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(1.1) Cantor’s intuitive definition of a set. A setis a collection of objects considered as a whole.
(1.2) Various sets of numbersThenatural numbersN are the nonnegative integers:

N=1{0,1,2,...}
TheintegersZ are the whole numbers, positive and negative

Z={.—-3-2-1012..}

Therationals Q consist of all fractions

QZ{gtp,qEZandq#O}

Thereals R consist of every number which is the limit of a Cauchy-convergent sequence of
rationals (this description must suffice).
Thecomplex number€ are

C={z+iy: z,y € R}

wherei? = —1.



Thequaternionsor hypercomplex numbeld are

H={w+izx+jy+kz::w,z,y,2z € R}

wherei? = j2 = k? = ijk = —1 (the Broombridge formula).

(1.3) Definition A mapwith domainA andcodomainB is a rule or procedure which associates with
eachx € A a unique element aB.
The words ‘function, mapping, transformation’ are synonyms for 'map.

(1.4) Notation The notationf: A — B means thatd and B are sets and is a map with domaim
and codomainB.

Givenz € A, f(x) denotes the unique element®fassociated ta: by f.

Alternatively, one can writ¢ : = — y to mean thay is the unique element @& associated with

x by f.

(1.5) Theidentity map:x. If X is any set, there is a well-defingtentity map

tx: X —X;, z—=x

for everyx € X.
Other examples.SquaringR — R;z — 22 is the map which squares each real number
Parity

0 if ziseven

7Z—-7; r— { o
1 if zisodd

(1.6) Definition Union: AUB = {z: x € Aorxz € B}

Intersection:AN B = {z: x € Aandx € B}

Difference: A\B = {z: = € Aandz ¢ B}

Symmetric differencedAB = {z: (x € Aandxz ¢ B) or (x € Bandz ¢ A)

(1.7) Definition Thecartesian productl x B of two setsd and B is the set of ordered pairs
AxB= {(x,y):x€ A ye B}
A? = A x A; generally, A" = A x A x --- x A (cartesian product of. copies ofA).

Explanation. We use ‘ordered pair’ in an intuitive sense, just as in coordinate geometry, where
points in the plane correspond to ordered pairs of real numbers.

The main idea about an ordered paird) is that one can identify its first elementnd its second
element, and two ordered pairs are equal if and only if their first elements are equal and their second
elements are equal.

The word ‘cartesian’ is related to ‘cartesian coordinatBsX R is the set of cartesian coordinates
of points in the plane.

The multiplication sign reflects the fact thatdfand B are finite then the cardinaliyd x B| of
the cartesian product is the prodlidt x |B| of their cardinalities.

As mentioned in clasq,{a}, {a, b} } will work as a definition of(a, b).
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Figure 1: A x AwhereA = {0, 1,2}, and part of the addition table

Examples of cartesian productsIf A = {1,2} andB = {a, b, ¢}, then
Ax B ={(1,a),(1,0),(1,¢),(2,0),(2,),(2,0)}.

Notice|A| = 2, |B| = 3, and|A x B| = 6.

fA={reR:1<z<3}andB = {z € R: 4 <z < 9}, thenA x B corresponds to a
rectangular planar region of area 10.

More examples of mapsOperations like addition and subtraction can be viewed as certain kinds
of map. For example, addition of natural numbers can be considered as a mal frxoiN to N,
where(z,y) — z + y. Elementgx, y) of the cartesian produ@ x N can be viewed as places in
the addition table. In Figurg 1, the cartesian producf®fl, 2} with itself is shown, together with
the addition table for these particular numbers.

Similarly, multiplication, log,, exponentiation, etcetera, can be defined as maps with suitable
domains and codomains.

Restrictions and extensions of map3his topic has been deleted.

Example. Deleted.

(1.8) Equality of maps. Two mapsf: A — B andg: C' — D are equal if and only iA = C,
B = D, andforallx € A, f(z) = g(z). They may be given be by completely different formulae.

Example. The Gamma function example has been delesegposed = C' = IN,b= D = Z,
f(z) =(=1)*,andg(z) =1 -2z + 4% (z +2). Thenf = g.

(1.9) Range (or image) of a mapGiven f: A — B, therange off is the sef{ f(z): z € A}. Itis
a subset of3 but not necessarily all aB.
GivenX C A, we write f(X) for {f(z): v € X} sof(A) =rang€f).

(1.10) Compatible maps and composition.Let f: A — B andg: C — D be two maps. If
rangd /) C domair(g) (i.e.,C), then we say is compatible withf and we define theomposite map
go f, g following f, as follows:

gof:A—=D; xw— g(f(z)).
Wheng is compatible withf we may simply say that the composite magp f is defined.
Example.If f(z) = x + 1 andg(x) = 2, with A = B=C = D = R, then
gof(z)=(r+1)> and fog(x)=2"+1.

Composition of maps is not commutative.This example shows thgto f and f o ¢ need not
be equal, even when both are defined. That is, composition of maps is not a commutative operation.
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Figure 2:f,g,g90 f, fog.

However, it is associative. For example, suppose we are considering threefngaps all with
domainR and codomailRR, where

frx—ax+1, g: —sin(z), h: o 2?
Theng o f(z) = sin(x + 1) andh o g(z) = sin®(z).
Givenz, lety = 2 + 1, z = sin(y), w = z%. Thenho g(y) = w, go f(x) = z, andh(z) = w.
Therefore(h o g)(f(x)) = h(g o f(x)). In other words((h o g) o f)(z) = (ho (go f))(x).
It therefore makes sense to wrie> g o f, since it evaluates to the same function — that is, of
course

r s sin?(z + 1)

— whichever way the parentheses are placed. This distinction is invisible to us, but there are some
simple examples of operations which ai@ associative.

Example. Considering addition, subtraction, multiplication, and division oRer which are
associative? Which are commutative?

(1.11) Lemma Composition of maps is associativef g is compatible withf andh is compatible
with g thenh is compatible withy o f andh o g is compatible withf andh o (go f) = (ho g) o f.

Proof. It is easy to show that rangeo f) C rangdg), and we are given range) C domair(h).
Therefore rangg o f) C domair(h), soh is compatible withy o f.

Again, rangéf) C domair(g) = domair(h o g), SOh o g is compatible withf.

For anyz € domair(f), lety = f(z), z = g(y), andw = h(z). See Figur¢|3.

By definition,z = g o f(z), sow = h(z) = h((go f)(x)) = (ho(go f))(x).

Again by definitionw = h o g(y) = (ho g)(f(x)) = ((hog) o f)(x).

That is, for everyr € domair(f), (ho (go f))(xz) = ((hog) o f)(x).

Thereforeh o (9o f) = (hog)o f. Q.E.D.

(1.12) Definition Injective, surjective, and bijective maps.A mapf: A — B is (i) injective (or
one-to-one) if it maps distinct elements to distinct elementsi. ie#ify thenf(z) # f(y). Itis (ii)
surjective(or onto) if its range equal$s, and(iii) bijective if it is both injective and surjective.
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Figure 4: injective, surjective, bijective maps.

(1.13) Lemma (composition of injective maps and surjective maps)..

Given maps and g, whereg is compatible withf,
(i) if f andg are both injective, soigo f. (ii) if f andg are both surjective, so igo f. (iii) If f and
g are both bijective, soig o f. (iv) if g o f is injective, so isf (V) if g o f is surjective, so ig

Proof. (i) Let z; andz, be any elements of domdifi). Supposer; # z5: R.T.P.g o f(x1) #
go f(x2)). thenf(xzy) # f(x2), s0g(f(x1)) # g(f(x2)), as required.

(i) Let = be any element of the codomain @f R.T.P.z = g o f(z) for somez € A. Choose
y € B suchthay(y) = z. Then choose € A such thatf(x) = y. Theng(f(x)) = z, as required.

(i) Follows immediately from (i) and (ii).

(iv) Let z; andz, be any elements ofl. Supposer; # z5: R.T.P.f(x;) # f(x2). Since
g(f(z1)) # g(f(x2)), f(z1) # f(z2), as required.

(v) Let z be any element of’. R.T.P.z = ¢(y) for somey € B. Butz = g(f(x)) for some
x € A, sowe can takg = f(z). Q.E.D.

(1.14) Definition (inverse maps)If f: A — Bandg: B — A are two maps such thato f is the
identity.4 on A (L.5), theng is aleft inversefor f and f aright inversefor g. If g is both a left- and
right-inverse forf the it is atwo-sided inverser simplyinversefor f.

Examples. Let A = [0,00) (the nonnegative reals. i.e4 = {xr € R: z > 0}) andB = R,
f: A — Btakingz — /zr andg: B — Atakingx — 22. Theng is a left inverse forf andf a right
inverse forg.

(1.15) Lemma Suppose thaf: A — B has a left inversg and a right inversé.. Theng = h and f
has a unique two-sided inverse.



Proof. Since composition of maps is associative.

go(foh)=I(gof)oh)
.'.gOLB:LAOh

S.g=nh

If 1’ is another right inverse, then= h’/, soh = h'. If ¢’ is another right inverse, theji = h,
sog’ = g. Therefore left and right inverses are unique (and coincide). Sineé, g is a two-sided
inverse. Q.E.D.

(1.16) Notation If f: A — Bis a map andY” is any set, therf 1(Y) = {z € A: f(z) € Y}. If
yeY, [y = f"({y}h.

f7YY) is called theinverse image o under.

Example. If f(z) =2?, A=B=R,andY = {z e R: —1 <z <4}, thenf'(Y)={z €
R: —2<z<2}andf'(z) = {£V2}.

Remark. f: A — B is surjective if and only iff ~!(y) # 0 for eachy € B, and is injective if
and only if for eachy € B f~1(y) contains zero or 1 elements.

(1.17) Lemma Existence of inverse mapd.et f: A — B be a map.
() If f has a left inverse then it is injective,
(i) If f has aright inverse then it is surjective.
(iii) If fisinjective andA # 0 or b = () thenf has a left inverse.
(iv) If fis surjective and therf has a right inverse.
(Technical point: this is equivalent to the so-called Axiom of Choice.)
(v) f has an inverse iff it is bijective, in which case the inverse is unique.

Proof. (i) and (ii) follow from [L.I3 (iv) and (v) since the identity map is bijective.

(iii) The case wherés = () is a peculiar special case. K = () thenA = () and there exists only
one map fromA to B, namely,.y. This map is its own inverse.

Otherwise A # (). Choose some elemembf A, and defing;: B — A as follows.

() = x if y= f(x)forsomer € A
MM\ a if = ¢ rangeg f)

Sincef is injective, this defineg(y) uniquely. Clearlyy(f)z()) = x forallz € A, sog is a left
inverse forf.

(iv) For eachy € B let g(y) be some element of f~!(y). Thisx always exists sincg is
surjective. Clearlyf o g(y) = y Sog is a right inverse forf.

(v) If f has an inverse then from (i) and (ii) it is bijective. Conversely, i§ bijective, then from
(i) f has a left inverse (sincef is bijective,A = ) < B = (), and from (iv), f has a right
inverseh. But theng = h is the unique 2-sided inverse fér(lLemma[1.15). Q.E.D.

(1.18) Notation If f: A — B is bijective, thenf~! denotes its unique 2-sided inverse.
Writing f~1(y) as introduced



(1.19) Permutations of{1,...,n}. Any bijective map from{1, ..., n} to itself is called gpermu-
tation ofn letters Small Greek letters like are generally used when discussing permutations.
In these lectures we use a simple but non-standard notation: a permutasoepresented by
the arrangement which placeséi) in thei-th position. For now, we say ‘permutations act on values,
not on position.” Thusgy = 1342 mapsl to itself, 2 to 3, 3to 4, and 4 to 2. Let = 2314. Then
Too = 2143 ando o 7 = 3412.
It is easy to invert a permutatian with this notation: just write the identity pernutation under-
neath, forming an array, sort the columns according to the top values; the inverse is then in the bottom
row. For exampleg = 1342:

— =
N W
[GCISN
SN V]
SN V]
N W
[GURNTEN

soo ! = 1423.

2 Semigroups, monoids, and groups

(2.1) An associative binary operatioon a setS' is a mapf: S x S — S with the property that for
allz,y,z € S,

fz, [y, 2)) = f(f(z,y),2)

The ‘formal’ f(x, y) notation for maps is seldom used: rather ‘infix form’ like- y, z xy, x - y. The
‘binary’ refers to the fact thaf is a function with two variables.

(2.2) Definition A semigroupconsists of a nonempty sgtogether with an associative binary oper-
ation-onsS,

The operation is often called ‘multiplication’ and somtimes ‘addition.

As in ordinary algebra, the can be omitted so - y becomes justy. (As in ordinary algebra, if
the operator symbol is- then it is not omitted.)

(2.3) Examples of semigroups

e N.Z Q.R,C andH under addition
e N, Z, Q,R,CandH under multiplication

Any nonempty seb with -, a strange operation defined as follows:y = y, forall z,y € S.

As above, except now - y is defined as..

The set of mapg: X — X whereX is any set and the operationdscomposition of maps.

The set o2 x 2 matrices with coefficients ilN, Z, , Q, R, or C under addition (see below)

the set o2 x 2 matrices ... under multiplication



A 2 x 2 matrixis a square array of 4 numbers enclosed in square brackets, with addition compo-

nentwise
a b Ll f B at+e b+ f
c d g h N c+g d+h
and
a b e f B ae +bg af + bh
c d g h N ce+bg cf +0bh

It can be shown easily that matrix addition is associative and commutative. It can be shown more
laboriaously that matrix multiplication is associative.

(2.4) Identity and inverses. A left identitya in a semigroups, - is an element such that for all
x €S,

a-r =2=x.

Similarly, aright identity b satisfiesr - b = x for all z € A.
A two-sided identity, ordentityfor short, is an elemertwhich is both a left- and a right-identity
for S.

(2.5) Lemma If S possesses a left identity and a right identity they they are equabguabsesses a
unique (two-sided) identity. (Easy proof omitted.)

(2.6) Notational conventions. Often one leaves out the operation sign,zgomight meanz - y.
However, one usually usesto represent the operation when the semigroup is commutative, and the
addition sign is not omitted. Just like in ordinary algebra.

Generally, a two-sided identity will be represented eithet as ase. In a commutative group,
where+ is the symbol used, the identity is written@s

(2.7) Definition A monoidis a semigroup containing a (necessarily unique two-sided) identity.

(2.8) Definition Let S be a monoidg its identity. Ifa andb are elements of witha - b = ¢, thena
is aleft inversefor b andb is aright inversefor a.

If b is both a left- and a right-inverse farthe it is called atwo-sided inverséor a or inversefor
short.

(2.9) Lemma Letb be an element of a monoitl If b has a left inverse and a right inverse:, then
a = c andb has a two-sided inverse which is unique. (Proof same as in Ldmmia 1.1§.)

(2.10) Definition A groupd is a monoid in which every element has an inverse.
The invrerse of is usually writtenz !, or —z if the group operation is denoted.



3 Groups

Recall a semigroup is a nonempty set together with an associative binary operation on it, a monoid
is a semigroup with a 2-sided identity, necessarily unique, and a group is a monoid in which every
element has a two-sided inverse, necessarily unique.

In a monoid or groupe or 1 usually denote the identity. In a group;! usually denotes the
inverse ofr.

(3.1) Definition The order|S| of a semigroup, group, or monoifl is the number of elements it
contains..

There is, essentially, just one semigroup of order 1, and it also happens to be a group. For the
only possible operation ofu} is aa = a.

There are two monoids of order in the sense that given two objedis a }, wheree is to be the
identity, soee = e andea = ae = e, we have two choices fara: eithera or e.

e a e a
? € a ? e a
a|a a ala e
Two see that these tables define associative multiplication, you need to consider all 8 possible

values ofz, y, z and show in each case thaty)z = z(yz). In the first tablex(yz) and(zy)z both
evaluate te if z = y = 2z = ¢, otherwise they both evaluate & In the second tabléy)z and
x(yz) both evaluate ta if an odd number of the objects v, z is a, otherwise they both evaluate to
c.

A quicker way of showing that the operation is associative is to note that the multiplication table
for {1,0} has the same form, and that we know to be associative. In the second case, the multiplica-
tion table for{1, —1} has the same form, and that also is associative. The second one gives a group
shincea ande both have inverses. The first is not a group sinc®es not have an inverse.

(3.2) Lemma If G, - is a group, then for any € G, the two mapsi) = — az and(ii) x — za are
bijective.

Proof. (i) First, the mapr — ax is injective. Ifaz = ay, thena tax = a~lay. We can write
these expressions without parentheses because the group operation is associative. therefgre
sox = y, proving that the map is injective. Second, the map is surjective. Givet, letz = a1y.
Thenaxr = aa~'y = y, proving that the map is surjective. Thus the map is bijective. (ii): almost
identical proof. Q.E.D.

Let us count theessentially differengroups with four elementge, a,b,c}. From the above
lemma,ab # a becausee = a, andab # b hecauseb = b.

Eithera® = e ora® # e. In the latter case, we may as well assume that a?, otherwise just
interchange the roles éfandc.

But if > = b, thenac # a,b,c soac = e andab = c. Thusb = a? andc = «® anda* = e. The
rest of the multiplacation table is easy to fill in.

Hence we may assumé = e. Moreover, ifb? # e or ¢ # e then we would be re-inventing the
above group wittb or ¢ taking the role ofi. Hencea? = b? = ¢? = e.



If a> = e, theab # a, e, b Soab = c. Againca = b. This allows the table to be completed. There
are only two essentially different groups with four elements (the above happen to be groups, which
needs to be checked, only we won't).

e a b c e a b c
ele a b c ele a b c
ala b c e ala e ¢ b
blb ¢ e a blb ¢ e a
clc e a b clec b a e

These groups happen to be commutativee. In fact the smallest non-commutative group is the
group of permutations df letters (its order iS! = 5).

4 The symmetric group.s,
(4.1) Lemma For any setA, the set of bijective maps frorhto A is a group under composition.

Proof. Since composition is associative (REFERENCES) the set is a semigroup. The identity
is a 2-sided identity. Every bijective map A — A has a unique 2-sided inverge!, sofo f~! =
f~teiref = 14 (REFERENCES) so we indeed have a group. Q.E.D.

(4.2) Definition Letn € N. A bijectionf: {1,...,n} — {1,...,n} is apermutation om letters
The group of permutations is call&f), and called thesymmetric groupnn letters.

(4.3) Notation (nonstandard). Every permutation describes an arrangement, and the permutation
1—r2— s 3—1t,...isrepresented by the arrangemestt. . .. In this notationl 23 . . . represents
the identity permutation.
Example. S, contains one element, the empty map.—= {1}, S, = {12,21},
Ss = {123, 132,213,231, 312,321}, and
Sy = {1234,1243,1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341, 2413,
2431,3124,3142, 3214, 3241, 3412, 3421, 4123, 4132, 4213, 4231, 4312, 4321}
Position or value? This notation can lead to confusion about composing permutations. For now,
we work with values, not positions. Thus, for example,

2310132 =213

This is unnatural when we consider symmetries of the triangle, the 15 puzzle, etcetera, where it is
natural for permutations to be defined on position, but for now permutations act on values.

(4.4) Lemma |S,| = n! (from school).

The multiplication table (Cayley table) fof; is completely trivial and fotS; is trivial.

12 21
12 |12 21
21121 12

For S5 it is not (this is the smallest noncommutative group).



123 132 213 231 312 321
123 | 123 132 213 231 312 321
132 | 132 123 312 321 213 231
213 | 213 231 123 132 321 312
231 | 231 213 321 312 123 132
312 | 312 321 132 123 231 213
321 | 321 312 231 213 132 123

(4.5) Symmetries of plane figuresWe are interested in a certain group of bijections from the plane
to itself, namely, theigid linear transformationsThese are maps from the plane to itself which take
the origin(0, 0) to itself and preserve distance: rotations and reflections and compositions of rotations
and reflections.

