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8 Differential Equations

8.1 Examples of Differential Equations

A differential equation is an equation that relates a function y of a variable
x to its derivatives. Such a differential equation can usually be written in

the form p e p
Py dPy Yy

Fl—= — . . .= =0

(dxp’ dor—1dp P ® ’

where p is a positive integer and F' is a real-valued (or complex-valued)
function with p 4+ 2 arguments. If the differential equation can be expressed
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in the above form for some positive integer p, but cannot be expressed in this
form with p replaced by any smaller integer, then the differential equation is
said to be of order p.

The following are typical examples of differential equations:

j—i—l—Qy = 0; (1)
%— Z—y+4 = 0; (2)
% —2zy = 0O (3)
(Zi)2+y2—1 ~ 0 (4)

Equation (2) is a 2nd order differential equation. The other three equations
are first order differential equations.

The function y = e~2* is the solution to the differential equation (1),
since

d

—e H 4 2e7H = —2e7 4 272 = (.
dz

It follow easily from this that the function y = Ae

equation for any constant A.

The function y = €** solves the differential equation (2), since

22 golves this differential

d—QeQI — 4ie2w + 4% = 4e*® — 8e®® 4 4e** =0
d?x dx '
The function y = ze?® also solves this differential equation, since

d? d
%(1’6%) — 4%(1’6%) + 4ae*”

d
= %((Qx +1)e*™) — 4(2x + 1)e** + dae®

= (4o +4)e* — 421 + 1)e* + 4xe** =0
Now if y = (Az + B)e** then y = Au+ Bv, where u = re** and v = ¢**, and

therefore

d?y dy d*u du d*v dv
—— —4—=44dy=A(—-—4—+4 B(———-4—+4v ) =0.
d’x  dx i <d2x dx N u> - (d% dx * U) 0

We conclude that, for any given values of the constants A and B, the function
(Az + B)e®® solves the differential equation (2).

The function y = e** is a solution of the differential equation (3). And the
functions y = sinz and y = cos z are solutions of the differential equation (4).
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d
8.2 The Differential Equation d—y +ay =20
x

Let a be a non-zero real number, and let us seek solutions to the differential
equation

dy

— +ay =0. )
o tay (5)
We suppose that our function y can be represented as a power series in z, of
the form

Y
— In .n
n=0
where yo, Y1, Y2, Y3, - . . are constants to be determined. Now

o - Yn+1 n+1
y_y0+zo(n+1>!“’ ’

and

d Ynt1 n+l | _ (”‘f' 1)yn+1 n__ Ynt+1l o,
- T = " = z".
dx \ (n+1)! (n+1)! n!

It follows that

n=0
(Here we have differentiated the power series for the function y term by term.
It can be proved that we are justified in doing so, but we do not attempt
such a proof here.) Therefore

dy N Yol + AYn
0= = NIt T n n
dz W ; o

Now if the right hand side is to be the zero function, then the coefficient of
2™ must be zero for all non-negative integers n, and therefore y,,1 + ay, =0
for all non-negative integers n. Thus y, = C(—a)" for all non-negative
integers n, where C' = yq. But then

n

= O(—a)"x = (—ax
yzz (n') :Cz%(n!)

n=0

n

=Ce ™

We conclude, therefore, that any solution to the differential equation 5 that
can be represented as a power series must be a function y of the variable x
that is given by an equation of the form y = Ce™** for some constant C.
(There are no other solutions to this differential equation.)
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8.3 The Differential Equation — — k% = 0
T

We now use the method of power series to find solutions to the equation

d*y
Tz Ky =0, (6)

where k is a real number satisfing k # 0. Let

o Yn o
¥y= !
n!
n=0
Then -
@ — yn+1 n
‘ )
dx —~n
and hence -
&y Ynt2
dx? n! ’

It follows that the function y satisfies the differential equation 6 if and only
if

> n _kQ n

Z?J +2 Y 2" =0,
n!

n=0

and thus if and only if
Yn+2 — kan =0

for all non-negative integers n. It is then easy to see that the values of
Yo, Y3, Ya, U5, . . . are determined by the values of yg and ;. Now we can find
constants A and B such that yo = A+ B and y; = Ak— Bk. (These constants
are given by the formulae A = (kyo+v1)/(2k) and B = (kyo—v1)/(2k).) One
then readily verify that y, = Ak™ + B(—k)™ for all non-negative integers n.
Therefore

n

— (kz)
y=A Z n!
n=0

One can readily verify that any function of this form satisfies the differential
equation. There are no other solutions.

