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7 Infinite Series

An infinite series is the formal sum of the form ay + as + as + - - -, where each
+00
number a,, is real or complex. Such a formal sum is also denoted by > a,.
n=1
—+00

Sometimes it is appropriate to consider infinite series Y a, of the form

n=m
G + Qi1 + Qoo + - -+, where m € Z. Clearly results for such sequences
may be deduced immediately from corresponding results in the case m = 1.

+00
Definition An infinite series »_ a, is said to converge to some complex
n=1
number s if and only if, given any € > 0, there exists some natural number N
m

Zan — s| < ¢ for all natural numbers m satisfying m > N. If

n=1

such that

+o0o +00

the infinite series > a, converges to s then we write > a, = s. An infinite
n=1 n=1

series is said to be divergent if it is not convergent.

For each natural number m, the mth partial sum s, of the infinite se-

+00 +oo
ries Y ay, is given by s, = a; + as + - -+ + a,,,. Note that > a, converges
n=1 n=1

to some complex number s if and only if s,, — s as m — +oo. The fol-
lowing proposition therefore follows immediately on applying the results of
Proposition 6.3.

+o0 +o00
Proposition 7.1 Let > a, and > b, be convergent infinite series. Then

n=1 n=1
+oo +oo ~+o0 400 +00
> (an+by) is convergent, and » (an+by,) =Y an+ Y b, Also Y (Na,) =

o1



+o0o
A ay for any complex number \.

n=1
+oo
If Y a, is convergent then a, — 0 as n — +o00. Indeed

n=1

lim a,= lim (s, —$,-1)= lim s,— lim s, 1 =s—s5=0,

n—-+00 n—-+0oo n—-+o0o n—-+o0o
m +00

where s, = > a, and s = > a, = lim,,_ 1 Syn. However the condition

n=1 n=1

that a, — 0 as n — 400 is not in itself sufficient to ensure convergence. For

example, the series > 1/n will be shown to be divergent.
n=1

Proposition 7.2 Let ay,as, a3, aq, ... be an infinite sequence of real num-

+00

bers. Suppose that a, > 0 for all n. Then > a, is convergent if and only if
n=1

there exists some real number C' such that a; + as + - -+ a, < C for all n.

+00
Proof The sequence s1, 9, S3, . . . of partial sums of the series »_ a,, is non-
n=1
decreasing, since a,, > 0 for all n. The result therefore is a consequence of

the fact that a non-decreasing sequence of real numbers is convergent if and
only if it is bounded above (see Theorem 2.3). |}

7.1 Some Important Examples

Example Let z be a complex number. The infinite series 1+2z+ 22+ 23+ - -
is referred to as the geometric series. This series is clearly divergent whenever
|z| > 1, since z" does not converge to 0 as n — +o00. We claim that the
series converges to 1/(1 — z) whenever |z| < 1. Now
1— Zm—i—l
l+z+4224+...2"="—"
1—12
(To see this, multiply both sides of the equation by 1 — z.) Thus if |z] < 1
then

lim (142422 +...2") = ! .
m—-+00 11—z
It is important that the above identity giving the sum of the geometric
series is used only in situations in which the series is convergent. Nonsensical
results will be obtained if one tries to apply the result in cases where the series
diverges. Indeed if one were to set z = +2 one would obtain the nonsensical
identity “1+2+4+8+16+4+32+.-- = —1"
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1 1
Example We show that the infinite series 1 + 3 + 3 + --- is divergent. Let

Sm denote the mth partial sum of this series, given by s, = Z We claim

that sor > (k + 2)/2 for all natural numbers k. The result is clearly valid
when k = 1. Now Suppose that sgr-1 > k/2. Then

1 1
T R
> +2“1x3;—3 +1
= 2k—1 2k‘ — o9k—1 2

It therefore follows by induction on k that sor > (k + 2)/2 for all natural

numbers k. Thus the sequence si, S9, S3,... is not bounded above, and so
+00

cannot converge. We conclude therefore that the infinite series ) 1/n is

n=1
divergent.

Example Let a be a real number satisfying @ > 1. We show that Z 1/n®

is convergent. Let s,, denote the mth partial sum of this series, glven by
m
1
S = —. Then
n=1 ne

1 1 1 1 1 1 1

2 = 1+2_a+(30+4_a>+<5a+6_a+7_a 8a)
1 1 1
e (@ )

1 1

— — 4.4 okD
< 1+1+2x2a+4x4a+ +2 X 5D
< C

for all natural numbers k, where

1 1
C_HZOW_HW‘

But the sequence si,ss,s3,... of partial sums of the series is increasing.
Therefore S, < C for all m (provided that a > 1). It follows immediately

+oo
from Proposition 7.2 that ) 1/n® converges when a > 1.

n=1
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7.2 The Comparison Test and Ratio Test

+oo

Proposition 7.3 An infinite series Y a, of real or complex numbers is con-
n=1

vergent if and only if, given any € > 0, there exists some natural number N

with the property that
|am+am+1+---+am+k| <e€

for all m and k satisfying m > N and k > 0.

