: Hy(Lg) — Ho(Kgs) induced
by the inclusion map i: Lg — Ky is an isomorphism. The group H;(Lg) is
generated by the 1-cycle zg, where

zs=ey +el+eg +f M+ f—ef—ef —el —fr —fr - fq-

This generating 1-cycle zg represents the sum of the edges of Kg that lie on
the boundary of the square, where the orientation on each edge is consistent
with an anticlockwise traversal of the boundary of the square S.

We can use the homology exact sequence of the simplicial pair (Kg, Lg)
(Proposition 10.1) in order to evaluate the homology groups H,.(Kg, Lg).
The sequence

Hy(Kg)— Hy(Ks, Ls)-2 Ho(Lg) -5 Ho(Kg)

is exact, where the homomorphism ig.: Hy(Ls) — Ho(Ks) is induced by the
inclusion map t5: Lg — Kg. We have noted that this homomorphism is
an isomorphism. It follows from the exactness of the above sequence that
O.: Hi(Kg, Ls) — Hy(Lg) is the zero homomorphism. Therefore its kernel is
the whole of Hy(Kg, Ls), and therefore the homomorphism from H;(Kg) to
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H,(Kg, Lg) is surjective. But we have shown that H,(Kg) = 0 for ¢ > 0. It
follows that H,(Kg, Lgs) = 0.

The homology exact sequence of the pair also ensures that the homo-
morphism 0,: Hy(Kg, Ls) — Hi(Lg) is an isomophism, since Hy(Kg) = 0
and Hy(Lg) = 0 (see Corollary 10.3). But Hi(Lg) = Z. It follows that
Hy(Ks, Ls) = 7.

In fact Hyo(Kg, Ls) = Zo(Kg, Lg) since By(Kg, Lg) = 0. Moreover

ZQ(Ks, LS) = {nys + CQ(LS> n e Z},
18
where ys = > t;. Indeed let ¢ be a 2-chain of Kg. Then there are integers
j=1

18
ni,...,ns such that ¢ = > n;t;. Now any edge belonging to Kg '\ Lg lies on
j=1

the boundary of exactly two triangles T; and T} of Kg. Moreover orientation
on that edge determined by the anticlockwise ordering of the vertices of T} is
opposite to the orientation determined by the anticlockwise ordering of the
vertices of T}/, and therefore the coefficient of this edge in Oyc is £(n; —njr).
It follows that dyc € Ci(L) if and only if ny = ny = -+ = nyg, in which case
co = nyg for some integer n. It is then easy to verify that dy(ys) = zs.

Example We shall make use of the above results to calculate the homology
groups of a torus. The two-dimensional torus may be represented as the
quotient space obtained from the square [0, 3] x [0, 3] by identifying the points
(x,0) and (z,3) for all z € [0,3], and also identifying the points (0,y) and
(3,y) for all y € [0,3]. Thus each point on an edge of the square is identified
with a corresponding point on the opposite edge of the square. The four
corners of the square are identified together, so as to represent a single point
of the torus.

Now there exists a simplicial complex K7, and a simplicial map p: Kg —
K1 where Kg is the simplicial complex triangulating the square [0, 3] x [0, 3]
discussed in the previous example, where the polyhedron | K7r| of K is home-
omorphic to the torus, and where the induced map p: |Kg| — |Kr| between
polyhedra is an identification map which identifies points on opposite edges
of the square S as described above. Moreover this simplicial complex Ky
has 18 triangles, 27 edges and 9 vertices. Throughout this example we shall
use the notation developed in the previous example to describe the simplical
complex Kg and its chain groups and homology groups.

Let the vertices of K7 be labelled as wy, ..., Wy, where

w1 = p(v1) =p(vs) = p(vi3) = p(Vie),
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W2 = p(V2) = p(V14)7
wz = p(vz) =p(vis),
wy = p(vs) =p(vs),
ws = p(ve) = p(Vi2),
we = p(Ve),
wr = p(vr),
ws = p(Vio),
wo = p(vi1)-

and let
€] = (Wa,W3), €= (W3, W),

70 = (W1, Wy), ?1 = (W4, Ws), ?2 = (W5, W),
Then

pu(e) =puleg) =, pgler) =pyler) =i,

pu(es) =pules) =, pu(fd) =pu(fy) = fo,

px(f) =pe(f0) = Fio pa(fS) = px(fs) = o
where py: Cy(Kg) — Ci(Kr) is the homomorphism of chain groups induced
by p: Kg — Kp. Alsolet t; = py(t;) for j = 1,2,...,18, where py: Cy(Kg) —
Cy(Kr7) is the homomorphism of chain groups induced by the simplicial map

p: Kg — K. Then the triangulation K7 of the torus may be represented by
the following diagram:

