
Course 121, 1993–94, Supplemental Examina-

tion (JF)

1. Prove that there do not exist non-zero integers p and q satisfying p2 =
2q2.

2. (a) Define precisely what is meant by saying that an infinite sequence
a1, a2, a3, . . . of real numbers converges to some real number l.

(b) Prove that a non-decreasing sequence of real numbers is conver-
gent if it is bounded above.

3. (a) Let D ⊂ R and let s ∈ D. Define precisely what is meant by
saying that a function f :D → R is continuous at s.

(b) Let f :R→ R be the function defined by

f(x) =

{
x2(1− x3) sin(1/x) if x 6= 0;

0 if x = 0.

Using the formal definition of continuity, prove that the function f
is continuous at 0.

(c) Let a1, a2, a3, . . . be a sequence of real numbers which converges
to some real number l. Suppose that an ≥ 0 for all n. Prove that
l ≥ 0.

4. Let [a, b] be a closed bounded interval. Prove that every continuous
function from [a, b] to R is bounded. Hence show that, given any con-
tinuous function f : [a, b]→ R, there exist elements u and v of [a, b] such
that f(u) ≤ f(x) ≤ f(v) for all x ∈ [a, b].

5. State and prove Taylor’s Theorem (with remainder).

6. (a) State and prove the Fundamental Theorem of Calculus.

(b) Let f be a real-valued function that is continuously differentiable
on some open interval containing [a, b] where a < b. Using the
Fundamental Theorem of Calculus and the Mean Value Theorem,
or otherwise, show that∫ b

a

df(x)

dx
dx = f(b)− f(a).

(c) Use the result stated in (b) to derive the rule for Integration by
Parts.
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7. (a) Suppose that zn = xn + iyn for all n, where xn and yn are real
numbers. Prove that the sequence (zn) converges to λ+iµ, where λ
and µ are real numbers, if and only if the sequence (xn) converges
to λ and the sequence (yn) converges to µ.

(b) Let f :D → C be a continuous function defined over D, where
D ⊂ C, and let z1, z2, z3, . . . be a sequence of elements of D which
converges to some element w of D. Suppose that the function f
is continuous at w. Prove that the sequence f(z1), f(z2), f(z3), . . .
converges to f(w).

8. (a) What is a Cauchy sequence of complex numbers?

(b) Prove that every Cauchy sequence of complex numbers is bounded,
and hence prove that every Cauchy sequence of complex num-
bers is convergent. [You may use, without proof, the Bolzano-
Weierstrass Theorem for infinite sequences of complex numbers.]

9. Test the following infinite series for convergence:

(i)
+∞∑
n=1

2 cosn− 3

n3
, (ii)

+∞∑
n=1

n

2n2 − 1
,

(iii)
+∞∑
n=1

n3

n!
, (iv)

+∞∑
n=1

n!

n2n
.

10. Prove that the series
+∞∑
n=1

1

nα
is convergent for all α > 1.

11. (a) Prove that a sequence x1,x2,x3, . . . of points in Rn converges to
some point p if and only if, given any open set U containing the
point p, there exists some natural number N such that xj ∈ U
for all j ≥ N .

(b) Suppose that xj ∈ F for all j, where F is a closed set in Rn, and
that the sequence x1,x2,x3, . . . converges to some point p. Prove
that p ∈ F .

12. Consider the following subsets of R3. Determine for each subset whether
or not it is open, and whether or not it is closed in R3. [Justify your
answers.]

(i) {(x, y, z) ∈ R3 : x2 + y2 + z2 ≥ 16},

2



(ii) {(x, y, z) ∈ R3 : x2 + y2 + z2 < 9 and z > 1},
(iii) {(x, y, z) ∈ R3 : x2 + y2 + z2 ≥ 9 and z < 1}.

c©TRINITY COLLEGE DUBLIN, THE UNIVERSITY OF DUBLIN 19??
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