Proof The stated criterion is equivalent to the condition that the sequence
of partial sums of the series be a Cauchy sequence. The required result
thus follows immediately from Cauchy’s Criterion for convergence (Theo-
rem 6.6). ||

Proposition 7.4 (Comparison Test) Suppose that 0 < |a,| < b, for all n,
+00 too
where a, 1is complex, b, is real, and Y b, is convergent. Then > a, is
n=1 n=1
convergent.

Proof Let ¢ > 0 be given. Then there exists some natural number N such
that b, + b1+ - -+ bpar < € for all m and £ satisfying m > N and k& > 0.
But then

|| + |amia] + - + |amr]
bm+bm+1++bm+k <e€

|am+am+1+"'+am+k’ S
<

+o00o
when m > N and k > 0. Thus ) a, is convergent, by Proposition 7.3. |}

n=1

Let us apply the Comparison Test in the case when a, and b, are non-
+oo

negative real numbers satisfying 0 < a,, < b, for all n. If >_ b, is convergent,
n=1

+o0 +oo oo
then so is »_ a,. Thus if »_ a, is divergent then so is > b,. These results

n=1 n=1 n=1
also follow directly from Proposition 7.2.

+oo
Example The series > 1/n® diverges for all o < 1, since 1/n < 1/n* for

n=1

+o0
all n and Y 1/n is divergent.

n=1

o4



Example Comparison with the geometric series shows that the infinite series
+00

>~ 2™ /n is convergent whenever |z| < 1.

n=1

sinn
10n% — Tn + 13

“+o0o
Example The infinite series Z is convergent. Indeed
n=1

sinn
10n2 — ™n + 13

< 1
— 3n?

+00
for all n, and Y 1/(3n?) is convergent.

n=1
Proposition 7.5 (Ratio Test) Let ay,aq,a3... be complex numbers. Sup-
+oo
pose that r = lirf L exists and satisfies |r| < 1. Then Y. a, is conver-
n—+00 Ay n=1

gent.

Proof Choose p satisfying |r| < p < 1. Then there exists some natural
number N such that |a,1/a,| < p for all n > N. Let

K = maximum (m,@ |a_3|7.”_|ax|> .

p’ p* PP P
Now |an41| < pla,| whenever n > N. Therefore |a,| < p" V]ay| < Kp®

whenever n > N. But the choice of K also ensures that |a,| < Kp™ when n <
+o00o

N. Moreover Y. Kp" converges, since p < 1. The desired result therefore
n=1

follows on applging the Comparison Test (Proposition 7.4). |}

oo 5
Example Let z be a complex number. Then Z Z—| converges for all values
n!
n=0
of z. For if a,, = 2" /n! then a,11/a, = z/(n+ 1), and hence a,41/a, — 0 as
n — +00. The result therefore follows on applying the Ratio Test.

—+o00

Let ) a, be an infinite series for which r = lirf Apy1/ay is well-defined.
n—-roo

n=1
The series clearly diverges if |r| > 1, since |a,| increases without limit as
n — +oo. If however |r| = 1 then the Ratio Test is of no help in deciding
whether or not the series converges, and one must try other more sensitive

tests.
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7.3 Convergence of Alternating Series

Ans alternating series is an infinite series with the property that the signs
of the summands are alternately positive and negative.

Theorem 7.6 (Alternating Series Test) Let ay,as,as,... be non-negative
real numbers. Suppose that a; > as > a3 > --- and that a,, — 0 as n — +o00.
+o0
Then the infinite series > (—1)""ta,, is convergent.
n=1
m
Proof For each natural number m let s, = >_ (=1)""la,. Now
n=1
Sok+1 = S2k—1 — 2k + A2k+1 < S2k—1, Sok+2 = Sok + Q2k+1 — Qok+2 = Sok

for all natural numbers k (since agy, > agxi1 > agy2). Therefore the subse-
quence $1, S3, S5, S7, - . . 18 non-increasing and the subsequence $s, s4, Sg, Sg, - - -
is non-decreasing. But sy < s9p < s9p_1 < 7 for all natural numbers k.
Thus these subsequences are bounded, and are therefore convergent (since
any bounded non-increasing or non-decreasing sequence of real numbers is
convergent, by Theorem 2.3). Moreover the subsequences have the same
limit, since

lim sgp — lim S9p_1 = hm (Sor — Sop—1) = — lim a9, = 0.
k—-+o0 k——+o0 ——+00 k—-4o00

We claim that Z( 1) 'a, = s, where s—khm Sop = hm Sok—1-
+

— 400
Let e > 0 be glven Then there exist natural numbers K, and K, such
that |s — sax—1| < € whenever £ > K and |s — sox| < € whenever k > K.
Choose N such that N > 2K; —1 and N > 2K,. Then |s—s,,| < € whenever

+00
m > N. Thus > (-1)""la, = lirJrrl Sm = 8, as required. |
ne=1 m——+oo
1

Example The infinite series 1 — — - is convergent, by the

Alternating Series Test (Theorem 7. 6)

Lo
371
7.4 Absolute Convergence

Definition An infinite series Z:g a, is said to be absolutely convergent if
the infinite series 72 |a,| is convergent. (A convergent series which is not
absolutely convergent is said to be conditionally convergent.)
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An absolutely convergent infinite series is convergent, and the sum of
any two absolutely convergent series is itself absolutely convergent. These
results follow on applying the Comparison Test (Proposition 7.4). Moreover
the following criterion for absolute convergence follows directly from Propo-
sition 7.3.

oo
Proposition 7.7 An infinite series ) a, is absolutely convergent if and

n=1
only if, given any € > 0, there exists some natural number N such that

||+ @t | + - A amgr] < e
for all m and k satisfying m > N and k > 0.

