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1 Sets and maps
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(1.1) Cantor’s intuitive definition of a set. A setis a collection of objects considered as a whole.

(1.2) Various sets of numbers.Thenatural numbersN are the nonnegative integers:

N = {0, 1, 2, . . .}
The integersZ are the whole numbers, positive and negative

Z = {. . .− 3,−2,−1, 0, 1, 2, . . .}
TherationalsQ consist of all fractions

Q = {p
q

: p, q ∈ Z andq 6= 0}

The reals R consist of every number which is the limit of a Cauchy-convergent sequence of
rationals (this description must suffice).

Thecomplex numbersC are

C = {x+ iy : x, y ∈ R}
wherei2 = −1.
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Thequaternionsor hypercomplex numbersH are

H = {w + ix+ jy + kz : : w, x, y, z ∈ R}

wherei2 = j2 = k2 = ijk = −1 (the Broombridge formula).

(1.3) Definition A mapwith domainA andcodomainB is a rule or procedure which associates with
eachx ∈ A a unique element ofB.

The words ‘function, mapping, transformation’ are synonyms for ’map.’

(1.4) Notation The notationf : A→ B means thatA andB are sets andf is a map with domainA
and codomainB.

Givenx ∈ A, f(x) denotes the unique element ofB associated tox byf .
Alternatively, one can writef : x 7→ y to mean thaty is the unique element ofB associated with

x byf .

(1.5) The identity map ιX . If X is any set, there is a well-definedidentity map

ιX : X → X; x 7→ x

for everyx ∈ X.
Other examples.Squaring:R→ R;x 7→ x2 is the map which squares each real numberx.

Parity

Z→ Z; x 7→

{
0 if x is even

1 if x is odd

(1.6) Definition Union: A ∪B = {x : x ∈ A or x ∈ B}
Intersection:A ∩B = {x : x ∈ A andx ∈ B}
Difference:A\B = {x : x ∈ A andx /∈ B}
Symmetric difference:A4B = {x : (x ∈ A andx /∈ B) or (x ∈ B andx /∈ A)

(1.7) Definition Thecartesian productA×B of two setsA andB is the set of ordered pairs
A×B = {(x, y) : x ∈ A, y ∈ B}

A2 = A× A; generally,An = A× A× · · · × A (cartesian product ofn copies ofA).

Explanation. We use ‘ordered pair’ in an intuitive sense, just as in coordinate geometry, where
points in the plane correspond to ordered pairs of real numbers.

The main idea about an ordered pair(a, b) is that one can identify its first elementa and its second
elementb, and two ordered pairs are equal if and only if their first elements are equal and their second
elements are equal.

The word ‘cartesian’ is related to ‘cartesian coordinates.’R×R is the set of cartesian coordinates
of points in the plane.

The multiplication sign reflects the fact that ifA andB are finite then the cardinality|A × B| of
the cartesian product is the product|A| × |B| of their cardinalities.

As mentioned in class,{{a}, {a, b}} will work as a definition of(a, b).

2



(0,1)

(1,1)

(0,0)

(1,0)

(2,0) (2,1)

(0,2)

(1,2)

(2,2)

210

2

1

0 0

1

2

0 1 2

0 1 2

1 2

2 3 4

3

Figure 1:A× A whereA = {0, 1, 2}, and part of the addition table

Examples of cartesian products.If A = {1, 2} andB = {a, b, c}, then

A×B = {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c)}.

Notice|A| = 2, |B| = 3, and|A×B| = 6.
If A = {x ∈ R : 1 ≤ x ≤ 3} andB = {x ∈ R : 4 ≤ x ≤ 9}, thenA × B corresponds to a

rectangular planar region of area 10.
More examples of maps.Operations like addition and subtraction can be viewed as certain kinds

of map. For example, addition of natural numbers can be considered as a map fromN × N to N,
where(x, y) 7→ x + y. Elements(x, y) of the cartesian productN ×N can be viewed as places in
the addition table. In Figure 1, the cartesian product of{0, 1, 2} with itself is shown, together with
the addition table for these particular numbers.

Similarly, multiplication, loge, exponentiation, etcetera, can be defined as maps with suitable
domains and codomains.

Restrictions and extensions of maps.This topic has been deleted.
Example. Deleted.

(1.8) Equality of maps. Two mapsf : A → B andg : C → D are equal if and only ifA = C,
B = D, and for allx ∈ A, f(x) = g(x). They may be given be by completely different formulae.

Example. The Gamma function example has been deleted.SupposeA = C = IN , b = D = Z,
f(x) = (−1)x, andg(x) = 1− 2x+ 4 ∗ (x÷ 2). Thenf = g.

(1.9) Range (or image) of a map.Givenf : A→ B, therange off is the set{f(x) : x ∈ A}. It is
a subset ofB but not necessarily all ofB.

GivenX ⊆ A, we writef(X) for {f(x) : x ∈ X} sof(A) = range(f).

(1.10) Compatible maps and composition.Let f : A → B andg : C → D be two maps. If
range(f) ⊆ domain(g) (i.e.,C), then we sayg is compatible withf and we define thecomposite map
g ◦ f , g followingf , as follows:

g ◦ f : A→ D; x 7→ g(f(x)).

Wheng is compatible withf we may simply say that the composite mapg ◦ f is defined.
Example. If f(x) = x+ 1 andg(x) = x2, with A = B = C = D = R, then

g ◦ f(x) = (x+ 1)2 and f ◦ g(x) = x2 + 1.

Composition of maps is not commutative.This example shows thatg ◦ f andf ◦ g need not
be equal, even when both are defined. That is, composition of maps is not a commutative operation.
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Figure 2:f , g, g ◦ f , f ◦ g.

However, it is associative. For example, suppose we are considering three mapsf, g, h, all with
domainR and codomainR, where

f : x 7→ x+ 1, g : 7→ sin(x), h : x 7→ x2.

Theng ◦ f(x) = sin(x+ 1) andh ◦ g(x) = sin2(x).
Givenx, let y = x + 1, z = sin(y), w = z2. Thenh ◦ g(y) = w, g ◦ f(x) = z, andh(z) = w.

Therefore(h ◦ g)(f(x)) = h(g ◦ f(x)). In other words,((h ◦ g) ◦ f)(x) = (h ◦ (g ◦ f))(x).
It therefore makes sense to writeh ◦ g ◦ f , since it evaluates to the same function — that is, of

course

x 7→ sin2(x+ 1)

— whichever way the parentheses are placed. This distinction is invisible to us, but there are some
simple examples of operations which arenotassociative.

Example. Considering addition, subtraction, multiplication, and division overR: which are
associative? Which are commutative?

(1.11) Lemma Composition of maps is associative.If g is compatible withf andh is compatible
with g thenh is compatible withg ◦ f andh ◦ g is compatible withf andh ◦ (g ◦ f) = (h ◦ g) ◦ f .

Proof. It is easy to show that range(g ◦ f) ⊆ range(g), and we are given range(g) ⊆ domain(h).
Therefore range(g ◦ f) ⊆ domain(h), soh is compatible withg ◦ f .

Again, range(f) ⊆ domain(g) = domain(h ◦ g), soh ◦ g is compatible withf .
For anyx ∈ domain(f), let y = f(x), z = g(y), andw = h(z). See Figure 3.
By definition,z = g ◦ f(x), sow = h(z) = h((g ◦ f)(x)) = (h ◦ (g ◦ f))(x).
Again by definition,w = h ◦ g(y) = (h ◦ g)(f(x)) = ((h ◦ g) ◦ f)(x).
That is, for everyx ∈ domain(f), (h ◦ (g ◦ f))(x) = ((h ◦ g) ◦ f)(x).
Thereforeh ◦ (g ◦ f) = (h ◦ g) ◦ f . Q.E.D.

(1.12) Definition Injective, surjective, and bijective maps.A mapf : A → B is (i) injective (or
one-to-one) if it maps distinct elements to distinct elementsi. i.e., ifx 6= y thenf(x) 6= f(y). It is (ii)
surjective(or onto) if its range equalsB, and(iii) bijective if it is both injective and surjective.
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Figure 4: injective, surjective, bijective maps.

(1.13) Lemma (composition of injective maps and surjective maps)..
Given mapsf andg, whereg is compatible withf ,

(i) if f andg are both injective, so isg ◦ f . (ii) if f andg are both surjective, so isg ◦ f . (iii) If f and
g are both bijective, so isg ◦ f . (iv) if g ◦ f is injective, so isf (v) if g ◦ f is surjective, so isg

Proof. (i) Let x1 andx2 be any elements of domain(f). Supposex1 6= x2: R.T.P.g ◦ f(x1) 6=
g ◦ f(x2)). thenf(x1) 6= f(x2), sog(f(x1)) 6= g(f(x2)), as required.

(ii) Let z be any element of the codomain ofg. R.T.P.z = g ◦ f(x) for somex ∈ A. Choose
y ∈ B such thatg(y) = z. Then choosex ∈ A such thatf(x) = y. Theng(f(x)) = z, as required.

(iii) Follows immediately from (i) and (ii).
(iv) Let x1 andx2 be any elements ofA. Supposex1 6= x2: R.T.P.f(x1) 6= f(x2). Since

g(f(x1)) 6= g(f(x2)), f(x1) 6= f(x2), as required.
(v) Let z be any element ofC. R.T.P.z = g(y) for somey ∈ B. But z = g(f(x)) for some

x ∈ A, so we can takey = f(x). Q.E.D.

(1.14) Definition (inverse maps).If f : A → B andg : B → A are two maps such thatg ◦ f is the
identityιA onA (1.5), theng is a left inversefor f andf a right inversefor g. If g is both a left- and
right-inverse forf the it is atwo-sided inverseor simplyinversefor f .

Examples. Let A = [0,∞) (the nonnegative reals. i.e.,A = {x ∈ R : x ≥ 0}) andB = R,
f : A→ B takingx 7→

√
x andg : B → A takingx 7→ x2. Theng is a left inverse forf andf a right

inverse forg.

(1.15) Lemma Suppose thatf : A→ B has a left inverseg and a right inverseh. Theng = h andf
has a unique two-sided inverse.
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Proof. Since composition of maps is associative.

g ◦ (f ◦ h) = (g ◦ f) ◦ h)

∴ g ◦ ιB = ιA ◦ h
∴ g = h

If h′ is another right inverse, theng = h′, soh = h′. If g′ is another right inverse, theng′ = h,
sog′ = g. Therefore left and right inverses are unique (and coincide). Sinceg = h, g is a two-sided
inverse. Q.E.D.

(1.16) Notation If f : A → B is a map andY is any set, thenf−1(Y ) = {x ∈ A : f(x) ∈ Y }. If
y ∈ Y , f−1(y) = f−1({y}).

f−1(Y ) is called theinverse image ofY underf .

Example. If f(x) = x2, A = B = R, andY = {x ∈ R : − 1 ≤ x ≤ 4}, thenf−1(Y ) = {x ∈
R : − 2 ≤ x ≤ 2} andf−1(z) = {±

√
2}.

Remark. f : A → B is surjective if and only iff−1(y) 6= ∅ for eachy ∈ B, and is injective if
and only if for eachy ∈ B f−1(y) contains zero or 1 elements.

(1.17) Lemma Existence of inverse maps.Letf : A→ B be a map.
(i) If f has a left inverse then it is injective,
(ii) If f has a right inverse then it is surjective.
(iii) If f is injective andA 6= ∅ or b = ∅ thenf has a left inverse.
(iv) If f is surjective and thenf has a right inverse.

(Technical point: this is equivalent to the so-called Axiom of Choice.)
(v) f has an inverse iff it is bijective, in which case the inverse is unique.

Proof. (i) and (ii) follow from 1.13 (iv) and (v) since the identity mapιA is bijective.
(iii) The case whereB = ∅ is a peculiar special case. IfB = ∅ thenA = ∅ and there exists only

one map fromA toB, namely,ι∅. This map is its own inverse.
Otherwise,A 6= ∅. Choose some elementa of A, and defineg : B → A as follows.

g(y) =

{
x if y = f(x) for somex ∈ A
a if x /∈ range(f)

Sincef is injective, this definesg(y) uniquely. Clearlyg(f)x()) = x for all x ∈ A, sog is a left
inverse forf .

(iv) For eachy ∈ B let g(y) be some elementx of f−1(y). This x always exists sincef is
surjective. Clearlyf ◦ g(y) = y sog is a right inverse forf .

(v) If f has an inverse then from (i) and (ii) it is bijective. Conversely, iff is bijective, then from
(iii) f has a left inverseg (sincef is bijective,A = ∅ ⇐⇒ B = ∅), and from (iv),f has a right
inverseh. But theng = h is the unique 2-sided inverse forf (Lemma 1.15). Q.E.D.

(1.18) Notation If f : A→ B is bijective, thenf−1 denotes its unique 2-sided inverse.
Writing f−1(y) as introduced
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(1.19) Permutations of{1, . . . , n}. Any bijective map from{1, . . . , n} to itself is called apermu-
tation ofn letters. Small Greek letters likeσ are generally used when discussing permutations.

In these lectures we use a simple but non-standard notation: a permutationσ is represented by
the arrangement which placesσ(i) in thei-th position. For now, we say ‘permutations act on values,
not on position.’ Thus,σ = 1342 maps1 to itself, 2 to 3, 3 to 4, and 4 to 2. Letτ = 2314. Then
τ ◦ σ = 2143 andσ ◦ τ = 3412.

It is easy to invert a permutationσ with this notation: just write the identity pernutation under-
neath, forming an array, sort the columns according to the top values; the inverse is then in the bottom
row. For example,σ = 1342:

1 3 4 2
1 2 3 4

7→ 1 2 3 4
1 4 2 3

soσ−1 = 1423.

2 Semigroups, monoids, and groups

(2.1) An associative binary operationon a setS is a mapf : S × S → S with the property that for
all x, y, z ∈ S,

f(x, f(y, z)) = f(f(x, y), z)

The ‘formal’ f(x, y) notation for maps is seldom used: rather ‘infix form’ likex+ y, x ∗ y, x · y. The
‘binary’ refers to the fact thatf is a function with two variables.

(2.2) Definition A semigroupconsists of a nonempty setS together with an associative binary oper-
ation · onS,

The operation is often called ‘multiplication’ and somtimes ‘addition.’
As in ordinary algebra, the· can be omitted sox · y becomes justxy. (As in ordinary algebra, if

the operator symbol is+ then it is not omitted.)

(2.3) Examples of semigroups

• N,Z,Q,R,C andH under addition

• N,Z,Q,R,CandH under multiplication

• Any nonempty setS with ·, a strange operation defined as follows:x · y = y, for all x, y ∈ S.

• As above, except nowx · y is defined asx.

• The set of mapsf : X → X whereX is any set and the operation is◦, composition of maps.

• The set of2× 2 matrices with coefficients inN,Z, ,Q,R, or C under addition (see below)

• the set of2× 2 matrices . . . under multiplication
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A 2× 2 matrix is a square array of 4 numbers enclosed in square brackets, with addition compo-
nentwise [

a b
c d

]
+

[
e f
g h

]
=

[
a+ e b+ f
c+ g d+ h

]
and [

a b
c d

] [
e f
g h

]
=

[
ae+ bg af + bh
ce+ bg cf + bh

]
It can be shown easily that matrix addition is associative and commutative. It can be shown more

laboriaously that matrix multiplication is associative.

(2.4) Identity and inverses. A left identitya in a semigroupS, · is an element such that for all
x ∈ S,

a · x = x.

Similarly, aright identityb satisfiesx · b = x for all x ∈ A.
A two-sided identity, oridentityfor short, is an elemente which is both a left- and a right-identity

for S.

(2.5) Lemma If S possesses a left identity and a right identity they they are equal andS possesses a
unique (two-sided) identity. (Easy proof omitted.)

(2.6) Notational conventions.Often one leaves out the operation sign, soxy might meanx · y.
However, one usually uses+ to represent the operation when the semigroup is commutative, and the
addition sign is not omitted. Just like in ordinary algebra.

Generally, a two-sided identity will be represented either as1 or ase. In a commutative group,
where+ is the symbol used, the identity is written as0.

(2.7) Definition A monoidis a semigroup containing a (necessarily unique two-sided) identity.

(2.8) Definition LetS be a monoid,e its identity. Ifa andb are elements ofS with a · b = e, thena
is a left inversefor b andb is a right inversefor a.

If b is both a left- and a right-inverse fora the it is called atwo-sided inversefor a or inversefor
short.

(2.9) Lemma Let b be an element of a monoidS. If b has a left inversea and a right inversec, then
a = c andb has a two-sided inverse which is unique. (Proof same as in Lemma 1.15.)

(2.10) Definition A groupG is a monoid in which every element has an inverse.
The invrerse ofx is usually writtenx−1, or−x if the group operation is denoted+.
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3 Groups

Recall a semigroup is a nonempty set together with an associative binary operation on it, a monoid
is a semigroup with a 2-sided identity, necessarily unique, and a group is a monoid in which every
element has a two-sided inverse, necessarily unique.

In a monoid or group,e or 1 usually denote the identity. In a group,x−1 usually denotes the
inverse ofx.

(3.1) Definition The order |S| of a semigroup, group, or monoidS is the number of elements it
contains..

There is, essentially, just one semigroup of order 1, and it also happens to be a group. For the
only possible operation on{a} is aa = a.

There are two monoids of order2, in the sense that given two objects{e, a}, wheree is to be the
identity, soee = e andea = ae = e, we have two choices foraa: eithera or e.

e a
e e a
a a a

e a
e e a
a a e

Two see that these tables define associative multiplication, you need to consider all 8 possible
values ofx, y, z and show in each case that(xy)z = x(yz). In the first table,x(yz) and(xy)z both
evaluate toe if x = y = z = e, otherwise they both evaluate toa. In the second table,(xy)z and
x(yz) both evaluate toa if an odd number of the objectsx, y, z is a, otherwise they both evaluate to
e.

A quicker way of showing that the operation is associative is to note that the multiplication table
for {1, 0} has the same form, and that we know to be associative. In the second case, the multiplica-
tion table for{1,−1} has the same form, and that also is associative. The second one gives a group
shincea ande both have inverses. The first is not a group sincea does not have an inverse.

(3.2) Lemma If G, · is a group, then for anya ∈ G, the two maps(i) x 7→ ax and (ii) x 7→ xa are
bijective.

Proof. (i) First, the mapx 7→ ax is injective. If ax = ay, thena−1ax = a−1ay. We can write
these expressions without parentheses because the group operation is associative. Thereforeex = ey,
sox = y, proving that the map is injective. Second, the map is surjective. Giveny ∈ G, letx = a−1y.
Thenax = aa−1y = y, proving that the map is surjective. Thus the map is bijective. (ii): almost
identical proof. Q.E.D.

Let us count theessentially differentgroups with four elements{e, a, b, c}. From the above
lemma,ab 6= a becauseae = a, andab 6= b hecauseeb = b.

Eithera2 = e or a2 6= e. In the latter case, we may as well assume thatb = a2, otherwise just
interchange the roles ofb andc.

But if a2 = b, thenac 6= a, b, c soac = e andab = c. Thusb = a2 andc = a3 anda4 = e. The
rest of the multiplacation table is easy to fill in.

Hence we may assumea2 = e. Moreover, ifb2 6= e or c2 6= e then we would be re-inventing the
above group withb or c taking the role ofa. Hencea2 = b2 = c2 = e.
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If a2 = e, theab 6= a, e, b soab = c. Againca = b. This allows the table to be completed. There
are only two essentially different groups with four elements (the above happen to be groups, which
needs to be checked, only we won’t).

e a b c
e e a b c
a a b c e
b b c e a
c c e a b

e a b c
e e a b c
a a e c b
b b c e a
c c b a e

These groups happen to be commutativee. In fact the smallest non-commutative group is the
group of permutations of3 letters (its order is3! = 5).

4 The symmetric groupSn
(4.1) Lemma For any setA, the set of bijective maps fromA toA is a group under composition.

Proof. Since composition is associative (REFERENCES) the set is a semigroup. The identityιA
is a 2-sided identity. Every bijective mapf : A→ A has a unique 2-sided inversef−1, sof ◦ f−1 =
f−1circf = ιA (REFERENCES) so we indeed have a group. Q.E.D.

(4.2) Definition Letn ∈ N. A bijectionf : {1, . . . , n} → {1, . . . , n} is a permutation onn letters.
The group of permutations is calledSn and called thesymmetric grouponn letters.

(4.3) Notation (nonstandard).Every permutation describes an arrangement, and the permutation
1 7→ r, 2 7→ s, 3 7→ t, . . . is represented by the arrangementrst . . .. In this notation123 . . . represents
the identity permutation.

Example.S0 contains one element, the empty map.S1 = {1}, S2 = {12, 21},
S3 = {123, 132, 213, 231, 312, 321}, and
S4 = {1234, 1243, 1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341, 2413,
2431, 3124, 3142, 3214, 3241, 3412, 3421, 4123, 4132, 4213, 4231, 4312, 4321}.

Position or value?This notation can lead to confusion about composing permutations. For now,
we work with values, not positions. Thus, for example,

231 ◦ 132 = 213

This is unnatural when we consider symmetries of the triangle, the 15 puzzle, etcetera, where it is
natural for permutations to be defined on position, but for now permutations act on values.

(4.4) Lemma |Sn| = n! (from school).

The multiplication table (Cayley table) forS1 is completely trivial and forS2 is trivial.
12 21

12 12 21
21 21 12

ForS3 it is not (this is the smallest noncommutative group).
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123 132 213 231 312 321
123 123 132 213 231 312 321
132 132 123 312 321 213 231
213 213 231 123 132 321 312
231 231 213 321 312 123 132
312 312 321 132 123 231 213
321 321 312 231 213 132 123

(4.5) Symmetries of plane figures.We are interested in a certain group of bijections from the plane
to itself, namely, therigid linear transformations.These are maps from the plane to itself which take
the origin(0, 0) to itself and preserve distance: rotations and reflections and compositions of rotations
and reflections.