Let 7" be a nonempty set in the plane. Thanmetries of are those rigid linear transformations
of the plane which mafi’ onto7. The symmetries form a group. We are mostly interested in the
case wherd' is a regulam-sided polygon, such as an equilateral triangle, centred at the origin. The
group of symmitries of a regulargon (» > 3) is called thedihedral groupD.,, of order2n. Its order
is 2n. To see this, label the corners frohto »n in anticlockwise order. A symmtry must take the
adjacent pait 2 to another adjacent pairi + 1 ori,i — 1 (where we taker + 1 = 1 and1 — 1 = n).
Different symmetries correspond to different pairs, and each such pair is the imageunéler a

unique symmetry: henceén symmetries.
123 231 312

3 2 1

A J NAD,
1 2 3 12 3
3 2
A A A
213 132 321
If we label the corners of the-gon as described, then each symmtery corresponds to a unique
permutation of the corners. This ways, can be viewed as part 6f,. However, notice that the way
symmetries are defined, it makes no sense for the permutations to ‘act on values.” They should ‘act

on positions,’ as illustrated. Notice thB% corresponds exactly t8;, and this helps us to understand
Ss better.

5 Generators for S,

(5.1) Generators of a group.A set of generatorfor a groupG is a setuy, ... ., a, of elements of
G with the property that every element 6f can be expressed as a product of powers (positive or
negative) of these elements.

(5.2) Definition Suppose that, ..., is a list of distinct ‘letters’ in{1,...,n}. The permutation
which takes; — i, iy — i3, ...,1_1 — 1 andi, — 71, and leaves all the other ‘letters’ fixed, is
called ak-cycle

There is a special notation for thiscycle: (i;is . . . ix). It should not be confused with our ‘table’
notation such ag342, which is actually a-cycle(234).

A A



A 2-cycle is also called &ransposition
(5.3) Lemma Disjoint cycles commute.

Proof. Leto = (115 ...1) andT = (j172 . . . j¢) be disjoint cycles, that is, the sefsandj are
disjoint.

We shall prove a more general resultzifndr together have the property that for auch that
o(i) # 1, 7(i) = i, and for alli such thatr (i) # i, (i) = i, thenor = 70..

Note that ifo (i) = j # i theno(j) # j, sinceo is injective; sor(j) = j.

R.T.P.: for any lettet, o7 (i) = 70 (7).

Either (a)o (i) = 7(i) =i or (b) o (i) # i or (c) 7(i) # i.

In case (a)7o(i) =i = o7(i). In case (b).7(i) = i and7(o(i)) = o(i), soo(7(i)) = o(i) =
7(o(i)). Case (c) is the same as case (b). Q.E.D.

(5.4) Lemma Every permutatiow in S,, (except the identity) can be expressed as a product of dis-
joint cycles.

Informal Proof. Begin withi; = 1, leti, = o(iy), i3 = o(i1), and continue until an, has
been found such that(i,) = i; with j < k. Itis assumed that(i;_,) is not an earliet,. Claim
U(Zk) = il.

Forif o(ix) = i; with j > 2, theni; = o(i;_1, SO0 (i) = o(i;_1). Buto is injective, sa, = i;_.
But i, = o(ix_1, SO0 (ix_1) = i;_1. This contradicts our assumption abaut

It follows that (i1iz . . . i}) is ak-cycle o, with the property that (i) = o4(i,) for eachi, in the
cycle.

If o1 = o then we are finished. Otherwise choose sgmerhich differs from all thei,, and
construct arf-cycleos = (j; ... jo) Wherejs 1 = o(js). Itis disjoint from the first cycler;, because
if j, = 4, for somer ands, theno**1=4(j,) = o**17%(i,). But the first isj, and the second is another
i, SOj1 = iz, andj; is not left fixed byo;.

Continue in this way untit has been expressed as a prodyet, - - - of disjoint cycles. Q.E.D.

(5.5) Corollary If n > 2 then every permutation if,, can be expressed as a product of transposi-
tions.

Proof. In view of Lemma 5.4, It is enough to show that evérgycle equals a product of trans-
positions. Al-cycle (i) (which has no effect) can be written, say,(&2)(12). A 2-cycle is already in
the correct form. Fok > 3, ak-cycle can be written as a product/of- 1 transpositions, as follows.

If £ > 3, consider &-cycle (a)(iis . .. ix). Claim that it equals the following product of trans-
positions

(b)  (igin) (ivin_1) - . . (ivis)(41d2)

Given any letter, if it does not occur in the listy, ..., i, then heither the&-cycle (a) nor the
product (b) affects it. On the other handjif= i, with 1 < r < k, then the subproduct; i, )(i1:,)
takesi, — i; — 1,1, andi, andi,.; are not mentioned elsewhere in the product (b), so (b) takes
toi, 1. If j = i) then the leftmost transpositig i ) in (b) takesi,, to 1. Finally, if j = 4, then the
rightmost transposition in (b) takggo i,, and on other transposition affects it. Thus (a) and (b) have
the same effect. Q.E.D.

In other words:S,, is generated by its transpositions.

A~



(5.6) Definition In any groupG, for anyz € G, the mapy — xyx~ is calledconjugation ofy by z.

In the Lemma below, we retain the symbofor composition of permutations, because the ex-
pressiorny(ij)o~! suggests that the mapis applied toij.

(5.7) Lemma Given a transpositiottij) and a permutatiom, the result of conjugatingi;) by o is
the transpositior{c(i)o(j)).

Proof. If k # o(i),0(j), then(ij) o o1 (k) = 071 (k), soo o (ij) o o1 (k) = k, On the other
hand, ift = o (i), then(ij) oo~ (k) = j, s00 0 (ij) oo~ (k) = o(j). Similarly if £ = o(j). Q.E.D.

(5.8) Corollary Giveni, k such thati + & < n, conjugating(i i + k) by (i + £ i + k + 1) yields
(i i+ k+1) (trivial).

(5.9) Corollary S, is generated by the two permutatiofi2) and(123...n).

Proof. Since the transpositions generatg it is enough to show that every transposition can be
generated fronf12) and(12...n). Call then-cycle 5.

For1 <i<n-—1,3"11) =i+ 1and3'(2) =i+ 2. It follows that conjugating12) by 3*
yields (i + 1,7+ 2)

(Thei-th power of3, 3%, has its natural meaning, and the zero-th power is the idenjitfhere-
fore from(12) and3 we can generate the following list of transpositions

(12), (23), (34), ... (n — 1,n)

Forl <k <n —1, letT; be the set of transpositiod$: i + k): 1 <i <n — k}.

The above list of transpositionsT§. Given a transpositioté ¢ + k) in Ty, if i + £ < n, we can
conjugate the transpositions biy+ k& i+ k+ 1), which is inTj, to get(i i+ k+ 1) (corollary above).
In other words, T}, can be formed fronT}, by conjgating by elements df;. Now if (i ¢ + k)
and(i + k 7+ k + 1) are known to be products of powers (@2) andg, then so is the conjugate
(i+ki+k+1)0 i+k)(i+ki+tk+1).

It follows by induction onk that every transposition i, can be generated fro(i2) an s, for
1 < k <n— 1. Butthis includes every transpositi¢fy) with 1 < i < j < n. Since(ij) = (ji), it
includes every transposition. Q.E.D.

Example. (12), (1234) generateS,. Conjugating(12) bey powers of(1234) we get(23) and
(34), so we have12), (23), (34).

Conjugate(12) by (23) to get(13). Conjugate23) by (34) to get(24). Now we haveg13), (24).

Finally conjugatg(13) by (34) to get(14). This gives ug12), (23), (34), (13), (24), (14). These
are all the 6 transpositions.

6 Parity and the alternating group

We consider the set of alinordered pairs

{{i,j}:1<i#j<n}
There aren(n — 1)/2 such pairs, sincégi, j} and{j,i} are the same. A permutatione€ S,
invertsa pair{i,j} if (i < jando(i) > o(j)) or i > j ando(i) < o(j)). Theparity of o is evenor
oddaccording a% inverts an even or odd number of these pairs.

A~



(6.1) Lemma Given a permutatiom € S,,, consider the mappini, j} — {o(i),o(j)}. Then this
mapping is a bijection of the set of unordered pairs onto itself.

Proof. Let U denote this set of unordered pafis, j}: 1 <i,5 <n, i # j}.

Given{i,j} € U, o(i) # o(j), so{o(i),o(j)} € U.

To show the map is injective: Ko(i),o(j)} = {o(k),o(¢)}, then without loss of generality
o(i) = o(k)ando(j) = o(f). Theni = k andj = ¢, so{i,j} = {k,(}.

It is surjective: given{k,(} € U, leti = o' (k) andj = o' (¢). Then{k,¢} = {o(i),0(j)}.
This shows the map is surjective.

Therefore the map is a bijection frobhonto itself. Q.E.D.

(6.2) Theorem Giveno, T € S, if both are even or both or odd therr is even, otherwiseo is
odd.

Proof. Let A consist of all pairgi, j} inverted by, and letB consist of all pairg:, j} such that
T inverts{o(i),o(i)}.
The mapping discussed in Lemina) 6.1 carfiekijectively onto the set

{o(i),0(j)}: Tinverts{c(i),o(j)}}.

Since tbe map is bijective, the latter consists of all pairs inverterl by

Thus| B| is the number of pairs inverted by

Consider an ordered pafti, j}. Undero it goes to{c(i),o(j)}, and underr that is taken to
{ro(i),7o(j)}. If in neither A nor B then neither pair is inverted, o, j} is not inverted byro. If
it belongs toA N B then it is inverted twice, so not invertex by. Otherwise it belongs tel\ B or
B\ A and itis inverted by-o.

In other words, the total number of inversionsrofis |(A\AN B) U (B\AN B)| =|A| + |B| —
2| A\ B|, which has the same parity a4| + | B|. But|A| and|B| are the number of pairs inverted by
o andr respectively. Q.E.D.

(6.3) Corollary The identity permutation is even, ancando ! always have the same parity.

Proof. The identity permutatior inverts no pairs, so it is even. Sinee~! = ¢, the sum of
parities ofc ando~! is even, so both have the same parity. Q.E.D.

(6.4) Definition A subgroupof a groupG is a nonempty sybséf which is closed under multiplica-
tion and inversion. Itis a group in its own right.

(6.5) Corollary The set of even permutations3dp is a subgroup.

Proof. It contains the identity; the product of two even permutations is even, so it is closed
under multiplication; and the inverse of an even permutation is even, so it is closed under inversion.
Q.E.D.

(6.6) Definition The subgroup of even permutationssinis called thealternating grougnd written
A,.



Figure 5: where lines cross, a pair is inverted. Hence transpositions are odd.

(6.7) Lemma Transpositions are odd.

Proof. If we represent a permutation by a diagram, then where lines cross we have an inverted
pair: see Figurg|5. L€tj) be a transposition, where w.l.0.g. (without loss of generality),;.

Leta = (ij). Consider a paifk, ¢} inverted bya. Certainly one ok and/ must be; or j.

Supposé: # i, j. Sincek < ¢, k > «(¢). Hencel = j andk > i. Similarly if ¢ # i, j, thenk =i
and/ < j. Therefore each, i < k < j, is involved in two inverted paird,, £} and{k, j}. The only
remaining possibility ik, ¢} = {i, j}, which is inverted. There are a total2f; — 1 — 1) + 1 pairs
inverted by(ij), which is therefore odd. Q.E.D.

(6.8) Lemma A k-cycle is even it is odd and vice-versa.

Proof. 1-cycles represent the identity permutation which is evenkfor 2, any k-cycle can be
expressed as a productof- 1 transpositions, each of which is odd. Hencé i odd the cycle is
even and vice-versa. Q.E.D.

(6.9) Corollary If o is expressed as a product of (disjoint) cycles, its parity is the parity of the number
of even-length cycles in this product. (Proof immediate.)

(6.10) Lemma (i) Every cycle of odd length > 3 is expressible as a product 8fcycles.(ii) Every
cycle of even lengtlr 4 can be written as a product 8fcycles multiplied either on the left r on the
right by a transposition(iii) Every product of two even-length cycles can be written as a product of
3-cycles, only affecting those letters involved in the cycles.

Proof. (i) (iyia...ix) = (irix)(i1ik_1) - - (i123)(i1i2). If k is odd, The transpositions can be
grouped in pairs, givingi i, _1ix) (i175_3ix_2) - - - (119213).

(i) If % is even, all but one transposition can be grouped in pairs, leaving one on the left or one
on the right. We get eitheiyix) (i1i5_20k—1) - - - (i17283) OF (i10k_1%k) - - - (i10304) (K1d2).

(iii) Express the first ag>(ij) and the second d%¢)(, where P and( are eithere or a prod-
uct of 3-cycles. Now(ij)(k¢) = (ij)(ik)(ik)(k¢) = (ikj)(k¢i), so the product can be written as
P(ikj)(ilk)Q. Q.E.D.

(6.11) Corollary If n > 3 then the3-cycles inS,, generateA,,.

Proof. Let o be an even permutation i#},, ¢ # e. It can be expressed as a product of disjoint
cycles of length> 2, of which an even number are of even length. The odd-length cycles can be
writted as products of-cycles. The even-length cycles can be taken in pairs, in any order, and each
pair can be expressed as a produci-olcles from part (iii) of the above Lemma. Q.E.D.
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7 Binary relations

The aim of this section is to exhibit the correspondence between equivalence relations &neadet
partitions of X (Theoren{ 7.13).

A binary relationR on a setX is a property of pairs of elements &f. If R is a binary relation
on X andz,y € X we usually writer Ry to mean that: andy are in the relatiornR.

This notation is familiar, e.gz # .

Technically, R is specified completely by the sétr,y) € X x X: zRy}. Therefore a binary
relation onX is defined as any subset &f x X.

(7.1) Examples of binary relations
e The equality relatior= on any set.
e The inequality relatios% on any set.
e Therelation<c onN, Z, Q, R,
e Therelation< onN, Z, Q, R,
e The relationC on any set of sets.
e The relation i andj have the same parity’ oN or onZ.
e Given any integen, the relation © dividesz — y’, also written x = y (modn)’ on Z.
e Given any grougs and a subgroup/ of GG, the relation &'y € H.

e Given G and H, the relation =t € H. This is not necessarily the same relation as the
preceding.

(7.2) Definition A binary relationR on X is

o reflexiveif forall z € X, zRx
e symmetricif forall z,y € X, xRy = yRx.

e transitive if forall z,y, zin X, if t Ry andy Rz thenz Rz.
Anequivalence relatiors one which is reflexive, symmetric, and transitive.

(7.3) The equality relation= on any set is an equivalence relation. Broadly speaking, an equivalence
relation has the important properties of an equality relation, and can be treated as equality. For
example,

(7.4) Lemma The rational number syste@ is {z/y: =,y € Z & y # 0}. The relation= on Q,
wherea/b = ¢/d if ad = be, is an equivalence relation.



Proof. Reflexivity: i.e.,a/b = a/b sinceab = ba.
Symmetry: ifa/b = ¢/d, thenad = be. RTP:cb = da. Butda = ad (integer multiplication is
commutative) andd = bc soda = bc (= is transitive onZ). Also bc = cb, soda = cb. Therefore
cb = da (= is symmetric ori).
Transitivity: suppose /b = ¢/d andc/d = e/ f. Thenad = bc andcf = de. RTPaf = be. Since
ad = be, adf = bef. Butef = de, sobef = bde. Thereforeadf = bde. Butd # 0, so it can be
cancelled out (property of integer multiplication), anfl= be. Q.E.D.

This ‘equality’ relation on fractions is looser than complete identit\2 = 6/12 = (—2)/(—4).

(7.5) Definition Let R be an equivalence relation on a sEt For anyx € X theequivalence class
of x moduloR, or [z]g for short, is the set

{y € X: yRx}
Sometimes we write juBt] if it is obvious whatR is.

(7.6) Let R be the relation ofZ: xRy iff x — y is even. This is an equivalence relation. There are
two equivalence classes: the even integers, and the odd integers.

(7.7) Definition A partition P of a setX is a family of pairwise disjoint, nonempty, subsetsXof
whose union isX.

(7.8) Lemma Let R be an equivalence relation oK. Givenz,y € X, xRy iff [z|g = [y]r.

Proof: If: suppos€x|r = [y|g. Thenz € {z: zRy}, soxRy.
Only if: supposerRy. If z € [z]|g, zRz, SOz Ry by transitivity, soz € [y|z. Thereforelz|g C
ly]r- AgainyRx so by the same reasonifidr C [z]g. Thereforgz|r = [y]r. Q.E.D.

(7.9) Corollary If R is an equivalence relation oN then its equivalence classes form a partition of
X.

Proof. For eachr in X, z € [z]r becauserRx, so the equivalence classes are nonempty, and
every z belongs to at least one equivalence class, so the unigh i$ remains to prove that the
classes are pairwise disjoint, i.e.[if r N [y]r # 0 then[z]|g = [y]r.

Suppos€z|r N [y|r # 0. Choosew € [z]g N [y]g. By definitionwRz, soxRw, andwRy, SO
xRy by transitivity. Thereforéz|r = [y]zr (Lemma[7.B), as required. Q.E.D.

Equivalence relation defined from a partition. Let P be a partition ofX. For anyz € X, let
P* be the unique set' € P such that: € C'. (The notationP” is only used in this section.)

(7.10) Lemma Let P be a partition ofX, andz,y € X. The following are equivalent.
(i) P* = PY, (ii) x € PY, and(iii) for someC € P, x andy both belong ta”'.

Proof. (i) implies (ii), sincex € P*. Assuming (ii), it follows that: andy both belong ot??, so
(i) holds. Therefore (ii) implies (iii)). Assuming (iii)C' = P* = PY, so (i) holds. Therefore (iii)
implies (i). Q.E.D.



(7.11) Lemma With X and P as above, let:t Ry mean thatr and y satisfy(i), (ii), or (iii) in the
above lemma. Thei) R is an equivalence relation, an{d) P is the set of its its equivalence classes.

Proof. (i) Reflexivity: P* = P*. Symmetry:P* = PY implies PY = P®. Transitivity: Suppose
P* = PYandPY = P?. ThenP” = P*. ThereforeR is an equivalence relation.

(i) Foranyy € X, [ylr = {x € X: 2 € PY}, using formulation (ii) of Lemm&a 7.16 PY, so
[y]z € P. ForanyC € P, C' # 0: choosey € C. ThenC = P by definition, soC' = [y] is an
equivalence class at. Q.E.D.

(7.12) Lemma Let ~ be an equivalence relation oft, let P be the set of its equivalence classes,
and letR be defined fron®P as in Lemma 7.11. Then the relatioRsand ~ are identical.

Proof. For anyy € X, PY = [y].. Therefore

TRy re P! S relyl.er~y,

Q.E.D.
Summarising these results.

(7.13) Theorem Let X be a set. For any equivalence relatienon X, let C'(~) be the set of its
equivalence classes. For any partitiéhof X let R(P) be the relationP* = PY, x € PY, or z and
y both helong to the same setih All three versions are equivalent (Lemma¥.10).

ThenC'(~) is a partition of X and R(P) is an equivalence relation oX. Also,C(R(P)) = P
andR(C(~)) =~.

ThusC and R are mutually inverse one-to-one correspondences between the equivalence rela-
tions on.X and partitions ofX.

In short: there is a one-to-one correspondence between equivalence relatighamhpartitions
of X.

Proof. By lemma[7.pC(~) is a partition ofX. By Lemma[7.T1R(P) is an equivalence relation
on X. By part (ii) of the same lemma}(R(P)) = P. Finally by Lemma 7. 12R(C(~)) =~.
Q.E.D.

8 Remainder modulon and integer division

(8.1) Definition Given integersn andn, n dividesm, writtenn|m, if there exists an integer such
thatm = ¢n.

(8.2) Definition Letn be a positive integer. The relatian= y (modn) means:|(z — y).
(8.3) Lemma This is an equivalence relation.

Proof. Reflexivity: n|(x — x). Symmetry: ifn|(z — y), soz — y = ¢n for someg, then
y—x = (~q)nson|(y — x).

Transivity: if n|(z — y) andn|(y — 2), thenz — y = ¢yn andy — z = gon for someq,, ¢, € Z.
Thenz — z = (¢1 + ¢2)n Son|(x — z). Q.E.D.

