Tutorial 7

Outside class hours, you may ask the lecturer questions in person or by email vell45@Qgmail.com
about this Tutorial or about anything related to the course.

I provide you answers for the questions. Most of the questions were partially or fully discussed on the lecture, check
your notes. Please be honest with yourself when performing derivations (in particular, about signs).

Comment: For j* I use a different normalisation than the one used on the lecture. I switched so as to use the
most common one across the literature.

The action of a particle in electromagnetic field consists of three terms:

S = Sfree + Sint + SEJ\I (1)
The free particle action reads
dxt dxv
Sfree = 7mC/ nlujwﬁ d9 . (2)

1. Derive equation of motion (which is the Euler-Lagrange equation derived from §Sgec = 0).
2. By considering the case 6§ = ct, show that trajectory of a free particle is a straight line.
The interaction action reads
e
Suw = =% [ Au(o)do. 3)
3. Derive equations of motion of the free particle in the presence of electromagnetic field (Euler-Lagrange equations
derived from §Stee + 0Sint = 0. You should get the answer:
d 1 dr, e dx¥
me————=—-F,,— 4
do ./ — db c "dp )
where F,, = 0,4, —0,A,.
4. Consider now an explicit realisation of F},, in terms of E and B:
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To avoid confusion, I wrote components of 3-dimensional vectors with an upper subscript, so it is coherent with
sign conventions. (e.g. with A* = (A% A) and A, = (4° —A)).

Write down explicitly in the 3-dimensional notation, putting 6 = ¢t and considering p = 0 and p = i case
separately.

For the p = 0 case you should get

d
Sme) = cB-v, (6)



where v = % and + is the Lorentz factor. Note that vm c? is nothing but the energy of the particle.

For the p =4 case you should get

i(ymv):e(EjLiva) . (7)

Note that «vm v is nothing but the momentum of the particle.
Finally, the electromagnetic action reads (correct your lecture notes: 1672 — 167 ¢):

Sem = fﬁ d*zF,, F". (8)
This last action should be understood as the one for continuous systems as discussed on the last lecture, the La-
grangian density is a functional £(0,A,) In this particular case it depends only through derivatives of A. A generic
case would correspond to L£(A,JA).
To derive equation of motion, we have to rewrite S;,; as a 4-dimensional integral. For this we first choose 6 = ct).
Then Siy = —< [ A 4z” 1t Introduce

Bt
y
(@) = 2250 (x — x(8)), ©)
dt
so that we can write
1 .
St = =55 [ ' A, @) (2). (10)

i.e. also in the style of a continuous system Lagrangian.

5. Derive equations of motion of the free particle in the presence of electromagnetic field (Euler-Lagrange equations
for continuous systems derived from §Sin; + 0Sgm = 0. Here you should variate with respect to field A, not
with respect to trajectory of the particle). The result will be

v 4m 57
a[LF# = 7.] ; (11)

which is one of the pair of Maxwell equations.

6. The second pair of Maxwell equations is 0, F, x + 0, Fx, + OxF},,, = 0. Check that it follows automatically from
the fact that Fj,, = 0,4, — 0, A,.

7. Rewrite in 3-dimensional notations. You should get: V- E = 4w p and —228 + V x B = 42J. Here by

definition j# = (cp,J) and the sign convention for derivatives is 9, = (8°, V), o= (0°,—V).

8. Rewrite 0, F,x+0,F)\,+0xF,,, = 0 in 3-dimensional notations. You should get V-B = 0 and %%—? +VxE =0.