Many of the tests for convergence described above do in fact test for
absolute convergence; these include the Comparison Test and the Ratio Test.
A rearrangement of a given infinite series is a new infinite series obtained
on summing up the terms of the given series in a different order. Thus for

example

1+1 1+1+1 1+1+1 1+
3 2 5 7 4 9 11 6

is a rearrangement of the infinite series

11 1 1 1 1

Ty t3 ity sty

It might be supposed that, if one rearranges a convergent infinite series, then
the rearranged series is also convergent and has the same sum as the original
series. This result does in fact hold for absolutely convergent series (see
Theorem 7 in Chapter 22 of Calculus, by M. Spivak). If however an infinite
series is not absolutely convergent, then, given any real number «, there
always exists a rearrangement of the series converging to a (see Theorem 6
in Chapter 22 of Calculus, by M. Spivak). Thus particular care must be
exercised whenever the order of the terms of an infinite series is changed.

7.5 The Cauchy Product of Infinite Series

+00 +oo
The Cauchy product of two infinite series ) a, and b, is defined to be
n=0 n=0
+o0o
the series > ¢,, where
n=0

Cn = Z ajb,—; = agb, + arby,_1 + agby,_o + -+ + ap_1b1 + a,bo.

J=0

o7



+o0 +o0o
The convergence of > a, and Y b, is not in itself sufficient to ensure the
n=0 n=0
convergence of the Cauchy product of these series. Convergence is however
+oo +o00o
assured provided that the series > a, and ) b, are absolutely convergent.
n=0 n=0

+00
Theorem 7.8 The Cauchy product >, ¢, of two absolutely convergent infi-
n=0

+o00o +o00o
nite series » . a, and Y. b, is absolutely convergent, and

+00 +o0 —+00
ch = (Zan> (Z bn> .
n=0 n=0 n=0
Proof For each non-negative integer m, let
Sy = {U,k)€ZXZ:0<j<m, 0<k<m},
T = {(4,k)€ZXZ:7>0, k>0, 0<j+k<m}.
Now > ¢, = >, ajb; and (Z an) (E bn) = Y. a;bg. Also
n=0 (

n=0 (]7k)€T’m n=0 ]vk)GSm

Slls 3 laltls Y raj|\bk\§<+f\an\) (fw),

n=0 (4,k)ETm (j,k)ESm n=0 n=0

n +o0 +o0
since |¢,| < Y |a;||bn—;| and the infinite series ) a, and ) b, are absolutely
=0 n=0 n=0
+o0o
convergent. It follows from Proposition 7.2 that the Cauchy product > ¢,

n=0
is absolutely convergent, and is thus convergent. Moreover

e (£ (2)
= > aby

(j,k)Gsz\Sm
< ) abl < DY aghl
(jvk)eT2m\Sm (j,k)652m\sm

_ (i") Cérm) - (fju) (gmo,
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since S,,, C T5,, C Ss,,. But

Jim (Z"> (Z‘b‘) ) (f"> (g'b”’)
~ (fjw) (ijw),

n=0 n=0
+oo +o00
since the infinite series > a, and )_ b, are absolutely convergent. It follows
n=0 n=0

(3 (5) (52)) -

+oo 2m —+00 +oo
2= tim D en= (Z> (Zb> |

and hence

as required. |}

Example It follows from Theorem 7.8 that exp(z + w) = exp(z) exp(w) for
+oo
all complex numbers z and w, where exp(z) = Z Z—' Indeed the infinite
n!
n=0
series defining exp(z+w) is the Cauchy product of the infinite series defining

exp(z) and exp(w), since

T 1 & (m " m—n 1 m
s T DD (n) W= (et w)
n=0 n=0
|
by the Binomial Theorem, where [ [P L —
n nl(m —n)!

7.6 Uniform Convergence for Infinite Series
Let fi, fo, fa,... be complex-valued functions defined over a subset D of C.

+00
The infinite series series Y f,(2) is said to converge uniformly on D to some
n=1
function s if, given any € > 0, there exists some natural number N (which
n
S(Z ) - Z f m(Z)
m=0

does not depend on the value of z) such that < € whenever

z€Dandn > N.
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Note that an infinite series Z fn(2) of functions converges uniformly if

and only if the partial sums of thls series converge uniformly. It follows
immediately from Theorem 6.12 that if the functions f, are continuous on

+o00

D, and if the series Y f,(z) converges uniformly on D to some function,
n=0

then that function is also continuous on D.

Proposition 7.9 (The Weierstrass M-Test) Let D be a subset of C and let
f1, fo, f3, ... be a sequence of functions from D to C, let My, My, M3, ... be
non-negative real numbers satz’sfymg |fn(2)| < M, fm“ all natural numbers n

and z € D. Suppose that Z M, converges. Then Z fu(2) converges abso-

lutely and uniformly on D

Proof It follows immediately from the Comparison Test (Proposition 7.4)

+o00

that the series ) f.(z) is absolutely convergent for all z € D. We must
n=1

show that the convergence is uniform.