. (_kx)n . kx —kx
+BY = AT 4 Be,
n=0



d2
8.4 The Differential Equation d—'g + Ky =0
x

Let y be a solution to the differential equation

Then
Yn+2 + k2yn =0

for all non-negative integers n. It is then easy to see that the values of
Y2, Y3, Y4, Ys, - - - are determined by the values of yy and y;. Let A = y, and
B = y1/k. Then ys,, = (=1)™AE*™ and vy, i1 = (—1)"BEk*™! for all non-
negative integers m. On referring to the Taylor series for the sine and cosine
functions, we find easily that

0 ( )m(kx)?m o0 ( l)m(k$>2m+1 )
y=A ~ s ~’ 4B = Acoskz + Bsinkzx.
mz::() (2m)! mz::O (2m + 1)!

It is then easy to verify that the function Acoskz + Bsinkx does indeed
satisfy the differential equation for any values of the constants A and B.
There are no other solutions.

. . . d? d
8.5 The Differential Equation a9y + Y +cy=0
dz? dx
Let y be a solution to the differential equation
Py dy
@an%Jrcy—O, (8)

and let u = e%xy. Then y = e’%u, and therefore

dy _edu o e
P ML
dzy _b_:cd2u _b_zd'u 1,2 —bz
G2 T ¢ g e gy tabe



On substituting these values into the differential equation, we find that

. [ d?
e’% (d—:cZ — inu + cu) = 0.

Thus the function u is a solution to the differential equation

If ¥ — 4¢ > 0, then our previous results show that u = Ae* + Be " where
k = vb% — 4c. It follows that

y = AeP* + Be?

where

1 1
p= 5(—1)—1— Vb2 —4c), q= 5(—6 — Vb2 —4c).

Note that p and ¢ are roots of the quadratic polynomial s 4 bs + c.
If b> — 4¢ = 0, then the second derivative of the function u vanishes, and
therefore u = Ax + B. But then

y=(Ax + B)e_%z.

In this case —%b is a repeated root of the quadratic polynomial s + bs + c.

If ¥» —4c < 0, then v = Acoskx + Bsinkx, where k = /4c — 02, Tt
follows that

y:e’%l(Acoskx—l—Bsinkx) (k = Vdc — b?)

In this case —%b + ik are the roots of the quadratic polynomial s + bs + c.
From these observations, we see that the solutions of the differential equa-

tion P J

d—;; + b% +cy=0

can be found from the roots of the associated auziliary polynomial s*+bs+c,

as described in the following theorem.

Theorem 8.1 Let b and ¢ be real numbers. Then the solutions of the differ-
ential equation

Py dy
A N4 —
72 + I +cy =0,

are determined by the roots of the auziliary polynomial

s>+ bs+c

as follows:—



(i) if b* > 4c then the auziliary polynomial s*> +bs + c has two real roots ry
and ro, and the general solution of the differential equation is given by

y = Ae"* + Be™*
where A and B are constants;

(i) if b* = 4c then the auziliary polynomial s*+bs+c has a repeated root r,
and the general solution of the differential equation is given by

y = (Az + B)e'",
where A and B are constants;

(iii) if b* < 4c then the auxiliary polynomial s* + bs + ¢ has two non-real
roots p+iq and p—iq (where p and q are real numbers), and the general
solution of the differential equation is given by

y = eP? (Asingz + Bcosqzr),
where A and B are constants.
Example Consider the differential equation

d*y dy
— —11-= 4+ 24y = 0.
dz? dx + ety

The auxiliary polynomial associated to this equation is the quadratic poly-
nomial s? — 11s + 24. This polynomial has two real roots with values 3 and
8. The general solution of this differential equation is therefore of the form

y = Ae* + Be®®,
where A and B are arbitrary real constants.
Example Consider the differential equation

Py dy
—Z 4+ 4= 4+ 4y = 0.
dx? + dz +ay

The auxiliary polynomial associated to this equation is the quadratic poly-
nomial s? + 4s 4 4. This polynomial has a repeated real root with value —2.
The general solution of this differential equation is therefore of the form

y=(Az + B)e’zx,

where A and B are arbitrary real constants.



Example Consider the differential equation

dy  dy
722 4d:v + 5y = 0.
The auxiliary polynomial associated to this equation is the quadratic poly-
nomial s —4s+5. This polynomial has a a pair of non-real roots with values
2+ and 2 —i. The general solution of this differential equation is therefore
of the form
y = Ae*sinx + Be*® cos ,

where A and B are arbitrary real constants.

