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Introduction

• The PAX project at GSI Darmstadt plans to polarize an antiproton
beam by repeated interaction with a hydrogen target in a storage ring.

• Many of the beam particles are required to remain within the ring after
interaction with the target so small scattering angles are important.
Hence we concentrate on low momentum transfer (small t).

• Electromagnetic effects dominate the hadronic effects in this low t
region of interest. Thus we calculate all Electromagnetic Helicity
amplitudes and Spin Observables for elastic p̄ p and p̄ e scattering, to
first order in QED.

• A beam of polarized electrons with energy sufficient to provide
scattering of antiprotons beyond ring acceptance may polarize an
antiproton beam by spin filtering.

• The spin observables are then used to estimate the rate of buildup of
polarization of an antiproton beam.
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The GSI Facility
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The Future GSI Facility
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The Future Accelerator Layout
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1 Normalization

We investigate the general two particle elastic process with spin

A ( p1, S1 ) +B ( p2, S2 ) −→ A ( p3, S3 ) +B ( p4, S4 )

where it is assumed that the beam particles (A) of mass M are antiprotons

and the target particles (B) of mass m are electrons or protons .

The target is initially polarized and the beam is initially unpolarized,

we seek to model the buildup of polarization of the antiproton beam.

p̄ e↑ −→ p̄↑ e

p̄ p↑ −→ p̄↑ p

p̄ d↑ −→ p̄↑ d

ECT* Trento Italy Donie O’Brien donie@maths.tcd.ie 5



Define electromagnetic form factors F1(q2) and F2(q2), with normalization
F1(0) = 1 and F2(0) = µ− 1, the anomalous magnetic moment, where
q2 = t. We use the Sach’s electric and magnetic form factors

GM = F1 + F2 and GE = F1 +
t

4M 2
F2 respectively.

The differential cross section is related to the helicity amplitudes
M(Λ′, λ′; Λ, λ) by

s
dσ

dΩ
=

1
(8π)2

∑
λλ′ΛΛ′

1
4
|M(Λ′, λ′; Λ, λ)|2

where λ, Λ and λ′, Λ′ are the helicities of the initial and final particles
respectively. The electron current is

jµ = e ū(p4, λ
′) γ µ u(p2, λ) ,

and the antiproton current, after Gordon decomposition is

Jµ = ep̄ ū(p3,Λ′)
(
GM γ µ − F2

pµ2 + pµ4
2M

)
u(p1,Λ) .
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1 The Electromagnetic Helicity Amplitudes
and Spin Observables
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1.1 The Generic Calculation

The generic equation for polarization effects in elastic spin 1/2 - spin
1/2 scattering to first order in QED is

16
( q
e

)4

|M | 2 =

Tr
[(
/p4

+m
) (

1+ γ5 /S4

)
(gMγν + frν)

(
/p2

+m
) (

1 + γ5 /S2

)
(gMγµ +frµ)

]
×

Tr
[(
/p1

+M
) (

1+ γ5 /S1

)
(GMγµ +FRµ)

(
/p3

+M
) (

1+ γ5 /S3

)
(GMγν +FRν)

]
where the electromagnetic form factors GM = F1 + F2, gM = f1 + f2,
F = −F2/2M and f = − f2/2m; also Rµ = pµ1 + pµ3 , r µ = pµ2 + pµ4 .
This generic equation can thus be used to calculate all helicity amplitudes
and spin observables etc. by substituting specific values for the spin (Si)
and momenta (pi) vectors. The result has been obtained for this equation
with the traces computed and contracted, using Mathematica.
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Centre-of-Mass Momenta vectors

p1 = (E1, 0, 0, k ) p3 = (E1, k sin θ, 0, k cos θ )

p2 = (E2, 0, 0, −k ) p4 = (E2, −k sin θ, 0, −k cos θ )

Centre-of-Mass Normal spin vectors

S N1 = ( 0, 0, 1, 0 ) S N3 = ( 0, 0 , 1 , 0 )