Let ¢ > 0 be given. Then there exists some natural number N such
+o0o
that > %% M, < 1e, since > M, converges. Now if m and k are integers

n=1
satisfying m > N and k > 0 then

m+k m m+k m+k
Yo =D R =] D RS Y M <ZM <l
n=1 n=1 n=m+1 n=m+1

for any z € D. On taking the limit as k — 400, we see that

— > fal2)

for all z € D and m > N. However N has been chosen independently of z.
Thus the infinite series converges uniformly on D, as required.  |]

1
< ge<

7.7 Power Series

+oo

A power series is an infinite series of the form ) a,(z — zp)", where the
n=0

coefficients ag, a1, as, . .. are complex numbers.
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Definition Let Z an,(z — z9)™ be a power series centred on some complex

number zg. Suppose that the set of complex numbers z for which the power
series converges is bounded. Then the radius of convergence Ry of the power
series is defined to be the smallest non-negative real number with the property
that every complex number z for which the power series converges satisfies
|z — 20| < Ry. The circle {z € C : |z — 2| = Ry} is then referred to as
the circle of convergence of the power series. We set Ry = +o0 if the set of
complex numbers z for which the power series converges is unbounded.

Theorem 7.10 Let Z an(z — 20)" be a power series with radius of conver-

gence Ry, and let s(z ) denote the sum of the power series at those complex
numbers z at which the series converges.

(i) If Ry = 400 then s(z) is a continuous function of z defined over the
entire complex plane C.

(i) If Ry < 400 then s(z) is a continuous function of z defined over the
whole of the disk
{z€C:|z—2]| < R}

bounded by the circle of convergence of the power series.

Proof Let z; be any complex number satisfying |z; — 29| < Ro. Then we can
choose R such that |z; — 29| < R < Rg and R < 4+00. Now it follows from the

definition of the radius of convergence that there exists some complex num-
+0o0
ber w such that R < |w| < Ry and ) a,w™ converges. Choose some positive

n=0
real number A with the property that |a,w™| < A for all n, and set p = R/|w|
and M, = Ap". If |z — z| < R then |a,(z — 20)"| < |a,|R" < Ap™ = M, for
all n. Also S M, converges to A/(1 — p). Thus we can apply the Weier-

+oo
strass M-Test (Proposition 7.9) to deduce that the power series > a,(z—2)"

n=0
converges uniformly on the disk {z € C: |z — 29| < R} of radius R about 2.
It then follows from Theorem 6.12 that the restriction of the function s to
this disk is continuous on the disk, and, in particular, is continuous around
z1. We deduce that the function s is continuous throughout the complex
plane when Ry = 400, and is continuous inside the circle of convergence
when Ry < +o0, as required. |

A power series with finite radius of convergence will converge everywhere
within its circle of convergence, and will diverge everywhere outside this cir-
cle. However Theorem 7.10 provides no information concerning the behaviour
of the power series on the circle of convergence itself.
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We can define exponential and trigonometric functions of a complex vari-
able by means of power series. Let

= 2" . 2 (—1)np?ntt X, (=1)"z

Now a straightforward application of the Ratio Test shows that these power
series have infinite radius of convergence. It follows from Theorem 7.10 that
the functions exp, sin and cos defined in this fashion are continuous functions
defined over the whole of C. Moreover they agree with the usual exponential,
sine and cosine functions for all real values of z; this follows on applying
Taylor’s Theorem to these functions. Note that exp(iz) = cos(z) + isin(z)
for all z € C, and thus

sin(z) = %(exp(iz) — exp(—iz2)), cos(z) = %(exp(iz) + exp(—iz)).

8 Euclidean Spaces, Continuity, and
Open Sets

We denote by R"™ the set consisting of all n-tuples (z1,xs,...,x,) of real
numbers. The set R" represents n-dimensional Fuclidean space (with respect
to the standard Cartesian coordinate system). Let x and y be elements of
R™, where

X:(:El)x%"'al‘n)a y:(y1’y27"'7yn)7

and let A be a real number. We define

X+y = (@1+yL,2z2+Y2, ., 00+ Un),
X=-y = (xl_yth_yQa"’)xn_yn)y

AX = (Azq, Azg, ..., Axy,),
Xy = Ty + oy + -+ Tuln,

x| = /e +adeeotal

The quantity x -y is the scalar product (or inner product) of x and y, and
the quantity |x| is the Fuclidean norm of x. Note that |x|*> = x - x. The
Fuclidean distance between two points x and y of R" is defined to be the
Euclidean norm |y — x| of the vector y — x.

Lemma 8.1 (Schwarz’ Inequality) Let x and y be elements of R™. Then
[x-y[ < [x|lyl.
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Proof We note that |A\x + py|? > 0 for all real numbers A and . But
IAx + py P = (Ax + py).(Ax + py) = N[x[* + 2\ ux -y + [y [*.