€0 €1 €9
W1 Wo W3 W1
Fol tu L tie tis 2 | T
T2 13 t15 17 E
Wp Wg Wy Wp

F t Z t Z t ~
f1 8 7 10 o 12 7 f1

Wy Wg Wr Wy

Wi ¢ W2 e W3 e, Wi
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Let Ly = p(Ls). Then Ly is the subcomplex of Kr consisting of the
five vertices wi, wy, w3, wy and wj, together with the six edges represented
by o, €1, €, fo, f1 and fs. Now Hy(Ly) = Zi(Ly), since Bi(Ly) = 0.
Moreover Z;(Ly) = 7Z & Z. Indeed

Zl<LT> = {71121 + NoZo 1 N1, Mo € Z},

where 21 = eg+eé1+eé and 25 = 70 +71 —1—72. The simplicial map p: K¢ — Kr
defines a bijection between the simplices of K¢\ Lg and those of Kp\ Lp. Tt
follows from this that the chain map p.: Ci(Kg, Ls) — Ci(Kr, L) induced
by the simplicial map is an isomorphism of chain complexes, and therefore
induces isomorphisms

Dx: H*<Ks, Ls) — H*<KT, LT)

We conclude that Hy(K7p, L) = Z, and H,(Kr, Ly) = 0 when ¢ # 2. More-
over Hyo(Kr, L7) is generated by the homology class of zr, where

18
yr =Y 1 = pu(ys).
j=1

Also Hy(Ly) = 0, because the simplicial complex Ly is one-dimensional.
We now determine the homomorphism 0,: Hy(K7p, L) — Hi(Lr). Now
the following diagram relating homology groups of the square and the torus

1s commutative: 5
Hy(Ks,Ls) — Hi(Lg)

- I
Hy(Kr,Ly) 25 Hi(Ly)

Moreover
Hy(Lg) = Hy(Kg, Lg) = Hy(Kp, Ly) = Z,

and the homomorphisms 0,: Hy(Kg, Ls) — Hi(Ls) and p,: Hy(Kg, Lg) —
Hy(Kr, Lr) are isomorphisms. Let pxg . and pg, r, be the homology
classes in Hy(Ks, Ls) and Hy(K7p, L) respectively represented by ys and

yr. Then p,(txgrs) = prcp iy and Oy(fkg Ls) = [2s], where
zg=ey+er +ey +fo FfiT A —eys —ef —eg —fr —fi — fo

It follows that 0. (i, 1) = Ps(2s).
We now calculate the image of zg under the homomorphism

p#: C] (Ls) — Cl(LT)
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induced by the simplicial map p: Kg — Kp. We find that

p(zs) = pgleg) +pg(er) + pyles)
+p(fo") + pa(f7) + py(f3)
—py(es) — py(ef) — pyley)
—pe(fy) —pe(fi) —pe(f)

= €0+61—|—62

+fo+fi+1s
— €y — €1 — €
—fa=T1—Fo

= Zl+22—21—22:0.
Therefore O, (pr, 1) = p«(zs) = 0. We conclude from this that
8*: HQ(KT, LT) — H1<LT)

is the zero homorphism.

We now have the information required in order to calculate the homology
groups of the simplicial complex Kr. The homology exact sequence of the
simplicial pair (K, Lr) gives rise to the following exact sequence:

0—>H2(KT)—>H2(KT, LT)i)Hl (LT>ZT—*>H1 (KT)—>O

Using the exactness of this sequence, together with the result that 0, = 0,
we conclude that Hy(K7) = Ho(Kr, Lr) and H (K1) = Hi(Ly) = Z & Z.
Indeed

Hy(Kr) =A{nlyr] : n € Z}
and

Hl(KT) = {nl[zl] + TLQ[ZQ] N, No € Z},

where yr, 21 and z are the 1-cycles of Ly defined above. Thus
Ho(Kr) =27, H(Kr)=2Z®Z, H)Kr)=Z.

Example We shall make use of the above results to calculate the homology
groups of a Klein Bottle. The Klein Bottle may be represented as the quotient
space obtained from the square [0, 3] x [0, 3] by identifying the points (z,0)
and (z, 3) for all x € [0, 3], and also identifying the points (0, y) and (3,3 —y)
for all y € [0, 3]. Thus each point on an edge of the square is identified with
some other point on the opposite edge of the square. The four corners of the
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square are identified together, so as to represent a single point of the Klein
Bottle.