In the definition below, we invoke a very useful property of the natural number sySteralled
theprinciple of well-orering,or PWO for short:



For every nonempty subsétof N, S contains a smallest elemest In other words,
there exists a nonnegative integesuch thats € S, and for any other € N, if r < s
thenr ¢ S.

This principle is very close to the principle of Mathematical Induction. It is useful for defining
certain natural numbers or certain mappings iNto

(8.4) Definition Letn be a positive integer; any integer. Theemaindei(or residue)of z modulon
or z mod n is the smallest integer in the equivalence class ¢ihodn), i.e., the smallest element
of [IE] = mod n) N N.

(8.5) Lemma For all z € Z, (i) x mod n is a well-defined nonnegative integer, a@ig 0 < =z
mod n <n — 1.

Proof. The definition invvkes the well-ordering principlg (36.1). We need show that there exists
a nonnegative integersuch that:|x — s. Then the PWO is being used correctly, and (i) follows.

In other words, we need to exhibit arsuch thatr — s = gn for someq € Z Thens = x — gn.
If > 0we cantake = 0sos = z. If x < 0takeq = z. Thenz — gn = z — xzn = z(1 — n). Since
x <0andl —n <0,z(1 —n) > 0as required for (i)x mod n is well defined.

(i) Let r = (x mod n), the smallest > 0 such that|(x — r). Sincer > 0, it remains to show
thatr < n,orr —n < 0.

Note thatn|(z — r 4+ n) also, i.e.n|(z — (r — n)). Sincer —n < r, it must be that —n < 0, so
r<n.ie.,r<n-—1. Q.E.D.

(8.6) Lemma = mod n is the unique- € {0,...,n — 1} such that|(x — r).

Proof. Letr = x mod n, son|(z —r) and0 < r < n — 1. Suppose that|(x — r') wherer’ # r
andr’ > 0. RTP:7' > n. By minimality of , v’ > r. Sincen|(z — r) andn|(x — '), n|(r' — 1), SO
r’ —r = gqn for someq € Z. Sincer’ —r > 0andn > 0,q > 0andgn > n, sor’ > r +n > n.
Q.E.D.

We shall use the result below, without discussing it

(8.7) Lemma (cancellativity ofZ). Giveng, ¢',n € Z wheren # 0, if gn = ¢ntheng=¢. |}

(8.8) Lemma Givenz € Z and a positive intege, there exist unique andr such thatr = gn + r
with) <r <n-—1.

Proof. Existence: let = (z mod n) son|x —r,i.e.,x —r = gn for some q, s@ = qn + r and
0<r<n-—1.

Uniqueness: Suppose that= gn + r = ¢'n + " where0 < r,7’ < n — 1. We already know
r=1"=(x mod n), sogn = ¢'n, andn # 0, soq = ¢’ by the cancellativity property. Q.E.D.

(8.9) Definition Given a positive integet and an integerz, the uniquey andr such thate = gn +r
whereq is an integer and- an integer betweef andn — 1, are called thequotientand remaindey
respectively, on dividing by n. The remainder is, of course, mod n.

We writex < n for the quotient.



(8.10) Lemmallf z; = y; mod n andz, = y, mod n, thenz; + x5 = y; + y» mod n. (Proof
omitted.)Note: this may have been stated incorrectly in class.

(8.11) Lemma Givenz,y,z € Zandn > 0 € Z,

(((r+y) modn)+2) modn)=((xr+ ((y+2) modn)) modn)
(Proof omitted. It would use Lemmag.10.)

(8.12) Z,, the additive group of integers modulon. Given a positive integen, Z,, is defined as
follows: its elements ar€0, ... ,n — 1}. and its operation is addition (modutd.

(8.13) Lemma ~Z, is an additive group of orden.

Proof. The operation is associative from the Lemma]8.11. O is the additive identity; is the
inverse ofz, and the group is commutative because y = y + z, so((x +y) mod n) = ((y + z)
mod n). Q.E.D.

For exampleZ, is

W N = O+
W = oo
S W N ==
— O W NN
N = O W W

9 Additive subgroups ofZ

(9.1) Definition A commutative group is calleabelian. Usually one uses+’ to denote the group
operation, its identity is called, and the inverse of is denoted-z.

(9.2) Definition In a groupG, the subgroup generated by elements, c. . . is denoteda, b, ¢, . . .).

It consists of all elements which can be formed as products of powers$.af . . ..
If the group is abelian then

(a,byc,...) ={ra+sb+tc+...:r st ...€ZL}
Remark. ‘Products of powers’ includes negative powers, wheréis defined aga—1)*. If the
group is not abelian, we cannot group the powers wigether and the powers btogeter and so on.

For examplesds; = ((12), (13)) becaus€23) = (12)(13)(12): the transpositiof12) occurs twice in
the expression.

(9.3) Lemma Suppose that, b are elements of a subgroup of G. Then(a, b) is a subgroup of{.

Proof. Elements of(a, b) are products of powers af andb. SinceH is a subgroup it is closed
under formation of powers and of products, so every elemefit,6f also belongs td{. Q.E.D.

(9.4) Lemma Givena, b € Z whereb > 0, (a mod b) € (a,b).

~ N



Proof. Write a = ¢b + r wherer = a mod b. Thereforer = a — gb which isin(a,b). Q.E.D.

(9.5) Theorem Every subgroup o is generated by a unique nonnegative integethus the only
subgroups o¥. are of the form{a) for some unique nonnegative integer

Proof. The ‘trivial’ subgroup{0} contains only 0.

Let H be any nontrivial subgroupd contains some nonzero elementf + < 0 then—z € H
also; soH contains a positive integer. By The PWO (principle of well-ordering) it contains a least
positive integer.

Let = be any element off, so((x mod n)n) = (z,n) is a subgroup off (Lemmal9.B). sdz
mod n) € H. Itis nonnegative and less than so it cannot be positive by definition af so it is
zero.

Sincex = gn + (zr mod n) for someq, © = gn for someq. Therefore every element @f is a
multiple ofn, soH C (n). Sincen € H, (n) C H,SOH = (n).

Finally, » is unique. Certainly{0} is generated by 0 and no other integerHif= (n;) = (ns)
wheren,; andn, are nonntegative, iff is nontrivial, then botm; andn, are positive, and they are
multiples of each othem; = ¢;n, andny = ¢any, whereg;, ¢ > 0.. Thenn; = g1gan1, SOq1q2 = 1
by the cancellativity, which is only possiblegf = ¢, = 1. Q.E.D.

Example. A little experimentation will show that12, 8) = (4).

10 Greatest common divisor

(10.1) Definition Givena,b € Z, not both zeroged(a, b) is the unique positive generator of the
subgroup(a, b) of Z.

‘Ged,’ or greatest common divisor, means the same as ‘hcf,” highest common factor.
(10.2) Corollary ged(a, b) is the largest positive integer which divides batandb.

Proof. Write g for ged(a, b), so{a, by = (g). Sincea, b € (g), gla andg|b.

Sinceg € (a,b), g = ra + sb for somer,s € Z, if d is a positive integer and!a andd!b then
d|ra + sb, i.e.,d|g, sod < g. Thereforey is the largest integer which divides battandb. Q.E.D.

The definition ofged gives no way of computing it. There is an efficient algorithm, due to Euclid,
based on the following lemma.

(10.3) Lemma Givena, b € Z whereb > 0, (a,b) = ((a mod b),b).

Proof. Write @ = ¢b + r wherer = a mod b. An element of(a,b) has the formsa + tb.
Substitutegb + r for a: s(¢b + r) + tb = sr + (¢s + t)b, which shows it belongs t¢-, b).

An element of(r,b) has the formsr + tb. Substitute(—g¢b) + a for r: s(—gb + a) + tb =
sa + (t — ¢s)b. This shows it belongs t¢z, b).

Therefore the two subgroups are the same. Q.E.D.

(10.4) Corollary If y > 0 € Z, thenged(z,y) = ged(y, z mod y).



Proof. We know that(x,y) = (y, (x mod y)). Since the positive generator ¢f, y) = (y, (z
mod y)) is unique (Theorer 9.5)cd(x, y) = ged(y,x mod y). Q.E.D.
Euclid’s gcd algorithm is based on the above corollary.

To calculate gcd(a,b), assuming
a is positive, b nonnegative, and

a >=h.

X = a

y =b

Do the following while y > O:
Z ;= x mod y
X =y
y =2

When y = 0, x will equal gcd (a,b)

For example, to compute:d(1625, 299).

x Y z
1625 | 299 | 130
299 | 130 | 39
130 | 39 | 13
39 13 0

This algorithm can be enhanced to produce integexsds such that-a = sb = ged(a, b). Let
us do the calculations as follows:

x=1625,y =299,q = 1625 +299 =5,z =2 — qy = a — Hb.
x=299,y =130, =299+130=2,2 =2 — 2y = b—2(a — bb) = —2a + 11b
=130,y =39, =130 +39=3,z=12—3y = (a — 5b) — 3(—2a + 11b) = 7a — 38b
r=39,y=13,2=0

Thus13 = 7(1625) — 38(299).

(10.5) Euclid’s enhanced gcd algorithm, in tabular form. The calculations can be included in
a table as follows. The table includes extra columnsgfdhe quotienty,, s,, 7y, sy, 2, 5., Where
x = rya + sgb, etcetera. Initiallyy = a, sor, = 1,s, = 0, andy = b, sor, = 0, s, = 1. Generally,
wheng =z +y, 2 =2 mod y, S0z =2 —qy, 7, =1, — qry ands, = s, — ¢s,.
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T Y z q T Sy Ty Sy T, S,
1625 | 299 | 130 5 1 0 0 1 1 -5
299 | 130 | 39 2 0 1 1 -5] =2 11
130 | 39 13 3 1 -5 | =2 11 7 =38
39 13 0 3 | =2 11 7T =38 - —

13 0O |——| — 7T =38 - —-— |- —=

11 Multiplicative group Z;
Multiplicative properties of congruence (modn).

(11.1) Lemmalf z; = y; mod nandzy = y» mod n thenz;zs = 1y, mod n. (Proof omitted.)

(11.2) Corollary ((zy mod n)z mod n) = (z(yz mod n) mod n) (Proof omitted.)

(11.3) Corollary If n > 2 € Z then the sef0, ..., n} is a commutative monoid under multiplication
mod n.

Proof. The set is closed under multiplication magdwhich is associative by the above lemma.
Clearlyzy mod n = yr mod n, SO itis commutative. The multiplicative identity is Q.E.D.

(11.4) Definition Two integers:, b are relatively primeif ged(a, b) = 1.
Note: ged(a, b) = ged(b, a) obviously.
(11.5) Lemma If « is relatively prime both té and toc, thena is relatively prime to the produck.

Proof. ged(a,b) = ra + sb, say, anted(a,c) = ta + ue, say. Thusa + sb = ta + uc = 1.
R.T.P.gcd(a, be) = 1. Multiply:

rta® + stab + ruac + subc = 1;  r'a+ s'bc = (rta + stb + ruc)a + (su)be = 1

So we have integers, s’ such that’a + s'bc = 1. ged(a, be) dividesr’a + s'be, soged(a, be) =
1. QE.D.

(11.6) Corollary LetZ* be the set of integers if0, ..., n} which are relatively prime tm. Then
Z: is an abelian group under multiplication (nod n).

Proof. It is commutative since it is part of a commutative monoid.

Supposé) < a,b < n — 1 andged(n,a) = ged(n,b) = 1. (Soa,b # 0). According to the
above lemmagcd(n, ab) = 1. Butged(n,ab mod n) = ged(n, ab) (Corollary[10.4), sgjed(n, ab
mod n) = 1, S0Z? is closed under multiplication maod

Sinceged(n, 1) = 1 (obviously),1 € Z*.

Givena € Z;, choose, s € Z so thatra + sn = 1. Letb = r mod n. Suppose that = gn +b.
Thenba mod n = (r — gn)a mod n = ra mod n, becausea and(r — gn)a are congruent mod
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n so they have the same remainder modutra mod n = ra + sn mod n = 1. Thereforeb is
the multiplicative inverse od, soZ’ is a group. Q.E.D.
For exampleZ§ = {1,2,4,5,7,8}. Its cayley table is

1 2 4 5 7 8
111 2 4 5 7 8
212 4 8 1 5 7
414 8 7 2 1 5
215 1 2 7 8 4
TI7T 5 1 8 4 2
818 7 5 4 2 1

12 Cosets, Lagrange’s Theorem, and Fermat’s Theorem

Given a subgroupi of a groupG, it has already been mentioned that the two relations

v 'y € H, vy teH

are both equivalence relations, not necessarily the same relation. The equivalence classes of the first
relation are of the form

2] ={y: a7y e H} =
{y: 7'y = h) for someh € H =
{y: y = xh} forsomeh € H =
{zh: h e H}

The setf{zh: h € H} is also written as

cH

and called deft coseof H.

For a simple example, lef = Z and letH = (2), the even integers. The relation is just
y — x € (2), which is just the relation = y mod 2. There are two distinct (left) cose{s] = (2),
the even integers, arjd] = 1 + (2), the odd integers.

Considering the second relationy~! € H, By the same kind of calculation, the equivalence
classes will be seen to be

[z] ={hx: he€ H} = Hux.

Hz is called aright cosetof H. The left- and right cosets af are sometimes the same, sometimes
not. They are the same in an abelian group.

(12.1) Lemma All left- (and right-) cosets off in G have the same cardinality, namell |.

Proof. We shall only consider left-cosets. The proof for right-cosets is much the same.
Giveng € G, R.T.P.|gH| = |H|. Consider the following map



G—G: x+— gz

THe mapz — ¢ 'z is a two-sided inverse:

v gre g (gr) =, we g glgTie) =

Therefore these maps are bijections. The imag# ohder the map — gxis{gh: h € H} = gH,
a left coset. Since bijective maps preserve cardinality (this is gone into in the appendix, §gction 37),
|H| = |gH|. Q.E.D.

(12.2) Corollary (Lagrange’s Theorem).Supposé is a subgroup of a finite grou@, and suppose
it hask left cosets. ThefG| = k|H|, so|H | divides|G|.

Proof. Chooseyy, g9, . . . gx, €lements of thé distinct left cosets, so

These cosets form a partition 6f so

Gl =g H| + |g2H]| + ... |grH|.
that is, from the above Lemm&;| = k|H|. Q.E.D.

(12.3) Definition Given an element of a groupG, the order ofzx, or |z|, is the smallest positive
integerm such thate™ = e, if it exists. Ifx™ # e for all positive integersn, then|z| = co.

(12.4) Lemma |z| = |(x)|.

Proof. We consider two cases.

Case (a): suppose that all the nonnegative powers of, (r € N), are distinct. Then(z)
contains infinitely many distinct elements, ga)| = oco. Also, [z] = oo, sincez” # z° for all
positive integers. Hence|z| = |(x)| = oo in this case.

Case (b): suppose that there eXist » < r + m € N such that” = z"*™. Then multiplying
by 27", we getz® = 2™, i.e.,z™ = e. Choosingn as small as possible; = |z| < cc in this case.
What the remaining argument shows is the subgraups essentially the additive gro,,.

The powerse?, 21, ... 2™ ! are distinct, becauseif = 27,0 <i < j <m —1,thenz’~" = ¢
andj —i < m, a contradiction. Given any € Z, k = gm +r, where0 < r < m, andz* = 29+ =
(z™)1z" = 2. Therefore (z) = {e,z,2?%, ... 2™, andm = |z| = |(x)|. Q.E.D.

(12.5) Corollary If |G| =n < cc andz € G thenz™ = e.
Proof. |z| = |(x)| and the latter is finite because s finite. Write |z| = m. By Lagrange’s
Theorem|(z)| divides|G|. Thereforen = gm for some integey, andz™ = (z™)? = e. Q.E.D.

We can deduce Fermat’s Little Theorem from this.

(12.6) Definition If z|y € Z then we say that is afactorof y. A prime numbeis an integerp > 2
whose only factors aré andp.



(12.7) Lemma If p is prime andy € Z andged(p, a) # 1, thenged(p, a) = a andp|a.

Proof. ged(p, a) is a factor ofp, so if it is greater than thenged(p, a) = p. Sinceged(p, a)|a,
pla. Q.E.D.

(12.8) Corollary If pis prime thenZ:| = p — 1.

Proof. Givenl < a < p — 1, thena mod p # 0, sop fa, soged(p,a) = 1. This means that the
groupZ; (Corollary[11.B) contains the elemedts ..., p — 1}, a set of cardinality — 1. Q.E.D.

There is a technical difficulty in deducing Fermat’s Little Theorem from the above corollary. Itis
‘swept under the carpet’ in the following lemrfja.

(12.9) Lemma (awkward). Supposey € Z! andz € Z andx = y mod n. For any nonnegative
integerk, lety” represent théith power ofy as a member dZ*, and letz* be thek-th power ofr as
an integer. Then* = y* mod n. (Proof omitted.) [}

For exampley® = ((y> mod n)y mod n). Withn = 6 andx = 10,y = 4, y* = 4, andy® = 4.
2% = 1000, and6 dividesx?® — y® = 996.

Or,z =11,k =4,n=38,s0y =3, ((((3 x3 mod 8) x3) mod8) x3) mod 8 = ((1 x3
mod 8) x 3) mod 8 = 1, whereas 1* = 14641, and14641 — 1 = 14640, which is divisible bys.

(12.10) Theoremlf pis prime andr € Z is not divisible by thenz?~* =1 mod p.

Proof. Lety = 2 mod p. Sincep fz, ged(p,x) = 1 andged(p,y) = 1 (Lemma[12[7)y € Z;.
By Corollary[12.557~! = 1in Z;. By Lemma[12)9z* =1 mod p. Q.E.D.

13 Normal subgroups and guotient groups

The relationz = y mod n is preserved under the group operation (addition of integers) (Lemma
B-10).

What sort of subgroup#l of a groupG have a similar property, that the relatien'y € H is
preserved under the group operatiorGst

It would mean that for alk, 2/, y,7y' € G

(7'’ e H & y 'y € H) = (vy) '(2'y) € H. (13.1)

(13.2) Definition Given a group(, consider a mixed sequence of group elements and subsgts of
such asaq, as, As, as, As, Ag, a7, for eaample, where;, € G and A; C G. Then theproduct set
a1a2A3a4A5A6a7 is

{arasz304T57607: T3 € A3, 05 € A5, 26 € Ag}

The term ‘product set’ is not generally used in textbooks.
The following properties of product sets will help shorten the arguments.

1These notes make a bad job of arithmetic mod



(13.3) Lemma (i) Formation of product sets is an associative operation.

(i) Formation of product sets is monotonic with respect to the ‘subset’ relation.
(i) If e € AthenB C AB,andife € BthenA C AB.

(iv) If H is a subgroup of7, thenHH = H.

(Proof omitted, but the first two are explained below.)jj

Explanation of (i): For example,AB)C = A(BC), z((yA)(2B)) = ((zy)A)(zB)), z(Ay)
= (zA)y, — or in short, ABC, zyAzB, andxAy mean the same thing no matter how they are
parenthesised.
Explanation of (ii): For example, il C X, thenAB C X B, xtABy C xX By, and so on.
Equivalent to formuld 132, we can sayaif € ©H andy’ € yH thenz'y’ € (zy)H. In the
notation of product sets, bearing in mind that their formation is an associative operation (Lemma
M3:3), sar Hy H need not be parenthesised,
xHyH C zyH (13.4)
forall z,y € G.
In particular, withy = 271,
cHx 'HCH
forallz € G. Sincee € H, vHx~! C x Hox~'H (Lemma[13 13 (iii)), so

tHx ' CH (13.5)
Replacingr by ~! in Formula[135, we get

r'Hx CH
for all z € G. By Lemma[13]3 (ii), we can multiply on the left yand on the right by:~! to get
(simplfying, by the associative property (i) in that Lemma)

HCgHz™t
for all x € H. Together with Formul@I3.5, this implies

cHx ' =H (13.6)
for all z € G. Multiply each side on the right by and simplify, getting

xH = Hx (13.7)

for all z € G. From this it follows that for alk:, y € G,

xHyH = x(Hy)H = x(yH)H = xyHH = zyH

using Lemmd I3}3 (i) and (iv). This implies Formula 13.4, which is equivalent to Formula 13.1.
Summarising:
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(13.8) Lemma The formuld 13]1, which says that the property 'y ¢ H’ is preserved under the
group operation, is equivalent to any of the formulae 13-4, 13'5] 13.6 or 13.7, or the following:
every left coset off is a right coset and vice-versa. ™

Proof. The first five formulae have already been proved equivalent.