Therefore \?|x|? + 2 \ux -y + p2ly|? > 0 for all real numbers A and p. In
particular, suppose that A = |y|?> and y = —x - y. We conclude that

Y * = 20y G- y)* + (x - y)*ly[* > 0,
so that (]x|?|y|*> — (x-y)?)|y|? > 0. Thus if y # 0 then |y| > 0, and hence
xPlyl* = (x-y)* = 0.

But this inequality is trivially satisfied when y = 0. Thus |x-y| < |x||y|, as
required. |

It follows easily from Schwarz’ Inequality that |x +y| < |x| + |y| for all
x,y € R". For

x+yl? = x+y).x+y) =xP+]y+2x-y
< X2+ JylP +2x]ly| = (x| + )

It follows that
1z — x| <[z —y|[+ |y — x|

for all points x, y and |z| of R™. This important inequality is known as the
Triangle Inequality. It expresses the geometric fact the the length of any
triangle in a Euclidean space is less than or equal to the sum of the lengths
of the other two sides.

Definition A sequence X1, X, X3, ... of points in R" is said to converge to a
point p if and only if the following criterion is satisfied:—

given any real number ¢ satisfying ¢ > 0 there exists some natural
number N such that |p — x;| < € whenever j > N.

We refer to p as the limit lim x; of the sequence x1,x9,X3,....
J—+o00

Lemma 8.2 Let p be a point of R", where p = (p1,p2,-..,0n). Then a
sequence X1,Xso,Xs3, ... of points in R™ converges to p if and only if the ith
components of the elements of this sequence converge to p; fori =1,2,...,n.
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Proof Let zj; and p; denote the 7th components of x; and p, where p =

‘liIle x;. Then |z;; — p;| < |x; — p| for all j. It follows directly from the
oo

definition of convergence that if x; — p as j — +oo then z; — p; as
] — +oo0.

Conversely suppose that, for each i, z;; — p; as j — +00. Let € > 0 be
given. Then there exist natural numbers Ny, Ny, ..., N, such that |z;; —p;| <
e//n whenever j > N;. Let N be the maximum of Ny, No,..., N,. If j > N
then

x; —p|° = Z(%‘z‘ —pi)? <nle/v/n)? =&,
i=1

so that x; = pasj— +oo. |1

Definition A sequence x, Xy, X3, ... of points in R" is said to be a Cauchy
sequence if and only if the following criterion is satisfied:—

given any real number ¢ satisfying € > 0 there exists some natural
number N such that [x; — x;| < ¢ whenever j > N and k£ > N.

Lemma 8.3 A sequence of points in R™ is convergent if and only if it is a
Cauchy sequence.

Proof Let x1,Xs,X3,... be a sequence of points of R” converging to some
point p. Let € > 0 be given. Then there exists some natural number N such
that |x; — p| < %5 whenever 7 > N. If j > N and £ > N then

’Xj_xkz‘g’Xj_p‘+‘p_Xk|<%5+%5:57

by the Triangle Inequality. Thus every convergent sequence in R" is a Cauchy
sequence.

Now let x1,X5,x3,... be a Cauchy sequence in R”. Then the ¢th com-
ponents of the elements of this sequence constitute a Cauchy sequence of
real numbers. This Cauchy sequence must converge to some real number
pi, by Cauchy’s Criterion for Convergence (Theorem 6.6). It follows from
Lemma 8.2 that the Cauchy sequence x1, X5, X3, . .. converges to the point p,

Wherep: (pl;an'--apn)' I

Definition Let X and Y be a subsets of R” and R” respectively. A function
f: X = Y from X to Y is said to be continuous at a point p of X if and
only if the following criterion is satisfied:—

given any real number ¢ satisfying € > 0 there exists some § >
0 such that |f(x) — f(p)| < e for all points x of X satisfying
|x —p| < 9.
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The function f: X — Y is said to be continuous on X if and only if it is
continuous at every point p of X.

Lemma 8.4 Let X, Y and Z be subsets of R™, R and R* respectively, and
let f: X =Y and g:Y — Z be functions satisfying f(X) C Y. Suppose that
f is continuous at some point p of X and that g is continuous at f(p). Then
the composition function go f: X — Z is continuous at p.

Proof Let ¢ > 0 be given. Then there exists some 1 > 0 such that |g(y) —
g(f(p))] < e for all y € Y satisfying |y — f(p)| < 7. But then there exists
some 0 > 0 such that |f(x) — f(p)| <n for all x € X satisfying |x — p| < 0.
It follows that |g(f(x)) — g(f(p))| < ¢ for all x € X satisfying |x — p| < 4,
and thus g o f is continuous at p, as required. |

Lemma 8.5 Let X and Y be a subsets of R™ and R™ respectively, and let
f: X — Y be a continuous function from X to Y. Let x1,X9,X3,... be a
sequence of points of X which converges to some point p of X. Then the

sequence f(x1), f(X2), f(X3),... converges to f(p).

Proof Let ¢ > 0 be given. Then there exists some 6 > 0 such that
|f(x) — f(p)| < € for all x € X satisfying |x — p| < 0, since the func-
tion f is continuous at p. Also there exists some natural number N such
that |x; — p| < 0 whenever j > N, since the sequence xi,Xs,Xs,... con-
verges to p. Thus if j > N then |f(x;) — f(p)| < €. Thus the sequence

f(x1), f(x2), f(x3),... converges to f(p), as required. |

Let X and Y be a subsets of R™ and R"” respectively, and let f: X — Y
be a function from X to Y. Then

f(x) = (), L), (X))

for all x € X, where fi, fo,..., f, are functions from X to R, referred to as
the components of the function f.