Now there exists a simplicial complex K g, and a simplicial map r: Kg —
K5 where Kg is the simplicial complex triangulating the square [0, 3] x [0, 3]
discussed in the previous example, where the polyhedron |Kg;p| of Kkp is
homeomorphic to the Klein Bottle, and where the induced map r: |Kg| —
| K k15| between polyhedra is an identification map which identifies points on
opposite edges of the square S as described above. Moreover this simplicial
complex K;p has 18 triangles, 27 edges and 9 vertices. Throughout this
example we shall use the notation developed in a previous example to describe
the simplical complex Kg and its chain groups and homology groups.

Let the vertices of K5 be labelled as uy, ..., ug, where

w = r(vy) =r(vy) =r(viz) = r(vi),
u = r(vy) =r(vi),

u; = r(v3) =r(vys),

u, = r(vg) =r(vs),

us = r(vs) =r(via),

us = 7(vg),

u;, = r(vy),

ug = T(V10)>

u = r(vy).

and let

Then
ru(ed) =ruleg) =eéo, ralef) =ru(er) = éy,

ru(es) =ruley) =, ra(fd) =—ra(fs) = fo.

ru(fi7) = —rp(f0) = fi re(f) = —ry(fo) = fa,
where r4:C1(Kg) — C1(Kkp) is the homomorphism of chain groups in-
duced by r: Kg — Kxp. Also let t; = ru(t;) for j = 1,2,...,18, where
ru: Co(Kg) — Co(Kgp) is the homomorphism of chain groups induced by
the simplicial map r: Kg — Kg;p. Then the triangulation K,;g of the Klein
Bottle may be represented by the following diagram:
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€o €1 €2
u; U U3 u;
for tu tie /; tis /> | fo
13 15 17
Uy usg Uy Us
f 7?8 - z?10 ~ 512 - f
fl t7 9 tll fl
Us Ug ur Uy
byt 4 | 0 4 |t |
U éq Uy ¢ us é, uy

Let Ligip = r(Lg). Then Lk, p is the subcomplex of Kx;p consisting of
the five vertices uy, ug, us, uy and u;, together with the six edges represented
by éo, €1, és, fo, f1 and fs. Now H\(Lkip) = Z1(Lkip), since By(Lgp) = 0.
Moreover Z1(Lip) = Z & Z. Indeed

Zy(Liip) = {n121 + nazg : ny,no € Z},

where z; = ég+€1+6é3 and 2z = fo—i—fl—i—fg. The simplicial map r: K — Kgp
defines a bijection between the simplices of K\ Lg and those of Kk ;5\ Lxip.
It follows from this that the chain map r,: C.(Kg, Ls) — C.(KkiB, Lxip)
induced by the simplicial map is an isomorphism of chain complexes, and
therefore induces isomorphisms

re H (Ks, Ls) = H (Kkip, LkiB).

We conclude that HQ(KK[B, LKZB) = Z, and Hq(KKlB; LKlB) = 0 when
q # 2. Moreover Hy( Ky g, L) is generated by the homology class of zx;p,

where
18

Yrkip = ij = ru(ys)-
j=1

Also Ho(Lkip) = 0, because the simplicial complex Lk;p is one-dimensional.
We now determine the homomorphism 0,: Hy( K5, Lixig) — Hi(LkiB)-
Now the following diagram relating homology groups of the square and the
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Klein Bottle is commutative:
HQ(K5'7LS) - H1(LS)

Hy(Kkip, Lkip) 2, Hi(Lkp)

Moreover
Hy(Ls) = Hy(Kg, Ls) = Ho(Kkip, Liig) = Z,

and the homomorphisms 0,: Hy(Kg, Ls) — Hi(Lg) and r.: Hy(Kg, Lg) —
Hy(Kkip, Lkip) are isomorphisms. Let px 1o and fig 5 Ly P€ the homol-
ogy classes in Hy(Kg, Lg) and Ho(K k5, Lxip) respectively represented by

ys and yxp. Then ro(prg ry) = Mkpp L. a0d Ou(ftkg 1) = [2s]|, where
ss=eg terte AT e el —e — o =T — o
It follows that Ou(try,p.Liis) = T<(2s)-
We now calculate the image of zg under the homomorphism
ry:Ci(Lg) — Ci(Lkip)
induced by the simplicial map r: Kg — Kg;p. We find that

re(zs) = ryleg) +ryler) +ry(es)
+ra(fe) +ra(f) +re(fy)
—ryley) —raler) —raleg)
—rp(fa) = ra(fr) —r4(fo)
= ép+é1+6é
+ fo+ fi+ /o
— 6y — €1 — €9
+ fo+ fi+ fo
= 214+ 29— 21+ 25 = 225.
Therefore O, (fk g 5.L10) = T+(25) = 225. We conclude from this that
s H2<KKIB7 LKZB) - Hl(LKlB)

is an injective homomorphism whose image is the subgroup of H;(KIB)
generated by 2[z].