Assume Formul@™3.7, L&t be a left coset: choosec C;thenC = xH = Hzx, soC'is also a
right coset. Similarly, every right coset is a left coset. so (*) holds.

Suppose that (*) holds. For anye G, xH is a left coset, and also a right coset. But it contains
x, and the only right coset containings Hx. Thereforec H = Hz, and FormuldaI3]7 holds.

Thus (*) is equivalent to Formula™L3.7, so all the six formulae are equivalent. Q.E.D.

(13.9) Definition A subgroupH of a groupG is a normal subgroup of~ if for everyx € G,
cHx™ ' = H.
One writesH <1 G whenH is a normal subgroup af;.

Note that this is a relation betweéh andG, not a property off on its own. It is formuld I3]6
which is the ‘official’ definition of a normal subgroup, although Lemma]l13.8 supplies six equivalent
ways of defining a normal subgroup.

Example. In S5, ((123)) (which is, actually,A3, the alternating group), is a normal subgroup but
((12)) is not. These featured in a homework exercise.

If G is abelian therverysubgroup is a normal subgroup.

(13.10) Definition Suppose? <GG. Then thequotient groug>/ H consists of the left (or equivalently,
the right) coset§xH : = € G}, together with the operation

[2][y] = [zy].

This is a well-defined operation on the left cosptg since if [x] = [2/] and[y] = [¢/] then
[zy] = [2'y].
(13.11) Lemmalf H < G thenG/H is a group. IfG is finite thenG/H| = |G| =+ |H].

Proof. First, the operation is associative:

[2)([9llz]) = [2llyz] = [xyz] = [(2y)2] = [2yllz] = ([2][y])[2]-

Next, there exists an identity, namelyj:

[2]le] = [ze] =[] = [ex] = [e][x].
Last,[z7!] = [z] 7"
[z][z7] = [z27Y] = [e] = [~ '2] = [z~ Y[x]. Q.E.D.

Examples.ltis easy to check that, <1 S4. The quotient groug, /A, has just two elements.
In an abelian group!, every subgroug is a normal subgroup and/H is always defined. For
exampleZ/(15) is defined — it is cyclic of order 15.
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14  First isomorphism theorem for groups
Consider the following groups:

e Symmetries of a non-square rectangle

The subgrougde, (12), (34), (12)(34)} of S,.

The subgrouge, (12)(34), (13)(24), (14)(23)} of S..

The group{e, a, b, ¢} with this Cayley Table:
a

®
QO o o
O QOO0

O ST Q @
QO T Olo
SO

e Symmetries of a non-square rhombus

e 7Zs X Z5 (So far, this is unexplained.)
Now formulate a definition of when two groups are

(14.1) Definition Let G, e and G’, * be two groups. Aiomomorphisnfrom G, e to G’.x is a map
h: G — G’ such that for every., y € G,

h(z ey) = h(z) * h(y)
Thekernelof i is the set of elements 6f mapped to the identity of G':
kernelh) = {z € G: h(z) = €'}

(14.2) Lemmalf h: G — G’ is a homomorphism, thei) h(e) = ¢’ (h takes the identity afr to the
identity of G’), and (i) for anyz € G, h(z™!) = (h(x))~.

Proof. (i) Let f = h(e). ff = h(e)h(e) = h(ee) = h(e) = f. Multiply on the left by f !, to get
f =€, as required.

(i) Let h(z) = 2/, sox’h(z™1) = h(z)h(z™) = h(zz™) = h(e) = ¢. Multiply on left by
(")~': h(z™!) = (2/)~*. Q.E.D.

(14.3) Examples of homomorphisms.
e Z—7Z,,x+— x modn.
e S, — {l1,—1}; 0 — 1if o is an even permutation;1 if ¢ is odd.
e Let G be a groupyg an element ofy. Then the majZ — G; k — 2* is a homomorphism.
o If H<G,thenh: G — G/H; x — [z] (i.e.,x — xH), is a homomorphism.
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e FromZ, (under addition mod 2) t¢1, —1} (under multiplication0 — 1, 1 — —1.

(14.4) Lemmalf h: G,e — G’ x is a homomorphisifithen(i) its range or imagerangéh), is a
subgroup of7’, and
(ii) its kernel kernel ), is anormalsubgroup of=.

Proof. We shall drop the andx signs. LetS = rangéh). R.T.P.: ()¢’ € S — true, since
h(e) = € (Lemma[I4R (i)).

(b) S is closed undex. Givena',y’ € S, leta’ = h(x) andy’ = h(y), soz'y’ = h(x)h(y) =
h(xzy). Thereforex'y’ € S: S is closed undex.

(c) S'is closed under inverse siné¢r—!) = (h(z))~!. (Lemma[ 14 ]2 (ii)).

ThusS is a subgroup of+".

Let K = kernelh). R.T.P. (ak € K: true sincei(e) = ¢ (Lemma[I4 (i)).
(b) K is closed undere’: given z,y € K, h(xy) = h(x)h(y) = e'e’ =€/, soxy € K.
(c) K is closed under inverse: if € K, thenh(z) = ¢/, andh(z™!) = (¢/)~! = ¢ (Lemma[14R
(ii)).

ThusK is a subgroup of-.
(d)K < G: RT.P.foranyr € G, zKz~! = K.

Foranyz € G, k € K, h(zkz™") = h(z)h(k)(h(z))™' = h(z)e'(h(x))™! = €, soxkz™ € K.
Therefore

(e)xKa~! C K foranyz € G,

Replacingr by z~!, we getr ' Kz C K foranyx € G. Givenk € K, itfollows thatz~'kz € K.
Let &’ denoter~'kz, sok = zk'z~!,i.e.,k € xKx~. This holds for allk € K, so

(f) K CxKa ! foranyz € G.
(e) and (f) together imply (d), s < GG. Q.E.D.

(14.5) Lemma Leth: G — G’ be a homomorphism, and &t < G. Writew for the homomorphism,
G — G/H; z — [z] (note[z] = H = Hx).

If H C kernelh) then(i) there exists a unique homomorphidmG/H — G’ satisfyingh = hor,
and (i) rangéh) = rangéh).

Proof. (i) The conditionh = h o means simply thai([z]) = h(z) for all z € G, soh is uniuely
defined if it exists. We must check that[z]) is well-defined, i.e., it "2’ € H thenh(x) = h(z').

Supposer—'z’ € H. SinceH C kernelh), h(z7'2') = ¢/, the identity ofG’. Therefore
(h(z)"Dh(z") = (h(z)) " h(z') = ¢, from Lemmal 1412 (i), sd(z) = h(z'), as required:h is
well-defined.

Next, k is a homomorphism: given, y € G, R.T.P.A([z][y]) = h([z])kh([y)).

n([z]ly]) = h([zy]) = h(zy) = (z)h(y) = h([=])([y),
as required.

(i)  ranggh) = {h([z]): * € G} = {h(x): v € G} =rangéh).  Q.E.D.

2In other wordss is the group operation i andx that inG’.
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(14.6) Definition Anisomorphismbetween two group&', G’ is a bijective homomorphism frot
ontoG'.
When an isomorphism exists,and G’ are calledisomorphic writtenG = G'.

(14.7) Corollary (First Isomorphism Theorem for groups). If h: G — G’ is a homomorphism,
thenrangdh) = G /kernelh).

Proof. Let H = kernelh). In the notation of Lemma 14.5, there is a unique homorphism
h: G/H — G', satisfyingh([z]) = h(z) for eachs € G.

Foranyz,z’ € G, if h([z]) = h([z ])thenh( ) = h(z'),so(h(z)) " th(z') =€, i.e.h(z ! )h(z) =
¢’ (Lemma[14.P (i), sdh(z ') = ¢/; x'2’ € kernelh): [z] = [2/]. Thereforeh is one-to-one.
Since rangéh) = ranth) his an |somorph|sm fronds /kernel k) onto rangéh). Q.E.D.

(14.8) Lemma Isomorphism of groups is an equivalence relation. (Proof easy, omitted.)

One simple example of the First Isomorphism Theorem is where the homomorphisihe
identity mapG — G. This map is surjective, and its kerneKis}, so

(14.9) Lemma G = G/{e}. |
Applications. Let us consider the examples given in paragfapn 14.3

e Z — Z,;,zr— x mod n. This is surjective, and its kernel {&), S0Z,, = Z/(n).

e S, — {1,—1}; o — 11if o is an even permutation; 1 if o is odd. The kernel of this map is
A,, and ifn > 2 this is surjective, and,, /A,, = {1, —1}.

e LetG be a groupyz an element ofy. Then the mafZ — G; k — 2 is a homomorphism. The
range of this map isz). If |z| = n < oo then the kernel ign) and(z) = Z/(n) = Z, (from
the first example, using transitivity of isomorphism).

If |2| = oo then the kernel i$0), so(x) = Z/(0) = Z (Lemma[14.9).

o If H< G, thenh: G — G/H; x — [x] (i.e.,z — zH) is a homomorphism. Nothing much to
say about this example.

e FromZ, (under addition mod 2) t¢1, —1} (under multiplication:0 — 1, 1 — —1). This is
obviously an isomorphism. Combining with th, examplw,S,,/A,, = Z,



15 Prime factorisation theorem
Recall Definition IZ]6: @rime numbeis an integep > 2 whose only positive factors adeandp.
(15.1) Lemma Every integem > 1 can be expressed as a product of primes.

Proof. Usescourse-of-values inductiomhich means that in order to prove thais a product of
primes, we can assume that evety2 < m < n, is a product of primes.

Givenn > 2, if nis prime then it is a product of primes. Otherwise, there éxist, 2 < k,m <
m, with n = km. Then by induction botlk andm can be expressed as products of primes; san.
Q.E.D.

(15.2) Lemma (i) If a andb are nonzero integers angdis a prime andp|ab, thenp|a or p|b. (i) If
ny - - -ny IS a product ofc > 2 integers, and is a prime, anc|n, thenp|n; for some;.

Proof. (i) Supposep [fa, soged(p,b) # p; thenged(p, a) is another divisor op, namely,1. If
ged(p, b) = 1 thenged(p, ab) = 1 (Lemmal11)5), wheregsgab, soged(p, b) # 1: the ged isp, and
plb.

(i) By induction onk. For the inductive step, supposgins - - - ngyng. 1. If p divides one of the
nj, j < k, we are finished. Otherwise, by the inductive hypothgsidoes not divide the product
niny - - - ny, call it a, wherea®|any.1, So by part (i)p|ny1. Q.E.D.

(15.3) Corollary If p is a prime dividing a product; ¢, . . . ¢, of primes, themp = ¢, for somey.

Proof. p divides one of they;. But ¢; is prime, so its only factors areandg;, andp # 1, so
p = q;. Q.E.D.

(15.4) Theorem (the Prime Factorisation Theorem).If n > 2 € Z thenn be expressed as a
productpi'ps? - - - pi*, wherep; < p, < ...p, are primes, anct; are positive integers, and the
primesp, and exponents; are unique.

Proof. We already know that at least one such factorisation exists (Lemma 15.1). It remains to
show that the factorisation is unique, which is proved by course-of-values induction on

If n is prime, then it has no factors except itself andsok = 1, e; = 1, andp; = n; the
factorisation is unique.

Suppose that is not prime and has possibly different prime factorisations:

n=p--pk =gl gt (15.5)

Without loss of generalityy; < ¢;. Sincep; dividesn, p, equals one of the; (Corollary[I5.B),
and if j > 2 thenp, < ¢;. Thereforep; = ¢;.

Write n = pi'm = p{lm'. Sincem andm’ are products of primes not including, p; doesn’t
dividem norm/. If e; < f; thenm = pirﬁm’, sop; would dividem, and if f; < e; thenp; would
divide m’ for similar reasons. Heneg = f; andm = m/'.

If m = 1thenm’ =1, k = ¢ = 1, andn can be factorised only a§'.. Otherwisen = m’ > 1,
so:
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Under the inductive hypothesis appliedtok — 1 = /¢ — 1, p; = g;, ande; = f; for2 < j < k.
Thereforek = ¢, p; = q;, ande; = f; for 1 < 57 < k. The inductive step is proved. Q.E.D.

The following lemma is included here, because it is just about factorising numbers, though it will
be applied to proving the existencebubgroups (Sylow theorem).

:m/:q%b._‘qu‘

(15.6) Lemma Suppose that is a positive integerp is a prime, andp® is the highest power qf
dividingn, wherek > 1. Then
n
p A o)

Proof. (This proof will be a standard calculation by cancelling out, not a formal exercise in
number theory.) The binomial coefficient is

n\ nmn-—1)---(n—p"+1)
(p“) PP -1)21

It is enough to show that the total poweroin the numerator equals that in the denominator. For
1 <r < pF—1, we match the termin the denominator with the term— r in the numerator, simply
to show that they contain the same powepof

Let p®, s > 0 be the highest power of dividing r, sor = p°t, wherep does not divide, and
s < ksincer < p*. Also,n —r = pFm — p*t = (p*~*m — t)p*, sop® dividesn — r. But (p*~5m —t)
mod p = (—t) mod p # 0, sop does not divide*~*m — t, thereforep*** does not divide: — r. In
other wordsp?® is the highest power qf dividingn — r.

This leaves one term in the numerator and denominator respectivahydp”. The highest power
of p dividing n is p*. Hence all occurrences pfin the numerator are cancelled out by occurrences
in the denominator. Q.E.D.

16 A Sylow theorem

(16.1) Group acting on a setA left actionof a groupG on a setS is a homomorphism ofr into
the group of bijective maps frorfi onto S. Giveng € G, we writeT}, for the corresponding map of
S.

(16.2) NotethatT, = 15, the identity map orb.

(16.3) Lemma Given for everyy € GamapI,: S — S, the correspondenag— T}, is a left action
if and only if(a) 7, is the identity map o%, and

(0)  Thg(s) = Th(Ty(s))

forall gh € G,s € S.
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Proof. Let M be the group of bijective maps frosto S.
Only if: (a) T, is the identity map orb becausd’ is a homomorphism.
(b) Forallg,h € G,s € S, Thy(s) = (Th o T,)(s) = Th(Ty(s)).
If: (b) is equivalent to
(C) Thg =T o0 Tg

forall g, h € G. Therefore, for any € G,

TyoTyr =T, =15 =T41 0T,

so everyl, is a bijective map, i.e], € M for eachg € GG, soT is a map from& into M.

SoT: G — M is a map satisfying (c), i.e., a homomorphisiis a left action. Q.E.D.

ExampleslIf S is just the group itself, then we can defifigs) = gs, multiplication byg on the
left, not a very interesting example.

A slightly more interesting example would Bg(s) = gsg~', conjugation byy.

If G =5,andS ={1,...,n}, we can defind, (i) = o(i), not very interesting.

If G = S, and S is the set of2-element subsets dfl,...,n}, we can definel,,({i,j}) =
{o(i),0(j)}, not very interesting.

(16.4) Definition Givens € S, thestabiliserG, of s is the set
Gs={9€G:T,(s) =s}
(16.5) Lemma G is a subgroup of5.

Proof. Notee € G| sinceT,(s) = s always (paragraph 16.2). T, (s) = s and7},(s) = s then
The(s) = Th(Ty(s)) = Tw(s) = s andT,-1(s) = Ty-1(Ty(s)) = T.(s) = s. ThusG, is a subgroup of
G. Q.E.D.

(16.6) Definition Theorbit of s is the sef{T}(s): g € G}.

(16.7) Lemma The orbits form a partition of.

Sketch of proof. The relation:y = 7,(x) for somey € G is an equivalence relation ¢ty and its
equivalence classes are the orbitsSof |

(16.8) Lemma Givens € S, T,(s) = Tj(s) if and only if the left cosetgG; andhG, are the same.
Proof. If ¢G5 = hGj, thenh = gz for somex € G,. ThenT},(s) = T,.(s) = T,(Tu(s)) = T,(s).
If T),(s) = Ty(s), thenT,-1(Tx(s)) = s, 50T ,-1,(s) = s: g *h € G, SOh € gGs, S0gG, = hG.
Q.E.D.

(16.9) Corollary Foranys € S, |orbit(s)| = |G|/|G5|.



Proof. According to the above, the elements of the orbit aorrespond bijectively to the left
cosets of7,. Q.E.D.

In order to prove the Sylow Theorem below, we consider aSsebnsisting of allp*-element
subsets of7:

S={sCG:|s| =p"}
and the following left action oty

Ty(s) = {gx: x € s}.
(16.10) Lemma This is a left action orb.

Proof. Givens € S, g € G, for everyz # y € s, gx # gy. Therefore|T,(s)| = |s
map fromS' to S.

T.(s) ={x:x€s}=s,foralseSs.

Givenh,g € G,s € S,

,S0T, is a

Ty(s) = {gz: € s}, Tu(Ty(s)) = {hy: y € Ty(s)} = {h(gx): x € s} = {(hg)z: x € s} = Thy(s).

By Lemma[I6 37} is a left action. Q.E.D.
There is one other fact about this particular left action:

(16.11) Lemma With this particular left acion, for any € S,

Gs| < s].

Proof. For anyg € G, {gz: x € s} = s. Fixa € s, so for anyg € G, ga € s. Also,
|Gs| = [{ga: g € Gs}|, sinceg # h = ga # ha, Since{ga: g € Gs} C s, it follows that|G| < |s|.
Q.E.D.

(16.12) Theorem (a Sylow theorem)Let GG be a finite group, and let be a prime divisor ofG/|:
suppose that” is the highest power of dividing |G|. ThenG has a subgroup of order*.

Proof. We consider the sef and left action/;, introduced above. The cardinality Sfis

=)

and according to Lemm@a I5.6, this is not divisiblejbyThe orbits form a partition of, so there
exists ans the length of whose orbit is not divisible by

This implies thap does not divideéG| /|G|, so|G,| is divisible byp*.

But according to Lemma 16 17| < p*. TherefordG,| = p*, andG, is the required subgroup.
Q.E.D.

A concrete example According to this theorenfjs contains a subgroup of ordé28, by consid-
ering all128-element subsets ¢k. This is a vast number of sets to consider, and the only reasonable
example is to prove by this method thatcontains a subgroup of order 2.

Ss can be generated hy = (123) andb = (12). These elements satisfy the relatiarts= e,
b?> = e. We know immediately thafe, b} is a subgroup of order 2, but we ignore that.
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Also, ab = (13) = ba? anda?®b = (23) = ba.

{e,a,a*} is a subgroup of order 3, and the right coset containirgy{b, ab, a*b}. This must be
the other coset, sindehas order 2 whereasa, a> have orderd, 3, 3, respectively. We can label the
six group elements asa, a?, b, ab, a*b. The Cayley Table is easily constructed using the above four
equations.

e a a b ab a®b

e e a a b ab a*b
a | a a*> e ab a*b b
a® | a® e a a’b b ab
b b a’b ab e a? a
ab | ab b a®b e a®
a’b | a*h ab b a*> a e

The setS consists of all 2-element subsets$t There ard 5 of these, namely,

{e,a},{e,a*}.{e, b}, {e, ab}, {e, a’b},
{a,a*},{a, b}, {a,ab}, {a, a*b},
{a?,b},{a?, ab}, {a?, a*b},

{b, ab}, {b, a*b},

{ab, a®b}.

The left action ofS; consists of multiplying each of these sets on the left by the six elements of
S3. Note that the orbit lengths always divide the order of the group, so the orbit lengths tah be
or 6. Starting with{e, a}, and multiplying on the left by group elements, we get

_ {e,a},{a,a®},{a? e}, {b, a®b}, {ab, b}, {a?b, ab}
Start again afe, b}:
{e, b}, {a,ab}, {a?, a®b}

The next set in the orbit would bge, b} = {b, e}, so the orbit has at least 3 elements and fewer

than 6: so this is the full orbit. Start again wifh, ab}.
{e,ab}, {a,a®b},{a?, b}.