Proposition 8.6 Let X and Y be a subsets of R™ and R"™ respectively. A
function f: X — 'Y is continuous if and only if its components are continuous.

Proof Note that the ith component f; of f is given by f; = m; o f, where
mi: R" — R is the continuous function which maps (y1, vz, - ..,yn) € R™ onto
its ith coordinate y;. Now any composition of continuous functions is con-
tinuous, by Lemma 8.4. Thus if f is continuous, then so are the components

of f.
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Conversely suppose that the components of f are continuous at p € X.

Let € > 0 be given. Then there exist positive real numbers d1, ds, . . ., d,, such
that |fi(x) — fi(p)| < ¢/4/n for x € X satisfying |x — p| < d;. Let ¢ be the
minimum of §1,ds,...,d,. If x € X satisfies |x — p| < ¢ then

[f(x) = f(p)* = Z |fi(x) = filp)* < €%,

and hence |f(x) — f(p)| < e. Thus the function f is continuous at p, as
required. |

Lemma 8.7 The functions s:R* — R and p: R* — R defined by s(z,y) =
x4y and p(z,y) = xy are continuous.

Proof Let (u,v) € R% We first show that s: R? — R is continuous at (u,v).
Let € > 0 be given. Let § = e. If (x,y) is any point of R? whose distance
from (u,v) is less than 0 then |z — u| < ¢ and |y — v| < §, and hence

|s(z,y) —s(u,v)| =l +y—u—v|<|r—ul+|y—v| <2)=e.

This shows that s:R? — R is continuous at (u,v).
Next we show that p: R? — R is continuous at (u,v). Now

p(x,y) — p(u,v) =2y —uwv = (x —u)(y —v) +uly —v) + (z — uw)v.

for all points (z,y) of R?. Thus if the distance from (z,y) to (u,v) is less
than 0 then |z —u| < ¢ and |y — v| < ¢, and hence [p(x,y) — p(u,v)| <
62 + (Ju| + |v])d. Let e > 0 is given. If § > 0 is chosen to be the minimum of
1 and /(1 + |u| + |v|) then 6% + (Ju| + [v])d < (1 + |u| + |v])d < &, and thus
Ip(x,y) — p(u,v)| < e for all points (z,y) of R? whose distance from (u,v) is
less than §. This shows that p: R? — R is continuous at (u,v). ||

Proposition 8.8 Let X be a subset of R", and let f: X — R and g: X — R
be continuous functions from X to R. Then the functions f + g, f — g and
f - g are continuous. If in addition g(x) # 0 for all x € X then the quotient
function f/g is continuous.

Proof Note that f+¢g =sohand f-g = poh, where h: X — R? s:R? - R
and p: R? — R are given by h(x) = (f(x), g(x)), s(u,v) = u+v and p(u,v) =
uv for all x € X and u,v € R. It follows from Proposition 8.6, Lemma 8.7
and Lemma 8.4 that f + g and f - g are continuous, being compositions
of continuous functions. Now f — g = f + (—g), and both f and —g are
continuous. Therefore f — g is continuous.
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Now suppose that g(x) # 0 for all x € X. Note that 1/g = r o g, where
R\ {0} — R is the reciprocal function, defined by r(t) = 1/t. Now the
reciprocal function r is continuous. Thus the function 1/g is a composition
of continuous functions and is thus continuous. But then, using the fact that
a product of continuous real-valued functions is continuous, we deduce that
f/g is continuous. |

Example Consider the function f:R?\ {(0,0)} — R? defined by

_ z Y
f<x7y)_ (x2+y27x2+y2> .

The continuity of the components of the function f follows from straightfor-
ward applications of Proposition 8.8. It then follows from Proposition 8.6
that the function f is continuous on R?\ {(0,0)}.

8.1 Open Sets in Euclidean Spaces

Let X be a subset of R". Given a point p of X and a non-negative real
number 7, the open ball Bx(p,r) in X of radius r about p is defined to be
the subset of X given by

Bx(p,r)={xe X :|x—p|<r}.

(Thus Bx (p, r) is the set consisting of all points of X that lie within a sphere
of radius r centred on the point p.)

Definition Let X be a subset of R". A subset V' of X is said to be open
in X if and only if, given any point p of V| there exists some 6 > 0 such that

By convention, we regard the empty set () as being an open subset of X.
(The criterion given above is satisfied vacuously in the case when V' is the
empty set.)

In particular, a subset V' of R" is said to be an open set (in R™) if and only
if, given any point p of V| there exists some § > 0 such that B(p,d) C V,
where B(p,r) ={x e R": [x —p| <7}

Example Let H = {(z,y,2) € R® : 2 > ¢}, where ¢ is some real number.
Then H is an open set in R?. Indeed let p be a point of H. Then p = (u, v, w),
where w > ¢. Let 6 = w — ¢. If the distance from a point (z,y, z) to the
point (u,v,w) is less than § then |z — w| < 0, and hence z > ¢, so that
(x,y,2) € H. Thus B(p,d) C H, and therefore H is an open set.