S N2 = ( 0, 0, 1, 0 ) S N4 = ( 0, 0, 1, 0 )

Centre-of-Mass Transverse spin vectors

S T1 = ( 0, 1, 0, 0 ) S T3 = ( 0, cos θ, 0, − sin θ )

S T2 = ( 0, 1, 0, 0 ) S T4 = ( 0, − cos θ, 0, sin θ )

Centre-of-Mass Longitudinal spin vectors

S L1 =
1
M

( k, 0, 0, E1 ) S L3 =
1
M

( k, E1 sin θ, 0, E1 cos θ )

S L2 =
1
m

( k, 0, 0, −E2 ) S L4 =
1
m

( k,−E2 sin θ, 0,−E2 cos θ )
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1.2 Helicity Amplitudes

The notation of the helicity amplitudes M(A′, B′ ; A,B ) is
M(±,± ; ±,± ) where the arguments are + if the spin vector is as
SLi above (polarized along the direction of motion) and − if the spin
vector is minus SLi above (polarized opposite to the direction of motion).
After using T and P invariance there are 6 independent helicity amplitudes
for the scattering of two non-identical spin 1/2 particles.

φ1 ≡ M(+,+ ; +,+) φ2 ≡ M(+,+ ;−,−)

φ3 ≡ M(+,− ; +,−) φ4 ≡ M(+,− ;−,+)

φ5 ≡ M(+,+ ; +,−) φ6 ≡ M(+,+ ;−,+)

Note for p p, p̄ p and p̄ p̄ scattering φ6 = −φ5, so there are only 5
independent helicity amplitudes.
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1.3 Helicity Amplitudes - 1st order QED results

φ1

α
=

s−m2 −M 2

t

(
1 +

t

4 k2

)
f1F1 − f1F1 − f2F1 − f1F2 −

1
2
f2F2

(
1− t

4 k2

)
φ2

α
=

1
2

(
m

k
f1 −

k

m
f2

)(
M

k
F1 −

k

M
F2

)
+
s−m2 −M 2 − 2 k2

4mM

(
1 +

t

4 k2

)
f2F2

φ3

α
=

[
s−m2 −M 2

t
f1F1 +

f2F2

2

](
1 +

t

4 k2

)
φ4 = −φ2

φ5

α
=
√

s

−t
(4 k2 + t)

[
f1F1m

4 k2

(
1− m

2 −M 2

s

)
− f2F1

2m
+

t f2F2

16mk2

(
1 +

m2 −M 2

s

)]
φ6

α
=
√

s

−t
(4 k2 + t)

[
f1F1M

4 k2

(
M 2 −m2

s
− 1
)

+
f1F2

2M
− t f2F2

16M k2

(
1 +

M 2 −m2

s

)]
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2 Spin Observables

• All the electromagnetic spin observables of a reaction (polarization
transfer Kij, depolarization (1−Dij) and asymmetries Aij where
i, j, k ∈ {X,Y,Z }) can now be obtained by direct computation. See
D.O’B. and N. H. Buttimore hep-ph/0609233 for complete results.

• For electromagnetic interactions to first order the double spin
asymmetries equal the polarization transfer observables (Aij = Kij)
and all the single and triple spin asymmetries are zero (Ai = Aijk = 0).

• Spin filtering requires evaluation of the angular integration of the
product of the observables Aii = Kii and (1−Dii) with d σ/dΩ.
Azimuthal averaging indicates that the observables with single X (i.e.
KXZ, KZX, DXZ and DZX) do not contribute to spin filtering. The
quantities (KXX +KYY) /2, (DXX +DYY) /2, KZZ and DZZ play the
important role, we now present results for these.

