Course 212, 1989-90, Scholarship Examination
(SF)

1. Consider the following subsets of R3. Determine which are open and
which are closed in R?.

y,2) € R 2?2 + 92 < T},
y,2) ER3: 22+ ¢y? > 7 and 2 < 0},
r,y,2) € R 2?2 + 94> > Tor z > 0},
r,y,2) €ER®: x>0 and y* + 22 = 1/z},
2. (a) Define what is meant by saying that a metric space (X, d) is com-
plete.
(b) State and prove the Contraction Mapping Theorem (also known
as the Banach Contraction Principle).
3. (a) Define the concept of a topological space.

(b) Let (X,d) be a metric space. A subset V' of X is said to be open
in X if and only if, given any v € V, there exists some § > 0 such
that {r € X : d(z,v) < 0} C V. Prove that X, with these open
sets, is a topological space.

(c) Let X be a topological space. Prove that a subset V' of X is open
if and only if, given any v € V', there exists some open set N such
that ve Nand N C V.

4. Let X be a topological space, and let A be a subset of X.

(a) Give the definition of the closure A of A.

(b) Let ay,as,as, ... be an infinite sequence of points of A. Suppose
that lir}rl a, = [l for some [ € X. Prove that [ belongs to the
n——+0oo

closure A of A.
(c) What is the closure in R of the set {1/n :n € N}?

(d) Let = be a point of X. Prove that z € A if and only if U N A is
non-empty for all open sets U in X containing x.

5. (a) Define the product topology on the Cartesian Product X; x Xs x
-+ x X, of topological spaces X, X, ..., X,,.



(b)

Prove that the topology on n-dimensional Euclidean space R™ in-
duced by the Euclidean distance function coincides with the prod-
uct topology obtained on regarding R™ as the Cartesian product
of n copies of R.

Let X be a topological space. Define what is meant by saying that
X is compact.

Let f: X — Y be a continuous function, and let A be a compact
subset of X. Prove that the image f(A) of A under the map f is
compact.

Let K be a compact subset of a Hausdorff space X. Prove that
K is closed.

Let X be a compact topological space, let Y be a Hausdorff space,
and let f: X — Y be a continuous function. Prove that f(A) is
closed in Y for every closed set A in X.

7. Let f:R™ — R and g: R" — R be continuous functions from R" into R.
Suppose that f(x) > 0 and g(x) > 0 for all x € R™\ {0}. Suppose
also that f(Ax) = Af(x) and g(Ax) = A3¢g(x) for all A\ > 0. Prove
that there exist constants ¢ and C satisfying 0 < ¢ < C such that
c|x*f(x) < g(x) < Clx|?f(x) for all x € R".

8.

(a)

(b)

Let X be a topological space. Define what is meant by saying
that X is connected. Prove that X is connected if and only if
every continuous function f: X — Z is constant.

A topological space X is said to be path-connected if, given any
two points zo and z; of X, there exists a continuous function
v:[0,1] = X with v(0) = z¢ and v(1) = x;. Prove that every
path-connected topological space is connected.

Let X be connected topological space. Suppose that every point
of X has an open neighbourhood homeomorphic to an open set
in R™. Prove that X is path-connected. [Hint: choose 25 € X and
show that the sets

Uy = {x € X :z can be joined to zo by a path}
Up = {z € X :z cannot be joined to zy by a path}

are both open in X ]

Let M be a metric space. Define what is meant by saying that M
is a topological manifold of dimension n.
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(b) Define the concept of a continuous coordinate system (z*,x2,..., x")
on a topological manifold M of dimension n. Define what is meant
by saying that two continuous coordinate systems (z', 2%, ..., z")
and (y', 9% ...,y") are smoothly compatible.

(¢) Let A be a collection of continuous coordinate systems on a topo-
logical manifold M of dimension n. Define what is meant by saying
that A is a smooth atlas on M.

(d) Let A be a smooth atlas on a topological manifold M of dimen-
sion n. Prove that A is contained in an atlas A,,.x which is maz-
imal in the following sense: if (z!,22,...,2") is any continuous
coordinate system that is smoothly compatible with all the coor-
dinate systems belonging to Apay then (!, 22, ... 2™) must itself
belong to Aax.

(e) Define the concept of a smooth manifold of dimension n.

10. Let X be a topological space, and let x5 be a point of X. Define the
fundamental group m (X, zo) of X based at g, and prove that m (X, zo)
is indeed a well-defined group.
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