67



The previous example can be generalized. Given any integer ¢ between 1
and n, and given any real number ¢;, the sets

{(x1, 29, ., 2,) €ER" 12y > ¢}, {(z1, 20, wn) €ER" 125 < 4}
are open sets in R".

Example Let U be an open set in R". Then for any subset X of R", the
intersection U N X is open in X. (This follows directly from the definitions.)
Thus for example, let S? be the unit sphere in R3, given by

S ={(z,y,2) eR® : 2?2 + 2 + 22 =1}
and let N be the subset of S? given by
N ={(z,y,2) €ER": 2 +y* + 2> = 1 and z > 0}.

Then N is open in S?%, since N = H N S?%, where H is the open set in R3
given by

H = {(z,y,2) € R®: 2 > 0}.
Note that NV is not itself an open set in R*. Indeed the point (0,0, 1) belongs
to N, but, for any § > 0, the open ball (in R? of radius § about (0,0,1)

contains points (x,y, z) for which 22 + y* + 2% # 1. Thus the open ball of
radius ¢ about the point (0,0, 1) is not a subset of V.

Lemma 8.9 Let X be a subset of R™, and let p be a point of X. Then, for
any positive real number r, the open ball Bx(p,r) in X of radius r about p
15 open in X.

Proof Let x be an element of Bx(p,7). We must show that there exists
some 0 > 0 such that Bx(x,9) C Bx(p,r). Let § = r — |x — p|. Then § > 0,
since |x — p| < r. Moreover if y € Bx(x,d) then

y—p|<|y—x[+[x—p|<d+|x—p|=r,

by the Triangle Inequality, and hence y € Bx(p,r). Thus Bx(x,0) C
Bx(p,r). This shows that Bx(p,r) is an open set, as required. |

Lemma 8.10 Let X be a subset of R, and let p be a point of X. Then, for
any non-negative real number r, the set {x € X : |x —p| > r} is an open set
in X.
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Proof Let x be a point of X satisfying |[x — p| > r, and let y be any point
of X satisfying |y — x| < 0, where § = |x — p| —r. Then

x—p|l<[x—yl[+]y—pl
by the Triangle Inequality, and therefore
y —plZ[x—pl—ly—x|>[x—p[-d=r
Thus Bx(x,d) is contained in the given set. The result follows. |

Proposition 8.11 Let X be a subset of R™. The collection of open sets in X
has the following properties:—

(i) the empty set ) and the whole set X are both open in X;
(ii) the union of any collection of open sets in X is itself open in X;

(iii) the intersection of any finite collection of open sets in X is itself open
n X.

Proof The empty set () is an open set by convention. Moreover the definition
of an open set is satisfied trivially by the whole set X. This proves (i).

Let A be any collection of open sets in X, and let U denote the union of
all the open sets belonging to A. We must show that U is itself open in X.
Let x € U. Then x € V for some set V belonging to the collection A. It
follows that there exists some 6 > 0 such that Bx(x,d) C V. But V C U,
and thus Bx(x,d) C U. This shows that U is open in X. This proves (ii).

Finally let Vi, V5, V5, ..., Vi be a finite collection of subsets of X that
are open in X, and let V' denote the intersection V; N Vo N --- NV} of these
sets. Let x € V. Now x € Vj for j = 1,2,...,k, and therefore there
exist strictly positive real numbers 01, o, . .., & such that Bx(x,d;) C V; for
j=1,2,... k. Let 6 be the minimum of d;,ds,...,dx. Then § > 0. (This is
where we need the fact that we are dealing with a finite collection of sets.)
Now Bx(x,0) C Bx(x,0;) C V; for j =1,2,... k, and thus Bx(x,0) C V.
Thus the intersection V' of the sets Vi, V5, ..., V} is itself open in X. This
proves (iii). |

Example The set {(z,9,2) € R®: 22 + y* + 22 <4 and z > 1} is an open
set in R3, since it is the intersection of the open ball of radius 2 about the
origin with the open set {(z,y,z) € R®: 2 > 1}.

Example The set {(z,y,2) € R®: 2% + y* + 22 < 4 or z > 1} is an open set
in R3, since it is the union of the open ball of radius 2 about the origin with
the open set {(z,y,z) € R®: 2 > 1}.
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Example The set
{(xa?J,Z) cR®: (x—n)2—|—y2—|—z2 < i for some n € Z}

is an open set in R3, since it is the union of the open balls of radius % about
the points (n,0,0) for all integers n.

Example For each natural number k, let
Vi = {(z,y,2) e R?: k*(2® + ¢ + 2°) < 1}.

Now each set V} is an open ball of radius 1/k about the origin, and is therefore
an open set in R®. However the intersection of the sets Vj, for all natural
numbers k is the set {(0,0,0)}, and thus the intersection of the sets V}, for all
natural numbers k is not itself an open set in R®. This example demonstrates
that infinite intersections of open sets need not be open.

Lemma 8.12 A sequence X1,Xs, X3, ... of points in R™ converges to a point p
if and only if, given any open set U which contains p, there exists some
natural number N such that x; € U for all j satisfying j > N.