ECT* Trento Italy Donie O’Brien donie@maths.tcd.ie 13



2 Antiproton-proton scattering

To look at the case of antiproton-proton scattering set the form factors
and masses of each particle equal (f1 → F1, f2 → F2 and m→M) in
the generic equation. We obtain the results to leading order in small t:

KXX +KYY

2
d σ

dΩ
≈ α2 M 2 µ 2

s t

(1−DXX) + (1−DYY)
2

d σ

dΩ
≈
− α2

(
k2 +M 2

)
k2 M 2 s t

[
M 2− 2 k2 (µ− 1)

] 2

KZZ
d σ

dΩ
≈ − 2 α2 µ2

s t

(
2 k2 +M 2

)
(1−DZZ)

d σ

dΩ
≈
− 2α2

(
k2 +M 2

)
k2 M 2 s t

[
M 2− 2 k2 (µ− 1)

] 2
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2.1 Antiproton-electron scattering

To look at the case of antiproton-electron scattering set the form factors
of the second particle to be structureless (f1 → 1 and f2 → 0) in the
generic equation. We obtain the results to leading order in small t:

KXX +KYY

2
d σ

dΩ
≈ α2 m M µ

s t

(1−DXX) + (1−DYY)
2

d σ

dΩ
≈
−m2α2

(
s−m2 +M 2

)2
4 k2 s2 t

KZZ
d σ

dΩ
≈ −α2 µ

s t

(
s−m2 −M 2

)
(1−DZZ)

d σ

dΩ
≈
−M2α2

(
s+m2 −M 2

)2
2 k2 s2 t
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Antiproton-proton spin observables

d σ

dΩ
KXX =

α2G 2
M

8 s k 2M2

{
4M

4
F

2
1 − 8 k

2
M

2
F1 F2 +

[
4 k

4
+

(
k
2

+
t

4

)
s

]
F

2
2

}
d σ

dΩ
KYY =

(
2α2

s t

)
M

2
G

2
E G

2
M

dσ

dΩ
KZZ =

−α2G 2
M

8 k2 s t

[
s
(

4 k
2

+ t
)
F

2
1 +

(
4 k

2
F1 − t F2

)2
]

d σ

dΩ
KXZ =

d σ

dΩ
KZX =

α2G 2
M
√
s

2M t

√√√√− t ( 4 k2 + t
)

k 4

(
M2 F 2

1
2

− k2
F1 F2 +

t F 2
2

8

)

d σ

dΩ

(
1−DXX

)
≈

− 2α2 F 2
1

k 2M 2 s t

(
k

2
+M

2
)(

M
2
F1 − 2 k

2
F2

)2

d σ

dΩ

(
1−DYY

)
=

α2

2 s
G

4
M , complete to all orders in t

d σ

dΩ

(
1−DZZ

)
≈

− 2α2 F 2
1

k 2M 2 s t

(
k

2
+M

2
)(

M
2
F1 − 2 k

2
F2

)2

d σ

dΩ

(
1−DXZ

)
≈

d σ

dΩ

(
1−DZX

)
≈

d σ

dΩ
≈

4 α2 F 4
1

s t 2

(
2 k

2
+M

2
) 2
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Antiproton-electron spin observables
d σ

dΩ
KXX = α

2 m GM

2 k 2M s

(
M

2
F1 − k

2
F2

)
d σ

dΩ
KY Y =

(
2α2

s t

)
mM GE GM

dσ

dΩ
KZZ =

−α2GM

8 k 2 s2 t

{[
s
2 −

(
M

2 −m2
)2
] (

4 k
2

+ t
)
F1 + 4 k

2
s
(

4 k
2
F1 − t F2

)}

d σ

dΩ
KXZ =

α2mF1GM

4 s 3/2 t

√√√√− t ( 4 k2 + t
)

k 4

(
s−m2

+M
2
)

d σ

dΩ
KZX =

α2GM

4M s 3/2 t

√√√√− t(4 k2 + t
)