Let T be a nonempty set in the plane. Thesymmetries ofT are those rigid linear transformations
of the plane which mapT ontoT . The symmetries form a group. We are mostly interested in the
case whereT is a regularn-sided polygon, such as an equilateral triangle, centred at the origin. The
group of symmtries of a regularn-gon (n ≥ 3) is called thedihedral groupD2n of order2n. Its order
is 2n. To see this, label the corners from1 to n in anticlockwise order. A symmtry must take the
adjacent pair12 to another adjacent pairi, i+ 1 or i, i− 1 (where we taken+ 1 = 1 and1− 1 = n).
Different symmetries correspond to different pairs, and each such pair is the image of12 under a
unique symmetry: hence,2n symmetries.

1 2

3 2

3

1

2 31

2 1

3

1

2

3

1

23

312

132 321

123 231

213

If we label the corners of then-gon as described, then each symmtery corresponds to a unique
permutation of the corners. This way,D2n can be viewed as part ofSn. However, notice that the way
symmetries are defined, it makes no sense for the permutations to ‘act on values.’ They should ‘act
on positions,’ as illustrated. Notice thatD6 corresponds exactly toS3, and this helps us to understand
S3 better.

5 Generators forSn

(5.1) Generators of a group.A set of generatorsfor a groupG is a seta1, . . . , ap of elements of
G with the property that every element ofG can be expressed as a product of powers (positive or
negative) of these elements.

(5.2) Definition Suppose thati1, . . . , ik is a list of distinct ‘letters’ in{1, . . . , n}. The permutation
which takesi1 7→ i2, i2 7→ i3, . . . , ik−1 7→ ik and ik 7→ i1, and leaves all the other ‘letters’ fixed, is
called ak-cycle.

There is a special notation for thisk-cycle: (i1i2 . . . ik). It should not be confused with our ‘table’
notation such as1342, which is actually a3-cycle(234).
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A 2-cycle is also called atransposition.

(5.3) Lemma Disjoint cycles commute.

Proof. Let σ = (i1i2 . . . ik) andτ = (j1j2 . . . j`) be disjoint cycles, that is, the setsir andjs are
disjoint.

We shall prove a more general result: ifσ andτ together have the property that for alli such that
σ(i) 6= i, τ(i) = i, and for alli such thatτ(i) 6= i, σ(i) = i, thenστ = τσ..

Note that ifσ(i) = j 6= i thenσ(j) 6= j, sinceσ is injective; soτ(j) = j.
R.T.P.: for any letteri, στ(i) = τσ(i).
Either (a)σ(i) = τ(i) = i or (b)σ(i) 6= i or (c) τ(i) 6= i.
In case (a),τσ(i) = i = στ(i). In case (b).τ(i) = i andτ(σ(i)) = σ(i), soσ(τ(i)) = σ(i) =

τ(σ(i)). Case (c) is the same as case (b). Q.E.D.

(5.4) Lemma Every permutationσ in Sn (except the identity) can be expressed as a product of dis-
joint cycles.

Informal Proof. Begin with i1 = 1, let i2 = σ(i1), i3 = σ(i1), and continue until anik has
been found such thatσ(ik) = ij with j < k. It is assumed thatσ(ik−1) is not an earlierir. Claim
σ(ik) = i1.

For if σ(ik) = ij with j ≥ 2, thenij = σ(ij−1, soσ(ik) = σ(ij−1). Butσ is injective, soik = ij−1.
But ik = σ(ik−1, soσ(ik−1) = ij−1. This contradicts our assumption aboutk.

It follows that(i1i2 . . . ik) is ak-cycleσ1 with the property thatσ(ir) = σ1(ir) for eachir in the
cycle.

If σ1 = σ then we are finished. Otherwise choose somej1 which differs from all their, and
construct aǹ-cycleσ2 = (j1 . . . j`) wherejs+1 = σ(js). It is disjoint from the first cycleσ1, because
if js = ir for somer ands, thenσ`+1−s(js) = σ`+1−s(ir). But the first isj1 and the second is another
it, soj1 = it, andj1 is not left fixed byσ1.

Continue in this way untilσ has been expressed as a productσ1σ2 · · · of disjoint cycles. Q.E.D.

(5.5) Corollary If n ≥ 2 then every permutation inSn can be expressed as a product of transposi-
tions.

Proof. In view of Lemma 5.4, It is enough to show that everyk-cycle equals a product of trans-
positions. A1-cycle(i) (which has no effect) can be written, say, as(12)(12). A 2-cycle is already in
the correct form. Fork ≥ 3, ak-cycle can be written as a product ofk− 1 transpositions, as follows.

If k ≥ 3, consider ak-cycle (a)(i1i2 . . . ik). Claim that it equals the following product of trans-
positions

(b) (iiik)(i1ik−1) . . . (i1i3)(i1i2)

Given any letteri, if it does not occur in the listi1, . . . , ik then heither thek-cycle (a) nor the
product (b) affects it. On the other hand, ifj = ir with 1 < r < k, then the subproduct(i1ir+1)(i1ir)
takesir 7→ i1 7→ ir+1, andir andir+1 are not mentioned elsewhere in the product (b), so (b) takesir
to ir+1. If j = ik then the leftmost transposition(i1ik) in (b) takesik to 1. Finally, if j = i1 then the
rightmost transposition in (b) takesj to i2, and on other transposition affects it. Thus (a) and (b) have
the same effect. Q.E.D.

In other words:Sn is generated by its transpositions.
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(5.6) Definition In any groupG, for anyx ∈ G, the mapy 7→ xyx−1 is calledconjugation ofy by x.

In the Lemma below, we retain the symbol◦ for composition of permutations, because the ex-
pressionσ(ij)σ−1 suggests that the mapσ is applied toij.

(5.7) Lemma Given a transposition(ij) and a permutationσ, the result of conjugating(ij) byσ is
the transposition(σ(i)σ(j)).

Proof. If k 6= σ(i), σ(j), then(ij) ◦ σ−1(k) = σ−1(k), soσ ◦ (ij) ◦ σ−1(k) = k, On the other
hand, ifk = σ(i), then(ij) ◦ σ−1(k) = j, soσ ◦ (ij) ◦ σ−1(k) = σ(j). Similarly if k = σ(j). Q.E.D.

(5.8) Corollary Giveni, k such thati + k < n, conjugating(i i + k) by (i + k i + k + 1) yields
(i i+ k + 1) (trivial).

(5.9) Corollary Sn is generated by the two permutations(12) and(123 . . . n).

Proof. Since the transpositions generateSn, it is enough to show that every transposition can be
generated from(12) and(12 . . . n). Call then-cycleβ.

For 1 ≤ i ≤ n − 1, βi−1(1) = i + 1 andβi−1(2) = i + 2. It follows that conjugating(12) by βi

yields(i+ 1, i+ 2)
(Thei-th power ofβ, βi, has its natural meaning, and the zero-th power is the identitye.) There-

fore from(12) andβ we can generate the following list of transpositions

(12), (23), (34), . . . (n− 1, n)

For 1 ≤ k ≤ n− 1, letTk be the set of transpositions{(i i+ k) : 1 ≤ i ≤ n− k}.
The above list of transpositions isT1. Given a transposition(i i+ k) in Tk, if i+ k < n, we can

conjugate the transpositions by(i+k i+k+1), which is inT1, to get(i i+k+1) (corollary above).
In other words,Tk+1 can be formed fromTk by conjgating by elements ofT1. Now if (i i + k)
and(i + k i + k + 1) are known to be products of powers of(12) andβ, then so is the conjugate
(i+ k i+ k + 1)(i i+ k)(i+ k i+ k + 1).

It follows by induction onk that every transposition inTk can be generated from(12) anβ, for
1 ≤ k ≤ n − 1. But this includes every transposition(ij) with 1 ≤ i < j ≤ n. Since(ij) = (ji), it
includes every transposition. Q.E.D.

Example. (12), (1234) generateS4. Conjugating(12) bey powers of(1234) we get(23) and
(34), so we have(12), (23), (34).

Conjugate(12) by (23) to get(13). Conjugate(23) by (34) to get(24). Now we have(13), (24).
Finally conjugate(13) by (34) to get(14). This gives us(12), (23), (34), (13), (24), (14). These

are all the 6 transpositions.

6 Parity and the alternating group

We consider the set of allunordered pairs

{{i, j} : 1 ≤ i 6= j ≤ n}
There aren(n − 1)/2 such pairs, since{i, j} and{j, i} are the same. A permutationσ ∈ Sn

invertsa pair{i, j} if ( i < j andσ(i) > σ(j)) or (i > j andσ(i) < σ(j)). Theparity of σ is evenor
oddaccording asσ inverts an even or odd number of these pairs.
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(6.1) Lemma Given a permutationσ ∈ Sn, consider the mapping{i, j} 7→ {σ(i), σ(j)}. Then this
mapping is a bijection of the set of unordered pairs onto itself.

Proof. LetU denote this set of unordered pairs{{i, j} : 1 ≤ i, j ≤ n, i 6= j}.
Given{i, j} ∈ U , σ(i) 6= σ(j), so{σ(i), σ(j)} ∈ U .
To show the map is injective: If{σ(i), σ(j)} = {σ(k), σ(`)}, then without loss of generality

σ(i) = σ(k) andσ(j) = σ(`). Theni = k andj = `, so{i, j} = {k, `}.
It is surjective: given{k, `} ∈ U , let i = σ−1(k) andj = σ−1(`). Then{k, `} = {σ(i), σ(j)}.

This shows the map is surjective.
Therefore the map is a bijection fromU onto itself. Q.E.D.

(6.2) Theorem Givenσ, τ ∈ Sn, if both are even or both or odd thenτσ is even, otherwiseτσ is
odd.

Proof. LetA consist of all pairs{i, j} inverted byσ, and letB consist of all pairs{i, j} such that
τ inverts{σ(i), σ(i)}.

The mapping discussed in Lemma 6.1 carriesB bijectively onto the set

{σ(i), σ(j)} : τ inverts{σ(i), σ(j)}}.

Since tbe map is bijective, the latter consists of all pairs inverted byτ .
Thus|B| is the number of pairs inverted byτ .
Consider an ordered pair{i, j}. Underσ it goes to{σ(i), σ(j)}, and underτ that is taken to

{τσ(i), τσ(j)}. If in neitherA norB then neither pair is inverted, so{i, j} is not inverted byτσ. If
it belongs toA ∩ B then it is inverted twice, so not invertex byτσ. Otherwise it belongs toA\B or
B\A and it is inverted byτσ.

In other words, the total number of inversions ofτσ is |(A\A ∩B) ∪ (B\A ∩B)| = |A|+ |B| −
2|A\B|, which has the same parity as|A|+ |B|. But |A| and|B| are the number of pairs inverted by
σ andτ respectively. Q.E.D.

(6.3) Corollary The identity permutation is even, andσ andσ−1 always have the same parity.

Proof. The identity permutatione inverts no pairs, so it is even. Sinceσσ−1 = e, the sum of
parities ofσ andσ−1 is even, so both have the same parity. Q.E.D.

(6.4) Definition A subgroupof a groupG is a nonempty sybsetH which is closed under multiplica-
tion and inversion. It is a group in its own right.

(6.5) Corollary The set of even permutations inSn is a subgroup.

Proof. It contains the identitye; the product of two even permutations is even, so it is closed
under multiplication; and the inverse of an even permutation is even, so it is closed under inversion.
Q.E.D.

(6.6) Definition The subgroup of even permutations inSn is called thealternating groupand written
An.
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Figure 5: where lines cross, a pair is inverted. Hence transpositions are odd.

(6.7) Lemma Transpositions are odd.

Proof. If we represent a permutation by a diagram, then where lines cross we have an inverted
pair: see Figure 5. Let(ij) be a transposition, where w.l.o.g. (without loss of generality),i < j.

Let α = (ij). Consider a pair{k, `} inverted byα. Certainly one ofk and` must bei or j.
Supposek 6= i, j. Sincek < `, k > α(`). Hencè = j andk > i. Similarly if ` 6= i, j, thenk = i

and` < j. Therefore eachk, i < k < j, is involved in two inverted pairs,{i, k} and{k, j}. The only
remaining possibility is{k, `} = {i, j}, which is inverted. There are a total of2(j − 1− 1) + 1 pairs
inverted by(ij), which is therefore odd. Q.E.D.

(6.8) Lemma A k-cycle is even ifk is odd and vice-versa.

Proof. 1-cycles represent the identity permutation which is even. fork ≥ 2, anyk-cycle can be
expressed as a product ofk − 1 transpositions, each of which is odd. Hence ifk is odd the cycle is
even and vice-versa. Q.E.D.

(6.9) Corollary If σ is expressed as a product of (disjoint) cycles, its parity is the parity of the number
of even-length cycles in this product. (Proof immediate.)

(6.10) Lemma (i) Every cycle of odd lengthk ≥ 3 is expressible as a product of3-cycles.(ii) Every
cycle of even length≥ 4 can be written as a product of3-cycles multiplied either on the left r on the
right by a transposition.(iii) Every product of two even-length cycles can be written as a product of
3-cycles, only affecting those letters involved in the cycles.

Proof. (i) (i1i2 . . . ik) = (i1ik)(i1ik−1) · · · (i1i3)(i1i2). If k is odd, The transpositions can be
grouped in pairs, giving(i1ik−1ik)(i1ik−3ik−2) · · · (i1i2i3).

(ii) If k is even, all but one transposition can be grouped in pairs, leaving one on the left or one
on the right. We get either(i1ik)(i1ik−2ik−1) · · · (i1i2i3) or (i1ik−1ik) · · · (i1i3i4)(k1i2).

(iii) Express the first asP (ij) and the second as(k`)Q, whereP andQ are eithere or a prod-
uct of 3-cycles. Now(ij)(k`) = (ij)(ik)(ik)(k`) = (ikj)(k`i), so the product can be written as
P (ikj)(i`k)Q. Q.E.D.

(6.11) Corollary If n ≥ 3 then the3-cycles inSn generateAn.

Proof. Let σ be an even permutation inSn, σ 6= e. It can be expressed as a product of disjoint
cycles of length≥ 2, of which an even number are of even length. The odd-length cycles can be
writted as products of3-cycles. The even-length cycles can be taken in pairs, in any order, and each
pair can be expressed as a product of3-cycles from part (iii) of the above Lemma. Q.E.D.
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7 Binary relations

The aim of this section is to exhibit the correspondence between equivalence relations on a setX and
partitions ofX (Theorem 7.13).

A binary relationR on a setX is a property of pairs of elements ofX. If R is a binary relation
onX andx, y ∈ X we usually writexRy to mean thatx andy are in the relationR.

This notation is familiar, e.g.,x 6= y.
Technically,R is specified completely by the set{(x, y) ∈ X × X : xRy}. Therefore a binary

relation onX is defined as any subset ofX ×X.

(7.1) Examples of binary relations

• The equality relation= on any set.

• The inequality relation6= on any set.

• The relation< onN, Z, Q, R,

• The relation≤ onN, Z, Q, R,

• The relation⊆ on any set of sets.

• The relation ‘i andj have the same parity’ onN or onZ.

• Given any integern, the relation ‘n dividesx− y’, also written ‘x ≡ y (modn)’ on Z.

• Given any groupG and a subgroupH of G, the relation ‘x−1y ∈ H.’

• GivenG andH, the relation ‘xy−1 ∈ H.’ This is not necessarily the same relation as the
preceding.

(7.2) Definition A binary relationR onX is

• reflexive if for all x ∈ X, xRx

• symmetric if for all x, y ∈ X, xRy ⇒ yRx.

• transitive if for all x, y, z in X, if xRy andyRz thenxRz.

Anequivalence relationis one which is reflexive, symmetric, and transitive.

(7.3) The equality relation= on any set is an equivalence relation. Broadly speaking, an equivalence
relation has the important properties of an equality relation, and can be treated as equality. For
example,

(7.4) Lemma The rational number systemQ is {x/y : x, y ∈ Z & y 6= 0}. The relation= on Q,
wherea/b = c/d if ad = bc, is an equivalence relation.
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Proof. Reflexivity: i.e.,a/b = a/b sinceab = ba.
Symmetry: ifa/b = c/d, thenad = bc. RTP: cb = da. But da = ad (integer multiplication is
commutative) andad = bc soda = bc (= is transitive onZ). Also bc = cb, soda = cb. Therefore
cb = da (= is symmetric onZ).
Transitivity: supposea/b = c/d andc/d = e/f . Thenad = bc andcf = de. RTPaf = be. Since
ad = bc, adf = bcf . But cf = de, sobcf = bde. Thereforeadf = bde. But d 6= 0, so it can be
cancelled out (property of integer multiplication), andaf = be. Q.E.D.

This ‘equality’ relation on fractions is looser than complete identity:1/2 = 6/12 = (−2)/(−4).

(7.5) Definition LetR be an equivalence relation on a setX. For anyx ∈ X theequivalence class
of x moduloR, or [x]R for short, is the set

{y ∈ X : yRx}

Sometimes we write just[x] if it is obvious whatR is.

(7.6) LetR be the relation onZ: xRy iff x − y is even. This is an equivalence relation. There are
two equivalence classes: the even integers, and the odd integers.

(7.7) Definition A partitionP of a setX is a family of pairwise disjoint, nonempty, subsets ofX
whose union isX.

(7.8) Lemma LetR be an equivalence relation onX. Givenx, y ∈ X, xRy iff [x]R = [y]R.

Proof: If: suppose[x]R = [y]R. Thenx ∈ {z : zRy}, soxRy.
Only if: supposexRy. If z ∈ [x]R, zRx, sozRy by transitivity, soz ∈ [y]R. Therefore[x]R ⊆

[y]R. AgainyRx so by the same reasoning[y]R ⊆ [x]R. Therefore[x]R = [y]R. Q.E.D.

(7.9) Corollary If R is an equivalence relation onX then its equivalence classes form a partition of
X.

Proof. For eachx in X, x ∈ [x]R becausexRx, so the equivalence classes are nonempty, and
everyx belongs to at least one equivalence class, so the union isX. It remains to prove that the
classes are pairwise disjoint, i.e., if[x]R ∩ [y]R 6= ∅ then[x]R = [y]R.

Suppose[x]R ∩ [y]R 6= ∅. Choosew ∈ [x]R ∩ [y]R. By definitionwRx, soxRw, andwRy, so
xRy by transitivity. Therefore[x]R = [y]R (Lemma 7.8), as required. Q.E.D.

Equivalence relation defined from a partition. Let P be a partition ofX. For anyx ∈ X, let
P x be the unique setC ∈ P such thatx ∈ C. (The notationP x is only used in this section.)

(7.10) Lemma LetP be a partition ofX, andx, y ∈ X. The following are equivalent.
(i) P x = P y, (ii) x ∈ P y, and(iii) for someC ∈ P , x andy both belong toC.

Proof. (i) implies (ii), sincex ∈ P x. Assuming (ii), it follows thatx andy both belong otP y, so
(iii) holds. Therefore (ii) implies (iii). Assuming (iii),C = P x = P y, so (i) holds. Therefore (iii)
implies (i). Q.E.D.
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(7.11) Lemma WithX andP as above, letxRy mean thatx and y satisfy(i), (ii), or (iii) in the
above lemma. Then(i) R is an equivalence relation, and(ii) P is the set of its its equivalence classes.

Proof. (i) Reflexivity: P x = P x. Symmetry:P x = P y impliesP y = P x. Transitivity: Suppose
P x = P y andP y = P z. ThenP x = P z. ThereforeR is an equivalence relation.

(ii) For anyy ∈ X, [y]R = {x ∈ X : x ∈ P y}, using formulation (ii) of Lemma 7.10= P y, so
[y]R ∈ P . For anyC ∈ P , C 6= ∅: choosey ∈ C. ThenC = P y by definition, soC = [y]R is an
equivalence class ofR. Q.E.D.

(7.12) Lemma Let∼ be an equivalence relation onX, let P be the set of its equivalence classes,
and letR be defined fromP as in Lemma 7.11. Then the relationsR and∼ are identical.

Proof. For anyy ∈ X, P y = [y]∼. Therefore

xRy ⇔ x ∈ P y ⇔ x ∈ [y]∼ ⇔ x ∼ y,

Q.E.D.
Summarising these results.

(7.13) Theorem LetX be a set. For any equivalence relation∼ onX, let C(∼) be the set of its
equivalence classes. For any partitionP ofX letR(P ) be the relationP x = P y, x ∈ P y, or x and
y both helong to the same set inP . All three versions are equivalent (Lemma 7.10).

ThenC(∼) is a partition ofX andR(P ) is an equivalence relation onX. Also,C(R(P )) = P
andR(C(∼)) =∼.

ThusC andR are mutually inverse one-to-one correspondences between the equivalence rela-
tions onX and partitions ofX.

In short: there is a one-to-one correspondence between equivalence relations onX and partitions
ofX.

Proof. By lemma 7.9C(∼) is a partition ofX. By Lemma 7.11,R(P ) is an equivalence relation
on X. By part (ii) of the same lemma,C(R(P )) = P . Finally by Lemma 7.12,R(C(∼)) =∼.
Q.E.D.

8 Remainder modulon and integer division

(8.1) Definition Given integersm andn, n dividesm, writtenn|m, if there exists an integerq such
thatm = qn.

(8.2) Definition Letn be a positive integer. The relationx ≡ y (modn) meansn|(x− y).

(8.3) Lemma This is an equivalence relation.

Proof. Reflexivity: n|(x − x). Symmetry: ifn|(x − y), so x − y = qn for someq, then
y − x = (−q)n son|(y − x).

Transivity: if n|(x − y) andn|(y − z), thenx − y = q1n andy − z = q2n for someq1, q2 ∈ Z.
Thenx− z = (q1 + q2)n son|(x− z). Q.E.D.

In the definition below, we invoke a very useful property of the natural number systemN, called
theprinciple of well-orering,or PWO for short:
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For every nonempty subsetS of N, S contains a smallest elements. In other words,
there exists a nonnegative integers such thats ∈ S, and for any otherr ∈ N, if r < s
thenr /∈ S.