Proof Suppose that the sequence x;, X, X3, ... has the property that, given
any open set U which contains p, there exists some natural number N such
that x; € U whenever j > N. Let € > 0 be given. The open ball B(p,¢) of
radius € about p is an open set by Lemma 8.9. Therefore there exists some
natural number N such that x; € B(p, ) whenever j > N. Thus |x;—p| < ¢
whenever 5 > N. This shows that the sequence converges to p.

Conversely, suppose that the sequence x1, X5, X3, ... converges to p. Let
U be an open set which contains p. Then there exists some € > 0 such that
the open ball B(p, ) of radius € about p is a subset of U. Thus there exists
some ¢ > 0 such that U contains all points x of X that satisfy |x — p| < e.
But there exists some natural number N with the property that |x;, —p| < ¢
whenever j > N, since the sequence converges to p. Therefore x; € U
whenever j > N, as required. |

8.2 Closed Sets

Let X be a subset of R". A subset F' of X is said to be closed in X if and
only if its complement X \ F'in X is open in X. (Recall that X \ F' = {x €
X:x¢F})

Example The sets {(z,y,2) € R® : 2 > ¢}, {(z,y,2) € R®: 2 < ¢}, and
{(x,y,2) € R®: 2z = ¢} are closed sets in R? for each real number ¢, since the
complements of these sets are open in R?.
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Example Let X be a subset of R”, and let xq be a point of X. Then the
sets {x € X : [x —x¢| <r}and {x € X : |x —x¢| > r} are closed for
each non-negative real number r. In particular, the set {x¢} consisting of
the single point xq is a closed set in X. (These results follow immediately
using Lemma 8.9 and Lemma 8.10 and the definition of closed sets.)

Let A be some collection of subsets of a set X. Then

xX\Js=Nx\9, x\[)s=Jx\9)

SeA SeA SeA SeA

(i.e., the complement of the union of some collection of subsets of X is the
intersection of the complements of those sets, and the complement of the
intersection of some collection of subsets of X is the union of the comple-
ments of those sets). The following result therefore follows directly from
Proposition 8.11.

Proposition 8.13 Let X be a subset of R™. The collection of closed sets
in X has the following properties:—

(i) the empty set O and the whole set X are both closed in X ;

(ii) the intersection of any collection of closed sets in X is itself closed in
X;

(iii) the union of any finite collection of closed sets in X is itself closed in

X.

Lemma 8.14 Let X be a subset of R, and let F' be a subset of X which is
closed in X. Let x1,X2,X3,... be a sequence of points of F which converges
to a point p of X. Then p € F.

Proof The complement X \ F' of F'in X is open, since F' is closed. Suppose
that p were a point belonging to X'\ F'. It would then follow from Lemma 8.12
that x; € X \ F for all values of j greater than some positive integer N,
contradicting the fact that x; € F' for all j. This contradiction shows that p
must belong to F', as required.  |]

8.3 Continuous Functions and Open Sets

Let X and Y be subsets of R™ and R", and let f: X — Y be a function
from X to Y. We recall that the function f is continuous at a point p of X
if, given any € > 0, there exists some § > 0 such that |f(u) — f(p)| < ¢
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for all points u of X satisfying |[u — p| < §. Thus the function f: X — Y
is continuous at p if and only if, given any € > 0, there exists some § > 0
such that the function f maps Bx(p,d) into By (f(p),c) (where Bx(p,9)
and By (f(p),e) denote the open balls in X and Y of radius § and ¢ about
p and f(p) respectively).

Given any function f: X — Y, we denote by f~}(V) the preimage of a
subset V of Y under the map f, defined by f~1(V) ={x € X : f(x) € V}.

Proposition 8.15 Let X andY be subsets of R™ and R™, and let f: X — Y
be a function from X toY . The function f is continuous if and only if f~1(V)
is open in X for every open subset V of Y.

Proof Suppose that f: X — Y is continuous. Let V be an open set in Y.
We must show that f~(V) is open in X. Let p € f~%(V). Then f(p) €
V. But V is open, hence there exists some € > 0 with the property that
By (f(p),e) C V. But f is continuous at p. Therefore there exists some
d > 0 such that f maps Bx(p,d) into By (f(p),e) (see the remarks above).
Thus f(x) € V for all x € Bx(p,d), showing that Bx(p,d) C f~* (V). This
shows that f~'(V) is open in X for every open set V in Y.

Conversely suppose that f: X — Y is a function with the property that
f7H(V) is open in X for every open set V in Y. Let p € X. We must
show that f is continuous at p. Let € > 0 be given. Then Bx(f(p),¢) is
an open set in Y, by Lemma 8.9, hence f~' (By(f(p),¢)) is an open set
in X which contains p. It follows that there exists some § > 0 such that
Bx(p,d) C f~'(By(f(p),e)). Thus, given any £ > 0, there exists some
0 > 0 such that f maps Bx(p,d) into By (f(p),e). We conclude that f is
continuous at p, as required. |}

Let X be a subset of R", let f: X — R be continuous, and let ¢ be some
real number. Then the sets {x € X : f(x) > ¢} and {x € X : f(x) < ¢}
are open in X, and, given real numbers a and b satisfying a < b, the set
{x € X :a< f(x) <b}isopenin X.

72