The next setigb, a?}, which has already been met.

Start again afe, a’b}.

{e,a®b},{a,b},{a?, ab}.

We have generated assl 15 set$'irso we are finished. There is one orbit of length 6, and three
odd-length orbits of length 3 each. According to the proof of Sylow’s theorem, any one of the 9
sets in the odd-length orbits has stabiliser group of order 2. For example, let us caleuiatere
s = {a, a’b}.

We need to find alf such that

ga = a, g(a*b) = a®b, or ga = a*b, ga®b = a.

The first pair of equations give = e. For the second pait; = a*ba™! = a*ba® = baa® = b.
Check thatya?b = a: ba*b = bba = a. Thus the stabiliser group fdi, a?b} is {e, b}.

Take one more set, such &s,ab}. Solvega = ab: g = aba™' = aba® = aab = a*b. Check
a’bab = a*b*a® = a. This gives us the subgroype, a?b} = {e, (23)}.



17 Classification of finite abelian groups

It is the aim of this section to prove that every finite abelian grdugpan be expressed as a product
of cyclic p;-groups, where, are the prime divisors gfd|, and apart from the order of factors the
product is unique.

The proof is too long to be covered fully in lectures. The full proof would be in four parts:

e Every nontrivial finite abelian grougd is isomorphic to a product gf;-groups, one for each
prime divisor of| A|. (This is covered in lectures.)

e Every nontrivial finite abeliap-group is isomorphic to a product of cychegroups. (The only
part covered in lecturess is where every element has ardep.)

e Given a product of abeliap;-groups, and another isomorphic product of abetjaggroups,
where thep, andg; are distinct then after reordering if necessary the corresponding factors are
isomorphic.

e Given two finite products of cyclip-groups, if they are isomorphic then after reordering if
necessary the corresponding factors are isomorphic.

(17.1) Definition Letp be a prime. A»-group( is a group such that for every € G, |z| is a power
of p.

(17.2) Lemma A finite groupG is a p-group if and only if|G| is a power ofp.

Proof. If: for everyx € G, |z| divides|G]|, so|x| is a power ofp.

Only if: suppose thalG| is not a power of, so there is another primgdividing |G|. By the
Sylow theorem, there is a subgroup of G whose order is a positive power @f Then for any
x # e € H,|z| is a nonzero power af, SoG is not ap-group. Q.E.D.

Let A be a finite abelian groupA| = n. Letn = p{' - - - p;*, the prime factorisation.

17.1 Afinite abelian group is a product ofp;-groups
(17.3) LemmaForl < j <k, letn; = n/pjj. Then there exist integers, 1 < j < k such that
Ny + ...+ rgng = 1.

Proof. The numbers:; have greatest common divisor 1, because any ppidieiding all of them
also divides:, hence must be one of the (Lemma[I5.2): bup; does not divide:;.

The gcd of these numbers generates the subgfaup. ., n;) of Z, sol € (ny,...,ny), but
(n1,...,ng) is the set of all expressionsn; + ... + rgnyg, r; € Z. Q.E.D.

(17.4) LemmaFor 1 < j <k, letA; =n;A, ie, {n;x: z € A}.
EachA; is subgroup of4, a p,;-group, and its order divide;sjf.
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Proof. For anyz € A;, = = n;y for somey € A. Thenp’z = ny = 0, so|z| dividesp;’.
Thus A, is ap;-group and 4, | is a power ofp;, (Lemma[17.2). Since4;| dividesn by Lagrange’s
Theorem, it divideg’ [| Q.E.D.

The cartesian produet; x - - - x Ay is the set of alk-tuples{(z1,...,z): z; € A;}, an abelian
group under componentwise addition.

(17.5) Lemma A is isomorphic to the cartesian produdt x --- x A, and eachd; is an abelian
p;-group of orderp’’.

Proof. With A, n, n;, r;, andA; as introduced above, consider two maps

0: A— Ay X - X Ag; x— (mx,. .., nT)

and

¢2A1X~"XAk—>A; (ZEl,...,Ik)|—>7‘1[L‘1+...+Tk$k.

Both # and¢ are easily seen to be homomorphism.

From the definition of the numbers, ¢ o 4 is the identity map ond. Therefore) is injective, so
n=|A <|A; X x Agl.

Now, for eachj, |A;| dividesp,’, and|A; x --- x A| = |A]---|A,] which dividesn. Thus
n < |A|---|Ax|] < n, so the product of the orders equals

Thusé is an injective homomorphism from into another group of order; so#f is an isomor-
phism.

Finally, each|A;| dividesp;’. If any |A;| were a proper divisor thef¥,|---|A.| would be a
proper divisor ofn. So|A;| = p;’ for eachj. Q.E.D.

17.2 Afinite abelianp-group is a product of cyclic groups
For this subsectior is a nontrivial finitep-group.

(17.6) Definition In any aaelean group, a list;, ldots, a;, of elements ilmdependenif for all tuples
at,...,a € 4, ifagar + ...+ aga, = 0, thenaja; = ... = aga, = 0.

In the lemme below, it is not necessary thbe ap-group.

(17.7) Lemma Given an abelian group, if there exists an independent set of generatorsifahen
A'is isomorphic to a product of cyclic groups.

Proof. We consider the following homomorphism

0: (a1) x -+ X {ag) — A; (aqay,ldots, agay) — aqya; + ldots + agay,.

Since theu; are generator) is surjective. The kernel df is the set of tuplesa;ay, . . ., apa)
such thatviay + ... + aga, = 0. Since thea; are independent, the kernel {§0, . ..,0), sof is
injective. Therefore is an isomorpism, and the groufis;) are cyclic. Q.E.D.

So the problem is to locate a set of independent generatork fOne case is relatively easy:

%To prove this, writek = |4;], ¢ = p;’ andn = gm, sogcd(k,m) = 1. Thereforekr + ms = 1 for somer, s € Z,
andk dividesgm, so it dividesgkr + gms = ¢, i.e. k dividesq.
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(17.8) Lemma Suppose thatl is a finite abelian group in which every element except 0 has grder
so|A| = p" for somer. ThenA is isomorphic tdZ; = Z,, x - - - x Z, (r factors),

Proof. Start with somer; # 0in A. If A = (a,), stop. Otherwise choose somgec A\(a,). If
A = (ay, ay) stop, otherwise choose somgc A\(ay, as).
The general step is, having chosen. . ., a; in this way, if these do not together generatéhen

choose some;; € A\(ay,...,a;). Since all these; are distinct and is finite, this process must
terminate having chosen a set, . . ., a;) of generators ford. Eacha; has ordep. R.T.P: they are
independent.

Othereise there exist;, 0 < «; < p — 1 for eachj anda;a; + ... + aar, = 0. Choose the
largest; such thaty; # 0. If ¢ = 1 thenaya; = 0 soay = 0 and all theo; are 0.

Otherwise, sincey; has a multiplicative inverse modulgf] there exists & such that3a; = 1
mod p. Multiplying across by,

ﬂalal + ... ﬂai_l +a; = 0.

It follows thata; € (a4, ...,a;_1), which is false. Therefore the kernel is trivial afids an isomor-
phism.
Finally, since the cartesian product has cardinalityk = r. Q.E.D.

The remainder of this section is somewhat more difficult. To prove the general result, that is, a
finite abelianp-group A is a product of cyclig-groups, we use course-of-values induction|dh
The induction involves considering the subgroup= {px: = € A}.

(17.9) Lemma If A is a finite nontrivial abeliarp-group themp A is a proper subgroup ofl.

Proof. The mapr — pz is a homomorphism — A. SinceA is finite, to show that its range is a
proper subgroup ofl it is enough to show that the map is not injective. Choosezagy0 in A. Let
|z| = p**! andy = p*x. Theny # 0 butpy = 0, so the map is not injective. Q.E.D.

If pA is the trivial group, then every element df has order 1 op and we already know the
structure ofA. Otherwise, we assume by induction that admits an independent set of generators,
that is an independent set of elements

paiy,...,pag

The next step is to prove that the elemenms. . . , a;, of A are independent elements 4f The
proof (whoci is omitted) boils down to arguing that if these elements are int independent, then one
of the generators fopA, pa;, say, could be replaced by one of lower order. This is impossible on
cardinality grounds.

Next we would consider the subgroup of A generated by the elemenis. If B = A then
we are finished. Otherwiséd/B is a group of the kind considered in Lemina 17.8. We can use the
construction of that lemma to extend the generaigis a list of independent generators fér

4 Recall thatZ; consists of all numbers betweeérandp.
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17.3 First part of the uniqueness result.

We now know the ‘existence’ part of the classification theorem. We need to know the ‘uniqueness’
part.

(17.10) Lemma Supposed is a nontrivial finite abelian group, antd| = n = p7* - - - pi*. We know
that A is isomorphic to one product; x --- x A of p; groups. Suppose that it is isomorphic to
another productd] x Aj; of nontrivial ¢;-groups. where the primeg are distinct. Therk = ¢ and
after reordering if necessary}; = A’ for1 < j < k.

Proof. Let 6 be an isomorphism. I # 0 € A;, then|z| is a power ofp;, the same goes for
(x), which belongs to one of the groups, which is also g,-group. Thusy; = p; andd mapsA;
into A]. Since|A4}| dividesn, |4]| < p}’, Also|A;| < |A4]|. Thereforel4;| = |A4;| andd carriesA;
isomorphically ontaA;.

Thus for eacly there exists a uniquesuch that4; is isomorphic toA;. There can be nel; to
which noA; is isomorphic since otherwigel| x - -- x Aj| > n. Thusk = ¢ and after reordering the
Al if necessaryd; = A;. for1 <j <k. Q.E.D.

17.4 The final part of the uniqueness result

To conclude the result, we need to prove the following:
(17.11) Lemma Given two finite abeliap-groups, expressed as products of cyclic groups,

Zprl X+ X Zprk (1712)

and

Zps1 X -+ X Lipse (17.13)

wherer; > ry > ... > > 1ands; > sp... > s, > 1, thenk =/andforl < j <k, r; =s;.
First

(17.14) LemmaletG;, 1 < ¢ < k be groups, and for eachlet H; be a normal subgroup df;.
ThenH; x --- x H, <Gy x --- x G}, and

(G1/Hy) x -+ x (Gr/Hy) = (Gy x -+ x G)/(Hy X -+ X Hy).
(Proof: can be deduced from a homework exercise.)

(17.15) Lemma Let
A:ZpTl X e X Zprk

Foranyr > 1, (p"*A)/(p"A) is isomorphic tdZ!, wheret is the number of exponents such that
r; >
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Proof. By the above lemmg"A)/(p" ! A) is isomorphic to the product of the following quotient
groups:

(P Zys) /(0" Zyys )
If r < r;, thenp”~'Z,; is cyclic of orderr; + 1 — r, and the other factor group is cyclic of order
r; — r. Hence the quotient group has orgieand is isomorphic t&,.

If » > r;, then both groups are trivial and the quotient is trivial. Hefie! A)/(p"A) is isomor-
phic to as many copies &, as there are; > r. Q.E.D.

(17.16) Definition d(r, A) is the number of copies @&, occurring in(p" ' A)/(p"A). (Equivalently,
thet such thatlptA)/(p"A)| = p'.)

Proof of Lemma[L7.11. Referring to the two possibly different decompositionsiofequations

[L7.T2 andI7.13 above,
We want to prove that the two non-increasing sequences

T,T9,..., Tk

and

51,82,...,5¢

are identical.
Alternatively, letA denote the product of th#,;, and A’ the product of theZ
the sequences differ: R.T.R.and A’ are not isomorphic.
Choose > 1 maximal subject tp; = ¢;, 1 < j < 4. Then either
@i=(+1<k bi=k+1<ell (c)i <k lbutr; >s;or(d)i <k, /{buts; > r;.
(@)d(A,r;) > ibutd(A’,r;) = £. (b) Similar.
(©)d(A,r;) > i, butd(A’,r;) <. (d) Similar. Q.E.D.

»%i, and suppose

18 Rings

(18.1) Definition Aring R, +, x is a nonempty set with two operations, addition and multiplication,
such thatR, + is an abelian group and, * is a semigroup. As with groups, the multiplication sign
is often omitted, s@ay meansr * y.. The additive identity is denotéd

Distributive lawsconnect these two operations:

2(y + 2) = (zvy) + (22)

(z+y)z = (z2) + (y2)

Examples.



e 7.+, %, thering of integers.
e 27, the ring of even integers.
e 7Z,,+,*, with addition and multiplication reduced moduto

e Z[V2] = {a+bv2: a,b € Z}, with (a + bv/2) + (c + dv2) = (a + ¢) + (b + d)v/2, and
(a4 bv2)(c+ dv?2) = (ab+ 2cd) + (be + ad)V/2,

e LetS be anonempty sef\/ (.S, Z), the set of all mappings froifi to Z with pointwise addition
and multiplication, i.e.(f 4+ ¢)(z) = f(z) + g(z) andfg(z) = f(x)g(z) forall z € S.

e M(2,R), the ring of2 x 2 matrices with real-valued entries.

e The set9), R, H mentioned at the beginning of this course.

Recall the rules for addition and multiplication ®f 2 matrices.

a b 4| fl |at+e b+ f a b e f| | aet+bg af+bh
c d g h| |c+g d+h |’ c d g h| | ce+dg cf +dh
(18.2) Definition A unity in aring R, +, * is a two-sided multiplicative identity.

Not every ring possesses a unity. For example, the ring of even integers has no unity. We already
know from results about semigroups that the unity must be unique.

(18.3) Definition A subringof aring R, +, x is a nonempty subsétwhich is closed under addition,
negation, and multiplication.

Remark. Every subring ofR containg) and is a ring under the operations®f
In the ring M (2, R), the following is a subring:

([5]-ssen)

It has infinitely many left identities:
1 z
00

But, of course, no right identities and no unity.
(18.4) Notation A unitalring is a ring with a unity.

More examples of subrings:Z is a subring oQ which is a subring oR which is a subring of
C which is a subring oH. Z[v/2] is a subring oR and ofC.
The following simple facts hold for a ring.

e The zero element is unique, because it is the identity in the gioup
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Everya € R has a unique negativea.

Addition is cancellative.

Write z — y for z + (—v).

For anya,b € R, the equations+x = bandx+a = b both have the unique solutian= b—a.

For any integersi, n, (m+n)a = (ma)+(na), m(a+b) = (ma)+(mb), andm(na) = (mn)a.
All of these facts hold for any abelian groudp +. The following are specific to rings.

(18.5) Lemma In aring R,

@0x=20=0
(b) z(—y) = (—2)y = —(xy).
©) (—z)(—y) = zy
(d) z(y — 2) = (zy) — (xz) and(z — y)z = (zz) — (y2).

Proof. (a) (0x) + (0z) = (04 0)z = 0z: thereforedz = (0z) 4 (0x) + —(0x) = 0z + —(0x) = 0.
Similarly, z0 = 0.

(b) 0 =20 =2(y + —y) = xy + =(—y). Thereforer(—y) = —(xy). Similarly, (—z(y — (xy).

(©) (—2)(—y) = —(z(—y)) = —(—(2y)) = zy.

(d) z(y — 2) = x(y + (=2)

Similarly, (z — y)z =

19 Zero divisors, integral domains, and fields.

It is possible for a ringr to contain two elements andb, neither of them zero such tha = 0.

Examples.In Zy, 2 x 2 = 0.
In M(2,R),
11 1 =31 |00
2 2 -1 3] |0 0]
Correction. What have to date been called cartesian products of groups should have been called
direct products of groups.

(19.1) Definition Thedirect product of ring€&iven two ringsR;, +1, *; and Rs, +-, 3, their direct
productis the cartesian produck; x R, together with the operationgey, z2) + (y1,42) = (x1 +1
Y1, T2 42 y2), and (1, z2) * (Y1, Y2) = (21 *2 Y1, T2 *2 Ya2).

(19.2) Lemma The direct product of two unital rings is a unital ring (Trivial). |
Direct product rings have many zero divisors, sifed) * (0,b) = (0, 0) for all a, b.

(19.3) Definition Anintegral domains a ring which(a)is commutative(b) is unital (i.e., a ring with
unity), and(c) has no zero divisors.
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Examples.
e 7Z,Q,R are integral domains,
e Z[\/2] is an integral domain.

27 is not because it is not unital.

H is not because it is not commutative.

M (2, R) is not because it is not commutative and has zero divisors.

Z. is not because? = 0 in Z,.

Z,, and in generak, for any primep, is an integral domain.

(19.4) Lemma A commutative unital rind is an integral domain if and only if it satisfies the fol-
lowing cancellation lawfor anya, b, ¢ € D, if ab = ac (or ba = ca) anda # 0, thenb = c.

Proof. If: givenab = 0, if a # 0 thenab = a0 sob = 0, and ifb # 0 thenab = 0b soa = 0.
ThereforeD has no zero divisors.

Only if: givenab = ac, ab—ac = 0 = a(b— ¢). Sincea is not a zero divisolh — ¢ = 0, SOb = c.
Q.E.D.

(19.5) Definition A field is a commutative ring” in which the subsef\ {0} forms a group under
multiplication.

In other words, for every € F, if  # 0 thenz has a multiplicative inverse. Of course, since
0x = 0 for all z, 0 does not have a multiplicative inverse (unless the ring is trivial, which we ignore).

(19.6) Lemma Every fieldF is a nontrivial unital ring without zero divisors, i.e., an integral domain.

Proof. F\{0} contains a multiplicative identity, that is, a unity. Giveny # 0, xy # 0 since
F\{0} is closed under multiplication. Q.E.D.

(19.7) Lemma Let F' be a commutative unital (nontrivial) ring in which every nonzero element has
a multiplicative inverse. TheR'is a field.

Proof. R.T.P. F\{0} is closed under multiplication. Givenandy with = # 0, if zy = 0 then
xlzy = y = 0. Hence ifz,y # 0 thenxy # 0.
Examples.

e Z,7Z[\/2],2Z, andZ, are not fields.
e Q, Q[v2], R, andC are fields.

H is not afield, because, althoulh\ {0} is a group under multiplication, it is not commutative.

For any primep, Z, is a field.



To show thaQQ[v/2] is a field: First, that/2 is irrational. This result is due to Euclid.
Note. This proof differs from the clumsy proof given in class.

(19.8) Lemma There exist no integersandq such that(p/q)? = 2.

Proof. Equivalently, suppose thatandq are nonzero integers; R.T#. # 2¢%. Write p = 2"s
andg = 2'u wherer,t > 0 ands, u are odd.
So we must show that

227“82 ;é 22t+1u2

wheres andu are odd integers. If < t, then

52 # 22t72r+1u2’

since the left-hand side is odd and the right-hand side is even. Therefore Zsiaamancellative,
227‘82 7& 22t+1U2.
Otherwisey > t, and

2r—2t—1 2 2
2 5% # u”,

since the left-hand side is even and the right-hand side is odd. Therefore Zsiaasancellative,
22rg? £ 2%+1L2 Q.E.D.

Now to show thalQ[v/2] is a field, i.e., every nonzero element has a multiplicative inverse.
Givena + by/2] wherea andb are not both zero, its multiplicative inverse(is— v/2)/(a? — 2b?).
The denominator is nonzero becaasds irrational, and the product {&? — 2b%)/(a® — 2b%) = 1.

(19.9) Lemma Every (nontrivial) finite integral domai is a field.

Proof. Since D is commutative and unital with unity, call it different fromo, it is enough to
show that every nonzerwhas a multiplicative inverse.

Sincea # 0 and D is cancellative, the map — D;x +— ax is injective. SinceD is finite, the
map is bijective, so there existgjauch thatry = 1. Q.E.D.

(19.10) Lemma Z,, is an integral domain (and a field) if and onlyrifis prime.

Proof. Eithern = 1, n is composite, or. is prime. SincéZ;\{0} is empty,Z, is not a field. If
n > 1is composite, there exigt m, 2 < k, m < n, sokm = n. Thenk andm are zero divisors in
Z,.