We now have the information required in order to calculate the homology
groups of the simplicial complex K;g. The homology exact sequence of the
simplicial pair (Kg;p, Lxip) gives rise to the following exact sequence:

0s i
0— Hy(Kxip)— Ho(Kxip, Lip)— H1 (L) —Hi (K1) —0.
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Using the exactness of this sequence, together with the result that 0, is
injective, we conclude that Hy( K p) = 0. Also

H\(Kkip) = Hi(Liip)/0«(Ho(Kki, Lii)) = Z & Zs.

Indeed there is an isomorphism ¢: Hy(Lg;p) — Z @® Z which maps the ho-
mology classes of the cycles z; and 23 to (1,0) and (0, 1) respectively. Then
©(0x(Ha(Kk1p, Liip))) is the subgroup of Z @ Z generated by (0,2), and the
corresponding quotient group is isomorphic to Z & Z,. Thus

Ho(Kkig) 27, Hi\(Kgip) 2 Z®Zy, Hy(Kkip)=0.

Example We shall make use of the above results to calculate the homol-
ogy groups of a real projective plane. The real projective plane may be
represented as the quotient space obtained from the square [0, 3] x [0, 3] by
identifying the points (z,0) and (3 — z,3) for all x € [0, 3], and also identi-
fying the points (0,y) and (3,3 — y) for all y € [0, 3]. Thus each point on an
edge of the square is identified with some other point on the opposite edge
of the square. Also each corner of the square is identified with the corner
diagonally opposite, so as to represent a single point of the real projective
plane.

Now there exists a simplicial complex Kpp, and a simplicial map s: Kg —
Kpp where Kg is the simplicial complex triangulating the square [0, 3] x [0, 3]
discussed in the previous example, where the polyhedron |Kpp| of Kpp is
homeomorphic to the real projective plane, and where the induced map
s:|Kg| — |Kpp| between polyhedra is an identification map which identifies
points on opposite edges of the square S as described above. Moreover this
simplicial complex Kpp has 18 triangles, 27 edges and 10 vertices. Through-
out this example we shall use the notation developed in a previous example
to describe the simplical complex Kg and its chain groups and homology
groups.

Let the vertices of Kpp be labelled as q, ..., qig, where

a = s(vi) = s(vi),
d2 = s(va) = 5(vis),
Qs = s(vs) =s(via),
qs = s(vy) = s(vi3),
a5 = s(vy) = s(vg),
ds = s(vs) = s(via),
ar = s(ve),

as = s(vr),
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d9 = 5(Vio),
dio = s(vi)
and let
€0 = (a1,q2), €1 =(q2,q3), € = (qs,qu),
fo = (d4,qs), ~1 = (s, q), fz = (ds, 1),
Then
—syles) = syleg) =0,  —splef) = syler) = &1,
—syled) = sules) =& su(fd) = —su(fy) = fo,

sp(fif) = —sp(fr) = f1, sp(ff) = —sp(fg) = fo,

where sy:Ci(Kg) — Ci(Kpp) is the homomorphism of chain groups in-
duced by s: Kg — Kpp. Also let 1; = sy(t;) for j = 1,2,...,18, where
su:Cy(Kg) — Co(Kpp) is the homomorphism of chain groups induced by
the simplicial map s: K — Kpp. Then the triangulation Kpp of the real
projective plane may be represented by the following diagram:

€9 €1 €o

014~ Q3~ q% q1

£l ot tie - tig /= f
Jo 13 15 17 I
(15~ (19~ Q1~o 6
Flots - tig /- tie f
fl 7 9 tll fl
QG~ (17~ (18~ a5

£ to . t4 g te - £
f2 1 3 t5 fO
qi1 éo q2 él qs3 ég q4

Let Lpp = s(Lg). Then Lpp is the subcomplex of Kpp consisting of the
six vertices qi, g2, 93, 94, 5 and g, together with the six edges represented
by éo, él, ég, fo, fl and f3. Now Hl(Lpp) = Zl(Lpp), since Bl<Lpp) = 0.
Moreover Z1(Lpp) = Z. Indeed

Zl(Lpp) = {nZ() ne Z},
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where 5 . )
Zozé0+é1+ég+f0+f1+f2.