8.6 Inhomogeneous Linear Differential Equations of
the Second Order with Constant Coefficients

We now discuss the general solution of an inhomogenous linear differential
equation of the second order with constant coefficients. Such a differential
equation is of the form

d’y . dy

—2 4 b== + cy = f(x),

dz? " dr Y /()
where b and ¢ are real numbers.

Suppose that yp is some function of the variable x which satisfies this

differential equation. Let y be any twice-differentiable function of the vari-
able x, and let yo = y — yp. Then

Pyc  dye Py o dy d*yp  dyp
b——= = a—= + b= — — b= —
“ dx? + dx + e adx2 + dx tey—a dx? dx “wp
Py dy
= a@%—b%%—cy—f(x)

It follows that the function y satisfies the inhomogeneous differential equation

Py dy
@ ‘l—b% +cy = f(:L‘),

if and only if yo satisfies the corresponding homogeneous differential equation

Pyc  dyc
p—2< —
I + I + cyc = 0,

We see therefore that, once a particular solution yp of the inhomogeneous
differential equation has been found, any other solution of the inhomogeneous
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differential equation may be obtained by adding to yp a solution yo of the
corresponding homogeneous differential equation. The function yp is referred
to as a particular integral of the inhomogeneous differential equation, and the
function y¢ is referred to as the complementary function. Any solution y of
the given inhomogeneous differential equation

d’y . dy
— +b—+cy = f(x),
T3 To ey = f(z)
is the sum of the particular integral yp, which satisfies the same differential
equation, and a complementary function yc, which satisfies the corresponding
homogeneous linear differential equation

Pyc | dyc

122 +b% + cyc = 0.

Example Let us find the general solution of the differential equation

d’y  _dy
—2 4+ 72 + 10y = 2°.
dzx? * dx 1y

We first find a particular integral of this equation. Examination of this
equation shows that it might be sensible to look for a particular integral
which is a quadratic polynomial in z of the form pz? + gz + r, where the
coefficients p, ¢ and r are chosen appropriately. Now if y = px? + gx +r then

d? d

Y 4 7% 4 10y = 10pa® + (10g + 14p)z + 101 + Tq + 2p.
dz? dx
If the right hand side of this equation is to equal 22, then p, ¢ and r must be
chosen so as to satisfy the equations

10p=1, 10¢+14p =0, 10r+ 7q+2p = 0.

The solution of these equations is given by

1 7 39

0 17750 "7 s

We conclude that a particular integral yp of the differential equation is given
by

p:

1, 7 39
=—1"— —r— —.
10 50 500
The complementary function yo must satisfy the differential equation

Yp

Pye . dyc
— +1 =0.
dﬂjz + 7 d:L‘ + Oy(; 0
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The roots of auxiliary polynomial s% + 7s + 10 associated to this differential
equation are —2 and —5. The complementary function y¢ is then of the form

yo = Ae ™ 4+ Be 7.

where A and B are arbitrary real constants. The general solution of the
differential equation

d’y _dy

—Z 4+ 72 4+ 10y = 22
dx? * dx Ty=z

is then
1 7 39

y=—a" — —

7 A —2z B —5x'
107 T 50" o0 D¢ TRE

Remark Suppose that one is seeking a particular integral of an inhomoge-
neous differential equation of the form

dy . dy

27y -

a3 + . +cy = f(x),

where f(z) is a polynomial in z, and ¢ # 0. There will exist a particular
integral yp of the form yp = g(z), where g(z) is a polynomial in z of the
same degree as f(x). Let

f(@) =po+mz+pa®+- +pa”, 9(x) =@+ qar+ @r*+ -+ ga”,

If we equate coefficients of powers of x on both sides of the differential equa-
tion

d? d
a—=g(x) + b—g(x) + cg(x) = f(x
30(2) + b g(a) + egle) = f(),
we obtain a system of simultaneous linear equations which determine the
coefficients qq, q1, - - -, ¢, of the polynomial g(z) in terms of the coefficients

Do, P1s - - -, P Of the polynomial f(x). This enables us to find a particular
integral of the differential equation.

