Course 121: Problems—Hilary Term 2004

D. R. Wilkins

1. The sine and cosine functions satisfy

. sinz . 1—coszx
lim =1, lim ——— = 0.
z—0 z—0 T

Using these results, together with the addition formulae for the sine
and cosine functions, prove that
d d

— sin(x) = cosx, — cos(x) = —sinx.

dx dx

2. (a) Let f:R — R be a 3-times differentiable function on R. Let a and
b be real numbers satisfying a < b. Suppose that f(a) =0, f(b) = 0,
f'(a) = 0 and f'(b) = 0. prove that there exists some s in the range
a < s < b for which f"(s) = 0.

(b) Let f:R — R be a 5-times differentiable function. Let a, b and ¢
be real numbers satisfying a < b < ¢. Suppose that

fla) = f(a) = f(b) = f'(b) = f(c) = f'(c) = 0.

Prove that there exists some s satisfying a < s < ¢ for which f®)(s) =
0.

(¢) Let f:R — R be a function from R to R which is 2k + 1 times
differentiable, for some non-negative integer k. Let a and b be real
numbers satisfying a < b. Suppose that fU)(a) = 0 and fU)(b) = 0 for
j=0,1,... k. Prove that there exists some £ € R satisfyinga < £ < b
for which fZk+1)(¢) = 0.

3. (a) Using the Intermediate Value Theorem and Rolle’s Theorem, show
that the polynomial 2° + 223 + Tz — 13 has exactly one real root.
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(b) Prove that the polynomial z* + 22 — 7z — 2 has exactly 2 distinct
real roots, where one of these roots is positive and the other is negative.

. (a) Let f:I — R be a differentiable function defined on some open

interval I. Suppose that there exists some non-negative real number K
such that |f'(z)] < K for all x € I. Prove that |f(x;) — f(xs2)| <
K|z — xo| for all 1,29 € I.

(b) Show that |sinx| < |z| for all z € R.

Let f:R — R be a twice differentiable function. Suppose that f(0) = a,
f(0) = b and f"(x) > —c for all z > 0, where ¢ > 0. Prove that
f(z) > a+ bx — ca® for all x > 0.

. Prove that © — 23 < sinz < z for all x > 0.

Let f:R — R be a differentiable function. Suppose that f’(x) > 0 for
all z € [a,b], where a and b are real numbers satisfying a < b. Suppose
also that the derivative f’ of f is continuous and that f'(x) > 0 for at
least one value of  in the interval (a,b). Prove that f(b) > f(a).

(a) Let f:R — R be a differentiable function. Suppose that f(0) =0
and |f'(x)| < Alz|™ for some A > 0 and some non-negative integer n.
Use the Cauchy Mean Value Theorem (with an appropriate choice of
the function g occurring in the statement of that theorem) to show that

A
|f($)| < n—_H|ZE|n+1 for all z € R.

(b) Let f:R — R be defined by f(z) = cos (g cos x) Show that
|f(z)] < Z|x]? for all x.

Evaluate the following limits, using I’Hopital’s Rule:

. sinsinz . sinsinsinz oot =22 —8r+12
lim — , lim ——, lim ,
z—0 sinx z—0 x —2 3 —3x2+4

.23 —122% + 452 — 50 . 1—cosz . cos(z?) —1
lim 5 , im ———, lim —
a—5 13 — 922 + 152 + 25 z—0 sin“x z—0 sinx

Let f:R — R and g:R — R be differentiable functions on R, where
g(z) and ¢'(z) are non-zero for all sufficiently large x. Suppose that



11.

12.

13.

exists. Prove

/!
f(z) — 0and g(x) — 0 as ¢ — 400 and that xEIEOO ‘;/((g

@ _ @
e g()  aioe g(2)
(

[Hint: consider the limits of F'(u)/G(u) and F'(u)/G'(u) as u — 0 from
above, where F(u) = f(1/u) and G(u) = g(1/u).]

that

d

The exponential function exp satisfies d—exp(x) = exp(z) for all
x

(where exp(z) = e*). Use Taylor’s Theorem to prove that

m

ooto)= 3"
n=0

:L,n

nl

for all real numbers z. [You might need to consider separately the cases
x> 0and z <0.]

Let f(x) = x*. The purpose of this question is to show from first
principles that the function f is Riemann-integrable on [0, s], where
s > 0, and to evaluate the Riemann integral of f on this interval.