This principle is very close to the principle of Mathematical Induction. It is useful for defining
certain natural numbers or certain mappings intoN.

(8.4) Definition Letn be a positive integer,x any integer. Theremainder(or residue)of x modulon
or x mod n is the smallest integer in the equivalence class ofx (modn), i.e., the smallest element
of [x](≡ mod n) ∩N.

(8.5) Lemma For all x ∈ Z, (i) x mod n is a well-defined nonnegative integer, and(ii) 0 ≤ x
mod n ≤ n− 1.

Proof. The definition invvkes the well-ordering principle (36.1). We need show that there exists
a nonnegative integers such thatn|x− s. Then the PWO is being used correctly, and (i) follows.

In other words, we need to exhibit ans such thatx − s = qn for someq ∈ Z Thens = x − qn.
If x ≥ 0 we can takeq = 0 sos = x. If x < 0 takeq = x. Thenx− qn = x− xn = x(1− n). Since
x < 0 and1− n ≤ 0, x(1− n) ≥ 0 as required for (i):x mod n is well defined.

(ii) Let r = (x mod n), the smallestr ≥ 0 such thatn|(x− r). Sincer ≥ 0, it remains to show
thatr < n, or r − n < 0.

Note thatn|(x− r+ n) also, i.e.,n|(x− (r− n)). Sincer− n < r, it must be thatr− n < 0, so
r < n. i.e.,r ≤ n− 1. Q.E.D.

(8.6) Lemma x mod n is the uniquer ∈ {0, . . . , n− 1} such thatn|(x− r).

Proof. Let r = x mod n, son|(x− r) and0 ≤ r ≤ n− 1. Suppose thatn|(x− r′) wherer′ 6= r
andr′ ≥ 0. RTP:r′ ≥ n. By minimality of r, r′ > r. Sincen|(x− r) andn|(x− r′), n|(r′ − r), so
r′ − r = qn for someq ∈ Z. Sincer′ − r > 0 andn > 0, q > 0 andqn ≥ n, sor′ ≥ r + n ≥ n.
Q.E.D.

We shall use the result below, without discussing it

(8.7) Lemma (cancellativity ofZ). Givenq, q′, n ∈ Z wheren 6= 0, if qn = q′n thenq = q′.

(8.8) Lemma Givenx ∈ Z and a positive integern, there exist uniqueq andr such thatx = qn+ r
with 0 ≤ r ≤ n− 1.

Proof. Existence: letr = (x mod n) son|x− r, i.e.,x− r = qn for some q, sox = qn+ r and
0 ≤ r ≤ n− 1.

Uniqueness: Suppose thatx = qn + r = q′n + r′ where0 ≤ r, r′ ≤ n − 1. We already know
r = r′ = (x mod n), soqn = q′n, andn 6= 0, soq = q′ by the cancellativity property. Q.E.D.

(8.9) Definition Given a positive integern and an integerx, the uniqueq andr such thatx = qn+ r
whereq is an integer andr an integer between0 andn − 1, are called thequotientand remainder,
respectively, on dividingx byn. The remainder is, of course,x mod n.

We writex÷ n for the quotient.
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(8.10) Lemma If x1 ≡ y1 mod n andx2 ≡ y2 mod n, thenx1 + x2 ≡ y1 + y2 mod n. (Proof
omitted.)Note: this may have been stated incorrectly in class.

(8.11) Lemma Givenx, y, z ∈ Z andn > 0 ∈ Z,

((((x+ y) mod n) + z) mod n) = ((x+ ((y + z) mod n)) mod n)

(Proof omitted. It would use Lemma 8.10.)

(8.12) Zn, the additive group of integers modulon. Given a positive integern, Zn is defined as
follows: its elements are{0, . . . , n− 1}. and its operation is addition (modulon).

(8.13) Lemma Zn is an additive group of ordern.

Proof. The operation is associative from the Lemma 8.11. 0 is the additive identity,n − x is the
inverse ofx, and the group is commutative becausex+ y = y + x, so((x+ y) mod n) = ((y + x)
mod n). Q.E.D.

For example,Z4 is
+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

9 Additive subgroups ofZ

(9.1) Definition A commutative group is calledabelian.Usually one uses ‘+’ to denote the group
operation, its identity is called0, and the inverse ofx is denoted−x.

(9.2) Definition In a groupG, the subgroup generated by elementsa, b, c . . . is denoted〈a, b, c, . . .〉.
It consists of all elements which can be formed as products of powers ofa, b, c, . . ..
If the group is abelian then

〈a, b, c, . . .〉 = {ra+ sb+ tc+ . . . : r, s, t, . . . ∈ Z}

Remark. ‘Products of powers’ includes negative powers, wherea−k is defined as(a−1)k. If the
group is not abelian, we cannot group the powers ofa together and the powers ofb togeter and so on.
For exampleaS3 = 〈(12), (13)〉 because(23) = (12)(13)(12): the transposition(12) occurs twice in
the expression.

(9.3) Lemma Suppose thata, b are elements of a subgroupH ofG. Then〈a, b〉 is a subgroup ofH.

Proof. Elements of〈a, b〉 are products of powers ofa andb. SinceH is a subgroup it is closed
under formation of powers and of products, so every element of〈a, b〉 also belongs toH. Q.E.D.

(9.4) Lemma Givena, b ∈ Z whereb > 0, (a mod b) ∈ 〈a, b〉.
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Proof. Write a = qb+ r wherer = a mod b. Thereforer = a− qb which is in〈a, b〉. Q.E.D.

(9.5) Theorem Every subgroup ofZ is generated by a unique nonnegative integera; thus the only
subgroups ofZ are of the form〈a〉 for some unique nonnegative integera.

Proof. The ‘trivial’ subgroup{0} contains only 0.
LetH be any nontrivial subgroup.H contains some nonzero elementx; if x < 0 then−x ∈ H

also; soH contains a positive integer. By The PWO (principle of well-ordering) it contains a least
positive integern.

Let x be any element ofH, so〈(x mod n)n〉 = 〈x, n〉 is a subgroup ofH (Lemma 9.3). so(x
mod n) ∈ H. It is nonnegative and less thann, so it cannot be positive by definition ofn, so it is
zero.

Sincex = qn + (x mod n) for someq, x = qn for someq. Therefore every element ofH is a
multiple ofn, soH ⊆ 〈n〉. Sincen ∈ H, 〈n〉 ⊆ H, soH = 〈n〉.

Finally, n is unique. Certainly,{0} is generated by 0 and no other integer. IfH = 〈n1〉 = 〈n2〉
wheren1 andn2 are nonntegative, ifH is nontrivial, then bothn1 andn2 are positive, and they are
multiples of each other:n1 = q1n2 andn2 = q2n1, whereq1, q2 > 0.. Thenn1 = q1q2n1, soq1q2 = 1
by the cancellativity, which is only possible ifq1 = q2 = 1. Q.E.D.

Example. A little experimentation will show that〈12, 8〉 = 〈4〉.

10 Greatest common divisor

(10.1) Definition Givena, b ∈ Z, not both zero,gcd(a, b) is the unique positive generator of the
subgroup〈a, b〉 of Z.

‘Gcd,’ or greatest common divisor, means the same as ‘hcf,’ highest common factor.

(10.2) Corollary gcd(a, b) is the largest positive integer which divides botha andb.

Proof. Write g for gcd(a, b), so〈a, b〉 = 〈g〉. Sincea, b ∈ 〈g〉, g|a andg|b.
Sinceg ∈ 〈a, b〉, g = ra + sb for somer, s ∈ Z, if d is a positive integer andd!a andd!b then

d|ra+ sb, i.e.,d|g, sod ≤ g. Thereforeg is the largest integer which divides botha andb. Q.E.D.
The definition ofgcd gives no way of computing it. There is an efficient algorithm, due to Euclid,

based on the following lemma.

(10.3) Lemma Givena, b ∈ Z whereb > 0, 〈a, b〉 = 〈(a mod b), b〉.

Proof. Write a = qb + r wherer = a mod b. An element of〈a, b〉 has the formsa + tb.
Substituteqb+ r for a: s(qb+ r) + tb = sr + (qs+ t)b, which shows it belongs to〈r, b〉.

An element of〈r, b〉 has the formsr + tb. Substitute(−qb) + a for r: s(−qb + a) + tb =
sa+ (t− qs)b. This shows it belongs to〈a, b〉.

Therefore the two subgroups are the same. Q.E.D.

(10.4) Corollary If y > 0 ∈ Z, thengcd(x, y) = gcd(y, x mod y).
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Proof. We know that〈x, y〉 = 〈y, (x mod y)〉. Since the positive generator of〈x, y〉 = 〈y, (x
mod y)〉 is unique (Theorem 9.5),gcd(x, y) = gcd(y, x mod y). Q.E.D.

Euclid’s gcd algorithm is based on the above corollary.

To calculate gcd(a,b), assuming
a is positive, b nonnegative, and
a >= b.

x := a
y := b

Do the following while y > 0:
z := x mod y
x := y
y := z

----------------------------

When y = 0, x will equal gcd (a,b)

For example, to computegcd(1625, 299).
x y z

1625 299 130
299 130 39
130 39 13
39 13 0

This algorithm can be enhanced to produce integersr ands such thatra = sb = gcd(a, b). Let
us do the calculations as follows:

x = 1625, y = 299, q = 1625÷ 299 = 5, z = x− qy = a− 5b.
x = 299, y = 130, q = 299÷ 130 = 2, z = x− 2y = b− 2(a− 5b) = −2a+ 11b
x = 130, y = 39, q = 130÷ 39 = 3, z = x− 3y = (a− 5b)− 3(−2a+ 11b) = 7a− 38b
x = 39, y = 13, z = 0

Thus13 = 7(1625)− 38(299).

(10.5) Euclid’s enhanced gcd algorithm, in tabular form. The calculations can be included in
a table as follows. The table includes extra columns forq, the quotient,rx, sx, ry, sy, rz, sz, where
x = rxa+ sxb, etcetera. Initially,x = a, sorx = 1, sx = 0, andy = b, sory = 0, sy = 1. Generally,
whenq = x÷ y, z = x mod y, soz = x− qy, rz = rx − qry andsz = sx − qsy.
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x y z q rx sx ry sy rz sz
1625 299 130 5 1 0 0 1 1 −5
299 130 39 2 0 1 1 −5 −2 11
130 39 13 3 1 −5 −2 11 7 −38
39 13 0 3 −2 11 7 −38 −− −−
13 0 −− −− 7 −38 −− −− −− −−

11 Multiplicative group Z∗n

Multiplicative properties of congruence (modn).

(11.1) Lemma If x1 ≡ y1 mod n andx2 ≡ y2 mod n thenx1x2 ≡ y1y2 mod n. (Proof omitted.)

(11.2) Corollary ((xy mod n)z mod n) = (x(yz mod n) mod n) (Proof omitted.)

(11.3) Corollary If n ≥ 2 ∈ Z then the set{0, . . . , n} is a commutative monoid under multiplication
mod n.

Proof. The set is closed under multiplication modn, which is associative by the above lemma.
Clearlyxy mod n = yx mod n, so it is commutative. The multiplicative identity is1. Q.E.D.

(11.4) Definition Two integersa, b are relatively primeif gcd(a, b) = 1.

Note: gcd(a, b) = gcd(b, a) obviously.

(11.5) Lemma If a is relatively prime both tob and toc, thena is relatively prime to the productbc.

Proof. gcd(a, b) = ra + sb, say, andgcd(a, c) = ta + uc, say. Thusra + sb = ta + uc = 1.
R.T.P.gcd(a, bc) = 1. Multiply:

rta2 + stab+ ruac+ subc = 1; r′a+ s′bc = (rta+ stb+ ruc)a+ (su)bc = 1

So we have integersr′, s′ such thatr′a + s′bc = 1. gcd(a, bc) dividesr′a + s′bc, sogcd(a, bc) =
1. Q.E.D.

(11.6) Corollary Let Z∗n be the set of integers in{0, . . . , n} which are relatively prime ton. Then
Z∗n is an abelian group under multiplication (mod n).

Proof. It is commutative since it is part of a commutative monoid.
Suppose0 ≤ a, b ≤ n − 1 andgcd(n, a) = gcd(n, b) = 1. (Soa, b 6= 0). According to the

above lemma,gcd(n, ab) = 1. But gcd(n, ab mod n) = gcd(n, ab) (Corollary 10.4), sogcd(n, ab
mod n) = 1, soZ∗n is closed under multiplication modn.

Sincegcd(n, 1) = 1 (obviously),1 ∈ Z∗n.
Givena ∈ Z∗n, chooser, s ∈ Z so thatra+ sn = 1. Let b = r mod n. Suppose thatr = qn+ b.

Thenba mod n = (r − qn)a mod n = ra mod n, becausera and(r − qn)a are congruent mod
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n so they have the same remainder modn. But ra mod n = ra + sn mod n = 1. Thereforeb is
the multiplicative inverse ofa, soZ∗n is a group. Q.E.D.

For example,Z∗9 = {1, 2, 4, 5, 7, 8}. Its cayley table is
1 2 4 5 7 8

1 1 2 4 5 7 8
2 2 4 8 1 5 7
4 4 8 7 2 1 5
5 5 1 2 7 8 4
7 7 5 1 8 4 2
8 8 7 5 4 2 1

12 Cosets, Lagrange’s Theorem, and Fermat’s Theorem

Given a subgroupH of a groupG, it has already been mentioned that the two relations

x−1y ∈ H, xy−1 ∈ H

are both equivalence relations, not necessarily the same relation. The equivalence classes of the first
relation are of the form

[x] = {y : x−1y ∈ H} =

{y : x−1y = h} for someh ∈ H =

{y : y = xh} for someh ∈ H =

{xh : h ∈ H}

The set{xh : h ∈ H} is also written as

xH

and called aleft cosetof H.
For a simple example, letG = Z and letH = 〈2〉, the even integers. The relation is just

y − x ∈ 〈2〉, which is just the relationx ≡ y mod 2. There are two distinct (left) cosets,[0] = 〈2〉,
the even integers, and[1] = 1 + 〈2〉, the odd integers.

Considering the second relation,xy−1 ∈ H, By the same kind of calculation, the equivalence
classes will be seen to be

[x] = {hx : h ∈ H} = Hx.

Hx is called aright cosetof H. The left- and right cosets ofH are sometimes the same, sometimes
not. They are the same in an abelian group.

(12.1) Lemma All left- (and right-) cosets ofH in G have the same cardinality, namely,|H|.

Proof. We shall only consider left-cosets. The proof for right-cosets is much the same.
Giveng ∈ G, R.T.P.|gH| = |H|. Consider the following map
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G→ G : x 7→ gx.

THe mapx 7→ g−1x is a two-sided inverse:

x 7→ gx 7→ g−1(gx) = x, x 7→ g−1x 7→ g(g−1x) = x.

Therefore these maps are bijections. The image ofH under the mapx 7→ gx is {gh : h ∈ H} = gH,
a left coset. Since bijective maps preserve cardinality (this is gone into in the appendix, Section 37),
|H| = |gH|. Q.E.D.

(12.2) Corollary (Lagrange’s Theorem).SupposeH is a subgroup of a finite groupG, and suppose
it hask left cosets. Then|G| = k|H|, so|H| divides|G|.

Proof. Chooseg1, g2, . . . gk, elements of thek distinct left cosets, so

G = g1H ∪ g2H ∪ . . . gkH.

These cosets form a partition ofG, so

|G| = |g1H|+ |g2H|+ . . . |gkH|.

that is, from the above Lemma,|G| = k|H|. Q.E.D.

(12.3) Definition Given an elementx of a groupG, theorder ofx, or |x|, is the smallest positive
integerm such thatxm = e, if it exists. Ifxm 6= e for all positive integersm, then|x| =∞.

(12.4) Lemma |x| = |〈x〉|.

Proof. We consider two cases.
Case (a): suppose that all the nonnegative powers ofx, xr, (r ∈ N), are distinct. Then〈x〉

contains infinitely many distinct elements, so|〈x〉| = ∞. Also, |x| = ∞, sincexr 6= x0 for all
positive integersr. Hence|x| = |〈x〉| =∞ in this case.

Case (b): suppose that there exist0 ≤ r < r + m ∈ N such thatxr = xr+m. Then multiplying
by x−r, we getx0 = xm, i.e.,xm = e. Choosingm as small as possible,m = |x| <∞ in this case.

What the remaining argument shows is the subgroup〈x〉 is essentially the additive groupZm.
The powersx0, x1, . . . , xm−1 are distinct, because ifxi = xj, 0 ≤ i < j ≤ m− 1, thenxj−i = e

andj− i < m, a contradiction. Given anyk ∈ Z, k = qm+ r, where0 ≤ r < m, andxk = xqm+r =
(xm)qxr = xr. Therefore,〈x〉 = {e, x, x2, . . . xm−1, andm = |x| = |〈x〉|. Q.E.D.

(12.5) Corollary If |G| = n <∞ andx ∈ G thenxn = e.

Proof. |x| = |〈x〉| and the latter is finite becauseG is finite. Write |x| = m. By Lagrange’s
Theorem|〈x〉| divides|G|. Thereforen = qm for some integerq, andxn = (xm)q = e. Q.E.D.

We can deduce Fermat’s Little Theorem from this.

(12.6) Definition If x|y ∈ Z then we say thatx is a factorof y. A prime numberis an integerp ≥ 2
whose only factors are1 andp.

25



(12.7) Lemma If p is prime andq ∈ Z andgcd(p, a) 6= 1, thengcd(p, a) = a andp|a.

Proof. gcd(p, a) is a factor ofp, so if it is greater than1 thengcd(p, a) = p. Sincegcd(p, a)|a,
p|a. Q.E.D.

(12.8) Corollary If p is prime then|Z∗p| = p− 1.

Proof. Given1 ≤ a ≤ p− 1, thena mod p 6= 0, sop 6 |a, sogcd(p, a) = 1. This means that the
groupZ∗p (Corollary 11.6) contains the elements{1, . . . , p− 1}, a set of cardinalityp− 1. Q.E.D.

There is a technical difficulty in deducing Fermat’s Little Theorem from the above corollary. It is
‘swept under the carpet’ in the following lemma.1

(12.9) Lemma (awkward). Supposey ∈ Z∗n andx ∈ Z andx ≡ y mod n. For any nonnegative
integerk, let yk represent thekth power ofy as a member ofZ∗n, and letxk be thek-th power ofx as
an integer. Thenxk ≡ yk mod n. (Proof omitted.)

For example,y3 = ((y2 mod n)y mod n). With n = 6 andx = 10, y = 4, y2 = 4, andy3 = 4.
x3 = 1000, and6 dividesx3 − y3 = 996.

Or, x = 11, k = 4, n = 8, soy = 3, ((((3 × 3 mod 8) × 3) mod 8) × 3) mod 8 = ((1 × 3
mod 8)× 3) mod 8 = 1, whereas114 = 14641, and14641− 1 = 14640, which is divisible by8.

(12.10) Theorem If p is prime andx ∈ Z is not divisible byp thenxp−1 ≡ 1 mod p.

Proof. Let y = x mod p. Sincep 6 |x, gcd(p, x) = 1 andgcd(p, y) = 1 (Lemma 12.7):y ∈ Z∗p.
By Corollary 12.5,yp−1 = 1 in Z∗p. By Lemma 12.9,xk ≡ 1 mod p. Q.E.D.

13 Normal subgroups and quotient groups

The relationx ≡ y mod n is preserved under the group operation (addition of integers) (Lemma
8.10).

What sort of subgroupsH of a groupG have a similar property, that the relationx−1y ∈ H is
preserved under the group operation ofG?

It would mean that for allx, x′, y, y′ ∈ G

(x−1x′ ∈ H & y−1y′ ∈ H) ⇒ (xy)−1(x′y′) ∈ H. (13.1)

(13.2) Definition Given a groupG, consider a mixed sequence of group elements and subsets ofG,
such asa1, a2, A3, a4, A5, A6, a7, for eaample, whereai ∈ G andAj ⊆ G. Then theproduct set
a1a2A3a4A5A6a7 is

{a1a2x3a4x5x6a7 : x3 ∈ A3, x5 ∈ A5, x6 ∈ A6}

The term ‘product set’ is not generally used in textbooks.
The following properties of product sets will help shorten the arguments.

1These notes make a bad job of arithmetic modn
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(13.3) Lemma (i) Formation of product sets is an associative operation.
(ii) Formation of product sets is monotonic with respect to the ‘subset’ relation.
(iii) If e ∈ A thenB ⊆ AB, and ife ∈ B thenA ⊆ AB.
(iv) If H is a subgroup ofG, thenHH = H.

(Proof omitted, but the first two are explained below.)

Explanation of (i): For example,(AB)C = A(BC), x((yA)(zB)) = ((xy)A)(zB)), x(Ay)
= (xA)y, — or in short,ABC, xyAzB, andxAy mean the same thing no matter how they are
parenthesised.

Explanation of (ii): For example, ifA ⊆ X, thenAB ⊆ XB, xABy ⊆ xXBy, and so on.
Equivalent to formula 13.2, we can say ifx′ ∈ xH andy′ ∈ yH thenx′y′ ∈ (xy)H. In the

notation of product sets, bearing in mind that their formation is an associative operation (Lemma
13.3), soxHyH need not be parenthesised,

xHyH ⊆ xyH (13.4)

for all x, y ∈ G.
In particular, withy = x−1,

xHx−1H ⊆ H

for all x ∈ G. Sincee ∈ H, xHx−1 ⊆ xHx−1H (Lemma 13.3 (iii)), so

xHx−1 ⊆ H (13.5)

Replacingx by x−1 in Formula 13.5, we get

x−1Hx ⊆ H

for all x ∈ G. By Lemma 13.3 (ii), we can multiply on the left byx and on the right byx−1 to get
(simplfying, by the associative property (i) in that Lemma)

H ⊆ xHx−1

for all x ∈ H. Together with Formula 13.5, this implies

xHx−1 = H (13.6)

for all x ∈ G. Multiply each side on the right byx and simplify, getting

xH = Hx (13.7)

for all x ∈ G. From this it follows that for allx, y ∈ G,

xHyH = x(Hy)H = x(yH)H = xyHH = xyH

using Lemma 13.3 (i) and (iv). This implies Formula 13.4, which is equivalent to Formula 13.1.
Summarising:
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(13.8) Lemma The formula 13.1, which says that the property ‘x−1y ∈ H ’ is preserved under the
group operation, is equivalent to any of the formulae 13.4, 13.5, 13.6 or 13.7, or the following:

every left coset ofH is a right coset and vice-versa. (*)

Proof. The first five formulae have already been proved equivalent.
Assume Formula 13.7, LetC be a left coset: choosex ∈ C; thenC = xH = Hx, soC is also a

right coset. Similarly, every right coset is a left coset. so (*) holds.
Suppose that (*) holds. For anyx ∈ G, xH is a left coset, and also a right coset. But it contains

x, and the only right coset containingx isHx. ThereforexH = Hx, and Formula 13.7 holds.
Thus (*) is equivalent to Formula 13.7, so all the six formulae are equivalent. Q.E.D.