k 4

[
M

2
(
s+m

2−M2
)
F1− 2 k

2
s F2

]
d σ

dΩ

(
1−DXX

)
≈

−m2 α2 F 2
1

2 k2 s2 t

(
s−m2

+M
2
)2

d σ

dΩ

(
1−DYY

)
=

α2

2 s
G

2
M , complete to all orders in t

d σ

dΩ

(
1−DZZ

)
≈

−M2 α2 F 2
1

2 k2 s2 t

(
s+m

2 −M 2
)2

d σ

dΩ

(
1−DXZ

)
≈

d σ

dΩ

(
1−DZX

)
≈
d σ

dΩ
≈

4 α2 F 2
1

s t 2

(
s k

2
+m

2
M

2
)
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3 The PAX Project

• There has been much recent debate as to whether electrons in the
hydrogen target will transfer polarization to the antiproton beam.

• We’re investigating if a beam of polarized electrons with sufficiently
high density could be used to polarize an antiproton beam.
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3.1 Scattering is within the ring for stationary electrons
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Plot of scattering angle θ verses t for stationary electrons
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Effect of electron beam momentum (I)
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Effect of electron beam momentum (II)
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Effect of electron beam momentum (III)
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4 Polarization buildup

When circulating at frequency ν through a polarized target of areal density
n and polarization Pe oriented normal to the ring plane,

d

dt

 N

J

 = −n ν

 I out PeA out

PeA all − PeKin I all −D in

  N

J



describes the rate of change of the number of beam particles N and their
total spin J .

These coupled differential equations involve angular integration of the
spin observables presented earlier.
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Transverse polarization requires Longitudinal polarization requires

Iout = 2π
∫ π

θacc

d σ

dΩ
sin θ dθ Iout = 2π

∫ π

θacc

d σ

dΩ
sin θ dθ

Aout =π

∫ π

θacc

(AXX+AYY)
d σ

dΩ
sin θ dθ Aout = 2π

∫ π

θacc

ALL
d σ

dΩ
sin θ dθ

Aall =π

∫ π

θ0

(AXX+AYY)
d σ

dΩ
sin θ dθ Aall = 2π

∫ π

θ0

ALL
d σ

dΩ
sin θ dθ

Kin =π

∫ θacc

θ0

(KXX+KYY)
d σ

dΩ
sin θ dθ Kin = 2π

∫ θacc

θ0

KLL
d σ

dΩ
sin θ dθ

Din =π

∫ θacc

θ0

(DXX+DYY)
d σ

dΩ
sin θ dθ Din = 2π

∫ θacc

θ0

DLL
d σ

dΩ
sin θ dθ
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4.1 Solution of the system

The time dependence of the polarization of the beam is given by
solving the coupled system of differential equations, leading to

P (t) =
J(t)
N(t)

= −Pe
Aall − Kin

Lin + Ld coth (Ld n ν t)

where the discriminant of the quadratic equation for the eigenvalues is

Ld =
√
P 2

e Aout (Aall − Kin) + L 2
in

and Lin = ( Iin − Din) / 2 is the loss of polarization quantity. The
approximate rate of change of polarization for sufficiently short times, and
the limit of the polarization for large times are respectively:

dP

dt
≈ −n ν Pe (Aall − Kin) lim

t→∞
P (t) = −Pe

Aall − Kin

Lin + Ld
.
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Further work

• Complete this analysis and obtain a numerical estimate for the
polarization buildup rate, with a hydrogen gas target and also with
an electron beam.

• Similarly calculate all electromagnetic helicity amplitudes and spin
observables for antiproton-deuteron scattering, to first order in QED.
Estimate the polarization buildup rate for antiprotons scattering off a
polarized deuteron target.
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Conclusions

• All Helicity Amplitudes and Spin Observables for elastic spin 1/2 - spin
1/2 scattering have been presented to first order in QED.

• A beam of polarized electrons could be used to increase the polarization
of an antiproton beam by spin filtering.

• Using the spin observables a numerical estimate for the rate of build up
of polarization of an antiproton beam is being obtained for the PAX
project.

Queries/Comments please email: donie@maths.tcd.ie
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