Suppose that is prime and) < k,m < nandkm =0in Z,. RT.P..k = 0 orm = 0. Since
km = 01in Z,, n divideskm. By LemmaI5]2n dividesk or m: i.e.,k = 0 orm = 0. Q.E.D.



20 Ring homomorphisms

(20.1) Definition Let R;, +;, %;, ¢ = 1,2, be two rings. Aring) homomorphisnirom R, to R, is a
map# such that for every, b € Ry,
B(a+10) =0(a) +20(b), and 6O(a = b) =0(a)*e 0(b).

If 6 is bijective it is ansomorphismand the rings aresomorphic written R; = R,. An isomor-
phism from a ring to itself is called asmutomorphism

For example, the ma: Z[v/2] — Z[v/2], a + byv/2 — a + by/2, is an automorphism, since

(i) (a+bv2)+(c+dv?2) = (a+c)+(b+d)V2) — (a+c)— (b+d)V2) = (a—bV2)+(c—dV2)

(i)) (a + bv2)(c+ dv2) = (ac + 2bd) + (ad + bc)v/2 +— (ac + 2bd) — (ad + be)v2 = (a —
bV2)(c — dv2)

(i) 0 o 0 is the identity map, s@ is bijective, an isomorphism.
(20.2) Definition Thekernelof a ring homomorphistfi: Ry — R, isthe sef{x € Ry: 0(x) = 0}.
(20.3) Lemma The image of a ring homomorphigm R; — R, is a subring ofR;.

Proof. We need to show that the image is nonempty and closed under addition, negation, and
multiplication. The first three facts need no proof since they apply to additive group homomorphisms
andd is one. For the fourth, we need to show that)d(y) is in the image whenever, y € R;: but

0(x)0(y) = 0(xy). Q.E.D.
(20.4) Lemma If 6 is a ring homomorphism thet(z — y) = 0(x) — 6(y).

Proof: 0(z —y) = 0(z + (—y)) = 0(z) + 0(—y) = 0(x) + (—0(y)) = 6(x) — O(y). Q.E.D.

(20.5) Lemma A ring homomorphism is injective if and only if its kernel i§0}.
Proof. If: suppose the kernel is trivial artiz) = 0(y). Thenf(x —y) = 0(x) — 0(y) = 0, S0
r—y=0andz =y.

Only if: Supposd is injective. R.T.P. the kernel is trivial; so, givéx) = 0, R.T.P.z = 0. But
thend(z) = 0(0) soz = 0. Q.E.D.

21 Characteristic of a ring

(21.1) Definition Thecharacteristiof a ring R is the smallest positive integerif it exists, such that
cr =0forall x € R.
If no such integer exists, the characteristizera

For exampleZ, Q, H, M (2, R) all have characteristic zer@, x Zs has characteristits.

(21.2) Lemma For anyk € Z andzx € R, —(kz) = (—k)x.
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Proof. kz + (—k)z = (k + (—k))x = 0x = 0.
Therefore—(kz) + kx + (—k)z = —(kx), s00 + (—kz) = —(kx), or (—kz) = —(kz). Q.E.D.

(21.3) Lemma Givenz,y inaring R andn € Z, (nx)y = n(zy).

Proof. The case: > 0 can be proved by induction anand is left as an exercise. #f < 0, let
n = —k. Assuming the result fok, (kz)y = k(xy). Take the negative of each side:

—((kx)y) = —(k(zy)).
But —((kx)y) = ((—(kz))y (Lemma[18.p (b)). From the above lemnia;k)r = —(kz) and
(=F)(zy) = —(k(zy)). Hence

(=k)2)y = (=(kz))y = —((k2)y) = —(k(zy)) = (=F)(zy).
That is,(nz)y = n(xy). Q.E.D.

(21.4) Lemma If R is a unital ring with unitye, then its characteristic is the least positive integer
if it exists, such thade = 0. Otherwise the characteristic is zero.

Proof. Let c be the characteristic ag.

If d > 0, then for allz € R, dx = d(ex) = (de)z, by Lemma[21]3. Butde)z = 0z = 0, SO
dz = 0, and the characteristicis nonzero and bounded lly But c is not less thaw, since ifc < d
thence # 0. Thereforec = d.

If ¢ > 0thence =0, sod > 0. Hence ifd = 0 thenc = 0. Q.E.D.

(21.5) Lemma In a unital ring R with unitye, for anym, n € Z, (mn)e = (me)(ne).

Proof: (me)(ne) = m(e(ne)) from the above Lemma. This equaigne), which equalg§mn)e
from the list of facts given above Lemma18.5. Q.E.D.

(21.6) Lemma If R is a unital ring of characteristic zero, then it has a subring isomorphiZto

Proof. Let6: Z — R be the map taking to ne.

Claim thatf is a homomorphism.

Since(m + n)e = (me) + (ne), 6(m +n) = 0(m) + 6(n). Since(mn)e = (me)(ne), (Lemma
PL5),0(mn) = 0(m)0(n).

Therefored is a homomorphism. Moreovet,is injective, for the following reason.

its kernel is the set of those such thatne = 0, which is{0} since the characteristic is zero
(LemmalZI}). Thereforé is injective (Lemmad 20}5). The imade of 6 is a subring ofkR (Lemma
20.3).6 is a ring homomorphism which mafsbijectively ontoZ, and therefore’ is isomorphic to
Z. Q.E.D.

(21.7) Lemma If R is a unital ring of characteristie: > 0, then it has a subring isomorphic ..
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Proof. We consider the following maffrom Z.to R: n +— ne, for0 < n < c.

For clarity, we shall writen + n for the sum as integers, afith +n) mod c for the sum inZ..

As in the previous lemma, given,n € Z, (m + n)e = (me) + (ne) and(mn)e = (me)(ne).
Givenm,n € Z., letk = (m+n) mod c be their sumir.. Thenk = m + n+ (c for some integer
(, soke = me+ne+(lc)e—me+ne+{(ce) == me+ne, sincece = 0. Thatis,f(k) = 0(m)+6(n),
sof preserves addition i#..

Next letk = (mn mod ¢) = mn + {c for somel. Thenke = (mn + lc)e = (mn)e + (bc)e =
(mn)e + £(ce) = (mn)e = (me)(ne), S0 is a ring homomorphism.

If 0 <n < candf(n) =0, thenne = 0 son is a multiple ofc, son = 0, andd is injective as in
the previous lemma.

Thusfd mapsZ. bijectively onto its image iRk, and its image is a subring & isomorphic toZ..
Q.E.D.

22 Polynomials

(22.1) Definition Let R be a commutative ring; an ‘indeterminate.” Apower series in is a formal
(infinite) expression

a0+a1x+a2x2+a3x3+...,
wherea, are called thecoefficientsandz theindeterminateOne can write this power series as

o0

Zarmr or Zarxr.

r=0 r>0

If all but finitely many coefficients are zero, it is callegpalynomial,and the largest, if it exists,
such thatu,, # 0 is called itsdegree If p is a polynomial thenrleg(p) denotes its degree.
If all the coefficients are zero, then the degree is defined tode

Alternatively, a polynomial can be defined as either

e The zero element aR, or

e ayg+a1r + ...+ a,x”, wherea,, # 0. In this casen is its degree.
Addition and multiplication can be defined for any two power series, whether or not they are
polynomials. The formulae are

[e.o]

i a,x" + i byx” = Z(ar +b,)x",
r=0 r=0

r=0
and

o0

(i arxr)(z bya”) = i cxx®, where ¢, = Z a,by
r=0 k=0

r=0 r4+s=k
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Remark. In practice a polynomial is given as a finite sum with the zero coefficients omitted. The
power series formulation avoids a good deal of mess.
Example. In Z[z], letp = 2 + 3z andq = 4 — 2z + 322. Then

p+q=6+x+32% andpg =8+ 8z + 922

(22.2) Lemma If p, ¢ € R[x], then(i) pq is also a polynomial, andii) deg(pq) < deg(p) + deg(q).
If Ris an integral domain, the(iii) deg(pq) = deg(p) + deg(q).

Proof. (a) If p or ¢ is zero, then so igq, which is the zero polynomial, anttg(pg) = —oo and
deg(p) + deg(q) = —oo. So otherwise assumikeg(p) = m > 0 anddeg(q) = n > 0. This proves
(i) and (i) whenp or ¢ is zero.

Otherwise, (b) writew = > a,2” andq = 5" b,2°. For anyk € N, the coefficient ofc* in pq is
Y risei rbs. If B > m +nandr + s = k, then eitherr > m or s > n, soa,b, = 0. Therefore the
coefficient ofz* in pq is zero ifk > m +n, sopq is a polynomial of degreg m + n. This completes
the proof of (i) and (ii).

If R is an integral domain, ang or ¢ is zero, then the degree formula is an equation (part (a)
above).

Otherwise, withm andn as in (b), consided_ . . . abs. If r # m, then eitherr < m
ands > n, orr > m. In either caseq,.b, = 0. Hence the only possible nonzero tednd, with
r+s =m+nisayb, SinceR is an integral domain, and,, # 0 andb, # 0, a,,b, # 0, SO
deg(pq) = m +n = deg(p) + deg(q). Q.E.D.

(22.3) Lemma R|[z] is an additive group.

Proof. First, it is closed under addition. }f = > a,2” andg = >_ b.2" are polynomials, and
r > max(deg(p), deg(q)), thena, + b, =0, s0) (a, + b,)z" is a polynomial. The remainder of this
proof applies equally well to power series as to polynomials.

Consider three power serigs= > a,2",9 =) - ba”,andh =Y . c.a”,

(f+9)+h=
Z(ar + b )x" + Z T —
D ((ar +0,) +e)a" = (ar+ (b + )" =
> aam+ ) (b4t
=f+(g+h).
Therefore addition is associative. Also,

f_'_g:Z(ar‘i‘br)xr:Z(br+ar>xrzg+fv

r

so addition is commutative. If is the polynomial with all coefficients zero, thgnt g = > (a,
0)z" = f, sog functions as the additive identity. If we defiref as)_ (—a,)z" thenf + (—f)

I+
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> (a, —a,)x" = ) 02", the additive identity, so the set of power series is an abelian group under
addition.

Finally note that the zero element is a polynomial, and if power serasdq are polynomials,
then so arg + ¢ and—p, so the polynomials form an abelian group under addition. Q.E.D.

(22.4) Lemma R|[z] is a commutative semigroup under multiplication.

Proof. By Lemma[2Z.2,R[z] is closed under multiplication. The remainder of this proof can
apply to power series as well as polynomials.

Given power serieg = > a,2", g = >_b.a", andh = > c.a", let fg = " dpa¥, gh = Y e,
(fg)h =" ama™ andf(gh) = 3 Bpa”

= Z drc; = Z (Z abg)e; =

k+t=m k+t=m r+s=k
m
E E a,bsCp_i = E r+ s+t =ma,bsc,.
k=0 r+s=k
r4+fl=n
E Ap_y E beer = E aybscs.
s+t=~C r+s+t=n

Thus,«a,, = f,, for eachm, so(fg)h = f(gh), and muItipIication is associative.

Multiplication is commutative:fg = >, (3", ., a:bs)a" gf = >, (>, bsar)z". These
are identical, so multiplication is commutative. Q.E. D

(22.5) Lemma R[z] is a commutative ring.

Proof. We know that it is an abelian group under addition and a commutative semigroup under
multiplcation. We need to check the distributive laws, and because it is commutative, we need only
check one of them. This applies to power series as well as polynomials.

Soletf => a.2",g="> b, andh = cia'.

flg+h) = Z Z a,(bs + ¢s))x —Z(Z a,bs)x —1—2 Z a,cs)r® = (fg) + (fh)

r+s=k k  r+s=k r+s=k
Q.E.D.
(22.6) Lemma R is isomorphic to a subring aR|x].

Proof. The mapR — R[z]; a — ax°, is @ homomorphism, since + b — az® + bz° and
ab +— abx®. If ax® is the zero polynomial then = 0, so this map is injective and it take?
isomorphimcally onto the subringiz®: a € R}. Q.E.D.
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(22.7) Lemma R[z] is unital if R is. (Easy. The unitigz°.) |}
(22.8) Lemma If R is an integral domain, then so B|x].

Proof. Suppose that, ¢ # 0, sodeg(p) > 0 anddeg(q) > 0, deg(pq) = deg(p) + deg(q) > 0.
Q.E.D.

23 Division algorithm for polynomials over a field

Recall how to divide polynomials.

22+ 4+ 2
2 —x+2 |2t + 327 + - 5
2 — 22 4+ 222
dx3  — 227 + x
473 — 422 + 8z
22 — Tx — 5§
202 — 2x 4+ 4
—br — 9
Thusz* + 323 + x — 5 = (2% — x + 2)(2® + 42 + 2) + (—5x — 9). More generally,

(23.1) TheoremIf p,d € F[z]| are polynomials over a field” andd # 0, then there exist unique
polynomialsd, » such thapp = gd + r anddeg(r) < deg(d).

Proof: existenceby induction ondeg(p), assumingl is fixed. If deg(p) < deg(d) we can take
r = p andg = 0. This covers the base case.

For the inductive step, suppose that) = a,2" + ..., andd = b, 2™ + ..., wheren = deg(p)
andm = deg(d); n > m. Consider

p— Z—;xn_md.
The degree op is n, as is that oft"~"d. Hence the above polynomial has degree at most
However, the coefficient of” is a,, — a,, = 0, so the degree of the resultisdeg(p).
By the inductive hypothesis, there exist polynomigls: wheredeg(r) < deg(d) and

p— Z—nx"’md =q'd+r,

SO

p= (Z—”:U”’m +q")d+r,
i.e.,p = qd + r as required.
Uniqueness.Supposeyd + r = ¢'d + r’ wheredeg(r) < deg(d) anddeg(r’) < deg(d). Then
(¢q—¢)d=r—1".1f ¢ # ¢ then the left-hand side has degreeleg(d). But the right-hand side has
degree< deg(d), which is false. Hence = ¢’ and it follows that- = ’. Q.E.D.



24 Factorising polynomials

This will mostly be about factorising polynomials ov@t

(24.1) Definition A polynomial ismonicif the coefficient of its highest-degree term is 1 (the unity in

).

Needless to say, if, ¢ are polynomials, thep|q means there exists another polynomiauch
thatq = dp.

(24.2) Theorem Let F' be a field andi, b € F[z], not both zero. Then there exists a uniguenic
polynomiald(z) such that(a) d|a andd|b, and(b) If ¢ € F[z] andc|a andc|b thenc|d.
Moreover,(c) there exist polynomials and s such thatd = ra + sb.

Proof. existence.Let d be a monic polynomial of minimum degree representableias sb for
polynomialsr ands.

(Sincea andb are not both zero an# is a field there exist monic polynomials of the fora- sb,
sod exists by the well-ordering priciple).

Divide a by d: a = qd + g, say. Ifg # 0 theng = a — ¢d would be of the formta + ub, nonzero,
of lower degree than, and by scaling it can be made monic, contadicting the definitiah bfence
d|a and similarlyd|b.

If ¢|a andc|b thenc|ra + sb = d. This concludes the proof of existence.

Uniqueness:Supposel andd’ both satisfy (a) and (b). Thefid’, sod’ = ud for some polynomial
u. Comparing highest-degree termsmust be monic. Alsal’|d, sod = wvd for some monic
polynomialv. Thend = wvd/ Butd # 0 and F'[z] is an integral domain, sl — uv)d = 0, S0
uv = 1. Henceu andv are constants, and monic,86= v = 1 andd = d'. Q.E.D.

(24.3) Definition Whena, b are polynomials over a field', not both zero, and is the monic poly-
nomial introduced above, we write= ged(a, b).

Remark. The gcd and the polynomiatsands such thagced(a, b) = ra + sb can be calculated
by a variant of Euclid’s gcd algorithm.
Example:ged(a® — 2t + 22% + o+ 1,23 — 2 + v — 1).

2 4+ 1
2 -4+ —-122 — 22 + 223 + z 4+ 1
2 - 2+ 2+ 2P
©» 4+ ¥ + zr 4+ 1
2 - 22+ o - 1
22?2 + 2
q=2>4+1,r =2@*+1),a=qb+r.
2/2 — 1/2
202 +2 | 22 — 22 + z — 1
23 + =z
—z? — 1
—z? -1
0
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Assuming thatleg(a) > deg(b), one starts wittp; = a andp, = b, and repeatedly dividg;,
into p; with quotientg; and remainder;, then sep;,; = r;. Continue so long ag;; # 0. The last
nonzerap;, after scaling it to make it monic, is the gcd.

In this examplep; = 2° —2* + 223 + 2+ 1, pp = 2® — 22 + o — 1, p3 = 2(2* + 2), ps = 0.
Scaleps to get the gedy? + 1.

p3 = p1 — (22 + 1)po, andps (rescaled) is the ged. The rescaling is dividng2bysor +2 + 1 =
a/2 — (z* +1)/20.

This gives us polynomials = 1/2, s = —(2* + 1) /2, so one can express th gcdras+ sb.

(24.4) Lemma (evaluation map)Given an elementof a commutative ring, there exists a unique
homomorphismd: R[z] — R which fixesR, that is,f(a) = ax® for eacha € R, and takes: to c.

Proof: uniqueness.Sinced is a homomorphism, for any polynomiak= ag + a1z + . . . a,, 2™,

O(p) = 0(ap) + 0(a)b(x) +...0(an)(0(z))" = ao+ac+...a,c™. (24.5)

This fixes# uniquely.

Existence. Again, if ¢ is the map defined as in the above equafion]|24.5, it clearly fixasd
mapsz to c. we need show th@is a homomorphism

Let a polynomialp be written as a power seriés a,z”, wherea, = 0 for r > m. Letq be
another polynomial: write it a3 b,x*, again as a power series.

The map is additive:0(p) + 0(q) = > a,c” + > bsc® = > (a, + b, )" =60(p+1).

The map) is multiplicative:

0(p)0(q) = O a,c")(D_bic*) =
Zarbsc”“s = Z( Z aybs)c” = 0(pq).

r,8 k  r+s=k

Therefored is a homomorphism. Q.E.D.

(24.6) Notation Rather thard(f) we wrietf(c).

(24.7) Corollary Let F' be afield. Givern: € F and f € F'[z], the remainder on dividing by z — ¢
is f(c).

Proof. We know there exist unique polynomiajandr wheref = (z — ¢)q + r anddeg(r) <
deg(x — ¢). Apply the above evaluation map Since this is a homomorphism,

0(f) = (c—c)(q) +0(r)
Butr has degreec 0, sof(r) = r. Thereforer = f(c). Q.E.D.

(24.8) Corollary Givenc € F' and a polynomialf over a fieldF', (x — ¢) dividesf if and only if
f(c)=0.(Trivial.) |}
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(24.9) Definition Two polynomial &, g over a fieldF' are associatesf f = cg for somec £ 0 in F.
Any polynomial of degregeq1 has many divisors: all nonzero field elements, all its associates.

(24.10) Definition A polynomailf(z) € F[z] (F afield) isirreducibleif deg(f) > 1 and if f = gh,
theng is a constant and an associate of or vice-versa.

(24.11) Lemmalf p € F[z| (F' afield) is irreducible ang|ab, a, b € F[z], thenp|a or p|b.

Proof. Suppose /a: R.T.P.p|b. Sincep is irreducible andged(p, a) dividesp and is not an
associate op (sincep /a), ged(p,a) = 1 (the unity of F'). There exist polynomials s such that
o+ sa = 1.

Thenrpb + sab = b, andp divides the left-hand side, $db. Q.E.D.

From this, as with integer factorisation, te following can be proved, though we omit a proof.

(24.12) Proposition (polynomial unique factorisation theorem).Let F' be a field. Every polyno-
mal f of degree> 1 in F'[z| can be expressed essentially uniquely in the form

f=apips---pr

wherea € F andp; are irreducible monic polynomials. The factorisation is unique except for the
order of factors. |}

25 Gauss’'s Lemma and Eisenstein’s Criterion

This section is about factorising polynomials ov&r:|. We first prove that a polynomial i#A[z] is
irreducible inZ[z] if and only if it is irreducible inQ[z]. The ‘only if’ part is the interesting part.