(13.9) Definition A subgroupH of a groupG is a normal subgroup ofG if for every x ∈ G,
xHx−1 = H.

One writesH CG whenH is a normal subgroup ofG.

Note that this is a relation betweenH andG, not a property ofH on its own. It is formula 13.6
which is the ‘official’ definition of a normal subgroup, although Lemma 13.8 supplies six equivalent
ways of defining a normal subgroup.

Example. In S3, 〈(123)〉 (which is, actually,A3, the alternating group), is a normal subgroup but
〈(12)〉 is not. These featured in a homework exercise.

If G is abelian theneverysubgroup is a normal subgroup.

(13.10) Definition SupposeHCG. Then thequotient groupG/H consists of the left (or equivalently,
the right) cosets{xH : x ∈ G}, together with the operation

[x][y] = [xy].

This is a well-defined operation on the left cosets[x], since if [x] = [x′] and [y] = [y′] then
[xy] = [x′y′].

(13.11) Lemma If H CG thenG/H is a group. IfG is finite then|G/H| = |G| ÷ |H|.

Proof. First, the operation is associative:
[x]([y][z]) = [x][yz] = [xyz] = [(xy)z] = [xy][z] = ([x][y])[z].

Next, there exists an identity, namely,[e]:
[x][e] = [xe] = [x] = [ex] = [e][x].

Last,[x−1] = [x]−1:
[x][x−1] = [xx−1] = [e] = [x−1x] = [x−1][x]. Q.E.D.

Examples.It is easy to check thatA4 C S4. The quotient groupS4/A4 has just two elements.
In an abelian groupA, every subgroupH is a normal subgroup andA/H is always defined. For

example,Z/〈15〉 is defined — it is cyclic of order 15.
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14 First isomorphism theorem for groups

Consider the following groups:

• Symmetries of a non-square rectangle

• The subgroup{e, (12), (34), (12)(34)} of S4.

• The subgroup{e, (12)(34), (13)(24), (14)(23)} of S4.

• The group{e, a, b, c} with this Cayley Table:
e a b c

e e a b c
a a e c b
b b c e a
c c b a e

• Symmetries of a non-square rhombus

• Z2 × Z2 (So far, this is unexplained.)

Now formulate a definition of when two groups are

(14.1) Definition LetG, • andG′, ∗ be two groups. AhomomorphismfromG, • to G′.∗ is a map
h : G→ G′ such that for everyx, y ∈ G,

h(x • y) = h(x) ∗ h(y)

Thekernelof h is the set of elements ofG mapped to the identitye′ ofG′:

kernel(h) = {x ∈ G : h(x) = e′}

(14.2) Lemma If h : G→ G′ is a homomorphism, then(i) h(e) = e′ (h takes the identity ofG to the
identity ofG′), and(ii) for anyx ∈ G, h(x−1) = (h(x))−1.

Proof. (i) Let f = h(e). ff = h(e)h(e) = h(ee) = h(e) = f . Multiply on the left byf−1, to get
f = e′, as required.

(ii) Let h(x) = x′, sox′h(x−1) = h(x)h(x−1) = h(xx−1) = h(e) = e′. Multiply on left by
(x′)−1: h(x−1) = (x′)−1. Q.E.D.

(14.3) Examples of homomorphisms.

• Z→ Zn; x 7→ x mod n.

• Sn → {1,−1}; σ 7→ 1 if σ is an even permutation,−1 if σ is odd.

• LetG be a group,x an element ofG. Then the mapZ→ G; k 7→ xk is a homomorphism.

• If H CG, thenh : G→ G/H; x 7→ [x] (i.e.,x 7→ xH), is a homomorphism.
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• FromZ2 (under addition mod 2) to{1,−1} (under multiplication:0 7→ 1, 1 7→ −1.

(14.4) Lemma If h : G, • → G′, ∗ is a homomorphism,2 then(i) its range or image,range(h), is a
subgroup ofG′, and
(ii) its kernel,kernel(h), is anormalsubgroup ofG.

Proof. We shall drop the• and∗ signs. LetS = range(h). R.T.P.: (a)e′ ∈ S — true, since
h(e) = e′ (Lemma 14.2 (i)).

(b) S is closed under∗. Givenx′, y′ ∈ S, let x′ = h(x) andy′ = h(y), sox′y′ = h(x)h(y) =
h(xy). Thereforex′y′ ∈ S: S is closed under∗.

(c) S is closed under inverse sinceh(x−1) = (h(x))−1. (Lemma 14.2 (ii)).
ThusS is a subgroup ofG′.
LetK = kernel(h). R.T.P. (a)e ∈ K: true sinceh(e) = e′ (Lemma 14.2 (i)).

(b)K is closed under ‘•’: given x, y ∈ K, h(xy) = h(x)h(y) = e′e′ = e′, soxy ∈ K.
(c) K is closed under inverse: ifx ∈ K, thenh(x) = e′, andh(x−1) = (e′)−1 = e′ (Lemma 14.2
(ii)).

ThusK is a subgroup ofG.
(d)K CG: R.T.P. for anyx ∈ G, xKx−1 = K.

For anyx ∈ G, k ∈ K, h(xkx−1) = h(x)h(k)(h(x))−1 = h(x)e′(h(x))−1 = e′, soxkx−1 ∈ K.
Therefore

(e)xKx−1 ⊆ K for anyx ∈ G,
Replacingx byx−1, we getx−1Kx ⊆ K for anyx ∈ G. Givenk ∈ K, it follows thatx−1kx ∈ K.

Let k′ denotex−1kx, sok = xk′x−1, i.e.,k ∈ xKx−1. This holds for allk ∈ K, so
(f) K ⊆ xKx−1 for anyx ∈ G.

(e) and (f) together imply (d), soK CG. Q.E.D.

(14.5) Lemma Leth : G→ G′ be a homomorphism, and letHCG. Writeπ for the homomorphism,
G→ G/H; x 7→ [x] (note[x] = xH = Hx).

If H ⊆ kernel(h) then(i) there exists a unique homomorphismh : G/H → G′ satisfyingh = h◦π,
and (ii) range(h) = range(h).

Proof. (i) The conditionh = h◦π means simply thath([x]) = h(x) for all x ∈ G, soh is uniuely
defined if it exists. We must check thath([x]) is well-defined, i.e., ifx−1x′ ∈ H thenh(x) = h(x′).

Supposex−1x′ ∈ H. SinceH ⊆ kernel(h), h(x−1x′) = e′, the identity ofG′. Therefore
(h(x)−1)h(x′) = (h(x))−1h(x′) = e′, from Lemma 14.2 (ii), soh(x) = h(x′), as required:h is
well-defined.

Next,h is a homomorphism: givenx, y ∈ G, R.T.P.h([x][y]) = h([x])h([y]).

h([x][y]) = h([xy]) = h(xy) = h(x)h(y) = h([x])h([y]),

as required.

(ii) range(h) = {h([x]) : x ∈ G} = {h(x) : x ∈ G} = range(h). Q.E.D.

2In other words,• is the group operation inG and∗ that inG′.
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(14.6) Definition An isomorphismbetween two groupsG,G′ is a bijective homomorphism fromG
ontoG′.

When an isomorphism exists,G andG′ are calledisomorphic, writtenG ∼= G′.

(14.7) Corollary (First Isomorphism Theorem for groups). If h : G → G′ is a homomorphism,
thenrange(h) ∼= G/kernel(h).

Proof. Let H = kernel(h). In the notation of Lemma 14.5, there is a unique homorphism
h : G/H → G′, satisfyingh([x]) = h(x) for eachx ∈ G.

For anyx, x′ ∈ G, if h([x]) = h([x′]) thenh(x) = h(x′), so(h(x))−1h(x′) = e′, i.e.h(x−1)h(x′) =
e′ (Lemma 14.2 (ii)), soh(x−1x′) = e′; x−1x′ ∈ kernel(h): [x] = [x′]. Thereforeh is one-to-one.
Since range(h) = range(h), h is an isomorphism fromG/kernel(h) onto range(h). Q.E.D.

(14.8) Lemma Isomorphism of groups is an equivalence relation. (Proof easy, omitted.)

One simple example of the First Isomorphism Theorem is where the homomorphismh is the
identity mapG→ G. This map is surjective, and its kernel is{e}, so

(14.9) Lemma G ∼= G/{e}.

Applications. Let us consider the examples given in paragraph 14.3

• Z→ Zn; x 7→ x mod n. This is surjective, and its kernel is〈n〉, soZn
∼= Z/〈n〉.

• Sn → {1,−1}; σ 7→ 1 if σ is an even permutation,−1 if σ is odd. The kernel of this map is
An, and ifn ≥ 2 this is surjective, andSn/An ∼= {1,−1}.

• LetG be a group,x an element ofG. Then the mapZ→ G; k 7→ xk is a homomorphism. The
range of this map is〈x〉. If |x| = n < ∞ then the kernel is〈n〉 and〈x〉 ∼= Z/〈n〉 ∼= Zn (from
the first example, using transitivity of isomorphism).

If |x| =∞ then the kernel is〈0〉, so〈x〉 ∼= Z/〈0〉 ∼= Z (Lemma 14.9).

• If H CG, thenh : G→ G/H; x 7→ [x] (i.e.,x 7→ xH) is a homomorphism. Nothing much to
say about this example.

• FromZ2 (under addition mod 2) to{1,−1} (under multiplication:0 7→ 1, 1 7→ −1). This is
obviously an isomorphism. Combining with theAn examplw,Sn/An ∼= Z2
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15 Prime factorisation theorem

Recall Definition 12.6: aprime numberis an integerp ≥ 2 whose only positive factors are1 andp.

(15.1) Lemma Every integern > 1 can be expressed as a product of primes.

Proof. Usescourse-of-values induction,which means that in order to prove thatn is a product of
primes, we can assume that everym, 2 ≤ m < n, is a product of primes.

Givenn ≥ 2, if n is prime then it is a product of primes. Otherwise, there existk,m, 2 ≤ k,m <
m, with n = km. Then by induction bothk andm can be expressed as products of primes, son can.
Q.E.D.

(15.2) Lemma (i) If a andb are nonzero integers andp is a prime andp|ab, thenp|a or p|b. (ii) If
n1 · · ·nk is a product ofk ≥ 2 integers, andp is a prime, andp|n, thenp|nj for somej.

Proof. (i) Supposep 6 |a, sogcd(p, b) 6= p; thengcd(p, a) is another divisor ofp, namely,1. If
gcd(p, b) = 1 thengcd(p, ab) = 1 (Lemma 11.5), whereasp|ab, sogcd(p, b) 6= 1: the gcd isp, and
p|b.

(ii) By induction onk. For the inductive step, supposep|n1n2 · · ·nknk+1. If p divides one of the
nj, j ≤ k, we are finished. Otherwise, by the inductive hypothesis,p does not divide the product
n1n2 · · ·nk, call it a, whereasp|ank+1, so by part (i)p|nk+1. Q.E.D.

(15.3) Corollary If p is a prime dividing a productq1q2 . . . q` of primes, thenp = qj for somej.

Proof. p divides one of theqj. But qj is prime, so its only factors are1 andqj, andp 6= 1, so
p = qj. Q.E.D.

(15.4) Theorem (the Prime Factorisation Theorem). If n ≥ 2 ∈ Z thenn be expressed as a
product pe11 p

e2
2 · · · p

ek
k , wherep1 < p2 < . . . pk are primes, andej are positive integers, and the

primespj and exponentsej are unique.

Proof. We already know that at least one such factorisation exists (Lemma 15.1). It remains to
show that the factorisation is unique, which is proved by course-of-values induction onn.

If n is prime, then it has no factors except itself and1, so k = 1, e1 = 1, andp1 = n; the
factorisation is unique.

Suppose thatn is not prime and has possibly different prime factorisations:

n = pe11 · · · p
ek
k = qf1

1 · · · q
f`
` . (15.5)

Without loss of generality,p1 ≤ q1. Sincep1 dividesn, p1 equals one of theqj (Corollary 15.3),
and if j ≥ 2 thenp1 < qj. Thereforep1 = q1.

Write n = pe11 m = pf1

1 m
′. Sincem andm′ are products of primes not includingp1, p1 doesn’t

dividem norm′. If e1 < f1 thenm = pe1−f1

1 m′, sop1 would dividem, and iff1 < e1 thenp1 would
dividem′ for similar reasons. Hencee1 = f1 andm = m′.

If m = 1 thenm′ = 1, k = ` = 1, andn can be factorised only aspe11 .. Otherwise,m = m′ > 1,
so:
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m = pe22 · · · p
ek
k = m′ = qf2

2 · · · q
f`
` .

Under the inductive hypothesis applied tom, k − 1 = `− 1, pj = qj, andej = fj for 2 ≤ j ≤ k.
Thereforek = `, pj = qj, andej = fj for 1 ≤ j ≤ k. The inductive step is proved. Q.E.D.

The following lemma is included here, because it is just about factorising numbers, though it will
be applied to proving the existence ofp-subgroups (Sylow theorem).

(15.6) Lemma Suppose thatn is a positive integer,p is a prime, andpk is the highest power ofp
dividingn, wherek ≥ 1. Then

p 6 |
(
n

pk

)
.

Proof. (This proof will be a standard calculation by cancelling out, not a formal exercise in
number theory.) The binomial coefficient is(

n

pk

)
=
n(n− 1) · · · (n− pk + 1)

pk(pk − 1) · · · 2 · 1
.

It is enough to show that the total power ofp in the numerator equals that in the denominator. For
1 ≤ r ≤ pk−1, we match the termr in the denominator with the termn− r in the numerator, simply
to show that they contain the same power ofp:

Let ps, s ≥ 0 be the highest power ofp dividing r, sor = pst, wherep does not dividet, and
s < k sincer < pk. Also,n− r = pkm− pst = (pk−sm− t)ps, sops dividesn− r. But (pk−sm− t)
mod p = (−t) mod p 6= 0, sop does not dividepk−sm− t, thereforeps+1 does not dividen− r. In
other words,ps is the highest power ofp dividing n− r.

This leaves one term in the numerator and denominator respectively:n andpk. The highest power
of p dividing n is pk. Hence all occurrences ofp in the numerator are cancelled out by occurrences
in the denominator. Q.E.D.

16 A Sylow theorem

(16.1) Group acting on a set.A left actionof a groupG on a setS is a homomorphism ofG into
the group of bijective maps fromS ontoS. Giveng ∈ G, we writeTg for the corresponding map of
S.

(16.2) NotethatTe = ιS, the identity map onS.

(16.3) Lemma Given for everyg ∈ G a mapTg : S → S, the correspondenceg 7→ Tg is a left action
if and only if(a)Te is the identity map onS, and

(b) Thg(s) = Th(Tg(s))

for all g, h ∈ G, s ∈ S.
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Proof. LetM be the group of bijective maps fromS to S.
Only if: (a) Te is the identity map onS becauseT is a homomorphism.
(b) For allg, h ∈ G, s ∈ S, Thg(s) = (Th ◦ Tg)(s) = Th(Tg(s)).
If: (b) is equivalent to

(c) Thg = Th ◦ Tg
for all g, h ∈ G. Therefore, for anyg ∈ G,

Tg ◦ Tg−1 = Te = ιS = Tg−1 ◦ Tg,

so everyTg is a bijective map, i.e.,Tg ∈M for eachg ∈ G, soT is a map fromG intoM .
SoT : G→M is a map satisfying (c), i.e., a homomorphism.T is a left action. Q.E.D.
ExamplesIf S is just the group itself, then we can defineTg(s) = gs, multiplication byg on the

left, not a very interesting example.
A slightly more interesting example would beTg(s) = gsg−1, conjugation byg.
If G = Sn andS = {1, . . . , n}, we can defineTσ(i) = σ(i), not very interesting.
If G = Sn andS is the set of2-element subsets of{1, . . . , n}, we can defineTσ({i, j}) =

{σ(i), σ(j)}, not very interesting.

(16.4) Definition Givens ∈ S, thestabiliserGs of s is the set

Gs = {g ∈ G : Tg(s) = s}

(16.5) Lemma Gs is a subgroup ofG.

Proof. Notee ∈ Gs sinceTe(s) = s always (paragraph 16.2). IfTg(s) = s andTh(s) = s then
Thg(s) = Th(Tg(s)) = Th(s) = s andTg−1(s) = Tg−1(Tg(s)) = Te(s) = s. ThusGs is a subgroup of
G. Q.E.D.

(16.6) Definition Theorbit of s is the set{Tg(s) : g ∈ G}.

(16.7) Lemma The orbits form a partition ofS.

Sketch of proof. The relation:y = Tg(x) for someg ∈ G is an equivalence relation onS, and its
equivalence classes are the orbits ofS.

(16.8) Lemma Givens ∈ S, Tg(s) = Th(s) if and only if the left cosetsgGs andhGs are the same.

Proof. If gGs = hGs, thenh = gx for somex ∈ Gs. ThenTh(s) = Tgx(s) = Tg(Tx(s)) = Tg(s).
If Th(s) = Tg(s), thenTg−1(Th(s)) = s, soTg−1h(s) = s: g−1h ∈ Gs, soh ∈ gGs, sogGs = hGs.

Q.E.D.

(16.9) Corollary For anys ∈ S, |orbit(s)| = |G|/|Gs|.
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Proof. According to the above, the elements of the orbit ofs correspond bijectively to the left
cosets ofGs. Q.E.D.

In order to prove the Sylow Theorem below, we consider a setS consisting of allpk-element
subsets ofG:

S = {s ⊆ G : |s| = pk}

and the following left action onS:

Tg(s) = {gx : x ∈ s}.

(16.10) Lemma This is a left action onS.

Proof. Givens ∈ S, g ∈ G, for everyx 6= y ∈ s, gx 6= gy. Therefore|Tg(s)| = |s|, soTg is a
map fromS to S.

Te(s) = {x : x ∈ s} = s, for all s ∈ S.
Givenh, g ∈ G, s ∈ S,

Tg(s) = {gx : x ∈ s}, Th(Tg(s)) = {hy : y ∈ Tg(s)} = {h(gx) : x ∈ s} = {(hg)x : x ∈ s} = Thg(s).

By Lemma 16.3,Tg is a left action. Q.E.D.
There is one other fact about this particular left action:

(16.11) Lemma With this particular left acion, for anys ∈ S, |Gs| ≤ |s|.

Proof. For anyg ∈ Gs, {gx : x ∈ s} = s. Fix a ∈ s, so for anyg ∈ Gs, ga ∈ s. Also,
|Gs| = |{ga : g ∈ Gs}|, sinceg 6= h⇒ ga 6= ha, Since{ga : g ∈ Gs} ⊆ s, it follows that|Gs| ≤ |s|.
Q.E.D.

(16.12) Theorem (a Sylow theorem).LetG be a finite group, and letp be a prime divisor of|G|:
suppose thatpk is the highest power ofp dividing |G|. ThenG has a subgroup of orderpk.

Proof. We consider the setS and left actionTg introduced above. The cardinality ofS is

|S| =
(
n

pk

)
and according to Lemma 15.6, this is not divisible byp. The orbits form a partition ofS, so there
exists ans the length of whose orbit is not divisible byp.

This implies thatp does not divide|G|/|Gs|, so|Gs| is divisible bypk.
But according to Lemma 16.11,|Gs| ≤ pk. Therefore|Gs| = pk, andGs is the required subgroup.

Q.E.D.
A concrete example.According to this theorem,S8 contains a subgroup of order128, by consid-

ering all128-element subsets ofS8. This is a vast number of sets to consider, and the only reasonable
example is to prove by this method thatS3 contains a subgroup of order 2.

S3 can be generated bya = (123) andb = (12). These elements satisfy the relationsa3 = e,
b2 = e. We know immediately that{e, b} is a subgroup of order 2, but we ignore that.
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Also, ab = (13) = ba2 anda2b = (23) = ba.
{e, a, a2} is a subgroup of order 3, and the right coset containingb is {b, ab, a2b}. This must be

the other coset, sinceb has order 2 wherease, a, a2 have orders1, 3, 3, respectively. We can label the
six group elements ase, a, a2, b, ab, a2b. The Cayley Table is easily constructed using the above four
equations.

e a a2 b ab a2b
e e a a2 b ab a2b
a a a2 e ab a2b b
a2 a2 e a a2b b ab
b b a2b ab e a2 a
ab ab b a2b a e a2

a2b a2b ab b a2 a e

The setS consists of all 2-element subsets ofS3. There are15 of these, namely,

{e, a}, {e, a2}.{e, b}, {e, ab}, {e, a2b},
{a, a2}, {a, b}, {a, ab}, {a, a2b},
{a2, b}, {a2, ab}, {a2, a2b},

{b, ab}, {b, a2b},
{ab, a2b}.