(a) For each natural number n let P, denote the partition {zg, x1,...,2,}
of [0,s] into n subintervals of equal length, given by z; = is/n for
1 =0,1,...,n. By making use of the identities

- 1 . 1
;izﬁn(nle), ;z’2:6n(n+1)(2n+1),

or otherwise, show that the lower sum L(P,, f) is given by

53 3 1
L(Pn,f):§(1—%+2—n2)

and calculate the upper sum U(P,, f).

(b) Show that lim L(P,, f) = 3s* and lim U(P,, f) = 3s°. Hence

1
n—-+o00 n—-+00 3

S
1
prove that the function is Riemann-integrable, and / 22 dr = 533.
0

Let f(x) = e*®, where k > 0. The purpose of this question is to show
from first principles that the function f is Riemann-integrable on [0, s],
where s > 0, and to evaluate the Riemann integral of f on this interval.
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(a) For each natural number n let P, denote the partition {zg, z1, ..., %, }
of [0, s] into n subintervals of equal length, given by z; = is/n for
i=0,1,...,n). By making use of the identities

l+u+u?+- o u" ! =

Un—]_ . 1 h
L @A), D -1 =1,

or otherwise, show that the lower sum L(P,, f) is given by
S (e’“ — 1)
n <e% — 1) ’

and calculate the upper sum U(P,, f).

L(P,, ) =

(b) Show that lim L(P,, f) = lim U(P,, f) = —(e" —1). Hence

prove that the function is Riemann-integrable on [0, s], and

3 1
kzd — ks_l'
/oe Ty

Let ¢:[0,1] — R be the function on [0, 1] defined by

s ={y wil¥

1fx:§.

| =

Given § satisfying 0 < § < %, calculate the upper sum U(g, Qs) and

the lower sum U(g,Qs) for the partition Qs of [0, 1], where Qs =
{0,% — 0, % + 9, 1}. Calculate (lsin% U(g,Qs) and (lsin% L(g,Qs). Explain

why the function ¢ is Riemann-integrable on [0, 1] and write down the
value of the Riemann integral of g on [0, 1].

(a) Prove that if @ and b are real numbers satisfying a < b and if
f:la,b] — R is a continuous real-valued function defined on the closed
interval [a, b] then

d b
el NIOLEEIE
for all x € (a,b).

sin x+2

(b) Evaluate — toe ! dt.
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16. Let a and h be real numbers, and let f be a real-valued function, defined
on some open interval containing a and a + h, with the property that
the first k& derivatives f/, f”,..., f*) of f exist and are continuous on
this interval.

(a) Let

rm(a, h) = h 1 — )™ ) (g 4 zh) dx
nah) 5 [ =t ety a

(m—1

form=1,2,...,k — 1. Show that

m

7nm(aa h) = %f(m) (a) + Terl(aJa h)

(b) Using (a) and induction on k, show that

k—1
flath) = fla)+>_—

n hk ' -1
ﬂ’«w+03?51£<1—@k f®(a+xh) da.

(c) By applying (b) to the function t — z®, show that

k—1
(1+h)* =1+ Cpah™+ Ri(h)

n=1
for all « € R and h > —1, where

- a(oz—l)-~~(oz—n+l)’
’ n!

1
Ro(h) = kCyoht / (1 — 2)F1(1 + zh)** da.
0

Using the fact that

1-1
0< <1
~1+th

for all t and h satisfying 0 <t <1 and h > —1, show that

| Ri(R)| < K[Chal B La(R)],
for all A > —1, where

[ a1 [aT (T4 h)*=1) ifa#0;
Ta(h) _h/o (14 wh)™" do = {log(l—l—h) if a =0.
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(Note that the value of I,(h) is independent of k.) Hence prove that
|Ri(h)] — 0 as k — +oo for all h satisfying |h| < 1, and thus

“+o0o
1) (o — 1
(1+h)a:1+zo‘(o‘ ) n'(o‘ Rt D)y
n=1 ’

whenever |h| < 1.

n

(a) Let h,(z) = o for all natural numbers n and real numbers ¢.
)

Prove that the sequence hq, ho, hs, ... of functions converges uniformly

on R to the zero function.

(b) Calculate fj;o hy(x) dz for all natural numbers n. Is it true that

T ho(z) do = /_ m( lim hn(x)> da

n—-00 n—-100
+ —00 [e.e] +

in this case?



