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CHAP. 2] FUNCTIONS 29

Let k: X — X be a constant function. Prove that for any function f: XX, kof =k What can
be said aboub feok?

Consider the function fl#) =« where x €R, » = 0. Btate whether or not each of the following
functions is an extension of f.

@ gix) = |o| forall xER (it} gal@) = {x+|2[)/2 forall x ER
(i) gole) == where v €[~-1, 1) (iv) 1p:B-R

Lot ACX and let f: X~ Y. The inclusion function § from A into X, denoted by §: AcX, is
defined by j(e) =o for all a €A, Show that f| A, the restriction of § to A, equals the composition

foi de flA = Fof. . .

ONE-ONE, ONTOQ, INVERSE AND IDENTITY FUNCTIONS

Prove: For any function f:A B, fol, = f = lpeof.

Prove: If f:A - B is both one-one and onto, then f-lof =1, and fef~1 =1

Prove: ¥ f:A—B and g:B—>A satisfy gof = 1,, then f is one-one and g is onto.

Prove Proposition 2.1: Let f:A~—~ B and g:B~ A satisfy gof = 14 =and fog = 1g. Then

f1:B—- A exists and g = f-L
Under what conditions will the projection oy : IT{4;::€l}~» A*o be one-to-one?
Let f:(—1,1)> B be defined by flz) = »/(1— jz]). Prove that f is both one-one and onto.

Let B be an equivalence relation in a non-empty set” A. The natural funetion » from A into the
guotient set A/R is defined by 7(2) = [a], the egquivalence class of a. Prove that ¢ is an onto function.

Let f:A - B. The relation B in A defined by eRa' if fle) = fla’) is an equivalence relation.
Let ?denote the correspondence from the quotient set A/R into the range fi4] of f by ?: [l = f(a).
(i) Prove that ?: A/R - flA] is a function which is both one-one and onto,

{iiy Prove that f = {)'0}'\0 y, where 7:4 < A/R ia the natural function and j: f[A] ¢ B is the

inclusion function. . .
AL A4S jla > B

INDEXED SETS AND GENERALIZED OPERATIONS

36.

37.

38,

39,

Let A, = {#:o is a multiple of n} = {n,2n,38n,...}, where nEN, the positive integers. Find:

(1) Agndy (i) Agndg (ifi) AaVdy; (iv) AgnAqy (v) AUAy where 5, (EN; (vi) 4,nAd,,
where 8,t €N, (vii) Prove: If JCN is infinite, then 0 {4;:ied} =

Let B, = (i, i+ 1], an open-cloged interval, where {EZ, the integers. Find:
(i) B,UBs (i) uil,B, ) UiEoBes
(ify Bgn By (iv) ByUBg4yUBsiy s€E (vi) Uiz Bss

Let D, = [0,1/n], S, = (0,1/n] and T, = [0, U/n) where # €N, the positive integers. Find:
@ N{D,:n€N}, (i} N{S,:neN}, (i) MN{Tin€ N}.

Prove DeMorgan’s Laws: () (U;4)e = ny 45, (i), (N A)e = U 47,
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() Show that the operation is well-defined, ie.,

CHAP. 3) CARDINALITY, ORDER 45

A real number = is ealled franscendentel if x is not algebraie, i.e. if » is not a solution to & polynomial
ustion '

e plx) = g+ g+ o0+ apam = 0

with integral coefficients (see Problem 5). For example, and e are transcendental numbers.

(i) Prove that the set T of transcendental numbers is non-denumerable.

(i) Prove that T has the power of the continuum, ie. has cardinality e.

An operation of multiplication is defined for cardinal numbers as follows:

#(A) #(B) = #(4 X B)

#(A) = #(A’) and #(B) = #(B") implies #{4)#(B) = #(4') #(B)
or, equivalently, A~A" and B~ B implies (4 X B) ~ {4’ X B

(i) Prove: (@) #oKg = ¥y, (B) Ree=¢, (¢} ce=e.

An operation of addition is defined for eardinal numbers as follows:
#A)+ #(B) = #{A X {1} U B X {2}
(i) Show that if ANB = @, then #(4)+ #(B) = #{AUB).
(i) Show that the operation is well-defined, ie.,
‘ #(A) = #(A" and #(B) = #(B") implies #(A)}+ #(B) = #(4A") + #(B")

An operation of powers iz defined for cardinal numbers as follows:
#HAE® = #£({f < f1BAY
{i) Show that if #(A)=m and #(B) =« are finite cardinals, then
H(AYHE) = gm

i.e. the operation of powers for cardinals corresponds, in the case of finite eardinals, to the usual
operation of powers of positive integers.

{iiy Show that the operation is well-defined, i.e.,
#(A) = #(A’) and #(B) = #(B') implies H#(A}FB) = H(4)#(B)
{iii)y Prove: For any set 4, #(P(A)) = 2#4),

Let ~ be the equivalence relation in B defined by » ~ » iff # — y is rational. Determine the cardinality
of the guotient set R/~.

" Prove: The cardinal number of the class of all funetions from [0, 1] into B is 2°

Prove that the following two statements of the Schroeder-Bernstein Theorem 3.8 are equivalent:
) If A<PB and B<A, then 4 ~ B.
() ¥ X2Y DX, and X~ Xy, then X ~7.

Prove Theorem 3.9: Given any pair of sets A and B, either A<B, A ~B or BE<A4,
(Hint. Use Zorn's Lemma.}

ORDERED SETS AND SUBSETS
36.

Let A = (N,=), the positive integers with the natural order; and let B = (N,=), the positive
integers with the inverse order. Furthermore, let A X B denote the lexicographieal ordering of N XN
according %o the order of 4 and then B. Insert the correct symbol, < or >, between each pair of
elements of N X N.

i) &8 1,1y ) @28, (i) & 8—E1), '(iv) {4, 9 _(7,15),