The left action ofS3 consists of multiplying each of these sets on the left by the six elements of
S3. Note that the orbit lengths always divide the order of the group, so the orbit lengths can be1, 2, 3,
or 6. Starting with{e, a}, and multiplying on the left by group elements, we get

{e, a}, {a, a2}, {a2, e}, {b, a2b}, {ab, b}, {a2b, ab}
Start again at{e, b}:

{e, b}, {a, ab}, {a2, a2b}
The next set in the orbit would beb{e, b} = {b, e}, so the orbit has at least 3 elements and fewer

than 6: so this is the full orbit. Start again with{e, ab}.
{e, ab}, {a, a2b}, {a2, b}.

The next set is{b, a2}, which has already been met.
Start again at{e, a2b}.

{e, a2b}, {a, b}, {a2, ab}.
We have generated assl 15 sets inS, so we are finished. There is one orbit of length 6, and three

odd-length orbits of length 3 each. According to the proof of Sylow’s theorem, any one of the 9
sets in the odd-length orbits has stabiliser group of order 2. For example, let us calculateGs where
s = {a, a2b}.

We need to find allg such that
ga = a, g(a2b) = a2b, or ga = a2b, ga2b = a.
The first pair of equations giveg = e. For the second pair,g = a2ba−1 = a2ba2 = baa2 = b.

Check thatga2b = a: ba2b = bba = a. Thus the stabiliser group for{a, a2b} is {e, b}.
Take one more set, such as{a, ab}. Solvega = ab: g = aba−1 = aba2 = aab = a2b. Check

a2bab = a2b2a2 = a. This gives us the subgroup{e, a2b} = {e, (23)}.
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17 Classification of finite abelian groups

It is the aim of this section to prove that every finite abelian groupA can be expressed as a product
of cyclic pj-groups, wherepj are the prime divisors of|A|, and apart from the order of factors the
product is unique.

The proof is too long to be covered fully in lectures. The full proof would be in four parts:

• Every nontrivial finite abelian groupA is isomorphic to a product ofpj-groups, one for each
prime divisor of|A|. (This is covered in lectures.)

• Every nontrivial finite abelianp-group is isomorphic to a product of cyclicp-groups. (The only
part covered in lecturess is where every element has order1 or p.)

• Given a product of abelianpi-groups, and another isomorphic product of abelianqj-groups,
where thepi andqj are distinct then after reordering if necessary the corresponding factors are
isomorphic.

• Given two finite products of cyclicp-groups, if they are isomorphic then after reordering if
necessary the corresponding factors are isomorphic.

(17.1) Definition Letp be a prime. Ap-groupG is a group such that for everyx ∈ G, |x| is a power
of p.

(17.2) Lemma A finite groupG is ap-group if and only if|G| is a power ofp.

Proof. If: for everyx ∈ G, |x| divides|G|, so|x| is a power ofp.
Only if: suppose that|G| is not a power ofp, so there is another primeq dividing |G|. By the

Sylow theorem, there is a subgroupH of G whose order is a positive power ofq. Then for any
x 6= e ∈ H, |x| is a nonzero power ofq, soG is not ap-group. Q.E.D.

LetA be a finite abelian group,|A| = n. Letn = pe11 · · · p
ek
k , the prime factorisation.

17.1 A finite abelian group is a product ofpj-groups

(17.3) Lemma For 1 ≤ j ≤ k, letnj = n/p
ej
j . Then there exist integersrj, 1 ≤ j ≤ k such that

r1n1 + . . .+ rknk = 1.

Proof. The numbersnj have greatest common divisor 1, because any primep dividing all of them
also dividesn, hence must be one of thepj (Lemma 15.2): butpj does not dividenj.

The gcd of these numbers generates the subgroup〈n1, . . . , nk〉 of Z, so 1 ∈ 〈n1, . . . , nk〉, but
〈n1, . . . , nk〉 is the set of all expressionsr1n1 + . . .+ rknk, rj ∈ Z. Q.E.D.

(17.4) Lemma For 1 ≤ j ≤ k, letAj = njA, i.e.,{njx : x ∈ A}.
EachAj is subgroup ofA, a pj-group, and its order dividespejj .
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Proof. For anyx ∈ Aj, x = njy for somey ∈ A. Thenpejj x = ny = 0, so |x| dividespejj .
ThusAj is apj-group and|Aj| is a power ofpj (Lemma 17.2). Since|Aj| dividesn by Lagrange’s
Theorem, it dividespejj .3 Q.E.D.

The cartesian productA1× · · ·×Ak is the set of allk-tuples{(x1, . . . , xk) : xj ∈ Aj}, an abelian
group under componentwise addition.

(17.5) Lemma A is isomorphic to the cartesian productA1 × · · · × Ak, and eachAj is an abelian
pj-group of orderpejj .

Proof. With A, n, nj, rj, andAj as introduced above, consider two maps

θ : A→ A1 × · · · × Ak; x 7→ (n1x, . . . , nkx)

and

φ : A1 × · · · × Ak → A; (x1, . . . , xk) 7→ r1x1 + . . .+ rkxk.

Both θ andφ are easily seen to be homomorphism.
From the definition of the numbersrj, φ ◦ θ is the identity map onA. Thereforeθ is injective, so

n = |A| ≤ |A1 × · · · × Ak|.
Now, for eachj, |Aj| dividespejj , and|A1 × · · · × Ak| = |A1| · · · |Ak| which dividesn. Thus

n ≤ |A1| · · · |Ak| ≤ n, so the product of the orders equalsn.
Thusθ is an injective homomorphism fromA into another group of ordern; soθ is an isomor-

phism.
Finally, each|Aj| dividespejj . If any |Aj| were a proper divisor then|A1| · · · |Ak| would be a

proper divisor ofn. So|Aj| = p
ej
j for eachj. Q.E.D.

17.2 A finite abelianp-group is a product of cyclic groups

For this subsectionA is a nontrivial finitep-group.

(17.6) Definition In any aaelean group, a lista1, ldots, ak of elements isindependentif for all tuples
α1, . . . , αk ∈ Z, if α1a1 + . . .+ αkak = 0, thenα1a1 = . . . = αkak = 0.

In the lemme below, it is not necessary thtA be ap-group.

(17.7) Lemma Given an abelian groupA, if there exists an independent set of generators forA, then
A is isomorphic to a product of cyclic groups.

Proof. We consider the following homomorphism

θ : 〈a1〉 × · · · × 〈ak〉 → A; (α1a1, ldots, αkak) 7→ α1a1 + ldots+ αkak.

Since theaj are generators,θ is surjective. The kernel ofθ is the set of tuples(α1a1, . . . , αkak)
such thatα1a1 + . . . + αkak = 0. Since theaj are independent, the kernel is{(0, . . . , 0), so θ is
injective. Thereforeθ is an isomorpism, and the groups〈aj〉 are cyclic. Q.E.D.

So the problem is to locate a set of independent generators forA. One case is relatively easy:
3To prove this, writek = |Aj |, q = p

ej
j andn = qm, sogcd(k,m) = 1. Thereforekr +ms = 1 for somer, s ∈ Z,

andk dividesqm, so it dividesqkr + qms = q, i.e. k dividesq.
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(17.8) Lemma Suppose thatA is a finite abelian group in which every element except 0 has orderp,
so|A| = pr for somer. ThenA is isomorphic toZr

p = Zp × · · · × Zp (r factors),

Proof. Start with somea1 6= 0 in A. If A = 〈a1〉, stop. Otherwise choose somea2 ∈ A\〈a1〉. If
A = 〈a1, a2〉 stop, otherwise choose somea3 ∈ A\〈a1, a2〉.

The general step is, having chosena1, . . . , aj in this way, if these do not together generateA then
choose someaj+1 ∈ A\〈a1, . . . , aj〉. Since all theseaj are distinct andA is finite, this process must
terminate having chosen a set〈a1, . . . , ak〉 of generators forA. Eachaj has orderp. R.T.P: they are
independent.

Othereise there existαj, 0 ≤ αj ≤ p − 1 for eachj andα1a1 + . . . + αkak = 0. Choose the
largesti such thatαi 6= 0. If i = 1 thenα1a1 = 0 soα1 = 0 and all theαj are 0.

Otherwise, sinceαi has a multiplicative inverse modulop,4 there exists aβ such thatβαi ≡ 1
mod p. Multiplying across byβ,

βα1a1 + . . . βαi−1 + ai = 0.

It follows thatai ∈ 〈a1, . . . , ai−1〉, which is false. Therefore the kernel is trivial andθ is an isomor-
phism.

Finally, since the cartesian product has cardinalitypk, k = r. Q.E.D.

The remainder of this section is somewhat more difficult. To prove the general result, that is, a
finite abelianp-groupA is a product of cyclicp-groups, we use course-of-values induction on|A|.
The induction involves considering the subgrouppA = {px : x ∈ A}.

(17.9) Lemma If A is a finite nontrivial abelianp-group thenpA is a proper subgroup ofA.

Proof. The mapx 7→ px is a homomorphisma→ A. SinceA is finite, to show that its range is a
proper subgroup ofA it is enough to show that the map is not injective. Choose anyx 6= 0 in A. Let
|x| = pk+1 andy = pkx. Theny 6= 0 butpy = 0, so the map is not injective. Q.E.D.

If pA is the trivial group, then every element ofA has order 1 orp and we already know the
structure ofA. Otherwise, we assume by induction thatpA admits an independent set of generators,
that is an independent set of elements

pa1, . . . , pak

The next step is to prove that the elementsa1, . . . , ak of A are independent elements ofA. The
proof (whoci is omitted) boils down to arguing that if these elements are int independent, then one
of the generators forpA, pa1, say, could be replaced by one of lower order. This is impossible on
cardinality grounds.

Next we would consider the subgroupB of A generated by the elementsaj. If B = A then
we are finished. OtherwiseA/B is a group of the kind considered in Lemma 17.8. We can use the
construction of that lemma to extend the generatorsaj to a list of independent generators forA.

4 Recall thatZ∗p consists of all numbers between1 andp.
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17.3 First part of the uniqueness result.

We now know the ‘existence’ part of the classification theorem. We need to know the ‘uniqueness’
part.

(17.10) Lemma SupposeA is a nontrivial finite abelian group, and|A| = n = pe11 · · · p
ek
k . We know

thatA is isomorphic to one productA1 × · · · × Ak of pj groups. Suppose that it is isomorphic to
another productA′1 × A′` of nontrivial qi-groups. where the primesqi are distinct. Thenk = ` and
after reordering if necessary,Aj ∼= A′j for 1 ≤ j ≤ k.

Proof. Let θ be an isomorphism. Ifx 6= 0 ∈ Aj, then|x| is a power ofpj, the same goes for
θ(x), which belongs to one of the groupsA′i, which is also apj-group. Thusqi = pj andθ mapsAj
into A′i. Since|A′i| dividesn, |A′i| ≤ p

ej
j , Also |Aj| ≤ |A′i|. Therefore|Aj| = |Ai| andθ carriesAj

isomorphically ontoA′i.
Thus for eachj there exists a uniquei such thatAj is isomorphic toA′i. There can be noA′i to

which noAj is isomorphic since otherwise|A′1× · · · ×A′`| > n. Thusk = ` and after reordering the
A′i if necessaryAj ∼= A′j for 1 ≤ j ≤ k. Q.E.D.

17.4 The final part of the uniqueness result

To conclude the result, we need to prove the following:

(17.11) Lemma Given two finite abelianp-groups, expressed as products of cyclic groups,

Zpr1 × · · · × Zprk (17.12)

and

Zps1 × · · · × Zps` (17.13)

wherer1 ≥ r2 ≥ . . . ≥ rk ≥ 1 ands1 ≥ s2 . . . ≥ s` ≥ 1, thenk = ` and for1 ≤ j ≤ k, rj = sj.

First

(17.14) Lemma LetGi, 1 ≤ i ≤ k be groups, and for eachi let Hi be a normal subgroup ofGi.
ThenH1 × · · · ×Hk CG1 × · · · ×Gk and

(G1/H1)× · · · × (Gk/Hk) ∼= (G1 × · · · ×Gk)/(H1 × · · · ×Hk).

(Proof: can be deduced from a homework exercise.)

(17.15) Lemma Let
A = Zpr1 × · · · × Zprk

For anyr ≥ 1, (pr−1A)/(prA) is isomorphic toZt
p, wheret is the number of exponentsrj such that

rj ≥ r.
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Proof. By the above lemma(prA)/(pr+1A) is isomorphic to the product of the following quotient
groups:

(pr−1Zprj )/(p
rZprj )

If r ≤ rj, thenpr−1Zprj is cyclic of orderrj + 1− r, and the other factor group is cyclic of order
rj − r. Hence the quotient group has orderp, and is isomorphic toZp.

If r > rj, then both groups are trivial and the quotient is trivial. Hence(pr−1A)/(prA) is isomor-
phic to as many copies ofZp as there arerj ≥ r. Q.E.D.

(17.16) Definition d(r, A) is the number of copies ofZp occurring in(pr−1A)/(prA). (Equivalently,
thet such that(pr−1A)/(prA)| = pt.)

Proof of Lemma 17.11. Referring to the two possibly different decompositions ofA in equations
17.12 and 17.13 above,

We want to prove that the two non-increasing sequences

r1, r2, . . . , rk

and

s1, s2, . . . , s`

are identical.
Alternatively, letA denote the product of theZprj , andA′ the product of theZpsj , and suppose

the sequences differ: R.T.P.A andA′ are not isomorphic.
Choosei ≥ 1 maximal subject topj = qj, 1 ≤ j < i. Then either
(a) i = `+ 1 ≤ k, (b) i = k + 1 ≤ ell, (c) i ≤ k, ` but ri > si, or (d) i ≤ k, ` butsi > ri.
(a)d(A, ri) ≥ i butd(A′, ri) = `. (b) Similar.
(c) d(A, ri) ≥ i, butd(A′, ri) < i. (d) Similar. Q.E.D.

18 Rings

(18.1) Definition A ringR,+, ∗ is a nonempty set with two operations, addition and multiplication,
such thatR,+ is an abelian group andR, ∗ is a semigroup. As with groups, the multiplication sign
is often omitted, soxy meansx ∗ y.. The additive identity is denoted0.

Distributive lawsconnect these two operations:

x(y + z) = (xy) + (xz)

(x+ y)z = (xz) + (yz)

.

Examples.
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• Z,+, ∗, the ring of integers.

• 2Z, the ring of even integers.

• Zn,+, ∗, with addition and multiplication reduced modulon.

• Z[
√

2] = {a + b
√

2: a, b ∈ Z}, with (a + b
√

2) + (c + d
√

2) = (a + c) + (b + d)
√

2, and
(a+ b

√
2)(c+ d

√
2) = (ab+ 2cd) + (bc+ ad)

√
2,

• LetS be a nonempty set.M(S,Z), the set of all mappings fromS to Z with pointwise addition
and multiplication, i.e.,(f + g)(x) = f(x) + g(x) andfg(x) = f(x)g(x) for all x ∈ S.

• M(2,R), the ring of2× 2 matrices with real-valued entries.

• The setsQ,R,H mentioned at the beginning of this course.

Recall the rules for addition and multiplication of2× 2 matrices.

[
a b
c d

]
+

[
e f
g h

]
=

[
a+ e b+ f
c+ g d+ h

]
,

[
a b
c d

] [
e f
g h

]
=

[
ae+ bg af + bh
ce+ dg cf + dh

]
(18.2) Definition A unity in a ringR,+, ∗ is a two-sided multiplicative identity.

Not every ring possesses a unity. For example, the ring of even integers has no unity. We already
know from results about semigroups that the unity must be unique.

(18.3) Definition A subringof a ringR,+, ∗ is a nonempty subsetS which is closed under addition,
negation, and multiplication.

Remark. Every subring ofR contains0 and is a ring under the operations ofR.
In the ringM(2,R), the following is a subring:{[

a b
0 0

]
: a, b ∈ R

}
It has infinitely many left identities: [

1 z
0 0

]
But, of course, no right identities and no unity.

(18.4) Notation A unital ring is a ring with a unity.

More examples of subrings:Z is a subring ofQ which is a subring ofR which is a subring of
C which is a subring ofH. Z[

√
2] is a subring ofR and ofC.

The following simple facts hold for a ringR.

• The zero element is unique, because it is the identity in the groupR,+
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• Everya ∈ R has a unique negative−a.

• Addition is cancellative.

• Write x− y for x+ (−y).

• For anya, b ∈ R, the equationsa+x = b andx+a = b both have the unique solutionx = b−a.

• For any integersm,n, (m+n)a = (ma)+(na),m(a+b) = (ma)+(mb), andm(na) = (mn)a.

All of these facts hold for any abelian groupR,+. The following are specific to rings.

(18.5) Lemma In a ringR,

(a) 0x = x0 = 0
(b) x(−y) = (−x)y = −(xy).
(c) (−x)(−y) = xy
(d) x(y − z) = (xy)− (xz) and(x− y)z = (xz)− (yz).

Proof. (a)(0x)+(0x) = (0+0)x = 0x: therefore0x = (0x)+(0x)+−(0x) = 0x+−(0x) = 0.
Similarly, x0 = 0.

(b) 0 = x0 = x(y +−y) = xy + x(−y). Thereforex(−y) = −(xy). Similarly, (−x(y − (xy).
(c) (−x)(−y) = −(x(−y)) = −(−(xy)) = xy.
(d) x(y − z) = x(y + (−z)) = xy + x(−z) = xy +−(xz) = xy − xz.
Similarly, (x− y)z = xz − yz. Q.E.D.

19 Zero divisors, integral domains, and fields.

It is possible for a ringR to contain two elementsa andb, neither of them zero such thatab = 0.
Examples.In Z4, 2 ∗ 2 = 0.
In M(2,R), [

1 1
2 2

] [
1 −3
−1 3

]
=

[
0 0
0 0

]
.

Correction. What have to date been called cartesian products of groups should have been called
direct products of groups.

(19.1) Definition Thedirect product of ringsGiven two ringsR1,+1, ∗1 andR2,+2, ∗2, their direct
productis the cartesian productR1 × R2 together with the operations(x1, x2) + (y1, y2) = (x1 +1

y1, x2 +2 y2), and(x1, x2) ∗ (y1, y2) = (x1 ∗2 y1, x2 ∗2 y2).

(19.2) Lemma The direct product of two unital rings is a unital ring (Trivial).

Direct product rings have many zero divisors, since(a, 0) ∗ (0, b) = (0, 0) for all a, b.

(19.3) Definition An integral domainis a ring which(a) is commutative,(b) is unital (i.e., a ring with
unity), and(c) has no zero divisors.
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Examples.

• Z,Q,R are integral domains,

• Z[
√

2] is an integral domain.

• 2Z is not because it is not unital.

• H is not because it is not commutative.

• M(2,R) is not because it is not commutative and has zero divisors.

• Z4 is not because22 = 0 in Z4.

• Z2, and in generalZp for any primep, is an integral domain.

(19.4) Lemma A commutative unital ringD is an integral domain if and only if it satisfies the fol-
lowingcancellation law:for anya, b, c ∈ D, if ab = ac (or ba = ca) anda 6= 0, thenb = c.

Proof. If: given ab = 0, if a 6= 0 thenab = a0 so b = 0, and if b 6= 0 thenab = 0b soa = 0.
ThereforeD has no zero divisors.

Only if: givenab = ac, ab− ac = 0 = a(b− c). Sincea is not a zero divisor,b− c = 0, sob = c.
Q.E.D.

(19.5) Definition A field is a commutative ringF in which the subsetF\{0} forms a group under
multiplication.

In other words, for everyx ∈ F , if x 6= 0 thenx has a multiplicative inverse. Of course, since
0x = 0 for all x, 0 does not have a multiplicative inverse (unless the ring is trivial, which we ignore).

(19.6) Lemma Every fieldF is a nontrivial unital ring without zero divisors, i.e., an integral domain.

Proof. F\{0} contains a multiplicative identity, that is, a unity. Givenx, y 6= 0, xy 6= 0 since
F\{0} is closed under multiplication. Q.E.D.

(19.7) Lemma LetF be a commutative unital (nontrivial) ring in which every nonzero element has
a multiplicative inverse. ThenF is a field.

Proof. R.T.P.F\{0} is closed under multiplication. Givenx andy with x 6= 0, if xy = 0 then
x−1xy = y = 0. Hence ifx, y 6= 0 thenxy 6= 0.

Examples.

• Z,Z[
√

2], 2Z, andZ4 are not fields.

• Q, Q[
√

2], R, andC are fields.

• H is not a field, because, althoughH\{0} is a group under multiplication, it is not commutative.

• For any primep, Zp is a field.
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To show thatQ[
√

2] is a field: First, that
√

2 is irrational. This result is due to Euclid.
Note. This proof differs from the clumsy proof given in class.

(19.8) Lemma There exist no integersp andq such that(p/q)2 = 2.

Proof. Equivalently, suppose thatp andq are nonzero integers; R.T.P.p2 6= 2q2. Write p = 2rs
andq = 2tu wherer, t ≥ 0 ands, u are odd.

So we must show that

22rs2 6= 22t+1u2

wheres andu are odd integers. Ifr ≤ t, then

s2 6= 22t−2r+1u2,

since the left-hand side is odd and the right-hand side is even. Therefore, sinceZ is cancellative,
22rs2 6= 22t+1u2.

Otherwise,r > t, and

22r−2t−1s2 6= u2,

since the left-hand side is even and the right-hand side is odd. Therefore, sinceZ is cancellative,
22rs2 6= 22t+1u2. Q.E.D.

Now to show thatQ[
√

2] is a field, i.e., every nonzero element has a multiplicative inverse.
Givena+ b

√
2] wherea andb are not both zero, its multiplicative inverse is(a−

√
2)/(a2− 2b2).

The denominator is nonzero because2 is irrational, and the product is(a2 − 2b2)/(a2 − 2b2) = 1.

(19.9) Lemma Every (nontrivial) finite integral domainD is a field.

Proof. SinceD is commutative and unital with unity, call it1, different from0, it is enough to
show that every nonzeroa has a multiplicative inverse.

Sincea 6= 0 andD is cancellative, the mapD → D;x 7→ ax is injective. SinceD is finite, the
map is bijective, so there exists ay such thatxy = 1. Q.E.D.