The simplicial map s: Kg — Kpp defines a bijection between the simplices
of Kg\ Ls and those of Kpp \ Lpp. It follows from this that the chain
map s.: C.(Kg, Ls) — C.(Kpp, Lpp) induced by the simplicial map is an
isomorphism of chain complexes, and therefore induces isomorphisms

syt H.(Ks, Ls) — H.(Kpp, Lpp).
We conclude that Hy(Kpp, Lpp) = Z, and H (Kpp, Lpp) = 0 when ¢ # 2.
Moreover Hy(Kpp, Lpp) is generated by the homology class of zpp, where

18

ypp = Yt = s(ys)-

j=1

Also Hy(Lpp) = 0, because the simplicial complex Lpp is one-dimensional.

We now determine the homomorphism 0,: Hy(Kpp, Lpp) — Hi(Lpp).
Now the following diagram relating homology groups of the square and the
real projective plane is commutative:

Hy(Kg, Lg) SaN Hy(Lg)

Hy(Kpp,Lpp) ~> Hi(Lpp)

Moreover
Hi(Ls) = Ha(Ks, Ls) = Ho(Kpp, Lpp) = Z,

and the homomorphisms 0,: Ho(Kgs, Ls) — Hi(Lg) and s.: Hy(Kg, Lg) —
Hy(Kpp, Lpp) are isomorphisms. Let pg ry and ik, , 1, be the homology
classes in Ho(Kg, Lg) and Ho(Kpp, Lpp) respectively represented by yg and

ypp. Then 5*(:“KS,LS) = UKpp,Lpp- and 0, (/“LKS,LS) = [25]7 where
zs=¢€y +e; +es +f S —es —el —ed —fy —fi — [fo-

It follows that O (K pp.Lpp) = S«(23).
We now calculate the image of zg under the homomorphism

S#Z Cl(LS) — Ol(Lpp)
induced by the simplicial map s: Kg — Kpp. We find that
su(zs) = sgleg) +spler) +sgley)
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+54(f) + s (f7) + s4(f5)
—sy(ed) — su(el) — suleq)
—sy(fo) = sx(fr) —sx(fy)
= eyt e+ e
+ fot+ A+ fo
+eg+e1+ e
+fo+fitfo
= 2z.
Therefore Oy (prpp.Lpp) = S«(2s) = 229. We conclude from this that
Oy Hy(Kpp, Lpp) — Hi(Lpp)

is an injective homomorphism whose image is the subgroup of H;(PP) gen-
erated by 2[z].

We now have the information required in order to calculate the homology
groups of the simplicial complex Kpp. The homology exact sequence of the
simplicial pair (Kpp, Lpp) gives rise to the following exact sequence:

0— Hy(Kpp)— Hy(Kpp, Lpp) i>H1(LPP) iT—*>H1 (Kpp)—0.

Using the exactness of this sequence, together with the result that 0, is
injective, we conclude that Ho(Kpp) = 0. Also

H\(Kpp) = H\(Lpp)/0.(Hy(Kpp, Lpp)) = ZL/27 = Zs.
Thus
Ho(Kpp) =7, Hi(Kpp) =Ty, Hy(Kpp)=0.

10.3 The Mayer-Vietoris Sequence

Let K be a simplicial complex and let L and M be subcomplexes of K such
that K = LU M. Let

ig: Co(LN M) — Cy(L), Jg: Co(LN M) — Cy(M),

uy: Cy(L) — Cy(K), Vg: Cy(M) — Cy(K)

be the inclusion homomorphisms induced by the inclusion maps 7: LN M —
L,j:LNM— M, u L — K and v: M — K. Then

0—C, (LN M)ESC (L) & C(M)-25C, (K)—0
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is a short exact sequence of chain complexes, where

ko(c) = (ig(c), —d4(c)),
) = uq(cl) + Uq(C”
9g(c, ") = (94(c), 04(c"))

forall c € C,(LNM), ¢ € Cy(L) and " € Cy(M). It follows from Lemma 9.4
that there is a well-defined homomorphism «,: H,(K) — H,_1(L N M) such
that ay([z]) = [0,(c)] = —[0,(c")] for any 2z € Z,(K), where ¢ and ¢’
are any ¢-chains of L and M respectively satisfying z = ¢ + ¢’. (Note
that 0,(c) € Z,—1(L N M) since 9,(c') € Z,—1(L), 0,(¢") € Zy—1(M) and
0,(c) = —0,(c").) It now follows immediately from Proposition 9.5 that the
infinite sequence

(LN M) Hy (L) @ Hy (M)~ Hy(K) "5 Hy (L0 M)-25
of homology groups is exact. This long exact sequence of homology groups is

referred to as the Mayer-Vietoris sequence associated with the decomposition
of K as the union of the subcomplexes L and M.
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