(25.1) Definition A polynomialag + a1z + ... + a,z™ in Z[z] is primitive if it is nonzero and
ged(ag, ay, ..., a,) = 1.

(25.2) Lemma Given a nonzero polynomidl = ag + ajx + ... + a,z™ in Z[x], let
d = ged(ag, ay, - . ., ay).
Let f' = f/d. Thenf’ is a primitive polynomial ir#[x].

Proof. Write a!, for a,/d — s0a, = dal,, sinced|a, for all r. Thenf’ = > a.z" andf = dp'.

To show thatf’ is primitive, suppose thatis a positive integer dividing eacl). R.T.P.d = 1.For
eachr, dc dividesa!., sodc divides eachu,, sodc dividesd andc = 1. Q.E.D.

(25.3) Lemma (Gauss'’s Lemma)The product of two primitive polynomials (#ix]) is primitive.



Proof. Let f = > a,2" andg = > b,z* be polynomials ove¥, and suppose they are primitve.
Write fg = > cia® wherec, = >°)r + s = ka,bs. Letp be any prime: R.T.P. there existgauch
thatp fcx.

Let i be thesmallestindex such that; is not divisible byp: i exists becaus¢ is primitive. Let
J be the smallest index, which exists becayss primitive, such thab; is not dividible byp. Let
k =i+ j. Consider, = ., a.bs.

If » < ithenp|a,bs. If r > ithens < j andpl|a,.bs. Hencep divides every term in the sum except
possiblya;b;. Butp does not divide:;b; since it divides neithes; norb;. Hencep does not divide

(25.4) Lemma Suppose thaf € Z[z] is primitive anda, b € Z. If blaf thenb|a.

Proof. Supposef = ay + a1z + ...+ a,z,. The GCD of the coefficients can be expressed in the
form

roag +1ria1 + ...+ rpa,.

Hence this expression is 1.Ufaa; for eachy, then
blargag + ariay + ... + arpa, = a,
sobla. Q.E.D.

(25.5) Corollary A polynomial (of degree> 1) in Z|z] is irreducible overZ[z| if and only if it is
irreducible overZz].

Proof. Let a be the GCD of the coefficents in the polynomial; then the polynomial can be written
asaf wheref is primitive.

Suppose:f is reducible oveQ: af = g1h1 Whereg;, h, are polynomials of positive degree in
1Q[x].

Let ¢’ be the LCM of the coefficients iy, S0g; = ¢2/¢ whereg, € Z|[x]. Letd’ be the GCD of
the coefficients iny,, sog, = 0'g whereg is primitive. Letb/c be the reduced form of the fraction
b'/d soged(b, c) = 1. Thusg, = bg/c. Similarly, hy = dh/e whereh is primitive. Then

acef = bdgh.

From the above lemmad|ace, and by Gauss’s Lemma/ is primitive, so by the above lemma,
ace|bd. Thereforeuce = +bd. If ace = —bd, theng can be replaced by g andb by —b, soace = bd.

Sincec divides bd, ¢ dividesd, i.e., d/c is an integer. Similarlyp/e is an integer, and =
(b/e)(d/c). Thus,

af = (b/e)g(d/c)h

expresses f as a product of two polynomials fi[z|. Q.E.D.

(25.6) Theorem (Eisenstein’s Criterion).Let f(x) = ag + a1z + ... + a,2™ be a polynomial in
Z[z], of positive degree. Suppose that there exists a ppisiech that

pla,r=0,....n—1; p fa,; p* fao.
Thenf is irreducible overZ|z], hence also ove@|z].
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Proof. Suppose

ap+ ...+ apz™ = (bg + byx + ...+ bpa®)(co + 1z + ...+ czh)

whereb; andc; are integers. Sincedividesa, butp? does not, and, = bycy, p divides exactly one
of by andcy. Without loss of generalityy does not divideé, and divides,.

Prove by induction on thatp dividesc;, for 0 < j < ¢. Assuming the result foj with j < ¢,
considera;; = Zr—i—s':j—&-l by.Cs.

Thisisbycj11 + ij b.cj+1—r. Every term in the latter sum is divisible pyand so is:;; since
j+ 1<l < {+k=n. Thereforep|byc;+1 andp by SOp|c;+1. This concludes the inductive proof.

Thereforep divides all coefficients:;, sop|bic,, i.e.,pla,. But this is false, so the factorisation
does not exist. Q.E.D.

26 Ring homomorphisms and ideals

(26.1) Definition Aleft idealin a ring R is a subring/ such that for every € I andr € R, ra € I.
Aright idealin aring R is a subring/ such that for every € I andr € R, ar € I.
A (2-sided)deal ! in R is a subring which is both a left and a right ideal.

(58] wven)

is a left ideal but not a right ideal.

Example. Every additive subgroup d is an ideal, because every such subgroup is of the form
(9), the set of all multiples of, and ifa is a multiple ofg then so is'a = ar for every integer-.

For any commutative nunital ring and anya € R, the setra: r» € R is an ideal containing.

A field F has no nontrivial ideals, that is, If£ {0} is an ideal inF’, I contains some nonzerg
so it containse !z, hence containsz 'z = r for everyr € F, sol = F.

Example.In M(2,R),

(26.2) Lemma Letd: R; — R, be aring homomorphism. Then its kernel is an ideakin |}

(26.3) Definition Given a ringR and an ideall in R, there are well-defined addition and multipli-
cation operations on the cosets+ I of I:

(ri+ D)+ (ro+1)=(r1+m) + I[;
(7‘1—|—I)<T2+I):(7’1T2)+].

With these definitions, the sBY I of cosets of form a ring.

Proof. SinceR, + is an abelian group, addition as given here is well-defined and nfakesn
abelian group under addition.

To show it is well-defined under multiplication, supposet+ I = r} + [ andry + I = 7}, + 1.
Thenr; —ri €l ry—rh e I. RT.Pryro+ 1 =7rirh + 1.
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Sincel is a (2-sided) idealyy — r})ry + 71 (re — 1) € I. Thatis,ryry — rirh € I, SOrre + I =
riry + I, as required.

(ri+D((ro+1)(rs+ 1)) =(r1 + 1)(rers + 1) = r1(rors) + I
=(rr)rs+ I =(rire+D)(rs+ 1) =((r1+ D)(ro+ 1)) (rs + 1),

so multiplication is associative.

(ri+D((re+ D)+ (rs+ 1) =1+ D((r+24+r3)+1)=(r1(ra+r3)+1)=
((rirg) + (rr3)) + 1 = (rire + 1) + (rirs + 1) =
(re+1)(ra+ 1)+ (r+ 1)(rs + 1),
so one of the distributive laws holds. The other distibutive law
(ri+ D)+ o+ D)rs+ 1) =1+ D(rs+ 1)+ (ro+1)(rs+ 1)
is proved in the same way. Q.E.D.

(26.4) Definition R/I is called a quotient ring, the quotient &f by 7.

(26.5) Theorem (isomorphism theorem for rings)Letd: R, — R, be aring homomorphism, and
let I = ker(). .

Then there is a well-defined m@p R,/I — R, which carriesR,/I isomorphically onto the
image off.

Proof. Definef(a + I) = 0(a).

To showd is well-defined, suppose that+ I = b+ I: R.T.P.0(a) = 6(b).
Sincea —b e I,0(a —b) =0, s06(a) — 0(b) =0, sof(a) = §(b), as required.
Givena,b € Ry,

O(a+I)+(b+1)=0((a+b)+1)
O(a+b) =0(a)+00b)=0(a+1)+0(b+1),

sod is additive.

O(a+D(b+1))=0(ab+ 1) =
0(ab) = 0(a)0(b) = 0(a+ 1)O(b+ I),

sod is multiplicative, a homomorphism.

For anyy in the image of), y = 0(z) for somex € R, soy = §(x + I), that is,y is in the image
of §, Conversely, ify is in the image of then it is in the image of, sod takesR, /I surjectively onto
the image of.

Finally, if (a + 1) = 0(b+ I), thend(a) = 6(b), s0f(a —b) = 6(a) — 6(b) = 0,S0a — b € I, SO
a+1 = b+ I. Therefore is injective, so it carrie®, /I isomorphically onto the image éf Q.E.D.

Example. For any positive integer, the mapZ — Z, takingm to m mod n is aring homom-
rphism, andZ,, = Z/(n), where(n) denotes the ring ideal generateds/by— identical as a set with
the additive subgroufn) of Z.
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27 Principal ideal domains

(27.1) Definition Let R be aring,a € R, The smallest ideal containingis called the ideal gener-
ated bya and written(a).
If Ris commutative and unitalg) = {ra: r € R}.

(27.2) Definition An integral domainD is called aprincipal ideal domainf for every ideall in D,
I = (a) for somea € I.

Examples.Z is a principal ideal domain.
If Fis afield, then/'[z] is a principal ideal domain.
Z[z] is nota principal ideal domain.

(27.3) Lemma If F'is a field thenF'[z] is a principal ideal domain.

Proof. Let I be an ideal inf[z]. If I = {0} thenI = (0). Otherwise, letd be a nonzero
polynomial of minimal degree i.

Foranyf € I, f = qd + r wheredeg(r) < deg(d), by the division algorithm.

Sincer = f — qd € I anddeg(r) < deg(d), r must be zero, s¢ = ¢d, sof € (d). Therefore
I =(d). Q.E.D.

28 Quotient rings of F'[x]
Throughout this sectiof’ will be a field.

(28.1) Theorem Suppose that is an irreducible polynomial irf'[x]. ThenF[z]/(p) is a field con-
taining a subfield isomorphic té, over which the polynomial has a linear factor.

Proof. Sincep is irreducible p has positive degree. Without loss of generglitg monic.

Let 1 be the unity ofF". For any polynomialf, (1 + (p))(f + (p)) = f + (p), andF[x]/(p) is
commutative, sd’[x]/(p) is unital with unityl + (p).

Let f + (p) be an element of the quotient ring.géd(p, /) # 1 thenged(p, f) = p, p divides f,
andf € (p). Otherwiseged(p, f) = 1, so there exist polynomialsands such that"f + sp = 1, so
rf € 14 (p) Thenr + (p) is the reciprocal off + (p) in F[z]|/(p). ThereforeF'[x]/(p) is a field.

Sincep has positive degree, the only constant elemerippfs 0. Therefore, for any,, b € F, if
a # bthena — b ¢ (p), soa — b+ (p) # (p), Soa + (p) # b+ (p). Therefore the quotient map acts
injectively on constant polynomials, i.e., elementdgfso F' is mapped isomorphically to a subring
of F[z]/(p), which is a subfield.

Let K denoteF’[z]/(p). Sincex + I € K, to write K[z] would be ambiguous, so we choose a
new indeterminatg and consider the ring[y] of polynomials with indeterminatg and coefficients
in K.

If p(z) = ap+a1z+. . .4+a,x™in F|z], there is a similar polynomial(y) = ag+a1y+. . .+any™
in KTyl,

To show thap(y) has alinear factor i [y], it is enough to show, by the factor theorem (Corollary
P4.8), thatp(y) has a zero irf: we shall prove that + (p) is a zero forp(y) in K.
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One can easily prove by induction that for any polynonfial) € K[y|, f(z+ (p)) = f(z)+ (p).
In particular,p(x + (p)) = p(z) + (p) = (p), the zero in the quotient ring’[z]/(p). In other
words,z + (p) is a root of the polynomiab(y) in Kly|, as claimed. Q.E.D.

(28.2) Lemma If f € F[z] is reducible, thert’[x]/( f) is not an integral domain.

Proof. Write f = gh whereg, h are polynomials of positive degree. Since all nonzero elements
of (f) have degree at least that tfg + (f) andh + (f) are both nonzero (i.e., different fro(i)).
Then(g + (f))(h+ (f)) = gh+ (f) = (f), sog + (f) andh + (f) are zero divisors. Q.E.D.

29 Dimension of extension fields

For simplicity, most fields considered will be subfield@f This is justified by the is the so-called

(29.1) Proposition (Fundamental theorem of algebra.) Every non-constant polynomal i@[x]
splits into a product of linear factors i@[z]. (Proof omitted.)

We require some linear algebra.

(29.2) Let K be a field, In the context of vector spaces, element& adre calledscalars and

elements of the vector space are caNedtors A vector spacé’ over K is an abelian group’, +

together with a law ofmultiplicication by scalarsif « € K andzinV thenax is another vector in

V. There are other axioms, suchlas= z, a(u + v) = (au) + (av), etcetera. Details are omitted.
Examples.

e The ‘cartesian pland®® xR, with (x, y1)+ (22, y2) = (1422, y1+y2) anda(z, y) = (az, ay).
e R" overR.

e K™ overK, whereK is a field.

e R|[z] with constant polynomials treated as scalars.

e Polynomials of degreg 2 in R|x].

e Q[v/2], viewed as a vector space ov@r

e R, viewed as a vector space ov@r

o If K is a subfield of”. then we calll. an extension field oveX . It can be considered as a vector
space overs.

(29.3) Definition Alinear isomorphisnd: V' — W of vector spaces ovét is a bijective map which
preserves addition and multiplication by scalars.
Equivalently, for allv;, v, € V anday, as € K,

9(@1’(}1 + OéQ’UQ) = @19(1}1) + 0629(1}2).
If W = K™ (K being the field)§ is called acoordinate system.
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Coordinate systems are usually related to what are chleds

(29.4) Definition LetV be a vector space over a field. An ordered listcy, ..., z, € V of vectors
is called afinite basidf for everyv € V' there exists aniquelist of scalars(a, . . . «,,) such that

V=011 + ... QnTy

(29.5) LemmalIf z4,...,z, is a finite basis, then with and«;, .. ., «,, as in tbe above definition,
the map
0: v (aq,...,ap)

is a coordinate system.

Conversely, if: V — K™isacoordinate system; = 0-1((1,0,...,0)), 2o = 071((0,1,0,...,0)),
etcetera, thenq, . . ., z,, is a basis from whicl# can be defined in this way.

For example(1,0), (0, 1) is a basis foR?. Sois(1,2), (3,4).
Question: 191, 2, 3), (4,5,6), (7,8,9) a basis folRR3?

(29.6) Definition A vector spacé’ is finite-dimensionaif there exists a finite basis fdr.
Infinite-dimensional vector spaces exist, but are not of interest here.
(29.7) Lemma If XY are (finite) bases for and X C Y thenX = Y. (Proof: exercise.)

(29.8) Lemma (Exchange Lemma.)f X andY are both (finite) bases for a vector spake and
x € X, then there exists a vectgrin Y such thaty"\{y} U {z} is also a basis fo#’. (Proof not very
difficult, but omitted.)

(29.9) Corollary If V' is a finite-dimensional vector space, then any two bases contain exactly the
same number of vectors.

Proof. Notice thatY'\{y} U {z} has the same cardinality &5 Repeating the exhange process
sufficiently often, we end up with a basi§ which has the same cardinality &sand containsX.
From Lemmd 29]7,.X| = |Y’|. SincelY| = |Y|, [Y| = | X|. Q.E.D.

(29.10) Definition Thedimensionof a finite-dimensional vector space is the number of elements in
any (finite) basis.

If K C L are fields, andL is considered as a vector space ové€r then the dimension df is
written [L : K] and called thedegreeof L over K.

Remark. [R: Q] = .

(29.11) Definition Let K be a subfield o€, say.
If u is an element o€, thenK'[u] denotes the subring @ consisting of expressiongu), where

f(z) € K[x].

If p(u) = 0 for some polynomigh € K|x]. thenu is calledalgebraic overs
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(29.12) Lemma For any subfields” of C and anyu € C,

(iYthe set{p € Klz]: p(u) = 0} is an ideal inK[x].

(i) This ideal is nontrivial if and only if: is algebraic overk.

(i) If u is algebraic overK then there exists a unique monic irreducible polynomiauch that
p(u) =0

(iv) If u is algebraic overK then K [u] is a finite-degree extension field &f, and [K [u] : K] is the
degree of this unique polynomigl

Proof. (i) This set contains the zero polynomial, and for any polynomjfdls), g(x), h(z) €
Kz], f(u) = 0andg(u) = 0 implies(f + g)(u) = 0 and(hf)(u) = 0, so the set is an ideal iR [z].

(ii) Clearly, this ideal, call it/, contains no constant polynomial exc@pfThus! is nontrivial if
and only if it contains some nonconstant polynomial, or equivalenityalgebraic overs'.

(iif) Suppose that is algebraic ovelk, let I be the ideal as discussed, andjdie the unique
monic polynomial generating. If p = ¢gr whereq andr are monic polynomials of lower degree,
theng xu) =0orr(u) = 0soq € I orr € I, which is impossible. Therefopemust be irreducible.

If ¢ is any irreducible monic polynomial such that:) = 0, thenp divides the irreducible poly-
nomialq, sop = ¢, So there is exactly one such irreducible monic polynomial.

(iv) Write the polynomialp as

p(z) = 2" + ap_12" 7+ ...+ ag.

If n = 1thenu = ay belongs tds andK'[u] = K. In general, sincg(u) = 0, u™ can be expressed
as a polynomial of degree at most- 1 in K[u], and hence, by a simple inductive argument, for any
k > n u* can be expressed as a polynomial of degree at mest in K[u. Thus, every element
of K[u] can be expressed in the form

v =ag+ au+ au® + ..+ o, u™

Furthermore, ifv could be expressed differently as

v = ﬁo + ﬁlu + 52%2 + ...+ ﬁn_lu”_l,

then the polynomial

q(r) = (op—1 — ﬁnfl)xnfl + (-2 — ﬂn72)$n72 + ... (g — o)

would have the property thatu) = v — v = 0, sog would belong tol, anddeg(q) < n, butg # 0,
which is impossible. In other words,
Lu,u?,. .. u !

is a basis for/{ [u] as a vector space ovéf, so[K[u] : K| = n.

Finally, to show that[u] is a field, we need show that any nonzero element has a reciprocal in
K|u]. Letv be any nonzero element &f[u]. There exists a polynomigl(x) of degree at most — 1
such thaty = f(u). Sincedeg(f) < n and f is nonzerop(x) does not dividef(x). Therefore the
gcd(p, f) = 1. Therefore there exist polynomiatsand s such that(x)p(z) + s(z)f(z) = 1. Then
r(u)p(u) + s(u)f(u) =1, i.e.,s(u)v = 1, sos(u) is the reciprocal of. Q.E.D.



(29.13) Definition The polynomial introduced above is called tm&gimum polynomialfor « over
K.

(29.14) Definition LetV be a vector space over afield. Alistxy, ..., z; of vectorsinV islinearly
independenif the only possible list of scalaks,, . . . , a;. such that

a1x1+...+akxk:0
iSOéIIOZQI...IakIO.

(29.15) Lemma (Another exchange lemma.)i) Suppose thak is a linearly independent list of
vectors and” a finite basis in a vector spadé. Then for every: € X there exists @ € Y such that
Y\{y} U {z} is another basis.

(i) X can be extended to a basis containedkinJ Y.

(Proof omitted. Part (ii) follows by induction.)

(29.16) Lemma SupposeX is a subfield ofC andu € C and K[u] is a finite-dimensional vector
space ovelk. Thenu is algebraic overk’, and its minimum polynomial has degree

Proof. Let the dimension of{ [u] ben, so

2 n
Lu,us ... u

is not contained in any basis, so by the above lemma, is not linearly independent. Therefore there
exists a listny, . . . , ax, wherek < n anday, # 0, such that
a0+a1u+...akuk =0.

Thereforeu is algebraic ovef(, and its minimum polynomial has degreek. By Lemma[29.7]2
(iv), [Ku] : K] =k, sok = n. Q.E.D.

(29.17) Lemmalet K C L C M be fields and supposé : K] < co and[M : L] < co. Then
M :K]=[M:L]L: K| <.

Proof. Letu,, ..., u; be a basis fol, over K, and letvy, . . ., v,, be a basis fod/ over L. Claim
that

{uw;: 1 <i<k1<j<m

is a basis forM as a vector space Ovéf.
For anyz € M, x = ) «o;v; for unique scalars; € L. For each, a; = ) f;;u; for unique
scalars?;; € K. Thenz = ) 5;;u;v; for unique scalarg;;. Q.E.D.