(19.10) Lemma Zn is an integral domain (and a field) if and only ifn is prime.

Proof. Eithern = 1, n is composite, orn is prime. SinceZ1\{0} is empty,Z1 is not a field. If
n > 1 is composite, there existk,m, 2 ≤ k,m < n, sokm = n. Thenk andm are zero divisors in
Zn.

Suppose thatn is prime and0 ≤ k,m < n andkm = 0 in Zn. R.T.P.:k = 0 or m = 0. Since
km = 0 in Zn, n divideskm. By Lemma 15.2,n dividesk orm: i.e.,k = 0 orm = 0. Q.E.D.
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20 Ring homomorphisms

(20.1) Definition LetRi,+i, ∗i, i = 1, 2, be two rings. A(ring) homomorphismfromR1 to R2 is a
mapθ such that for everya, b ∈ R1,

θ(a+1 b) = θ(a) +2 θ(b), and θ(a ∗1 b) = θ(a) ∗2 θ(b).

If θ is bijective it is anisomorphismand the rings areisomorphic, writtenR1
∼= R2. An isomor-

phism from a ring to itself is called anautomorphism.

For example, the mapθ : Z[
√

2]→ Z[
√

2], a+ b
√

2 7→ a+ b
√

2, is an automorphism, since
(i) (a+b

√
2)+(c+d

√
2) = (a+c)+(b+d)

√
2) 7→ (a+c)−(b+d)

√
2) = (a−b

√
2)+(c−d

√
2)

(ii) (a + b
√

2)(c + d
√

2) = (ac + 2bd) + (ad + bc)
√

2 7→ (ac + 2bd) − (ad + bc)
√

2 = (a −
b
√

2)(c− d
√

2)
(ii) θ ◦ θ is the identity map, soθ is bijective, an isomorphism.

(20.2) Definition Thekernelof a ring homomorphismθ : R2 → R2 is the set{x ∈ R1 : θ(x) = 0}.

(20.3) Lemma The image of a ring homomorphismθ : R1 → R2 is a subring ofR2.

Proof. We need to show that the image is nonempty and closed under addition, negation, and
multiplication. The first three facts need no proof since they apply to additive group homomorphisms
andθ is one. For the fourth, we need to show thatθ(x)θ(y) is in the image wheneverx, y ∈ R1: but
θ(x)θ(y) = θ(xy). Q.E.D.

(20.4) Lemma If θ is a ring homomorphism thenθ(x− y) = θ(x)− θ(y).

Proof: θ(x− y) = θ(x+ (−y)) = θ(x) + θ(−y) = θ(x) + (−θ(y)) = θ(x)− θ(y). Q.E.D.

(20.5) Lemma A ring homomorphismθ is injective if and only if its kernel is{0}.

Proof. If: suppose the kernel is trivial andθ(x) = θ(y). Thenθ(x − y) = θ(x) − θ(y) = 0, so
x− y = 0 andx = y.

Only if: Supposeθ is injective. R.T.P. the kernel is trivial; so, givenθ(x) = 0, R.T.P.x = 0. But
thenθ(x) = θ(0) sox = 0. Q.E.D.

21 Characteristic of a ring

(21.1) Definition Thecharacteristicof a ringR is the smallest positive integerc, if it exists, such that
cx = 0 for all x ∈ R.

If no such integer exists, the characteristic iszero.

For example,Z,Q,H,M(2,R) all have characteristic zero.Z9 × Z6 has characteristic18.

(21.2) Lemma For anyk ∈ Z andx ∈ R,−(kx) = (−k)x.
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Proof. kx+ (−k)x = (k + (−k))x = 0x = 0.
Therefore−(kx) + kx+ (−k)x = −(kx), so0 + (−kx) = −(kx), or (−kx) = −(kx). Q.E.D.

(21.3) Lemma Givenx, y in a ringR andn ∈ Z, (nx)y = n(xy).

Proof. The casen ≥ 0 can be proved by induction onn and is left as an exercise. Ifn < 0, let
n = −k. Assuming the result fork, (kx)y = k(xy). Take the negative of each side:

−((kx)y) = −(k(xy)).

But −((kx)y) = ((−(kx))y (Lemma 18.5 (b)). From the above lemma,(−k)x = −(kx) and
(−k)(xy) = −(k(xy)). Hence

((−k)x)y = (−(kx))y = −((kx)y) = −(k(xy)) = (−k)(xy).

That is,(nx)y = n(xy). Q.E.D.

(21.4) Lemma If R is a unital ring with unitye, then its characteristic is the least positive integerd,
if it exists, such thatde = 0. Otherwise the characteristic is zero.

Proof. Let c be the characteristic ofR.
If d > 0, then for allx ∈ R, dx = d(ex) = (de)x, by Lemma 21.3. But(de)x = 0x = 0, so

dx = 0, and the characteristicc is nonzero and bounded byd. But c is not less thand, since ifc < d
thence 6= 0. Thereforec = d.

If c > 0 thence = 0, sod > 0. Hence ifd = 0 thenc = 0. Q.E.D.

(21.5) Lemma In a unital ringR with unitye, for anym,n ∈ Z, (mn)e = (me)(ne).

Proof: (me)(ne) = m(e(ne)) from the above Lemma. This equalsm(ne), which equals(mn)e
from the list of facts given above Lemma 18.5. Q.E.D.

(21.6) Lemma If R is a unital ring of characteristic zero, then it has a subring isomorphic toZ.

Proof. Let θ : Z→ R be the map takingn to ne.
Claim thatθ is a homomorphism.
Since(m + n)e = (me) + (ne), θ(m + n) = θ(m) + θ(n). Since(mn)e = (me)(ne), (Lemma

21.5),θ(mn) = θ(m)θ(n).
Thereforeθ is a homomorphism. Moreover,θ is injective, for the following reason.
its kernel is the set of thosen such thatne = 0, which is {0} since the characteristic is zero

(Lemma 21.4). Thereforeθ is injective (Lemma 20.5). The imageZ of θ is a subring ofR (Lemma
20.3).θ is a ring homomorphism which mapsZ bijectively ontoZ, and thereforeZ is isomorphic to
Z. Q.E.D.

(21.7) Lemma If R is a unital ring of characteristicc > 0, then it has a subring isomorphic toZc.
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Proof. We consider the following mapθ from Zc toR: n 7→ ne, for 0 ≤ n < c.
For clarity, we shall writem+ n for the sum as integers, and(m+ n) mod c for the sum inZc.
As in the previous lemma, givenm,n ∈ Z, (m + n)e = (me) + (ne) and(mn)e = (me)(ne).

Givenm,n ∈ Zc, letk = (m+n) mod c be their sum inZc. Thenk = m+n+ `c for some integer
`, soke = me+ne+(`c)e−me+ne+`(ce) == me+ne, sincece = 0. That is,θ(k) = θ(m)+θ(n),
soθ preserves addition inZc.

Next letk = (mn mod c) = mn + `c for some`. Thenke = (mn + `c)e = (mn)e + (`c)e =
(mn)e+ `(ce) = (mn)e = (me)(ne), soθ is a ring homomorphism.

If 0 ≤ n < c andθ(n) = 0, thenne = 0 son is a multiple ofc, son = 0, andθ is injective as in
the previous lemma.

Thusθ mapsZc bijectively onto its image inR, and its image is a subring ofR isomorphic toZc.
Q.E.D.

22 Polynomials

(22.1) Definition LetR be a commutative ring,x an ‘indeterminate.’ Apower series inx is a formal
(infinite) expression

a0 + a1x+ a2x
2 + a3x

3 + . . . ,

wherear are called thecoefficientsandx the indeterminate. One can write this power series as

∞∑
r=0

arx
r or

∑
r≥0

arx
r.

If all but finitely many coefficients are zero, it is called apolynomial,and the largestn, if it exists,
such thatan 6= 0 is called itsdegree. If p is a polynomial thendeg(p) denotes its degree.

If all the coefficients are zero, then the degree is defined to be−∞.

Alternatively, a polynomial can be defined as either

• The zero element ofR, or

• a0 + a1x+ . . .+ anx
n, wherean 6= 0. In this case,n is its degree.

Addition and multiplication can be defined for any two power series, whether or not they are
polynomials. The formulae are

∞∑
r=0

arx
r +

∞∑
r=0

brx
r =

∞∑
r=0

(ar + br)x
r,

and

(
∞∑
r=0

arx
r)(

∞∑
r=0

brx
r) =

∞∑
k=0

ckx
k, where ck =

∑
r+s=k

arbs
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Remark. In practice a polynomial is given as a finite sum with the zero coefficients omitted. The
power series formulation avoids a good deal of mess.

Example. In Z[x], let p = 2 + 3x andq = 4− 2x+ 3x2. Then

p+ q = 6 + x+ 3x2, and pq = 8 + 8x+ 9x2.

(22.2) Lemma If p, q ∈ R[x], then(i) pq is also a polynomial, and(ii) deg(pq) ≤ deg(p) + deg(q).
If R is an integral domain, then(iii) deg(pq) = deg(p) + deg(q).

Proof. (a) If p or q is zero, then so ispq, which is the zero polynomial, anddeg(pq) = −∞ and
deg(p) + deg(q) = −∞. So otherwise assumedeg(p) = m ≥ 0 anddeg(q) = n ≥ 0. This proves
(i) and (ii) whenp or q is zero.

Otherwise, (b) writep =
∑
arx

r andq =
∑
bsx

s. For anyk ∈ N, the coefficient ofxk in pq is∑
r+s=k arbs. If k > m + n andr + s = k, then eitherr > m or s > n, soarbs = 0. Therefore the

coefficient ofxk in pq is zero ifk > m+n, sopq is a polynomial of degree≤ m+n. This completes
the proof of (i) and (ii).

If R is an integral domain, andp or q is zero, then the degree formula is an equation (part (a)
above).

Otherwise, withm andn as in (b), consider
∑

r+s=m+n arbs. If r 6= m, then eitherr < m
ands > n, or r > m. In either case,arbs = 0. Hence the only possible nonzero termarbs with
r + s = m + n is ambn. SinceR is an integral domain, andam 6= 0 andbn 6= 0, ambn 6= 0, so
deg(pq) = m+ n = deg(p) + deg(q). Q.E.D.

(22.3) Lemma R[x] is an additive group.

Proof. First, it is closed under addition. Ifp =
∑
arx

r andq =
∑
brx

r are polynomials, and
r > max(deg(p), deg(q)), thenar + br = 0, so

∑
(ar + br)x

r is a polynomial. The remainder of this
proof applies equally well to power series as to polynomials.

Consider three power seriesf =
∑

r≥0 arx
r, g =

∑
r≥0 brx

r, andh =
∑

r≥0 crx
r,

(f + g) + h = ∑
(ar + br)x

r +
∑

crx
r =∑

((ar + br) + cr)x
r =

∑
(ar + (br + cr))x

r =∑
arx

r +
∑

(br + cr)x
r

= f + (g + h).

Therefore addition is associative. Also,

f + g =
∑
r

(ar + br)x
r =

∑
(br + ar)x

r = g + f,

so addition is commutative. Ifg is the polynomial with all coefficients zero, thenf + g =
∑

r(ar +
0)xr = f , sog functions as the additive identity. If we define−f as

∑
r(−ar)xr thenf + (−f) =
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∑
(ar − ar)xr =

∑
0xr, the additive identity, so the set of power series is an abelian group under

addition.
Finally note that the zero element is a polynomial, and if power seriesp andq are polynomials,

then so arep+ q and−p, so the polynomials form an abelian group under addition. Q.E.D.

(22.4) Lemma R[x] is a commutative semigroup under multiplication.

Proof. By Lemma 22.2,R[x] is closed under multiplication. The remainder of this proof can
apply to power series as well as polynomials.

Given power seriesf =
∑
arx

r, g =
∑
brx

r, andh =
∑
crx

r, let fg =
∑
dkx

k, gh =
∑
e`x

`,
(fg)h =

∑
αmx

m andf(gh) =
∑
βnx

n.

αm =
∑

k+t=m

dkct =
∑

k+t=m

(
∑
r+s=k

arbs)ct =

m∑
k=0

∑
r+s=k

arbscm−k =
∑

r + s+ t = marbsct.

βn =
∑
r+`=n

are` =

n∑
`=0

an−`
∑
s+t=`

bsct =
∑

r+s+t=n

arbsct.

Thus,αm = βm for eachm, so(fg)h = f(gh), and multiplication is associative.
Multiplication is commutative:fg =

∑
k(
∑

r+s=k arbs)x
k, gf =

∑
k(
∑

s+r=k bsar)x
k. These

are identical, so multiplication is commutative. Q.E.D.

(22.5) Lemma R[x] is a commutative ring.

Proof. We know that it is an abelian group under addition and a commutative semigroup under
multiplcation. We need to check the distributive laws, and because it is commutative, we need only
check one of them. This applies to power series as well as polynomials.

So letf =
∑
arx

r, g =
∑
bsx

s, andh =
∑
ctx

t.

f(g + h) =
∑
k

(
∑
r+s=k

ar(bs + cs))x
k =

∑
k

(
∑
r+s=k

arbs)x
k +

∑
k

(
∑
r+s=k

arcs)x
k = (fg) + (fh)

Q.E.D.

(22.6) Lemma R is isomorphic to a subring ofR[x].

Proof. The mapR → R[x]; a 7→ ax0, is a homomorphism, sincea + b 7→ ax0 + bx0 and
ab 7→ abx0. If ax0 is the zero polynomial thena = 0, so this map is injective and it takesR
isomorphimcally onto the subring{ax0 : a ∈ R}. Q.E.D.
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(22.7) Lemma R[x] is unital ifR is. (Easy. The unit isex0.)

(22.8) Lemma If R is an integral domain, then so isR[x].

Proof. Suppose thatp, q 6= 0, sodeg(p) ≥ 0 anddeg(q) ≥ 0, deg(pq) = deg(p) + deg(q) ≥ 0.
Q.E.D.

23 Division algorithm for polynomials over a field

Recall how to divide polynomials.
x2 + 4x + 2

x2 − x+ 2 x4 + 3x3 + x − 5
x4 − x3 + 2x2

4x3 − 2x2 + x
4x3 − 4x2 + 8x

2x2 − 7x − 5
2x2 − 2x + 4

−5x − 9
Thusx4 + 3x3 + x− 5 = (x2 − x+ 2)(x2 + 4x+ 2) + (−5x− 9). More generally,

(23.1) Theorem If p, d ∈ F [x] are polynomials over a fieldF andd 6= 0, then there exist unique
polynomialsd, r such thatp = qd+ r anddeg(r) < deg(d).

Proof: existenceby induction ondeg(p), assumingd is fixed. If deg(p) < deg(d) we can take
r = p andq = 0. This covers the base case.

For the inductive step, suppose thatp(x) = anx
n + . . ., andd = bmx

m + . . ., wheren = deg(p)
andm = deg(d); n ≥ m. Consider

p− an
bm
xn−md.

The degree ofp is n, as is that ofxn−md. Hence the above polynomial has degree at mostn.
However, the coefficient ofxn is an − an = 0, so the degree of the result is< deg(p).

By the inductive hypothesis, there exist polynomialsq′, r wheredeg(r) < deg(d) and

p− an
bm
xn−md = q′d+ r,

so

p = (
an
bm
xn−m + q′)d+ r,

i.e.,p = qd+ r as required.
Uniqueness.Supposeqd + r = q′d + r′ wheredeg(r) < deg(d) anddeg(r′) < deg(d). Then

(q− q′)d = r− r′. If q 6= q′ then the left-hand side has degree≥ deg(d). But the right-hand side has
degree< deg(d), which is false. Henceq = q′ and it follows thatr = r′. Q.E.D.
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24 Factorising polynomials

This will mostly be about factorising polynomials overQ.

(24.1) Definition A polynomial ismonic if the coefficient of its highest-degree term is 1 (the unity in
F ).

Needless to say, ifp, q are polynomials, thenp|q means there exists another polynomiald such
thatq = dp.

(24.2) Theorem LetF be a field anda, b ∈ F [x], not both zero. Then there exists a uniquemonic
polynomiald(x) such that(a)d|a andd|b, and(b) If c ∈ F [x] andc|a andc|b thenc|d.

Moreover,(c) there exist polynomialsr ands such thatd = ra+ sb.

Proof: existence.Let d be a monic polynomial of minimum degree representable asra + sb for
polynomialsr ands.

(Sincea andb are not both zero andF is a field there exist monic polynomials of the formra+sb,
sod exists by the well-ordering priciple).

Divide a by d: a = qd+ g, say. Ifg 6= 0 theng = a− qd would be of the formta+ ub, nonzero,
of lower degree thand, and by scaling it can be made monic, contadicting the definition ofd. Hence
d|a and similarlyd|b.

If c|a andc|b thenc|ra+ sb = d. This concludes the proof of existence.
Uniqueness:Supposed andd′ both satisfy (a) and (b). Thend|d′, sod′ = ud for some polynomial

u. Comparing highest-degree terms,u must be monic. Alsod′|d, so d = vd′ for some monic
polynomialv. Thend = uvd/ But d 6= 0 andF [x] is an integral domain, so(1 − uv)d = 0, so
uv = 1. Henceu andv are constants, and monic, sou = v = 1 andd = d′. Q.E.D.

(24.3) Definition Whena, b are polynomials over a fieldF , not both zero, andd is the monic poly-
nomial introduced above, we writed = gcd(a, b).

Remark. The gcd and the polynomialsr ands such thatgcd(a, b) = ra + sb can be calculated
by a variant of Euclid’s gcd algorithm.

Example:gcd(x5 − x4 + 2x3 + x+ 1, x3 − x2 + x− 1).

x2 + 1
x3 − x2 + x− 1 x5 − x4 + 2x3 + x + 1

x5 − x4 + x3 + x2

x3 + x2 + x + 1
x3 − x2 + x − 1

2x2 + 2

q1 = x2 + 1, r1 = 2(x2 + 1), a = q1b+ r1.
x/2 − 1/2

2x2 + 2 x3 − x2 + x − 1
x3 + x

−x2 − 1
−x2 − 1

0
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Assuming thatdeg(a) ≥ deg(b), one starts withp1 = a andp2 = b, and repeatedly dividepj+1

into pi with quotientqi and remainderri, then setpi+1 = ri. Continue so long aspi+1 6= 0. The last
nonzeropi, after scaling it to make it monic, is the gcd.

In this example,p1 = x5 − x4 + 2x3 + x + 1, p2 = x3 − x2 + x − 1, p3 = 2(x2 + 2), p4 = 0.
Scalep3 to get the gcd,x2 + 1.

p3 = p1 − (x2 + 1)p2, andp3 (rescaled) is the gcd. The rescaling is dividng by2. Sox+ 2 + 1 =
a/2− (x2 + 1)/2b.

This gives us polynomialsr = 1/2, s = −(x2 + 1)/2, so one can express th gcd asra+ sb.

(24.4) Lemma (evaluation map).Given an elementc of a commutative ringr, there exists a unique
homomorphismθ : R[x]→ R which fixesR, that is,θ(a) = ax0 for eacha ∈ R, and takesx to c.

Proof: uniqueness.Sinceθ is a homomorphism, for any polynomialp = a0 + a1x+ . . . amx
m,

θ(p) = θ(a0) + θ(a1)θ(x) + . . . θ(am)(θ(x))m = a0 + a1c+ . . . amc
m. (24.5)

This fixesθ uniquely.
Existence. Again, if θ is the map defined as in the above equation 24.5, it clearly fixesR and

mapsx to c. we need show thatθ is a homomorphism
Let a polynomialp be written as a power series

∑
arx

r, wherear = 0 for r > m. Let q be
another polynomial: write it as

∑
bsx

s, again as a power series.
The mapθ is additive:θ(p) + θ(q) =

∑
arc

r +
∑
bsc

s =
∑

(ar + br)c
r = θ(p+ 1).

The mapθ is multiplicative:

θ(p)θ(q) = (
∑

arc
r)(
∑

bsc
s) =∑

r,s

arbsc
r+s =

∑
k

(
∑
r+s=k

arbs)c
k = θ(pq).

Thereforeθ is a homomorphism. Q.E.D.

(24.6) Notation Rather thanθ(f) we wrietf(c).

(24.7) Corollary LetF be a field. Givenc ∈ F andf ∈ F [x], the remainder on dividingf byx− c
is f(c).

Proof. We know there exist unique polynomialsq andr wheref = (x − c)q + r anddeg(r) <
deg(x− c). Apply the above evaluation mapθ. Since this is a homomorphism,

θ(f) = (c− c)θ(q) + θ(r)

But r has degree≤ 0, soθ(r) = r. Thereforer = f(c). Q.E.D.

(24.8) Corollary Givenc ∈ F and a polynomialf over a fieldF , (x − c) dividesf if and only if
f(c) = 0. (Trivial.)
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(24.9) Definition Two polynomial sf, g over a fieldF areassociatesof f = cg for somec 6= 0 in F .

Any polynomial of degreegeq1 has many divisors: all nonzero field elements, all its associates.

(24.10) Definition A polynomailf(x) ∈ F [x] (F a field) isirreducibleif deg(f) ≥ 1 and iff = gh,
theng is a constant andh an associate off or vice-versa.

(24.11) Lemma If p ∈ F [x] (F a field) is irreducible andp|ab, a, b ∈ F [x], thenp|a or p|b.

Proof. Supposep 6 |a: R.T.P.p|b. Sincep is irreducible andgcd(p, a) dividesp and is not an
associate ofp (sincep 6 |a), gcd(p, a) = 1 (the unity ofF ). There exist polynomialsr, s such that
rp+ sa = 1.

Thenrpb+ sab = b, andp divides the left-hand side, sop|b. Q.E.D.

From this, as with integer factorisation, te following can be proved, though we omit a proof.

(24.12) Proposition (polynomial unique factorisation theorem).LetF be a field. Every polyno-
malf of degree≥ 1 in F [x] can be expressed essentially uniquely in the form

f = ap1p2 · · · pk

wherea ∈ F andpj are irreducible monic polynomials. The factorisation is unique except for the
order of factors.