Example Let us find the general solution of the differential equation
d’y dy

— —6— +9y =sinz.
dx? dx o

First we seek a particular integral of this equation. Now

if y = sinx then 3y’ — 6y + 9y = 8sinx — 6 cos z,

if y = cosx then 4" — 6y + 9y = 8cosx + 6sin .
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Thus if .
P = o5 (4sinz + 3cosx)

then y% — 6yp + 9yp = sinz, and thus yp is a particular integral of the
inhomogeneous differential equation

Py dy

— —6-= 49y = sinx.

dx? dx 4
The complementary function y¢ is then a solution of the corresponding ho-
mogeneous differential equation y/. — 6y, + 9y = 0. The associated auxiliary
polynomial s? — 6s + 9 has a repeated root, whose value is 3. The comple-
mentary function y¢ is then given by yo = (Ax + B)e®®, where A and B are
real constants. The general solution of the differential equation

d’y dy

is then given by
1
Yy = 50 (4sinx + 3cosx) + (Azx + B)e?’x'

Example Let us find the general solution of the differential equation

d’y dy
—= — 22 4 by = xe™.
dx? dx oy = e
Examination of this differential equation suggests that it might be sensible
to look for a particular integral of the form yp = (p + gx)e®”, where p and ¢

are appropriately chosen real constants. Now if yp = (p + qz)e3® then
Yp = (3p+q+3qz)e™,  yp = (9p+6q + 9gx)e™,

and thus

Yp — 2yp + Syp = (8p + 4q + 8qx)e™.
Thus 4% — 2y + byp = xe>* if and only if p = —% and ¢ = %. A particular
integral yp of the differential equation is thus given by

1
Yyp = E(ZI — 1)831:.

The complementary function yc satisfies the differential equation y, — 2y, +
5yc = 0. The roots of the associated auxiliary polynomial s? — 2s + 5 are
14 2¢ and 1 — 2i. The complementary function y¢ is therefore of the form

yo = Ae” sin 2x + Be” cos 2x.
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where A and B are arbitrary real constants. The general solution of the
differential equation

is thus given by

1

Y= E(Qx —1)e¥ 4 Ae” sin 2z + Be” cos 2.

8.7 Homogeneous and Inhomogeneous Linear Differ-
ential Equations of the First Order

We shall describe a method for solving differential equations of the form

dy
— +plr)y =r(x).
- Tp@)y=r(z)
Such an equation is a homogeneous linear first order differential equation if
r(z) = 0 for all x. It is inhomogeneous if the function r is not everywhere
Z€ero.
Consider the function ¢(z) where

q(z) = exp </p(56) dl’) -

(Here exp u = ¢ for all real numbers u, and [ p(z) dz denotes some indefinite
integral of the function p.) On applying the Chain Rule and the Fundamental
Theorem of Calculus, we find that

i) e ([ pade) £ [ o) do = aalpto)

Thus (a)
_ 9\

where dq(x)
/ _aq\x

It follows that a function y of x is a solution of the differential equation

y'(z) + plx)y(r) = r(z).

if and only if
q(@)y (x) + ¢'(2)y(z) = q(x)r(z).
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But
q(x)y' (x) + ¢ (x)y(x) = % (q(z)y(z)).
It follows that the function y satisfies the differential equation
Y (z) + p(x)y(r) = r(z)
if and only if
o(e)yta) = [ atwyrie) da+

where C' is a constant of integration. The general solution of the differential
equation. On dividing this equation by ¢(z), we obtain the following result:

Theorem 8.2 The general solution of the differential equation

Yt play = r(x).
s thus given by X .
) = = [alwyr@) de+ =

where

q(x) = exp ( / p(z) dfﬁ) :

and where C' is some constant.

The function ¢ is referred to as an integrating factor for the differential
equation.

Example Consider the differential equation

dy
%—l—cy—m.

The general solution then has the form

where
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and r(x) = z. Using the method of Integration by Parts, we find that

/ q(s)r(s)ds = / se® ds = {—secs} - —/ e ds
0 0 ¢ o ¢Jo

T 1
_ Z e = cm_l'
P 1C )

Using this function as an indefinite integral of ¢(z)r(z), we find that the
general solution of the differential equation is given by

1 (z ., 1 _ C
vo) = o (e - e )+

c c?
T 1
— 2 (]l —ec= C_CI.
. 02( e )+ Ce

where C' is an arbitrary constant. We may write this general solution in the

simpler form

T 1
= —_- — — A —cT
y(x) i + Ae™ ]

where A is an arbitrary constant. The constants A and C' in these two forms
of the general solution are related by the equation

1
C

Remark The solution to the differential equation

dy
%—l—cy—x.

is of the form yp + yo, where yp is a particular integral given by

T 1

yP($) = E - g;

and yc is the complementary function, given by yo = Ae™“".

Example Consider the differential equation

dy
— + 2zy = 0.
d:c+ Ty

The integrating factor ¢(z) is given by

o(z) = exp (/ 2 dx) _ e

The solution to the differential equation therefore takes the form

C a2
y(x) = O Ce™ ™.
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