(29.18) Corollary If u is algebraic overK andv is algebraic overk’[u] thenv is algebraic overk'.

Proof. [K[v] : K| = [K[v] : K[u]][K[u] : K] < co. Q.E.D.

~ N



30 Ruler-and-compass constructions

Ruler and compass constructions can be imagined to occur in the cartesian plane, where we begin,
say, with the point$0, 0 and(1, 0). The point(0, 1) is easily constructed, and any point y) where
x andy are integers, or even rational.

In general, with ruler and compass, one can produce the line through two points, the point on a
line closest to a given point, and

e The point where two non-parallel lines intersect
e The points where a line and a circle intersect
e The points where two circles intersect

(30.1) Definition A real number is constructiblef the point(u, 0) can be constructed in this way.

(30.2) Proposition A real number is constructible if and only if there exists a list, . . . , a;, of real
numbers withu € Qay, ..., a;] anda?,, € Qlay, ldots, a;) for 0 < i < k — 1 (Proof omitted.)

(30.3) Corollary If u is constructible, then it is algebraic and the degree of its minimum polynomial
is a power of 2.

(30.4) Corollary The angle20° cannot be constructed by ruler and compass.
Proof. Letz = 2 cos(20°). Itis enough to show thatis not a constructible real number. For any
angled, by De Moivre’s Theorem,

cos(36)+isin(30) = (cos(f)+isin(8))?® = cos®(0)+3 cos(8) (i sin(8))+3 cos(#) (i sin(9))*+ (i sin(6)?,

cos(30) = 4 cos®(0) — 3cos(h),
If & = 20° thencos(30) = 1/2, so

4(x/2)* = 3(x/2) —1/2 =0,

soz® — 3z —1=0.

Replacer by x + 1, gettingz® + 322 4 3, This latter polynomial is irreducible by Eisenstein’s
Criterion, sox® — 3z — 1 is irreducible. Since the minimal polynomial 8fos(30°) has degreee
three, this number is not constructible,®s(20°) is not constructible. Q.E.D.

Since60° is constrictible, the following is immmediate.

(30.5) Theorem There is no general method to trisect an angle by ruler and compadgp.
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There exist ‘cheating’ ruler-and-compass methods to trisect an angle, hinted at by the illustration
below. To trisect the angleOb, construct the semicircle as illustrated, with unit radius say. Take a
ruler on which two pointg andc have been marked, at unit distance apart. Keegiog the baseline
aO andc on the semicircle, adjust the placement of the ruler until it passes through thé pdiren
adb = (1/3)aOb.

This goes beyond the ‘legitimate’ ruler-and-compass constructions which can solve only linear
and quadratic equations.

31 Cubic equations

All polynomialsp(z) considered will have, say, rational coefficienis= Q|x], and we know that alll
their zeros can be found in the complex plabe

Remember that finding all complex solutions to an equatiar) = 0 is equivalent to expressing
it as a product of linear facto(&actor Theorem).

It is known (Fundamental Theorem of Algebra) ti@tis algebraically closed, that is, every
polynomialp(x) in C|z] of nonzero degree can be factored completel§jn|.

The familiar rule for factorising a polynomial:? + bz + c asa(x — a)(z — ) is

a=(=b+ Vb —4ac)/2a, [=(-b— Vb —4ac)/2a

Notice thate + 5 = —b/a andaf = ¢/a.
In C there are three distinct solutionst® — 1 = 0. 2° — 1 = (z — 1)(z — w)(z — w?) where
w = e¥™/3 = cos(120° + isin(120°). Herei = /—1.
More simply,w = (=1 +iv/3)/2 andw? = (-1 —iV3)/2 =0 = 1 /w.
To solve the equation
azr® +br* +cx +d =0, (31.2)

or equivalently, to factorise the polynomial, we apply several transformations. First

divide bya and substitute = y — 33
a

producing an equation farin which the quadratic part vanishes: it has the form

y* +py +q=0. (31.2)

Next, substituting



and multiplying byz? throughout produces an equation of the following form:

X p3
25 g2 — 57 = 0 (31.3)

which can be solved as a quadratic equatiog’inFrom this all solutions td (31.1) can be found.
Choose some, and lets = p/(3«), SO

3

6 3_ P _ 3 3y.3_ 33
L4 b= (- o) - )

The six possible values ofarec, wa, w?a, 3, w3, w?3, wherew is a primitive cube root of unity,
sayw = (—1+iv/3)/2 = €2™/3. Thenz—p/(32) takes on the values+ 3, wa +w?3, andw?a+wf.
These are the three possible rogtérom which the three values afcan be deduced.

Example. 2z° +32° — 122 —3 = 0. (31.4)
Divide by 2, and substitute = y — 1/2.

3 3 1 3 3 3 3
3 2,2 P .2 Y e _ Y _
y -5y +4y 8+2y 2y+8 6y + 3 5 0.
Simplify, getting the form[(31]2).
27 7
3
- — - =0.
) 4y+4

Substitutey = z + 9/4z.
5 27 243 729 27 243 7

Tt e T T e T
Multiply by 23.
7 729
6 .3 T
2>+ 47: + 6 0.
So the form[31]3) has been reached; solve:for
5 —TE V680
-

Let o be one of the six possible valuesf3 its complex conjugate. The solutions fothen are

2 2
o, wo, wra, B,wf,w .

wherew = (—1 +iv/3)/2 is a primitive cube root of 1. Its square is its conjugaté:= ©.

Also 7 799
6 1.3 (o BY(s _ 33
Z—|—4z—|—64 (z—a’)(z—[°).

Hence(af3)? = 729/64. Sincea is positive, it must equal/4, so|a| = 3/2, and
9 _ %a

4o daa

—a=4
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So withz = «, 2 + 9/(42) = a + (. Similarly with wa andw?a. This gives us three, not six,
solutions fory. Subtractingl /2 we get the solutions for the original equation.
To simplify this further, express in polar form. Thusq = |ale’® where

b tan ! (T0%0)
3

Warning about inverse tan function. one must here be careful usinga . It
has the rangé—7/2, 7/2), whereas, in this examplg¢ is in the second quadrant (real part negative,
imaginary part positive), betweery2 andr. tan(3¢) = —3.72525848, and applying inverse tan to
this we get-1.30854116 radians. This is in the fourth quadrant. Now the tan function is periodic with
periodr, so we should add = 3.14159264 to this number to get the correct value3gf: 1.83305148
radians. Therefore = .61101716 radians.

Thena + 5 = 2r cos(¢) = 3cos(¢) = 2.45719467. This is one of the solutions far.

—% + 3 cos(¢), —% + 3 cos(¢ + 27/3), —% + 3 cos(¢ + 4m/3).

Using the simple UNIX ‘bc’ program gives the following numerical results: (In bc, variables are

just one letter, sp meansr andf meansy.)
Second solution:

scale = 10 —f4 0%
Calculate pi = 3.1415926532 =2 p/f’
“4ra(l) a=-.5+3*c(f)
p=aal -3.2191159460
Next, phi Check it;
;:;3 p-a(sart(680)/7) 2*a*a*a+3*a*a-12*a-3
Now phi = .6110171617 .'000000(.)28.4
_ Third solution:
a=-.5+3*c(f) _
. . , f=f+2*p/3
First solution, a: a=-.5+3%c(f)
1.9571946853 2380787405
Check it: o
_ Check it:
Z*a*a*a+3*a*a—'12*a'3 Z*a*a*a+3*a~ka_12*a_3
0000000076 0000000321

Exercises.Solve the following.

() 22% +32° =120 +7=0 (i) 22° + 32> — 120+ 17 = 0.

32 The Galois group of an extension field

(32.1) Definition Let K C L be fields. Thé&alois groupof L over K, G(L/K), is the group of all
those automorphisms éfwhich leaveK fixed.

(32.2) Example.G(K/K) = {e}, obviously.



(32.3) Example.G(C/R): let g be an automorphism & which fixesR.

Considerg(i). Sincei? = —1, g(i)* = g(—1) = —1 becausg fixes—1. Thereforey(i) = +(i).

For any complex number + iy, g(x + iy) = g(z) + g(i)g(y) = = + (9(i))y = = + iy.

Thusg can be either the identity or complex conjugation. Since both of these are automorphisms
which fix R, G(C/R) is {identity, complex conjugaticn

(32.4) Definition Supposey : L — M is an isomorphism of fields. Sometimes to avoid clutter we
write ga rather thang(a). Given a polynomiap(x) € L(x), suppose

p(x) =ay+a1x+ ...+ az"™.
Theng(p) or gp is the polynomial

gao + garx + ... + ga,x".
(32.5) Lemma Withg: L — M as above, forany. € L, g(p(u)) = (gp)(gu). (Trivial). |}

In studyingG(C/R), the observation thaf(i)*> = —1 was important. It is generalised by the
following observation:elements ofG(L/K) permute the roots of polynomials This is put more
directly in the following corollary to the above lemma.

(32.6) Corollary Letg € G(L/K). For anyu € L, if u is algebraic overK with minimum polyno-
mial p, theng(u) is algebraic with the same minimum polynomial.

Proof. Sinceg € G(L/K), g(p) = p. Thereforep(gu) = (gp)(gu) = g(p(u)) = g0 = 0. Q.E.D.

(32.7) Example.Let K + Q, L = K[v/2]. The minimum polynomial of/2 over K is 2> — 2.
Elements of the Galois group must permute the roots of this polynomial. The candiatesare —
r + /2. Both of these are automorphisms.

(32.8) Example.Let K 4+ Q, L = K[+/2]. The minimum polynomial of/2 over K is z* — 2. Any
element of the Galois group must permute these roots. Howéveontains only one of the three
roots, soG(L/K) = {e}.

(32.9) Example.Supposes = ¢?"/3, a cube root of, andu = v/2. Let K + Q[w], L = K|u].

The minimum polynomial ofv andw? is z*> + = + 1. As is always the case with quadratic
extension fields.G(K/Q) has two elements, the identity and that sendintp w? (actually just
complex conjugation).

The minimum polynomial of, overQ is z3 — 2.

Observe that?® — 2 is the minimum polynomial of. over K. [Q[u] : Q] = 3, whereasK : Q] =
2. Therefore, by the degree theorem for extension fieldg. . The same goes for the other roots
of the polynomial, namelyu andw?u. SinceK contains no root of® — 2, it has no linear factor
over K, so (being cubic)® — 2 is irreducible overk’, as claimed.

Therefore[L : K| = 3. This timeL contains all three roots of the minimum polynomiakodver
K. L has a basi$, u, u? as a vector space ovéf. Any automorphism of. which fixesK is defined
uniquely by its effect o, and it must send to u, wu, or w?u. The first possiblity gives the identity
automorphiism. Consider the second, where> wu.

L~ —



For anya, b, c € K (the coefficients are complex numbers)- bu + cu? — a + bwu + cw?u?.
This is clearly additive and clearly bijective. To check the multiplicative property, note:that 2
andu® = 2u, so

(a+ bu + cu?)(c + du + eu?) = ac + 2be + 2cd + (ad + 2ce)u + bdu®

and

(a + bwu + cw?u?)(c + dwu + ew?u?) = ac + 2be + 2cd + (ad + 2ce)wu + bdw?u?

so the map is multiplicative, an automorphism. Similarly there is a unique automorphism taking
w?u. ThusG(L/K) is cyclic of order 3.

Also, conjugation is an automorphism éffixing Q, so G(L/Q) contains an automorphism
exchangingou with w?u. This is an element of order 2, adt{L/Q) 2 G(L.K) contains a 3-cycle
on the three root, wu, w?u. ThusG(L/Q) permutes these roots in all possible ways, and every
permutation defines a unique automorphismi$a/Q) = S.

(32.10) Definition Let J C N be fixed fields. For any field with / C L C N, let L’ be that
subgroup of automorphismse G(N/.J) which fix L.
The fields/ and V are left implicit in this notation.

All extensions are assumed to have finite degree. Note tihatif)\/ thenM’ C L.

(32.11) Lemma LetJ and N be fixed (with N : J| < o0). ForanyK, L, M withJ C K C M C N,
[K': M'| < [M : K].

Proof. By induction. Obviously true i/ = K. If there exists a field. with K ¢ L ¢ M and
K, L, M distinct, then one can assume by induction fat M'] < [M : Ljand[K': L'] < [L : K],
So[K': M'| =[K':L'|[L': M'| <[L:K]M:L|=[M: K]. Hence we should assume that there
is no field properly betweeR™ and M, in which caseV = K{u] for someu algebraic overy.

Observe that for any left coset &f[u|’, the effect onu is the same. In other words, gf, g, € K’
whereg; gy € K[u], g7 g2(u) = u S0g1u = gou. On the other hand, if;, g, € K’ andg,u = gou,
theng, ' gou = u, andg; ‘g, fixes K, sog; ‘g, fixes K[u]. Therefore] K’ : K[u]'] is the number of
different values ofju, whereg runs overK’. Sincegu must always be a root of the same irreducible
polynomial (overK), there ard K[u| : K| possibilities. HencéK’ : M'] < [M : K| as required.
Q.E.D.

(32.12) Corollary If K C M are fields andM : K] < cothen|G(M/K)| < [M : K].

Proof. With K = JandM = N, K’ = G(N/J) = G(M/K) andM’ = {e} so[K' : M'] =
|G(M/K)| < [M : K|. Q.E.D.

~



33 Normal field extensions

(33.1) Definition Let K’ C M be fields. Ther/ is anormal extensiowf K if for everyu € M\ K
there existy € G(M/K) such thatgu # u.

As usual, we are considering only subfield<af
Furthermore, we are considering only extensions of finite degrée dihese contain only alge-
braic numbers.

(33.2) Lemma Let M be a normal extension @f and letu be any element of/. Since itis assumed
that M has finite degreey is algebraic overK. Letp(z) be its minimum polynomial ovét. Then
M containsall the roots ofp(x).

Proof. Letuy, ..., u,, betheroots op in M, som > 1. Writep(z) = (r —uq) - - - (x —un)q(x),
soq(z) = p/((x —uy) -+ (x — uy)). Since every element @¥ (M /K) only permutes the roots of
pin M, gq = ¢ for every sucly. Thus all the coefficients af are fixed byg. SinceM is normal
over K, this implies that all coefficents if are in K, soq € K|[z] is a proper divisor op. Sincep is
irreducible,q is constant and all the roots pfare inM. Q.E.D.

(33.3) Lemma Let M be a normal extension @f, with [M : K| < co. Then|G(M/K)| = [M : K].

Sketch of proof. This argument requires some linear algebra, and we only give a sketch.
Suppose that, ..., u,, are a basis fol! over K, and supposé& (M /K) = g1,. .., g, Where
k <m=[M : K]. Thek x m matrix g;u; has coefficients in/.
In the usual way, define the kernel of this matrix as the set of alldists. ., a,, of elements of
M such thad | giuja; =0,1 <i <k.
Since it has fewer rows than columns, the kernel contains at least one sugh.list a,, € M,
wher enot all are zero.
Without loss of generality the firétnumbers:; are nonzero, and the last — ¢ are zerog, = 1,
and the list has been chosen to méles small as possible (as many elements as possible are zero).
Foranyg € G(M/K) andl < i <k, g 'g; is another element ¥ (M /K), s0,> " g ' guja; =
0. Applying g, we gety_ g;u;(ga;) = 0. Thus the lisiya; is also in the kernel.
One of the equations is given by the identity automorphism, so one of the equations says that
> u;a; = 0. Since theu; are linearly independent ovéy, it follows that not all thez; are in K.
Since)M is a normal extension, there existgm G'(M/ K) and am; such thaya; # a;. Onthe other
hand,ga; = g1 = 1 = a4, Therefore the list; = a; — gay, by = as — gas, . . ., b,, = a,, — ga,, iS not
all zero but has fewer nonzero elements than., . . ., a,,. On the other hand, it is the difference of
two elements of the kernel, so itis also in the kernel, and has fewer nonzero elements, a contradiction.
Hencek > m.
But we already know thatG(M/K)| < [M : K] (Corollary[32.1PR), soG(M/K) = [M : K].
Q.E.D.

(33.4) Lemmalf |G(M/K)| = [M : K] < oo thenM is a normal extension.

Proof. Let L be the subfield of\/ fixed by all automorphisms it(M/K). NoteG(M/L) =
G(M/K), andM is a normal extension df. Also [M : K] = |G(M/K)| = |G(M/L)| < [M : L.
SinceK C L, L = K. Q.E.D.

~ N



34 Splitting fields and stable intermediate fields

(34.1) Definition Given fieldsik' C L. C M, L is astable intermediate fieldifor all ¢ € G(M/K),,
g(L) € L.

(34.2) Lemmallf K C L C M, M is a normal extension dt’, and [}/ : K| < oo, andL is a stable
intermediate field, le = G(M/K) and H be the subgroup of all automorphismsGhwhich fix L.
Let p be the ‘restriction map’ which sends every G to the restriction of; to L.

Then L is a normal extension oK, M is a normal extension of, p is a homomorphism, its
image isG(L/K), and its kernel isf, soH < G(M/K) andG(L/K) = G/H.

Proof. SinceL is stable, for every € G the restrictiorp(g) mapsL into L, sop(g) € G(L/K).

If w e L\K, thenu € M\ K, so there exists @ € GG such thatyu # u. Then(p(g))u = gu # u,
so L is a normal extension.

Givengl,gg ceG,xel,

(91 0 g2)z = g1(g22) = g1(p(g2)x) = (pg1)((pg2)(x)) = p(g1) © p(g2)(x),
sop is a homomorphism int6/(L/K).
For anyg € G, g fixes L if and only if p(g) is the identity inG(L/K), so the kernel op is H,
which is therefore a normal subbgroup@®@fand the image of is isomorphic ta&/ H.
Finally, |p(G)| = |G|/|H| > [M : K]/[M : L] = [L : K], s0p(G) = G(L/K) andL is a normal
extension of{. Then|H| = [M : L] = [M : K]/[L : K] soM is a normal extension df. Q.E.D.

(34.3) Definition LetQ C K C L C C be fields. If there exists a polynomiain K[z]| such thatZ
is generated by all the roots ¢f thenL is called asplitting fieldover K. If K is not mentioned then
it is assumed thak’ = Q.

(34.4) Definition Let M be a normal extension df, K C L C M a splitting field overK. ThenL
is a stable intermediate field.

Proof. Supposef is the polynomial whose roots generateover K. Then any element of
G(M/K) merely permutes the roots ¢f soL is a stable intermediate field. Q.E.D.

35 Radical field extensions and solvability

(35.1) Definition A radical extensionf a field L is either one of the forni|u] where the minimum
polynomial ofu over L is ™ — a for some integer, anda € L, or (recursively) a radical extension
of a radical extension.

A polynomial equatiop(z) = 0 is solvable by radical¥ there exists a radical extension 6f
containing at least one root of.

(35.2) Lemma Let L be a (finite-degree) normal extensionfofandu € C has minimum polynomial
xP — a over L wherep is prime. Suppose also thatcontains allp-th roots of unity. Therd[u] is a
normal extension oK', and if|(G(L/K)| = [L : K] thenG(L[u]/K)| = [L]u] : K]..

Proof.

—



36 Appendix: the natural number system

The natural numbers, or nonnegative integers, are demMdtetheir general properties are summed
up in the following axioms, calleBeano’s postulates.

e (is a natural number.
e If z is a natural number, then so its its successerl.

0 is not a successor, i.e. for no natural numb& z + 1 = 0.

Cancellation: ift + 1 = y + 1 thenz = y.

Principle of induction: ifP(z) is a property of natural numbestssuch that”?(0) and P(z) =
P(x + 1) for all natural numbers, thenP(z) is true for all natural numbers.

Addition and multiplicaion of natural numbetsis expressed by some equations:

e r+0=u

e r+xy+1)=(x+y)+1
e 20=0

e z(y+1)=ay+z

There are two other principles which are related to, or equivalent to, induction. TiGdusse
of values induction:

If P(z) is a property of natural numbers such tthat for every(Vy < z)P(y)) = P(z), then
P(x) holds for everyz.

(36.1) Also, the principle of well-ordering (PWO): every nonempty subseNohas a smallest
element.

37 Appendix: cardinality
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