25 Gauss’s Lemma and Eisenstein’s Criterion

This section is about factorising polynomials overZ[x]. We first prove that a polynomial inZ[x] is
irreducible inZ[x] if and only if it is irreducible inQ[x]. The ‘only if’ part is the interesting part.

(25.1) Definition A polynomiala0 + a1x + . . . + anx
n in Z[x] is primitive if it is nonzero and

gcd(a0, a1, . . . , an) = 1.

(25.2) Lemma Given a nonzero polynomialf = a0 + a1x+ . . .+ anx
n in Z[x], let

d = gcd(a0, a1, . . . , an).
Letf ′ = f/d. Thenf ′ is a primitive polynomial inZ[x].

Proof. Write a′r for ar/d — soar = da′r, sinced|ar for all r. Thenf ′ =
∑
a′rx

r andf = dp′.
To show thatf ′ is primitive, suppose thatc is a positive integer dividing eacha′r. R.T.P.d = 1.For

eachr, dc dividesa′r, sodc divides eachar, sodc dividesd andc = 1. Q.E.D.

(25.3) Lemma (Gauss’s Lemma).The product of two primitive polynomials (inZ[x]) is primitive.
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Proof. Let f =
∑
arx

r andg =
∑
bsx

s be polynomials overZ, and suppose they are primitve.
Write fg =

∑
ckx

k whereck =
∑

)r + s = karbs. Let p be any prime: R.T.P. there exists ak such
thatp 6 |ck.

Let i be thesmallestindex such thatai is not divisible byp: i exists becausef is primitive. Let
j be the smallest index, which exists becauseg is primitive, such thatbj is not dividible byp. Let
k = i+ j. Considerck =

∑
r+s=k arbs.

If r < i thenp|arbs. If r > i thens < j andp|arbs. Hencep divides every term in the sum except
possiblyaibj. But p does not divideaibj since it divides neitherai nor bj. Hencep does not divide
ck. Q.E.D.

(25.4) Lemma Suppose thatf ∈ Z[x] is primitive anda, b ∈ Z. If b|af thenb|a.

Proof. Supposef = a0 + a1x+ . . .+ anxn. The GCD of the coefficients can be expressed in the
form

r0a0 + r1a1 + . . .+ rnan.

Hence this expression is 1. Ifb|aaj for eachj, then

b|ar0a0 + ar1a1 + . . .+ arnan = a,

sob|a. Q.E.D.

(25.5) Corollary A polynomial (of degree≥ 1) in Z[x] is irreducible overZ[x] if and only if it is
irreducible overZ[x].

Proof. Let a be the GCD of the coefficents in the polynomial; then the polynomial can be written
asaf wheref is primitive.

Supposeaf is reducible overQ: af = g1h1 whereg1, h1 are polynomials of positive degree in
IQ[x].

Let c′ be the LCM of the coefficients ing1, sog1 = g2/c
′ whereg2 ∈ Z[x]. Let b′ be the GCD of

the coefficients ing2, sog2 = b′g whereg is primitive. Letb/c be the reduced form of the fraction
b′/c′ sogcd(b, c) = 1. Thusg1 = bg/c. Similarly,h1 = dh/e whereh is primitive. Then

acef = bdgh.

From the above lemma,bd|ace, and by Gauss’s Lemma,gh is primitive, so by the above lemma,
ace|bd. Thereforeace = ±bd. If ace = −bd, theng can be replaced by−g andb by−b, soace = bd.

Sincec divides bd, c divides d, i.e., d/c is an integer. Similarlyb/e is an integer, anda =
(b/e)(d/c). Thus,

af = (b/e)g(d/c)h

expressesaf as a product of two polynomials inZ[x]. Q.E.D.

(25.6) Theorem (Eisenstein’s Criterion).Let f(x) = a0 + a1x + . . . + anx
n be a polynomial in

Z[x], of positive degree. Suppose that there exists a primep such that

p|ar, r = 0, . . . , n− 1; p 6 |an; p2 6 |a0.

Thenf is irreducible overZ[x], hence also overQ[x].
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Proof. Suppose

a0 + . . .+ anx
n = (b0 + b1x+ . . .+ bkx

k)(c0 + c1x+ . . .+ c`x
`)

wherebj andcj are integers. Sincep dividesa0 butp2 does not, anda0 = b0c0, p divides exactly one
of b0 andc0. Without loss of generality,p does not divideb0 and dividesc0.

Prove by induction onj thatp dividescj, for 0 ≤ j ≤ `. Assuming the result forj with j < `,
consideraj+1 =

∑
r+s=j+1 brcs.

This isb0cj+1 +
∑j+1

r=1 brcj+1−r. Every term in the latter sum is divisible byp, and so isaj+1 since
j + 1 ≤ ` < `+ k = n. Thereforep|b0cj+1 andp 6 |b0 sop|cj+1. This concludes the inductive proof.

Thereforep divides all coefficientscj, sop|bkc`, i.e.,p|an. But this is false, so the factorisation
does not exist. Q.E.D.

26 Ring homomorphisms and ideals

(26.1) Definition A left ideal in a ringR is a subringI such that for everya ∈ I andr ∈ R, ra ∈ I.
A right idealin a ringR is a subringI such that for everya ∈ I andr ∈ R, ar ∈ I.
A (2-sided)idealI in R is a subring which is both a left and a right ideal.

Example. In M(2,R), {[
x 0
y 0

]
: x, y ∈ R

}
is a left ideal but not a right ideal.

Example. Every additive subgroup ofZ is an ideal, because every such subgroup is of the form
〈g〉, the set of all multiples ofg, and ifa is a multiple ofg then so isra = ar for every integerr.

For any commutative nunital ringR and anya ∈ R, the setra : r ∈ R is an ideal containinga.
A field F has no nontrivial ideals, that is, ifI 6= {0} is an ideal inF , I contains some nonzerox,

so it containsx−1x, hence containsrx−1x = r for everyr ∈ F , soI = F .

(26.2) Lemma Let θ : R1 → R2 be a ring homomorphism. Then its kernel is an ideal inR1.

(26.3) Definition Given a ringR and an idealI in R, there are well-defined addition and multipli-
cation operations on the cosetsr + I of I:

(r1 + I) + (r2 + I) = (r1 + r2) + I;

(r1 + I)(r2 + I) = (r1r2) + I.

With these definitions, the setR/I of cosets ofI form a ring.

Proof. SinceR,+ is an abelian group, addition as given here is well-defined and makesR/I an
abelian group under addition.

To show it is well-defined under multiplication, supposer1 + I = r′1 + I andr2 + I = r′2 + I.
Thenr1 − r′1 ∈ I r2 − r′2 ∈ I. R.T.P.r1r2 + I = r′1r

′
2 + I.
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SinceI is a (2-sided) ideal,(r1− r′1)r2 + r′1(r2− r′2) ∈ I. That is,r1r2− r′1r′2 ∈ I, sor1r2 + I =
r′1r
′
2 + I, as required.

(r1 + I)((r2 + I)(r3 + I)) = (r1 + I)(r2r3 + I) = r1(r2r3) + I

= (r1r2)r3 + I = (r1r2 + I)(r3 + I) = ((r1 + I)(r2 + I))(r3 + I),

so multiplication is associative.

(r1 + I)((r2 + I) + (r3 + I)) = (r1 + I)((r + 2 + r3) + I) = (r1(r2 + r3) + I) =

((r1r2) + (r1r3)) + I = (r1r2 + I) + (r1r3 + I) =

(r1 + I)(r2 + I) + (r1 + I)(r3 + I),

so one of the distributive laws holds. The other distibutive law

((r1 + I) + (r2 + I))(r3 + I) = (r1 + I)(r3 + I) + (r2 + I)(r3 + I)

is proved in the same way. Q.E.D.

(26.4) Definition R/I is called a quotient ring, the quotient ofR by I.

(26.5) Theorem (isomorphism theorem for rings).Letθ : R1 → R2 be a ring homomorphism, and
let I = ker(θ).

Then there is a well-defined mapθ : R1/I → R2 which carriesR1/I isomorphically onto the
image ofθ.

Proof. Defineθ(a+ I) = θ(a).
To showθ is well-defined, suppose thata+ I = b+ I: R.T.P.θ(a) = θ(b).
Sincea− b ∈ I, θ(a− b) = 0, soθ(a)− θ(b) = 0, soθ(a) = θ(b), as required.
Givena, b ∈ R1,

θ((a+ I) + (b+ I)) = θ((a+ b) + I) =

θ(a+ b) = θ(a) + θ(b) = θ(a+ I) + θ(b+ I),

soθ is additive.

θ((a+ I)(b+ I)) = θ(ab+ I) =

θ(ab) = θ(a)θ(b) = θ(a+ I)θ(b+ I),

soθ is multiplicative, a homomorphism.
For anyy in the image ofθ, y = θ(x) for somex ∈ R1, soy = θ(x+ I), that is,y is in the image

of θ, Conversely, ify is in the image ofθ then it is in the image ofθ, soθ takesR1/I surjectively onto
the image ofθ.

Finally, if θ(a+ I) = θ(b+ I), thenθ(a) = θ(b), soθ(a− b) = θ(a)− θ(b) = 0, soa− b ∈ I, so
a+ I = b+ I. Thereforeθ is injective, so it carriesR1/I isomorphically onto the image ofθ. Q.E.D.

Example. For any positive integerb, the mapZ → Zb takingm tom mod n is a ring homom-
rphism, andZn

∼= Z/(n), where(n) denotes the ring ideal generated byn — identical as a set with
the additive subgroup〈n〉 of Z.

57



27 Principal ideal domains

(27.1) Definition LetR be a ring,a ∈ R, The smallest ideal containinga is called the ideal gener-
ated bya and written(a).

If R is commutative and unital,(a) = {ra : r ∈ R}.

(27.2) Definition An integral domainD is called aprincipal ideal domainif for every idealI in D,
I = (a) for somea ∈ I.

Examples.Z is a principal ideal domain.
If F is a field, thenF [x] is a principal ideal domain.
Z[x] is nota principal ideal domain.

(27.3) Lemma If F is a field thenF [x] is a principal ideal domain.

Proof. Let I be an ideal inF [x]. If I = {0} then I = (0). Otherwise, letd be a nonzero
polynomial of minimal degree inI.

For anyf ∈ I, f = qd+ r wheredeg(r) < deg(d), by the division algorithm.
Sincer = f − qd ∈ I anddeg(r) < deg(d), r must be zero, sof = qd, sof ∈ (d). Therefore

I = (d). Q.E.D.

28 Quotient rings ofF [x]

Throughout this sectionF will be a field.

(28.1) Theorem Suppose thatp is an irreducible polynomial inF [x]. ThenF [x]/(p) is a field con-
taining a subfield isomorphic toF , over which the polynomialp has a linear factor.

Proof. Sincep is irreducible,p has positive degree. Without loss of generalityp is monic.
Let 1 be the unity ofF . For any polynomialf , (1 + (p))(f + (p)) = f + (p), andF [x]/(p) is

commutative, soF [x]/(p) is unital with unity1 + (p).
Let f + (p) be an element of the quotient ring. Ifgcd(p, f) 6= 1 thengcd(p, f) = p, p dividesf ,

andf ∈ (p). Otherwisegcd(p, f) = 1, so there exist polynomialsr ands such thatrf + sp = 1, so
rf ∈ 1 + (p) Thenr + (p) is the reciprocal off + (p) in F [x]/(p). ThereforeF [x]/(p) is a field.

Sincep has positive degree, the only constant element of(p) is 0. Therefore, for anya, b ∈ F , if
a 6= b thena− b /∈ (p), soa− b+ (p) 6= (p), soa+ (p) 6= b+ (p). Therefore the quotient map acts
injectively on constant polynomials, i.e., elements ofF , soF is mapped isomorphically to a subring
of F [x]/(p), which is a subfield.

Let K denoteF [x]/(p). Sincex + I ∈ K, to writeK[x] would be ambiguous, so we choose a
new indeterminatey and consider the ringK[y] of polynomials with indeterminatey and coefficients
in K.

If p(x) = a0+a1x+. . .+amx
m in F [x], there is a similar polynomialp(y) = a0+a1y+. . .+amy

m

in K[y],
To show thatp(y) has a linear factor inK[y], it is enough to show, by the factor theorem (Corollary

24.8), thatp(y) has a zero inK: we shall prove thatx+ (p) is a zero forp(y) in K.
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One can easily prove by induction that for any polynomialf(y) ∈ K[y], f(x+(p)) = f(x)+(p).
In particular,p(x + (p)) = p(x) + (p) = (p), the zero in the quotient ringF [x]/(p). In other

words,x+ (p) is a root of the polynomialp(y) in K[y], as claimed. Q.E.D.

(28.2) Lemma If f ∈ F [x] is reducible, thenF [x]/(f) is not an integral domain.

Proof. Write f = gh whereg, h are polynomials of positive degree. Since all nonzero elements
of (f) have degree at least that off , g + (f) andh+ (f) are both nonzero (i.e., different from(f)).

Then(g + (f))(h+ (f)) = gh+ (f) = (f), sog + (f) andh+ (f) are zero divisors. Q.E.D.

29 Dimension of extension fields

For simplicity, most fields considered will be subfields ofC. This is justified by the is the so-called

(29.1) Proposition (Fundamental theorem of algebra.)Every non-constant polynomal inC[x]
splits into a product of linear factors inC[x]. (Proof omitted.)

We require some linear algebra.

(29.2) Let K be a field, In the context of vector spaces, elements ofK are calledscalars, and
elements of the vector space are calledvectors. A vector spaceV overK is an abelian groupV,+
together with a law ofmultiplicication by scalars: if α ∈ K andxinV thenαx is another vector in
V . There are other axioms, such as1x = x, α(u+ v) = (αu) + (αv), etcetera. Details are omitted.

Examples.

• The ‘cartesian plane’R×R, with (x1, y1)+(x2, y2) = (x1+x2, y1+y2) andα(x, y) = (αx, αy).

• Rn overR.

• Kn overK, whereK is a field.

• R[x] with constant polynomials treated as scalars.

• Polynomials of degree≤ 2 in R[x].

• Q[
√

2], viewed as a vector space overQ.

• R, viewed as a vector space overQ.

• If K is a subfield ofL then we callL an extension field overK. It can be considered as a vector
space overK.

(29.3) Definition A linear isomorphismθ : V → W of vector spaces overK is a bijective map which
preserves addition and multiplication by scalars.

Equivalently, for allv1, v2 ∈ V andα1, α2 ∈ K,

θ(α1v1 + α2v2) = α1θ(v1) + α2θ(v2).

If W = Kn (K being the field),θ is called acoordinate system.
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Coordinate systems are usually related to what are calledbases:

(29.4) Definition LetV be a vector space over a fieldK. An ordered listx1, . . . , xn ∈ V of vectors
is called afinite basisif for everyv ∈ V there exists auniquelist of scalars(α1, . . . αn) such that

v = α1x1 + . . . αnxn

(29.5) Lemma If x1, . . . , xn is a finite basis, then withv andα1, . . . , αn as in tbe above definition,
the map

θ : v 7→ (α1, . . . , αn)

is a coordinate system.
Conversely, ifθ : V → Kn is a coordinate system,x1 = θ−1((1, 0, . . . , 0)), x2 = θ−1((0, 1, 0, . . . , 0)),

etcetera, thenx1, . . . , xn is a basis from whichθ can be defined in this way.

For example,(1, 0), (0, 1) is a basis forR2. So is(1, 2), (3, 4).
Question: Is(1, 2, 3), (4, 5, 6), (7, 8, 9) a basis forR3?

(29.6) Definition A vector spaceV is finite-dimensionalif there exists a finite basis forV .

Infinite-dimensional vector spaces exist, but are not of interest here.

(29.7) Lemma If X, Y are (finite) bases forV andX ⊆ Y thenX = Y . (Proof: exercise.)

(29.8) Lemma (Exchange Lemma.)If X andY are both (finite) bases for a vector spaceV . and
x ∈ X, then there exists a vectory in Y such thatY \{y} ∪ {x} is also a basis forV . (Proof not very
difficult, but omitted.)

(29.9) Corollary If V is a finite-dimensional vector space, then any two bases contain exactly the
same number of vectors.

Proof. Notice thatY \{y} ∪ {x} has the same cardinality asY . Repeating the exhange process
sufficiently often, we end up with a basisY ′ which has the same cardinality asY and containsX.
From Lemma 29.7,|X| = |Y ′|. Since|Y | = |Y ′|, |Y | = |X|. Q.E.D.

(29.10) Definition Thedimensionof a finite-dimensional vector space is the number of elements in
any (finite) basis.

If K ⊆ L are fields, andL is considered as a vector space overK, then the dimension ofL is
written [L : K] and called thedegreeofL overK.

Remark. [R : Q] =∞.

(29.11) Definition LetK be a subfield ofC, say.
If u is an element ofC, thenK[u] denotes the subring ofC consisting of expressionsf(u), where

f(x) ∈ K[x].
If p(u) = 0 for some polynomialp ∈ K[x]. thenu is calledalgebraic overK
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(29.12) Lemma For any subfieldK of C and anyu ∈ C,
(i)the set{p ∈ K[x] : p(u) = 0} is an ideal inK[x].
(ii) This ideal is nontrivial if and only ifu is algebraic overK.
(iii) If u is algebraic overK then there exists a unique monic irreducible polynomialp such that
p(u) = 0
(iv) If u is algebraic overK thenK[u] is a finite-degree extension field ofK, and [K[u] : K] is the
degree of this unique polynomialp.

Proof. (i) This set contains the zero polynomial, and for any polynomialsf(x), g(x), h(x) ∈
K[x], f(u) = 0 andg(u) = 0 implies(f + g)(u) = 0 and(hf)(u) = 0, so the set is an ideal inK[x].

(ii) Clearly, this ideal, call itI, contains no constant polynomial except0. ThusI is nontrivial if
and only if it contains some nonconstant polynomial, or equivalentlyu is algebraic overK.

(iii) Suppose thatu is algebraic overK, let I be the ideal as discussed, and letp be the unique
monic polynomial generatingI. If p = qr whereq andr are monic polynomials of lower degree,
thenq ∗ u) = 0 or r(u) = 0 soq ∈ I or r ∈ I, which is impossible. Thereforep must be irreducible.

If q is any irreducible monic polynomial such thatq(u) = 0, thenp divides the irreducible poly-
nomialq, sop = q, so there is exactly one such irreducible monic polynomial.

(iv) Write the polynomialp as

p(x) = xn + an−1x
n−1 + . . .+ a0.

If n = 1 thenu = a0 belongs toK andK[u] = K. In general, sincep(u) = 0, un can be expressed
as a polynomial of degree at mostn− 1 in K[u], and hence, by a simple inductive argument, for any
k ≥ n uk can be expressed as a polynomial of degree at mostn − 1 in K[u]. Thus, every elementv
of K[u] can be expressed in the form

v = α0 + α1u+ α2u
2 + . . .+ αn−1u

n−1.

Furthermore, ifv could be expressed differently as

v = β0 + β1u+ β2u
2 + . . .+ βn−1u

n−1,

then the polynomial

q(x) = (αn−1 − βn−1)xn−1 + (αn−2 − βn−2)xn−2 + . . . (α0 − β0)

would have the property thatq(u) = v − v = 0, soq would belong toI, anddeg(q) < n, butq 6= 0,
which is impossible. In other words,

1, u, u2, . . . , un−1

is a basis forK[u] as a vector space overK, so[K[u] : K] = n.
Finally, to show thatK[u] is a field, we need show that any nonzero element has a reciprocal in

K[u]. Let v be any nonzero element ofK[u]. There exists a polynomialf(x) of degree at mostn− 1
such thatv = f(u). Sincedeg(f) < n andf is nonzero,p(x) does not dividef(x). Therefore the
gcd(p, f) = 1. Therefore there exist polynomialsr ands such thatr(x)p(x) + s(x)f(x) = 1. Then
r(u)p(u) + s(u)f(u) = 1, i.e.,s(u)v = 1, sos(u) is the reciprocal ofv. Q.E.D.
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(29.13) Definition The polynomial introduced above is called theminimum polynomialfor u over
K.

(29.14) Definition LetV be a vector space over a fieldK. A listx1, . . . , xk of vectors inV is linearly
independentif the only possible list of scalarsα1, . . . , αk such that

α1x1 + . . .+ αkxk = 0

is α1 = α2 = . . . = αk = 0.

(29.15) Lemma (Another exchange lemma.)(i) Suppose thatX is a linearly independent list of
vectors andY a finite basis in a vector spaceV . Then for everyx ∈ X there exists ay ∈ Y such that
Y \{y} ∪ {x} is another basis.
(ii) X can be extended to a basis contained inX ∪ Y .

(Proof omitted. Part (ii) follows by induction.)

(29.16) Lemma SupposeK is a subfield ofC andu ∈ C andK[u] is a finite-dimensional vector
space overK. Thenu is algebraic overK, and its minimum polynomial has degreen.

Proof. Let the dimension ofK[u] ben, so

1, u, u2, . . . , un

is not contained in any basis, so by the above lemma, is not linearly independent. Therefore there
exists a listα0, . . . , αk, wherek ≤ n andαk 6= 0, such that

α0 + α1u+ . . . αku
k = 0.

Thereforeu is algebraic overK, and its minimum polynomial has degree≤ k. By Lemma 29.12
(iv), [K[u] : K] = k, sok = n. Q.E.D.

(29.17) Lemma LetK ⊆ L ⊆ M be fields and suppose[L : K] < ∞ and [M : L] < ∞. Then
[M : K] = [M : L][L : K] <∞.

Proof. Let u1, . . . , uk be a basis forL overK, and letv1, . . . , vm be a basis forM overL. Claim
that

{uivj : 1 ≤ i ≤ k, 1 ≤ j ≤ m

is a basis forM as a vector space overK.
For anyx ∈ M , x =

∑
αjvj for unique scalarsαi ∈ L. For eachi, αj =

∑
βijui for unique

scalarsβij ∈ K. Thenx =
∑
βijuivj for unique scalarsβij. Q.E.D.

(29.18) Corollary If u is algebraic overK andv is algebraic overK[u] thenv is algebraic overK.

Proof. [K[v] : K] = [K[v] : K[u]][K[u] : K] <∞. Q.E.D.
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30 Ruler-and-compass constructions

Ruler and compass constructions can be imagined to occur in the cartesian plane, where we begin,
say, with the points(0, 0 and(1, 0). The point(0, 1) is easily constructed, and any point(x, y) where
x andy are integers, or even rational.

In general, with ruler and compass, one can produce the line through two points, the point on a
line closest to a given point, and

• The point where two non-parallel lines intersect

• The points where a line and a circle intersect

• The points where two circles intersect

(30.1) Definition A real numberu is constructibleif the point(u, 0) can be constructed in this way.

(30.2) Proposition A real numberu is constructible if and only if there exists a lista1, . . . , ak of real
numbers withu ∈ Q[a1, . . . , ak] anda2

i+1 ∈ Q[a1, ldots, ai] for 0 ≤ i ≤ k − 1 (Proof omitted.)

(30.3) Corollary If u is constructible, then it is algebraic and the degree of its minimum polynomial
is a power of 2.

(30.4) Corollary The angle20◦ cannot be constructed by ruler and compass.

Proof. Let x = 2 cos(20◦). It is enough to show thatx is not a constructible real number. For any
angleθ, by De Moivre’s Theorem,

cos(3θ)+i sin(3θ) = (cos(θ)+i sin(θ))3 = cos3(θ)+3 cos2(θ)(i sin(θ))+3 cos(θ)(i sin(θ))2+(i sin(θ)3,

cos(3θ) = 4 cos3(θ)− 3 cos(θ),

If θ = 20◦ thencos(3θ) = 1/2, so

4(x/2)3 − 3(x/2)− 1/2 = 0,

sox3 − 3x− 1 = 0.
Replacex by x + 1, gettingx3 + 3x2 + 3, This latter polynomial is irreducible by Eisenstein’s

Criterion, sox3 − 3x − 1 is irreducible. Since the minimal polynomial of2 cos(30◦) has degreee
three, this number is not constructible, socos(20◦) is not constructible. Q.E.D.

Since60◦ is constrictible, the following is immmediate.

(30.5) Theorem There is no general method to trisect an angle by ruler and compass.
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There exist ‘cheating’ ruler-and-compass methods to trisect an angle, hinted at by the illustration
below. To trisect the angleaOb, construct the semicircle as illustrated, with unit radius say. Take a
ruler on which two pointsd andc have been marked, at unit distance apart. Keepingd on the baseline
aO andc on the semicircle, adjust the placement of the ruler until it passes through the pointb. Then
âdb = (1/3)âOb.

This goes beyond the ‘legitimate’ ruler-and-compass constructions which can solve only linear
and quadratic equations.

x x
2x

2x

3x
O a

b

c

d

31 Cubic equations

All polynomialsp(x) considered will have, say, rational coefficients:p ∈ Q[x], and we know that all
their zeros can be found in the complex planeC.

Remember that finding all complex solutions to an equationp(x) = 0 is equivalent to expressing
it as a product of linear factors(Factor Theorem).

It is known (Fundamental Theorem of Algebra) thatC is algebraically closed, that is, every
polynomialp(x) in C[x] of nonzero degree can be factored completely inC[x].

The familiar rule for factorising a polynomialax2 + bx+ c asa(x− α)(x− β) is

α = (−b+
√
b2 − 4ac)/2a, β = (−b−

√
b2 − 4ac)/2a

Notice thatα + β = −b/a andαβ = c/a.
In C there are three distinct solutions tox3 − 1 = 0. x3 − 1 = (x − 1)(x − ω)(x − ω2) where

ω = e2πi/3 = cos(120◦ + i sin(120◦). Herei =
√
−1.

More simply,ω = (−1 + i
√

3)/2 andω2 = (−1− i
√

3)/2 = ω = 1/ω.
To solve the equation

ax3 + bx2 + cx+ d = 0, (31.1)

or equivalently, to factorise the polynomial, we apply several transformations. First

divide bya and substitutex = y − b

3a

producing an equation fory in which the quadratic part vanishes: it has the form

y3 + py + q = 0. (31.2)

Next, substituting

y = z − p

3z
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and multiplying byz3 throughout produces an equation of the following form:

z6 + qz3 − p3

27
= 0 (31.3)

which can be solved as a quadratic equation inz3. From this all solutions to (31.1) can be found.
Choose someα, and letβ = p/(3α), so

z6 + qz3 − p3

27
= (z3 − α3)(z3 − β3)

The six possible values ofz areα, ωα, ω2α, β, ωβ, ω2β, whereω is a primitive cube root of unity,
sayω = (−1+i

√
3)/2 = e2πi/3. Thenz−p/(3z) takes on the valuesα+β, ωα+ω2β, andω2α+ωβ.

These are the three possible rootsy, from which the three values ofx can be deduced.

Example. 2x3 + 3x2 − 12x− 3 = 0. (31.4)

Divide by2, and substitutex = y − 1/2.

y3 − 3

2
y2 +

3

4
y − 1

8
+

3

2
y2 − 3

2
y +

3

8
− 6y + 3− 3

2
= 0.

Simplify, getting the form (31.2).

y3 − 27

4
y +

7

4
= 0.

Substitutey = z + 9/4z.

z3 +
27

4
z +

243

16z
+

729

64z3
− 27

4
z − 243

16z
+

7

4
= 0.

Multiply by z3.

z6 +
7

4
z3 +

729

64
= 0.

So the form (31.3) has been reached; solve forz3.

z3 =
−7± i

√
680

8
.

Letα be one of the six possible values ofz, β its complex conjugate. The solutions forz then are

α, ωα, ω2α, β, ωβ, ω2β.

whereω = (−1 + i
√

3)/2 is a primitive cube root of 1. Its square is its conjugate:ω2 = ω̄.
Also

z6 +
7

4
z3 +

729

64
= (z − α3)(z − β3).

Hence(αβ)3 = 729/64. Sinceαβ is positive, it must equal9/4, so|α| = 3/2, and

9

4α
=

9ᾱ

4αᾱ
= ᾱ = β.
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So withz = α, z + 9/(4z) = α + β. Similarly with ωα andω2α. This gives us three, not six,
solutions fory. Subtracting1/2 we get the solutions for the original equation.

To simplify this further, expressα in polar form. Thus,α = |α|eiφ where

φ =
tan−1(−

√
680

7
)

3
.

Warning about inverse tan function. One must here be careful usingtan−1. It
has the range(−π/2, π/2), whereas, in this example,3φ is in the second quadrant (real part negative,
imaginary part positive), betweenπ/2 andπ. tan(3φ) = −3.72525848, and applying inverse tan to
this we get−1.30854116 radians. This is in the fourth quadrant. Now the tan function is periodic with
periodπ, so we should addπ = 3.14159264 to this number to get the correct value of3φ: 1.83305148
radians. Thereforeφ = .61101716 radians.

Thenα + β = 2r cos(φ) = 3 cos(φ) = 2.45719467. This is one of the solutions fory.

−1

2
+ 3 cos(φ),−1

2
+ 3 cos(φ+ 2π/3),−1

2
+ 3 cos(φ+ 4π/3).

Using the simple UNIX ‘bc’ program gives the following numerical results: (In bc, variables are
just one letter, sop meansπ andf meansφ.)

scale = 10
Calculate pi = 3.1415926532

p=4*a(1)
Next, phi

f = p-a(sqrt(680)/7)
f=f/3

Now phi = .6110171617
a=-.5+3*c(f)

First solution, a:
1.9571946853

Check it:
2*a*a*a+3*a*a=-12*a-3
.0000000076

Second solution:
f=f+2*p/3
a=-.5+3*c(f)
-3.2191159460

Check it:
2*a*a*a+3*a*a-12*a-3
.0000000284

Third solution:
f=f+2*p/3
a=-.5+3*c(f)
-.2380787405

Check it:
2*a*a*a+3*a*a-12*a-3
.0000000321

Exercises.Solve the following.

(i) 2x3 + 3x2 − 12x+ 7 = 0 (ii) 2x3 + 3x2 − 12x+ 17 = 0.

32 The Galois group of an extension field

(32.1) Definition LetK ⊆ L be fields. TheGalois groupof L overK, G(L/K), is the group of all
those automorphisms ofL which leaveK fixed.

(32.2) Example.G(K/K) = {e}, obviously.
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(32.3) Example.G(C/R): let g be an automorphism ofC which fixesR.
Considerg(i). Sincei2 = −1, g(i)2 = g(−1) = −1 becauseg fixes−1. Thereforeg(i) = ±(i).
For any complex numberx+ iy, g(x+ iy) = g(x) + g(i)g(y) = x+ (g(i))y = x± iy.
Thusg can be either the identity or complex conjugation. Since both of these are automorphisms

which fix R,G(C/R) is {identity, complex conjugation}.

(32.4) Definition Supposeg : L → M is an isomorphism of fields. Sometimes to avoid clutter we
write ga rather thang(a). Given a polynomialp(x) ∈ L(x), suppose

p(x) = a0 + a1x+ . . .+ anx
n.

Theng(p) or gp is the polynomial

ga0 + ga1x+ . . .+ ganx
n.

(32.5) Lemma Withg : L→M as above, for anyu ∈ L, g(p(u)) = (gp)(gu). (Trivial).

In studyingG(C/R), the observation thatg(i)2 = −1 was important. It is generalised by the
following observation:elements ofG(L/K) permute the roots of polynomials. This is put more
directly in the following corollary to the above lemma.

(32.6) Corollary Let g ∈ G(L/K). For anyu ∈ L, if u is algebraic overK with minimum polyno-
mial p, theng(u) is algebraic with the same minimum polynomial.

Proof. Sinceg ∈ G(L/K), g(p) = p. Thereforep(gu) = (gp)(gu) = g(p(u)) = g0 = 0. Q.E.D.

(32.7) Example. Let K + Q, L = K[
√

2]. The minimum polynomial of
√

2 overK is x2 − 2.
Elements of the Galois group must permute the roots of this polynomial. The candiates arex+y

√
2 7→

x± y
√

2. Both of these are automorphisms.

(32.8) Example.LetK + Q, L = K[ 3
√

2]. The minimum polynomial of3
√

2 overK is x3 − 2. Any
element of the Galois group must permute these roots. However,L contains only one of the three
roots, soG(L/K) = {e}.

(32.9) Example.Supposeω = e2pi/3. a cube root of1, andu = 3
√

2. LetK + Q[ω], L = K[u].
The minimum polynomial ofω andω2 is x2 + x + 1. As is always the case with quadratic

extension fields.G(K/Q) has two elements, the identity and that sendingω to ω2 (actually just
complex conjugation).

The minimum polynomial ofu overQ is x3 − 2.
Observe thatx3−2 is the minimum polynomial ofu overK. [Q[u] : Q] = 3, whereas[K : Q] =

2. Therefore, by the degree theorem for extension fields.u /∈ K. The same goes for the other roots
of the polynomial, namelyωu andω2u. SinceK contains no root ofx3 − 2, it has no linear factor
overK, so (being cubic)x3 − 2 is irreducible overK, as claimed.

Therefore[L : K] = 3. This timeL contains all three roots of the minimum polynomial ofu over
K. L has a basis1, u, u2 as a vector space overK. Any automorphism ofL which fixesK is defined
uniquely by its effect onu, and it must sendu to u, ωu, or ω2u. The first possiblity gives the identity
automorphiism. Consider the second, whereu 7→ ωu.
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For anya, b, c ∈ K (the coefficients are complex numbers),a + bu + cu2 7→ a + bωu + cω2u2.
This is clearly additive and clearly bijective. To check the multiplicative property, note thatu3 = 2
andu4 = 2u, so

(a+ bu+ cu2)(c+ du+ eu2) = ac+ 2be+ 2cd+ (ad+ 2ce)u+ bdu2

and

(a+ bωu+ cω2u2)(c+ dωu+ eω2u2) = ac+ 2be+ 2cd+ (ad+ 2ce)ωu+ bdω2u2

so the map is multiplicative, an automorphism. Similarly there is a unique automorphism takingu to
ω2u. ThusG(L/K) is cyclic of order 3.

Also, conjugation is an automorphism ofL fixing Q, soG(L/Q) contains an automorphism
exchangingωu with ω2u. This is an element of order 2, andG(L/Q) ⊇ G(L.K) contains a 3-cycle
on the three rootu, ωu, ω2u. ThusG(L/Q) permutes these roots in all possible ways, and every
permutation defines a unique automorphism, soG(L/Q) ∼= S3.

(32.10) Definition Let J ⊆ N be fixed fields. For any fieldL with J ⊆ L ⊆ N , let L′ be that
subgroup of automorphismsα ∈ G(N/J) which fixL.

The fieldsJ andN are left implicit in this notation.

All extensions are assumed to have finite degree. Note that ifL ⊆M thenM ′ ⊆ L′.

(32.11) Lemma LetJ andN be fixed (with[N : J ] <∞). For anyK,L,M withJ ⊆ K ⊆M ⊆ N ,
[K ′ : M ′] ≤ [M : K].

Proof. By induction. Obviously true ifM = K. If there exists a fieldL with K ⊂ L ⊂ M and
K,L,M distinct, then one can assume by induction that[L′ : M ′] ≤ [M : L] and[K ′ : L′] ≤ [L : K],
so [K ′ : M ′] = [K ′ : L′][L′ : M ′] ≤ [L : K][M : L] = [M : K]. Hence we should assume that there
is no field properly betweenK andM , in which caseM = K[u] for someu algebraic overK.

Observe that for any left coset ofK[u]′, the effect onu is the same. In other words, ifg1, g2 ∈ K ′
whereg−1

1 g2 ∈ K[u]′, g−1
1 g2(u) = u sog1u = g2u. On the other hand, ifg1, g2 ∈ K ′ andg1u = g2u,

theng−1
1 g2u = u, andg−1

1 g2 fixesK, sog−1
1 g2 fixesK[u]. Therefore[K ′ : K[u]′] is the number of

different values ofgu, whereg runs overK ′. Sincegu must always be a root of the same irreducible
polynomial (overK), there are[K[u] : K] possibilities. Hence[K ′ : M ′] ≤ [M : K] as required.
Q.E.D.

(32.12) Corollary If K ⊆M are fields and[M : K] ≤ ∞ then|G(M/K)| ≤ [M : K].

Proof. With K = J andM = N , K ′ = G(N/J) = G(M/K) andM ′ = {e} so [K ′ : M ′] =
|G(M/K)| ≤ [M : K]. Q.E.D.
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33 Normal field extensions

(33.1) Definition LetK ⊆ M be fields. ThenM is a normal extensionofK if for everyu ∈ M\K
there existsg ∈ G(M/K) such thatgu 6= u.

As usual, we are considering only subfields ofC.
Furthermore, we are considering only extensions of finite degree ofQ. These contain only alge-

braic numbers.

(33.2) Lemma LetM be a normal extension ofK and letu be any element ofM . Since it is assumed
thatM has finite degree,u is algebraic overK. Letp(x) be its minimum polynomial overK. Then
M containsall the roots ofp(x).

Proof. Let u1, . . . , um be the roots ofp inM , som ≥ 1. Writep(x) = (x−u1) · · · (x−um)q(x),
soq(x) = p/((x − u1) · · · (x − um)). Since every element ofG(M/K) only permutes the roots of
p in M , gq = q for every suchg. Thus all the coefficients ofq are fixed byg. SinceM is normal
overK, this implies that all coefficents ifq are inK, soq ∈ K[x] is a proper divisor ofp. Sincep is
irreducible,q is constant and all the roots ofp are inM . Q.E.D.

(33.3) Lemma LetM be a normal extension ofK, with [M : K] <∞. Then|G(M/K)| = [M : K].

Sketch of proof. This argument requires some linear algebra, and we only give a sketch.
Suppose thatu1, . . . , um are a basis forM overK, and supposeG(M/K) = g1, . . . , gk, where

k < m = [M : K]. Thek ×m matrixgiuj has coefficients inM .
In the usual way, define the kernel of this matrix as the set of all listsa1, . . . , am of elements of

M such that
∑
giujaj = 0, 1 ≤ i ≤ k.

Since it has fewer rows than columns, the kernel contains at least one such lista1, . . . , am ∈ M ,
wher enot all are zero.

Without loss of generality the first` numbersaj are nonzero, and the lastm− ` are zero,a1 = 1,
and the list has been chosen to make` as small as possible (as many elements as possible are zero).

For anyg ∈ G(M/K) and1 ≤ i ≤ k, g−1gi is another element ofG(M/K), so,
∑
g−1giujaj =

0. Applying g, we get
∑
giuj(gaj) = 0. Thus the listgaj is also in the kernel.

One of the equations is given by the identity automorphism, so one of the equations says that∑
ujaj = 0. Since theuj are linearly independent overK, it follows that not all theaj are inK.

SinceM is a normal extension, there exists ag inG(M/K) and anaj such thatgaj 6= aj. On the other
hand,ga1 = g1 = 1 = a1, Therefore the listb1 = a1− ga1, b2 = a2− ga2, . . . , bm = am− gam is not
all zero but has fewer nonzero elements thana1, a2, . . . , am. On the other hand, it is the difference of
two elements of the kernel, so it is also in the kernel, and has fewer nonzero elements, a contradiction.
Hencek ≥ m.

But we already know that|G(M/K)| ≤ [M : K] (Corollary 32.12), so|G(M/K) = [M : K].
Q.E.D.

(33.4) Lemma If |G(M/K)| = [M : K] <∞ thenM is a normal extension.

Proof. Let L be the subfield ofM fixed by all automorphisms inG(M/K). NoteG(M/L) =
G(M/K), andM is a normal extension ofL. Also [M : K] = |G(M/K)| = |G(M/L)| ≤ [M : L].
SinceK ⊆ L, L = K. Q.E.D.
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34 Splitting fields and stable intermediate fields

(34.1) Definition Given fieldsK ⊆ L ⊆M , L is astable intermediate fieldif for all g ∈ G(M/K),,
g(L) ⊆ L.

(34.2) Lemma If K ⊆ L ⊆M ,M is a normal extension ofK, and[M : K] <∞, andL is a stable
intermediate field, letG = G(M/K) andH be the subgroup of all automorphisms inG which fixL.
Letρ be the ‘restriction map’ which sends everyg ∈ G to the restriction ofg toL.

ThenL is a normal extension ofK, M is a normal extension ofL, ρ is a homomorphism, its
image isG(L/K), and its kernel isH, soH CG(M/K) andG(L/K) ∼= G/H.

Proof. SinceL is stable, for everyg ∈ G the restrictionρ(g) mapsL intoL, soρ(g) ∈ G(L/K).
If u ∈ L\K, thenu ∈ M\K, so there exists ag ∈ G such thatgu 6= u. Then(ρ(g))u = gu 6= u,

soL is a normal extension.
Giveng1, g2 ∈ G, x ∈ L,

(g1 ◦ g2)x = g1(g2x) = g1(ρ(g2)x) = (ρg1)((ρg2)(x)) = ρ(g1) ◦ ρ(g2)(x),

soρ is a homomorphism intoG(L/K).
For anyg ∈ G, g fixesL if and only if ρ(g) is the identity inG(L/K), so the kernel ofρ is H,

which is therefore a normal subbgroup ofG, and the image ofρ is isomorphic toG/H.
Finally, |ρ(G)| = |G|/|H| ≥ [M : K]/[M : L] = [L : K], soρ(G) = G(L/K) andL is a normal

extension ofK. Then|H| = [M : L] = [M : K]/[L : K] soM is a normal extension ofL. Q.E.D.

(34.3) Definition LetQ ⊆ K ⊆ L ⊆ C be fields. If there exists a polynomialf in K[x] such thatL
is generated by all the roots off , thenL is called asplitting fieldoverK. If K is not mentioned then
it is assumed thatK = Q.

(34.4) Definition LetM be a normal extension ofK, K ⊆ L ⊆ M a splitting field overK. ThenL
is a stable intermediate field.

Proof. Supposef is the polynomial whose roots generateL over K. Then any element of
G(M/K) merely permutes the roots off , soL is a stable intermediate field. Q.E.D.

35 Radical field extensions and solvability

(35.1) Definition A radical extensionof a fieldL is either one of the formL[u] where the minimum
polynomial ofu overL is xn − a for some integern anda ∈ L, or (recursively) a radical extension
of a radical extension.

A polynomial equationp(x) = 0 is solvable by radicalsif there exists a radical extension ofQ
containing at least one root ofp.

(35.2) Lemma LetL be a (finite-degree) normal extension ofK andu ∈ C has minimum polynomial
xp − a overL wherep is prime. Suppose also thatL contains allp-th roots of unity. ThenL[u] is a
normal extension ofK, and if |G(L/K)| = [L : K] thenG(L[u]/K)| = [L]u] : K]..

Proof.
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36 Appendix: the natural number system

The natural numbers, or nonnegative integers, are denotedN. Their general properties are summed
up in the following axioms, calledPeano’s postulates.

• 0 is a natural number.

• If x is a natural number, then so its its successorx+ 1.

• 0 is not a successor, i.e. for no natural numberx is x+ 1 = 0.

• Cancellation: ifx+ 1 = y + 1 thenx = y.

• Principle of induction: ifP (x) is a property of natural numbersx such thatP (0) andP (x)⇒
P (x+ 1) for all natural numbersx, thenP (x) is true for all natural numbersx.

Addition and multiplicaion of natural numbersx is expressed by some equations:

• x+ 0 = x

• x+ ∗y + 1) = (x+ y) + 1

• x0 = 0

• x(y + 1) = xy + x

There are two other principles which are related to, or equivalent to, induction. That is,Course
of values induction:

If P (x) is a property of natural numbers such tthat for everyx, ((∀y < x)P (y)) ⇒ P (x), then
P (x) holds for everyx.

(36.1) Also, the principle of well-ordering (PWO): every nonempty subset ofN has a smallest
element.

37 Appendix: cardinality
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